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1 Wilsonian renormalisation group of probe-D-branes

The DBI action:

SDBI = ∫ drLDBI = ∫ dp+1xdrLDBI = −Nq ∫ dp+1xdrrp
√

1 −A′20 (1.1)

The constant of motion
δSDBI

δA0
=
δLDBI

δA′0
=
Nqr

pA′0
√
1 −A′20

= −d (1.2)

and therefore
δSB

δA0
= −

δSDBI

δA0
= d (1.3)

so that when varied and evaluated on-shell S = SB + SDBI vanishes. Then

S = SB[ρ] + SDBI[ρ]

= SB[ρ − δρ] + SDBI[ρ − δρ] + ∫
ρ

ρ−δρ
dρ′∂ρ′SB + ∫

ρ

ρ−δρ
dρ′∫ dp+1x

δSB

δA0
A′0 + ∫

ρ

ρ−δρ
drLDBI

(1.4)

The Wilsonian renormalisation group equation is

∂ρSB = −∫ dp+1x [
δSB

δA0

∂A0

∂ρ
+LDBI]

= ∫ dp+1x
1

Nqρp
[N

2
q ρ

2p
+ (

δSB

δA0
)

2

]

√

1 −A′20 (1.5)

Using
√
1 −A′20 =

Nqρp
√

N 2
q ρ

2p+(
δSB
δA0
)
2
, the RG flow equation is

∂ρSB = Nqρ
p
∫ dp+1x

¿
Á
ÁÀ1 +

1

N 2
q ρ

2p
(
δSB

δA0
)

2

(1.6)
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Formally, we can expand this to get

∂ρSB = ∫ dp+1xNqρ
p
[1 +

1

2
ρ−2p (

δSB

δA0
)

2

−
1

8
ρ−4p (

δSB

δA0
)

4

+ ...]

= ∫ dp+1xNqρ
p
∞

∑
k=0

(
1/2

k
)ρ−2kp (

δSB

δA0
)

2k

(1.7)

Now we can write at ρ0

Ssub
B [ρ0] = SB[ρ0] − Sc.t.[ρ0] =

1

2
∫ dp+1xdA0 =

1

2
∫ dp+1xdA0 −

Nq

p + 1
∫ dp+1x

√
−g (1.8)

so that
δ

δA0
(dA0) =

δ

δA0
(dA0) (1.9)

and

A0 =
2
√
−g(ρ0)

(p + 1)(d − d0)
(1.10)

We can now make all terms in SB run and write out explicitly all generally possible

counter-terms.

SB = Nq ∫ dp+1x [

√
−gα

p + 1
+
1

2
dA0 −

√
−g

∞

∑
n=2

λn

n
An

0] (1.11)

with

α(ρ0) = 1, d(ρ0) = d0,
√
−gλn(ρ0) = 0, at ρ0 →∞, (1.12)

set by the minimal-subtraction values of holographic renormalisation counter-terms. The

zeroth term corresponds to the volume renormalisation and higher orders to multi-trace

deformations. At orders of A0
0, A

1
0 and A2

0 we find from (1.6)

∂ρ (
√
−gα) = (p + 1)

√
ρ2p + d2 (1.13)

∂ρd = −2
√
−g

dλ2
√
ρ2p + d2

(1.14)

∂ρ (
√
−gλ2) = c1λ

2
2 + c2λ3 (1.15)

1.1 RG equation in the IR with zero temperature

Consider the ρ→ 0 regime of
√
−g = ρp+1, where

∂ρSB = Vp
δSB

δA0
= NqVp [d −

∞

∑
n=1

√
−gλn+1A

n
0] (1.16)

We get

∂ρ (
√
−gα) = (p + 1)d (1.17)

∂ρd = −2
√
−gλ2 (1.18)

∂ρ (
√
−gλn) = n

√
−gλn+1, for n ≥ 2. (1.19)
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We find

SB[ρ→ 0] =
1

2(p + 1)
Vp (1 + e

A0∂ρ)
√
−gα (1.20)

and using (1.16) we find

∂ρ (
√
−gα) = 0⇒

√
−gα∣

ρ→0
= Const. +O (ρ) (1.21)

and

d(ρ→ 0) = 0 ⇒ Sren
B → 0 (1.22)

Writing SB =
1
2VpdZ(ρ)A0 and using (1.16) we find

1.2 RG equation in the IR with non-zero temperature

Use ρ = rH + u and take u→ 0. If α(ρ) is analytic at u = 0 then

d(u) =
r
p+1/2
H α(rH)

2
√
p + 1

1
√
u
+O(

√
u) (1.23)
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2 Thermodynamics

Ωfun(ρ) = −SDBI[on shell] = SB(ρ) (2.1)
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