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Abstract

In this paper, we initiate the concept of intuitionistic fuzzy ideals on rough sets. Using a new relation
we discuss some of the algebraic nature of intuitionistic fuzzy ideals of a ring.

1 Introduction

Rough set theory, proposed by Pawlak [25] is a new mathematical tool that supports uncertainty reasoning.
It may be seen as an extension of classical set theory and has been successfully applied to machine learning,
intelligent systems, inductive reasoning, pattern recognition, image processing, signal analysis, knowledge
discovery, decision analysis, expert systems and many other fields. The basic structure of rough set theory
is an approximation space. Based on it, lower and upper approximation spaces are induced. Using this
approximation knowledge hidden information may be revealed and expressed in the form of decision rules.
A key notion in Pawlak rough set model is an equivalence relation. Atanassov [2] presented intuitionistic
fuzzy sets in 1986 which is very effective to deal with vagueness. As a generalization of fuzzy set the concept
of intuitionistic fuzzy set has played an important role in analysis of uncertainty of data. Various notions of
intuitionistic fuzzy rough set were explored to extend rough set theory in the intuitionistic fuzzy environment.
This paper concerns a relationship between rough sets, intuitionistic fuzzy sets and ring theory. We consider
a ring as a universal set and assume the knowledge about objects is restricted by an intuitionistic fuzzy
ideal. In fact, we apply the notion of intuitionistic fuzzy ideal of a ring for definitions of lower and upper
approximations in a ring. Some of its characterizations are discussed.

2 Preliminaries

Definition 2.1. [2]:An intuitionistic fuzzy set (IFS in short) A in X is an object having the form A =
{〈x, µA(x), νA(x)/x ∈ X〉} where the function µA : X → [0, 1] and νA : X → [0, 1] denote the degree of
membership (namely µA(x)) and the degree of non membership (namely νA(x)) of each element x ∈ X to the
set A, respectively and 0 ≤ µA(x) + νA(x) ≤ 1 for each x ∈ X. Denote by IFS(X) the set of all intuitionistic
fuzzy set in X.

Definition 2.2. [2]:
Let A and B be IFS’s of the form A = {〈x, µA(x), νA(x)/x ∈ X〉} and B = {〈x, µB(x), νB(x)/x ∈ X〉}. Then

1. A ⊆ B if and only if µA(x) ≤ µB(x) and νA(x) ≥ νB(x) for all x ∈ X.

2. A = B if and only if A ⊆ B and B ⊆ A.

1



3. A = {〈x, νA(x), µA(x)/x ∈ X〉} .(Complement of A)

4. A ∩B = {〈x, µA(x) ∧ µB(x), νA(x) ∨ νB(x)/x ∈ X〉} .

5. A ∪B = {〈x, µA(x) ∨ µB(x), νA(x) ∧ νB(x)/x ∈ X〉} .

For the sake of simplicity we use the notion A = 〈x, µA, νA〉 instead of A = {〈x, µA(x), νA(x)/x ∈ X〉} .
The intuitionistic fuzzy set 0 ∼= {〈x, 0 ∼, 1 ∼〉 /x ∈ X} and 1 ∼= {〈x, 1 ∼, 0 ∼〉 /x ∈ X} are respectively
the empty set and the whole set of X.

Definition 2.3. [4]:
Let A = (µA, νA) and B = (µB , νB) be any two IFS of R. Then their sum A+B is defined by

A+B = (µA + µB , νA + νB))

where (µA + µB)(x) =
∨

x=y+z
[µA(y) ∧ µB(z)] and (νA + νB)(x) =

∧
x=y+z

[νA(y) ∨ νB(z)] for all x ∈ R

Definition 2.4. [4]:
An IFS A = (µA, νA) is called an intuitionistic fuzzy ideal of R if for all x, y, i ∈ R

(IF1) µA(x− y) ≥ µA(x) ∧ µA(y) and νA(x− y) ≤ νA(x) ∨ νA(y);

(IF2) µA(xy) ≥ µA(y) and νA(xy) ≤ νA(y).

Definition 2.5. [14]:
For an approximation space (U, θ) by a rough approximation in (U, θ) we mean a mapping (U, θ,−) : P (U)→
P (U) × P (U) defined for every X ∈ P (U) by (U, θ,X) = ((U, θ,X), (U, θ,X)) where (U, θ,X) = {x ∈
U |[x]θ ⊆ X}, (U, θ,X) = {x ∈ U |[x]θ ∩X 6= φ} where (U, θ,X) is called a lower rough approximation of X
in (U, θ) , whereas (U, θ,X) is called an upper approximation of X in (U, θ). Given an approximation space
(U, θ), a pair (A,B) ∈ P (U)×P (U) is called a rough set in (U, θ) if and only if (A,B) = (U, θ,X) for some
X ∈ P (U) . Let (U, θ) be an approximation space and X a non-empty subset of U.

