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Abstract

We give the expression of binomial formula (a + b)" when n is a
prime number.

The binomial formula :
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(CL + b)n = a” + nanflb + n<n2' )an72b2 + n(n 3)|(7”L )

a3+ . "

If n is a prime number,n = p > 3, we obtain:

(a+b)P = a? + b + pab(a + b)(a® + ab + b*) My,

M, : Polynomial(a,b) of degree p — 5
For p = 5:
(a+0)° = a®+ b° + 5ab(a + b)(a® + ab + b?)
Forp=T:
(a+b)" = a"+b"+ 7ab(a+b)(a* + ab+b?)(a® + ab+b*) = a” + b + 5ab(a + b)(a* + ab+ b?)?
For p = 11:
(a+b)" = a't + b +11ab(a+b)(a® + ab+ b*)(a® + 3a°b + 7a’V? + 9a3b> + Ta?b* + 3ab® + b°)
(a+ b)) =a't + b + 11ab(a + b)(a® + ab + b*)((a® + ab + b?)* + a*b*(a + b)?)
(a® + ab+ b*)3 + a®V*(a + b)? = (a® — ab + b* + 2ab)? + a*v*(a® — ab + b? + 2ab)
(a* —ab+1b*)>+6(a® — ab+b?)%ab+12(a® — ab+ b*)a®b* + 8a3b> + a*b*(a® — ab+b?) + 3aV?
= (a® — ab+ b?*)[(a® — ab + b*)* + 6(a® — ab + b*)ab + 13a*b?] + 11a3b3
= (a* — ab + b*)[(a* — ab + b* + 3ab)* + 4a*b?] + 11a°V?
= ( )

a® —ab+ b*)[(a + b)* + 4a*b?] + 11a°b3
is not divisible by 11 ( since 11 = 3n + 2, 4m + 3 )
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For p = 13:

(a+b)'? = a'® 4+ b + 13ab(a + b)(a* + ab + b?)(a® + 4a"b + 12a56* + 22a°b* 4 27a*b* +
22a30° + 22405 + 4ab” + b%)



(a+b)1 = a'® + b3+ 13ab(a + b)(a® + ab + b*)?(ab + 3a®b + 8a*b? + 11a3b> + 8a?b* + 3ab® + b°)
For p = 17:

(a+b)'" = a'"+ 0"+ 17ab[a® +b'° + 8(a'b + ab') +40(a'30? + a?b'3) +140(a'?b® + a>b'?) +
28.13(a'b* 4 a*b') + 28.26(a'°0® 4 a®b'°) + 26.44(a%b® + a®%) 4 13.11.10(a®0” + a"b?)]

(a+b)17 = a'" + b7 +17ab(a+b)(a® + ab+ b*)[a'? + b2 + 6(atb + ab't) + 26(a'?b? + a?b'0) +
75(a%D® + aPb°) 4 156(a®b* + a*b®) 4 240(a7° + aPb7) 4 277a5bS]

Proof:

We have:
(a+0)° = a®+ b° + 5ab(a + b)(a® + ab + b?)
In other words a? + ab + b* is a factor of (a + b)®> — (a® + b°)

l.p=3m+1

p=3m+1<p=06k+7
(a+b)? = (a+ b)2C*D(q 4+ b)> = (a® + 2ab + b*)***1(a + b)°
= (a®> + ab+b* + ab)** 1 (a +b)® = [(a® + ab + b*)N + a** 163+ (a + b)® = (a® + ab+ b*)N(a +
b)5 + a3k+1b3k+1(a _I_ b)5
and
QP D = BT BORHT = (gBRTO)  p3kO)) (gL By | L3kl (g5 | )

ab + pr = (a3(k+2) o b3(k+2))<a3k+1 o b3k+1) + a3k+1b3k+1(a5 + 65)
a3k+2) _ p3(k+2) _ (a3 _ b3)L
= aP + pr = (a3 _ b3)L(a3k+1 _ b3k+1) + a3k+1b3k+1<a5 + b5)
= (a+b)P — (a? + ) = (a® + ab + V*)N(a + b)® + a* 6% (a + b)® — [(a® — b*)L(a® ! —
b3k+1) +a3k+1b3kz+1(a5 +b5)]
= (a+b)P — (a? + ) = (a® + ab+ b*)N(a + b)® — (a® — b3)L(a®* 1 — 3 +L) 4 @3hF1p3h+l (g +
b)s _ a3k+1b3k+1(a5 + b5)
= (a+b)P — (a? + ) = (a® + ab+ b*)N(a + b)® — (a® — b®) L(a3*T! — p3F 1) 4 @3RH1p3F+L (g +
b)5 — (a5 + b5)]

(a* + ab + b*)N(a + b)®, (a® — b3)L(a®*! — b3FFL) @38 H1p3F 1 (g + b)® — (a® + V)] have a
common factor a® + ab + b?, hence (a + b)? — (a? + bP) has the factor a® + ab + b*

2.p=3n+2

p=3n+2=p=06k+5
(a+b)P = (a+b)%*(a+b)® = (a® + 2ab + b*)**(a + b)®
= (a® + ab+ b> + ab)**(a + b)® = [(a® + ab + b*)N + a**b3*](a + b)® = (a® + ab+ b*)N(a + b)® +
a3 (a + b)®
and
aP 4+ hP = a6kz+5 + b6kz+5 — (a3k+5 _ b3k+5)(a3k _ bSk:) + a3kb3k(a5 4 b5)

al + pr = (a3k+5 _ b3k+5)(a3k _ b3k) + aSkb3k(a5 + b5)
aSk _ b3k — (a3 _ bB)L
= qP + b = (CL3 o b3)L<a3k+5 o b3k+5> + a3kb3k<a5 4 b5)



= (a+b)P — (aP + b°) = (a®> + ab+ b*)N(a + b)® + a®*** (a + b)> — [(a® — b3) L(a®*+> — b3++5) +
aSkb3k(a5 + b5]

= (a+b)P — (a? + ) = (a® + ab+ b*)N(a + b)® — (a® — b3) L(a®+° — v3*5) + a3 b3 (a +
b)5 . a3kb3k(a5 + b5)]

= (a + b)P _ (ap + bp) _ (&2 +ab+ b2)N(a + b)5 . (a3 . bs)L(a3k+5 o b3k+5) + a3kb3k[(a +
P~ (@ + ")

(a®>+ab+V*)N(a+b)5, (a® — b3) L(a®*5 — b3*+5) a3*b%[(a + b)5 — (a® + b°)] have a common
factor a® + ab + b2, hence (a + b)? — (aP + bP) has the factor a® + ab + b*

It is easy to show that p, a, b and (a + b) are the factors of (a + b)? — (a? + b7), finally we
obtain:

(a+0b)P = a? + b + pab(a + b)(a* + ab + b*) M,
Note that if a,b =1 then a,b, (a + b), (a* + ab+V*) =1

We also get:

a? + b = (a + b)? — pab(a + b)(a® + ab + b*) M,

a’ + b = (a+b)[(a+ b)P ' — pab(a* + ab + b*) M, ]

aPt —aP b+ a0 — L+ P = (a+ b)PT — pab(a® + ab + b*) M,
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