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Abstract

In this paper, we review important facts related to the Hodge conjecture. Also, we review Chow classes 
and their importance to the problem. At the end of this survey, we pose a new conjecture that would 
advance work on it if proven true, to further the development of the important Millennium prize problem.
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Introduction

The Hodge conjecture is one of the most important open problems in modern mathematics, and in fact, 
one of the hardest. In particular, it states the following [Del]:

.܍ܚܝܜ܋܍ܒܖܗ܋ ܍܏܌ܗ۶ ,݁ݒ݅ݐ݆ܿ݁݋ݎ݌ ܽ ܱ݊ ,ℂ ݎ݁ݒ݋ ݕݐ݁݅ݎܽݒ ܿ݅ܽݎܾ݈݁݃ܽ ݎ݈ܽݑ݃݊݅ݏ݊݋݊  ݈ܽ݊݋݅ݐܽݎ ܽ ݏ݅ ݏݏ݈ܽܿ ݁݃݀݋ܪ ݕ݊ܽ
.ݏ݈݁ܿݕܿ ܿ݅ܽݎܾ݈݁݃ܽ ݂݋ (ܼ)cl ݏ݁ݏݏ݈ܽܿ ݂݋ ݊݋݅ݐܾܽ݊݅݉݋ܿ ݎ݈ܽ݁݊݅
In this paper, we review facts related to the Hodge conjecture. Also, we review Chow classes and their 
importance to the problem. At the end of this survey, we pose a new conjecture that would advance work 
on it if proven true, to further the algebraic development of the important Millennium prize problem. But 
before we do so, we review general facts about Hodge classes in the next section, along with the 
properties of the Chow classes. 

Preliminaries

A ݁ݎݑݐܿݑݎݐݏ ݁݃݀݋ܪ [At-Duv] is a decomposition of a vector space ܸ(ℂ) = ⨁௣,௤∈ℤܸ௣,௤ such that 

ܸ௣,௤ = തܸ ௤,௣തതതതതത, where the accent denotes complex conjugation given by ݓ⨂ݒതതതതതതത = ܸ When .ݓ⨂ݒ̅  is a 
rational Hodge structure of weight ݇ = 2݊, it becomes the space of Hodge classes ܤ(ܸ) = ܸ ∩ ܸ௡,௡. A 
well-known example of a structure admitting this class is the ݇-th Betti number, which is given by

,ܺ)௞ܪ ℂ) = ໄ (ܺ)௣,௤ܪ
௣+௤ୀ௞ 

Under this structure, we have another decomposition, the ݊݋݅ݐܽݎݐ݈݂݅ ݁݃݀݋ܪ.[Cat, Del, Kap]

௣ܨ =  ໄ ܸ௔,௕ 
௔≥௣

These decompositions of vector bundles are holomorphic; thus they induce a holomorphic connection on 
manifolds. The Hodge conjecture suggests an equivalence to rational linear combinations of algebraic 
cycles (see introduction for more details). Algebraic cycles are governed by the ܥℎ݃݊݅ݎ ݓ݋, which 
satisfies the following properties[Tot]:
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1. There is a contravariant functor ܺ → ⊕௣ (ܺ)௣ܪܥ from smooth algebraic varieties to projective 

algebraic varieties.
2. deg ∑ ݊௜ ௜ܲ = ∑ ݊௜௜௜
3. Given a proper morphism of projective varieties, we have a projection map⊕௣ (ܺ)௣ܪܥ →⊕௣ (ܻ)௣ܪܥ
4. A similar construction holds for vector bundles, more specifically we have the following map:݂∗: (ܺ)∗ܪܥ → (ܸ)∗ܪܥ
5. ܿ0(ܸ) = 1, ܿ௣(ܸ) = Ͳ 
6. ܿ( ଶܸ) = ܿ( ଵܸ)ܿ( 3ܸ)

, where ܿ represents the character classes of the vector bundle
7. When ݇ = ℂ, ܪܥ௣(ܺ) = ,ܺ)ଶ௣ܪ ℤ)
8. Note that they are sometimes denoted by ܣ௞(ܺ) = ⊕௜ୀ0ୢim ௌ  .(ܺ)∗ܣ

Our conjecture will concern the relation between these classes and their relation to the Chern classes of 
Hermitian vector bundles on smooth manifolds. However, before the presentation of this important 
problem, we review recent research results on the Hodge conjecture. 

The Problem

We first introduce the following conjecture:

Conjecture 1. ܶℎ݁ ݐ ݃݊݅ݒ݈݋ݏ ݋ݐ ݐ݈݊݁ܽݒ݅ݑݍ݁ ݏ݅ ݁ݎݑݐ݆ܿ݁݊݋ܿ ݁݃݀݋ܪℎ݁ ݂ܥ ݂݋ ݏ݉݁ݐݏݕݏ ݃݊݅ݓ݋݈݈݋ℎ݁ܿ݅ܽݎܾ݈݁݃ܽ ݀݊ܽ ݏ݁ݏݏ݈ܽܿ ݊ݎ 
  :ݏ݈݁ܿݕܿ

ቐ det ൬݅ݐΩ2ߨ ൅ ൰ܫ = ܿ௡(ܼ)
(ܺ)௞ܣ = ⊕௜ୀ0ୢim ௌ (ܺ)∗ܣ

�

, .ݎܾ݁݉ݑ݊ ݏݏ݈ܽܿ ܽ ݏ݅(ܼ)௡ܿ ݀݊ܽ ݈݀݋݂݅݊ܽ݉ ܽ ݋ݐ ݀݁ݐܽ݅ܿ݋ݏݏܽ ݉ݎ݋݂ ݁ݎݑݐܽݒݎݑܿ ℎ݁ݐ ݏ݅ Ω ݁ݎℎ݁ݓ ,ݎ݁ݒ݋݁ݎ݋ܯ   ℎ݁ݐ
,ܺ)ଶ௣ܪ ℎ݁ݐ ݂݋ ݏ݊݋݅ݐܽݐݑ݌݉݋ܿ ℂ) ܽݐ ݋ݐ ݐ݈݊݁ܽݒ݅ݑݍ݁ ݁ݎℎ݁ ܿݐ ݂݋ ݏ݊݋݅ݐܽݐݑ݌݉݋ℎ݁ ܪଶ௣(ܺ, ℚ) ∩ .(ܺ) ௣,௣ܪ
There is no known algorithm to compute such systems, and the classes in the Hodge conjecture 
themselves. Thus, we also pose the following problem: 

Problem 2. ݐ ݊݁ݒ݅ܩℎܽ1 ݁ݎݑݐ݆ܿ݁݊݋ܥ ݐ ℎݏ݈݀݋,  ݕ݂ݏ݅ݐܽݏ ݕℎ݁ݐ ݐℎܽݐ ݓ݋ℎݏ ݋ݐ ݏ݁ݏݏ݈ܽܿ ℎܿݑݏ ݁ݐݑ݌݉݋ܿ ݋ݐ ℎ݉ݐ݅ݎ݋݈݃ܽ ݊ܽ ݐܿݑݎݐݏ݊݋ܿ
.݁ݎݑݐ݆ܿ݁݊݋ܿ ݁݃݀݋ܪ ℎ݁ݐ ݂݋ ݐ݊݁݉݁ݐܽݐݏ ℎ݁ݐ
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