(i) If (U, θ,X) = (U, θ,X) , then X is called definable.

(ii) If (U, θ,X) = φ then X is called empty interior.

(iii) If (U, θ,X) = U , then X is called empty interior.

The lower approximation of X in (U, θ) is the greatest definable set in U contained in X. The upper approx-
imation of X in is the least definable set in U containing X. Therefore we have

(U, θ,X) =
⋃
{S|S ⊆ X,S is definable}

(U, θ,X) =
⋂
{S|X ⊆ S,S is definable}

A rough set of X is the family of all subsets of U having the same upper approximation of X.

3 Intuitionistic fuzzy ideals and congruence relations

Theorem 3.1. For an intuitionistic fuzzy ideal A of a ring R we have the following

(i) µA(0) ≥ µA(x) and νA(0) ≤ νA(x),

(ii) µA(−x) = µA(x) and νA(−x) = νA(x) for all x ∈ R.

Proof. (i) For any x ∈ R we have
µA(0) = µA(x− x) ≥ µA(x) ∧ µA(x) = µA(x),
νA(0) = νA(x− x) ≤ νA(x) ∨ νA(x) = νA(x).
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(ii) By using (i) we get
µA(−x) = µA(0− x) ≥ µA(0) ∧ µA(x) = µA(x),
νA(−x) = νA(0− x) ≤ νA(0) ∨ νA(x) = νA(x).

Since x is arbitrary we conclude that µA(−x) = µA(x) and νA(−x) = νA(x).

Theorem 3.2. If an intuitioistic fuzzy set A = (µA, νA) in R stisfies (IFI) then

(i) µA(x− y) = µA(0)⇒ µA(x) = µA(y),

(ii) νA(x− y) = νA(0)⇒ νA(x) = νA(y) for all x, y ∈ R.

Proof. Let x, y ∈ R such that µA(x − y) = µA(0). Then µA(x) = µA(x − y + y) ≥ µA(x − y) ∧ µA(y) =
µA(0) ∧ µA(y) = µA(y). Similarly νA(y) = νA(x − x + y) = νA(x − (x − y)) ≤ νA(x) ∨ νA(x − y) = µA(x).
So µA(x) = µA(y).

(ii) νA(x − y) = νA(0) for all x, y ∈ R then νA(x) = νA(x − y + y) ≤ νA(x) ∨ νA(y) ≤ νA(0) ∨ νA(y) =
νA(y).Similarly νA(x) ≤ νA(y) and so νA(x) = νA(y).

Definition 3.3. Let A = (µA, νA) be an intuitionistic fuzzy set on R and let α, β ∈ [0, 1] such that α+β ≤ 1.
Then the set Aα,β = {x ∈ R|µA(x) ≥ α, νA(x) ≤ β} is called a (α, β)-level subset of A. The set of all
(α, β) ∈ Im(µA)× Im(νA) such that α+ β ≤ 1 is called the image of A = (µA, νA) denoted by Im(A).

Definition 3.4. Let A be an intuitionistic fuzzy ideal of R for each α, β ∈ [0, 1] with α+ β ≤ 1 the set

U(A(α,β)) = {(a, b) ∈ R×R|µA(a− b) ≥ α, νA(a− b) ≤ β}.

is called a (α, β)-level relation on A. An equivalence relation θ on a ring R is called a congruence relation if
(a, b) ∈ θ ⇒ (a+ x, b+ x) ∈ θ, (x+ a, x+ b) ∈ θ for all x ∈ R.

Theorem 3.5. Let A be an intuitionistic fuzzy ideal of R and let α, β ∈ [0, 1] with α+β ≤ 1 then U(A(α,β))
is a congruence relation on R.

Proof. For any element a ∈ R,µA(a− a) = µA(0) ≥ α and νA(a− a) = νA(0) ≤ β and so (a, a) ∈ U(A(α,β))
then µA(a − b) ≥ α and νA(a − b) ≤ β implies (a, b) ∈ U(A(α,β)). Since A is an ideal of R µA(b − a) =
µA(−(a−b)) = µA(a−b) ≥ α. And νA(b−a) = νA(−(a−b)) = νA(a−b) ≤ β. Which yields (b, a) ∈ U(A(α,β)).
If (a, b) ∈ U(A(α,β)) and (b, c) ∈ U(A(α,β)) then since A is an intuitionistic fuzzy ideal of R

µA(a− c) = µA((a− b) + (b− c)) ≥ min{µA((a− b), µA(b− c))} ≥ min{α, α} = α,

νA(a− c) = νA((a− b) + (b− c)) ≤ max{νA((a− b), νA(b− c))} ≤ max{β, β} = β.

And hence (a, c) ∈ U(A(α,β)). Therefore U(A(α,β)) is an equivalence relation on R. Now let (a, b) ∈ U(A(α,β))
and x be an element of R. Then since µA(a−b) ≥ α, νA(a−b) ≤ β, µA((a+x)−(b+x)) = µA((a+x)+(−x−
b)) = µA(a+ (x− x)− b) = µA(a+ 0− b) = µA(a− b) ≥ α, νA((a+ x)− (b+ x)) = νA((a+ x) + (−x− b)) =
νA(a+ (x− x)− b) = νA(a+ 0− b) = νA(a− b) ≤ β and so (a+ x, b+ x) ∈ U(A(α, β)). Since (R,+) is an
abelian group, we have (x+ a, x+ b) ∈ U(A(α,β)). Therefore U(A(α,β)) is a congruence relation.

We denote [x]A(α,β)
the equivalence class of U(A(α,β)) containing x of R.

Lemma 3.6. Let A be an intuitionistic fuzzy ideal of R. If a, b ∈ R and α, β ∈ [0, 1] with α+ β ≤ 1 then

(i) [a]A(α,β)
+ [b]A(α,β)

= [a+ b]A(α,β)
.

(ii) [−a]A(α,β)
= −([a]A(α,β)

).

Proof. (i) Suppose x ∈ [a]A(α,β)
+ [b]A(α,β)

. Then there exists an y ∈ [a]A(α,β)
and [z] ∈ [b]A(α,β)

such
that x = y + z. Since (a, y) ∈ U(A(α,β)) and (b, z) ∈ U(A(α,β)) we have (a + b, y + z) ∈ U(A(α,β)) or
(a+ b, x) ∈ U(A(α,β)) and so x ∈ [a+ b]A(α,β)

.
Conversely let x ∈ [a + b]A(α,β)

then (x, a + b) ∈ U(A(α,β)). Hence (x − b, a) ∈ U(A(α,β))and so
x− b ∈ U(A(α,β)) or x ∈ [a]A(α,β)

+ [b]⇒ x ∈ [a]A(α,β)
+ [b]A(α,β)

.
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(ii) We have x ∈ [−a]]A(α,β)

⇔ (x,−a) ∈ U(A(α,β))
⇔ (0,−a− x) ∈ U(A(α,β))
⇔ (a,−x) ∈ U(A(α,β))
⇔ −x ∈ [a]A(α,β)

⇔ x ∈ −([a]A(α,β)
.

Lemma 3.7. Let A and B be two intuitionistic fuzzy ideals of a ring R and let α, β ∈ [0, 1] with α+ β ≤ 1
then U((A ∩B)(α,β)) = U(A(α,β)) ∩ U(B(α,β)).

Lemma 3.8. Let A be an intuitionistic fuzzy ideal of a ring R and let α, β ∈ [0, 1] with α+ β ≤ 1. For any
a ∈ R we have a+ [0]A(α,β)

= [a]A(α,β)
.

Proof. Assume that a ∈ R then we have

x ∈ a+ [0]A(α,β)
⇔ x− a ∈ [0]A(α,β)

⇔ (x− a, 0) ∈ U(A(α,β))

⇔ (x− a) ∈ U(A(α,β))

⇔ x ∈ [a]A(α,β)

Lemma 3.9. Let A and B be two intuitionistic fuzzy ideal of R such that B ⊆ A and α, β ∈ [0, 1] with
α+ β ≤ 1.Then [x]B(α,β)

⊆ [x]A(α,β)
for every x ∈ R.

Proof. We have y ∈ [x]A(α,β)
⇒ (x, y) ∈ U(B(α,β))

⇒ µB(x− y) ≥ α and νB(x− y) ≤ β
⇒ µA(x− y) ≥ α and νA(x− y) ≤ β
⇒ (x, y) ∈ U(A(α,β))
⇒ y ∈ [x]A(α,β)

.

Definition 3.10. Let A and B be two intuitionistic fuzzy ideals of a ring R. Then the composition of the
congruence relation U(A(α,β)) and U(B(α,β)) is defined by

U(A(α,β)) ◦ U(B(α,β)) = {(a, b) ∈ R×R|∃y ∈ R such that (a, c) ∈ U(A(α,β)), (c, b) ∈ U(B(α,β))}.

We have U(A(α,β)) ◦ U(B(α,β)) is also a congruence relation. We denote the congruence relation by U((A ◦
B)(α,β))

Lemma 3.11. Let A and B be two intuitionistic fuzzy ideals of a ring R and let α, β ∈ [0, 1] with α+β ≤ 1.
Then U((A ◦B)(α,β)) ⊆ U((A+B)(α,β)).

Proof.

Assume that (a, b) be an arbitrary element of U((A ◦ B)(α,β)). Then there exist an element c ∈ R such
that (a, c) ∈ U(A(α,β))) and (c, b) ∈ U(B(α,β))). Therefore we have µA(a− c) ≥ α, νA(a− c) ≤ β, µB(c− b) ≥
α, νB(c− b) ≤ β. Then µA + µB(a− b) =

∨
u+v=a−b

(µA(u) ∧ µB(v))

= µA(a− c) ∧ µB(c− b) ≥ α ∧ α = α, (νA + νB)(a− b) =
∧

u+v=a−b
(νA(u) ∨ νB(v))

= νA(a− c) ∨ νB(c− b) ≥ β ∨ β = β and so U((A+B)(α,β)).

Lemma 3.12. Let A and B be two intuitionistic fuzzy ideals of a ring R with finite images and let α, β ∈ [0, 1]
with α+ β ≤ 1. Then U((A ◦B)(α,β)) = U((A+B)(α,β)).

Proof.
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Assume that (a, b) ∈ U((A ◦ B)(α,β)). Then (µA + µB)(a − b) ≥ α, (νA + νB)(a − b) ≤ β. Thus
we have

∨
a−b=x+y

(µA(x) ∧ µB(y)) ≥ α,
∧

a−b=x+y
(νA(u) ∨ νB(v)) ≤ β. Since ImµA and ImµB are finite

µA(x0) ∧ µB(y0) ≥ α for some x0, y0 ∈ R such that a − b = x0 + y0. Thus µA(x0) ≥ α and µA(y0) ≥ α ⇒
µA(x0 − 0) ≥ α and µA(a− b− x0) ≥ α......(1)
and νA(x0) ∨ νB(y0) ≤ β for some x0, y0 ∈ R. Thus νA(x0) ≤ β and νB(y0) ≤ β ⇒ νA(x0 − 0) ≤ β and
νA(a− b− x0) ≤ β......(2)
. From (i) and (ii) (x0, 0) ∈ U(A(α,β))) and (a − b, x0) ∈ U(B(α,β)). Therefore (a − b, 0) ∈ U((A ◦ B)(α,β).
Since U((A ◦ B)(α,β) is a congruence relation we get (a, b) ∈ U((A ◦ B)(α,β). Thus U((A ◦ B)(α,β) =
U((A+B)(α,β), if ImµA and ImµB are finite.

4 Approximation based on intuitionistic fuzzy ideals

Let A be an intuitionistic fuzzy ideal of a ring R and let α, β ∈ [0, 1] with α+ β ≤ 1. Since U(A(α,β)) is an
equivalence(congruence) relation on R we use (R,A(α,β)) instead of the approximation space (U, θ) where
U = R and θ is the above equivalence relation.

Definition 4.1. Let A be an intuitionistic fuzzy ideal of a ring R and U(A(α,β)) be an (α, β)-level congruence
relation of A on R. Let X be a non-empty subset of R. Then the sets

U(A(α,β), X) = {x ∈ R|[x]A(α,β)
⊆ X},

U(A(α,β), X) = {x ∈ R|[x]A(α,β)
∩X 6= φ}.

are respectively the lower and upper approximation of the set X with respect to U(A(α,β)).

Proposition 4.2. For every approximation space (R,A(α,β)) and every subset A,B of R, we have:

(i) U(A(α,β), B) ⊆ B ⊆ U(A(α,β), B);

(ii) U(A(α,β), φ) = φ = U(A(α,β), φ);

(iii) U(A(α,β), R) = R = U(A(α,β), B);

(iv) If B ⊂ C, then U(A(α,β), B) ⊆ U(A(α,β), C);U(A(α,β), B) ⊆ U(A(α,β), C)

(v) U(A(α,β), U(A(α,β), B)) = U(A(α,β), B);

(vi) U(A(α,β), U(A(α,β), B)) = U(A(α,β), B);

(vii) U(A(α,β), U(A(α,β), B)) = U(A(α,β), B);

(viii) U(A(α,β), U(A(α,β), B)) = U(A(α,β), B);

(ix) U(A(α,β), B) = U(A(α,β), B
c)c;

(x) U(A(α,β), B) = U(A(α,β), B
c)c;

(xi) U(A(α,β), B ∩ C) = U(A(α,β), B) ∩ U(A(α,β), C);

(xii) U(A(α,β), B ∩ C) ⊆ U(A(α,β), B) ∩ U(A(α,β), C);

(xiii) U(A(α,β), B ∪ C) ⊇ U(A(α,β), B) ∪ U(A(α,β), C);

(xiv) U(A(α,β), B ∪ C) = U(A(α,β), B) ∪ U(A(α,β), C);

(xv) U(A(α,β), [x]A(α,β)
) = U(A(α,β), [x]A(α,β)

) for all x ∈ R.

Proof. The proof is obvious.

5



The converse of (xii) and (xiii) in proposition 4.2 need not be true seen from the following example.

Example 4.3. Let R = {0, x, y, z} be a set with binary operations as follows:

+ 0 x y z
0 0 x y z
x x 0 z y
y y z 0 x
z z y x 0

. 0 x y z
0 0 0 0 0
x 0 x y z
y 0 x y z
z 0 0 0 0

Then clearly R is a ring with x = −x, y = −y and z = −z. Now let µA(0) = α0, ν0 = β0, µA(z) =
α1, νA(z) = β1, µA(x) = µA(y) = α2, νA(x) = νA(y) = β2, where α1, β1 ∈ [0, 1], i = 0, 1, 2 and α2 < α1 < α0

and β0 < β1 < β2. We have
A(α0,β0) = {(0, 0), (x, x), (y, y), (z, z)}
A(α1,β1) = {(0, 0), (x, x), (y, y), (z, z), (x, y), (y, x), (0, z), (z, 0)}
A(α2,β2) = R×R
. Now let B = {0, x} and C = {0, y, z}. Then U(A(α1,β1), B) = R;U(A(α1,β1), C) = R;U(A(α1,β1), (B∩C) =

{0, z}; and U(A(α1,β1), B) = φ;U(A(α1,β1), C) = {0, c};U(A(α1,β1), (B ∪ C) = R. Thus U(A(α1,β1), B) ∩
U(A(α1,β1), C) * U(A(α1,β1), (B ∩ C); and U(A(α1,β1), (B ∪ C)) * U(A(α1,β1), B) ∪ U(A(α1,β1), C);

Proposition 4.4.

Let A and B be intuitionistic fuzzy ideals of a ring R and let α, β ∈ [0, 1] with α + β ≤ 1. If X is a
non-empty subset of R, then U((A ∩B)A(α,β)

, X) ⊆ U(A(α,β), X) ∩ U(A(α,β), X).

Proof. Let x ∈ overline((A ∩B)A(α,β)
, X),

⇒ [x](A∩B)(α,β)) ∩X 6= φ,
⇒ a ∈ [x](A∩B)(α,β)) ∩X
⇒ (a, x) ∈ U(A ∩B)A(α,β)

and a ∈ X.
⇒ (µA ∩ µB)(a− x) ≥ α, (νA ∪ νB) ≤ β and a ∈ X.
⇒ min{µA(a− x), µB(a− x)} ≥ α,max{νA(a− x), νB(a− x)} ≤ β and a ∈ X.
⇒ µA(a− x) ≥ α, νA(a− x) ≤ β and µB(a− x) ≥ α, νB(a− x) ≤ β and a ∈ X,
⇒ (a, x) ∈ U(A(α,β)) and (a, x) ∈ U(B(α,β)) and a ∈ X.
⇒ (a, x) ∈ U(A(α,β)), a ∈ X and (a, x) ∈ U(B(α,β)), a ∈ X.
⇒ a ∈ [x]A(α,β)

∩X and a ∈ [x]B(α,β)
∩X,

⇒ x ∈ U(A(α,β), X) and x ∈ U(B(α,β), X). The converse of the above proposition need not be true seen
from the following example.

Example 4.5. Let R = Z6(the ring of integers modulo 6). Let B = Z6 → [0, 1] and C : Z6 → [0, 1] with
µB(0) = νB(0) = α0, µB(1) = µB(2) = µB(4) = µB = α3, νB(1) = νB(2) = νB(4) = νB(5) = β3, µB(3) =
α2, νB(3) = β2;
µC = α1, νc(0) = β1;µC(1) = µC(3) = µC(5) = α4, νC(1) = νC(2) = νC(5) = β4, µC(2) = µC(4) =
α2, νC(2) = νC(4) = β2 where α1, β1 ∈ [0, 1], i = 0, 1, 2, 3, 4 and α4 < α3 < α2 < α1 < α0 and
β0 < β1 < β2 < β3 < β4. We have (µB ∩ µC)(2) = (µB ∩ µC)(4) = α3; (µB ∩ µC)(1) = (µB ∩ µC)(3) =
(µB ∩ µC)(5) = α4; (µB ∩ µC)(0) = α1;
(νB ∪ νC)(2) = (νB ∪ νC)(4) = β3; (νB ∪ νC)(1) = (νB ∪ νC)(3) = (νB ∪ νC)(5) = β4; (νB ∩ νC)(0) = β1;
Also B(α0,β0) = {(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5)};
B(α2,β2) = {(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5),
(5, 2), (2, 5), (4, 1)(1, 4), (0, 3), (3, 0)};
B(α3,β3) = Z6 × Z6;
C(α0,β0) = {(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5)};
C(α2,β2) = {(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5),
(5, 3), (3, 5), (4, 2), (2, 4), (1, 3), (3, 1),
(0, 2), (2, 0), (5, 1), (1, 5), (0, 4), (4, 0)};
C(α4,β4) = Z6 × Z6;
(B ∩ C)(α0,β0) = {(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5)};
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(B∩C)(α3,β3) = {(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (5, 3), (3, 5), (4, 2), (2, 4), (1, 3), (3, 1), (0, 2), (2, 0), (5, 1), (1, 5), (0, 4), (4, 0)};
(B ∩ C)(α4,β4) = Z6 × Z6.

Now let X = {1, 2, 3}, then U(B(α2,β2), X) = Z6;U(C(α2,β2), X) = Z6;U((B ∩ C)(α2,β2), X) = {1, 2, 3}; and

U((B ∩ C)(α,β), X) =6= U(B(α,β), X) ∩ U(C(α,β), X)

Proposition 4.6. Let A and B be intuitionistic fuzzy ideals of a ring R and let α, β ∈ [0, 1] with α+ β ≤ 1.
If X is a non-empty subset of R, then U(A(α,β), X) ∩ U(B(α,β), X) = U((A ∩B)(α,β), X).

Proof. Let x ∈ U(A(α,β), X) ∩ U(B(α,β), X),
⇒ x ∈ U(A(α,β), X) and x ∈ U(B(α,β), X),
⇒ [x]A(α,β)

⊆ X and [x]B(α,β)
⊆ X,

⇒ [x](A∩B)(α,β) ⊆ X,
⇒ x ∈ U((A ∩B)(α,β), X)

Proposition 4.7. Let A be an intuitionistic fuzzy ideal of a ring R and let α, β ∈ [0, 1] with α + β ≤ 1. If
A is an ideal of R, then A is an upper rough ideal of R.

Proof. Let a, b ∈ U(A(α,β)) and r ∈ R, then [a]A(α,β)
∩ B 6= φ and [b]A(α,β)

∩ B 6= φ so there exists
x ∈ [a]A(α,β)

∩ B and y ∈ [y]B(α,β)
∩ B. Since B is an ideal of R we have x − y ∈ B and rx ∈ B. Thus

x− y ∈ [a]A(α,β)
− [b]A(α,β)

= [a− b]A(α,β)
. Hence [a− b](A∩B)(α,β) ∩B 6= φ this implies a− b ∈ U(A(α,β), B).

Since (x, a) ∈ U(A)(α,β), then µA(x− a) ≥ α, νA(x− a) ≤ β. Now we have

µA(rx− ra) = µA(r(x− a)) ≥ max{µA(r), µA(x− a)} ≥ µA(x− a) ≥ α
νA(rx− ra) = νA(r(x− a)) ≤ min{νA(r), νA(x− a)} ≤ νA(x− a) ≤ β.

Hence (rx, ra) ∈ U(A(α,β)) or rx ∈ [ra]A(α,β)
, thus rx ∈ [ra]A(α,β)

∩ B ⇒ [ra]A(α,β)
∩ B 6= φ Therefore

ra ∈ U(A(α,β)), B). Likewise ar ∈ U(A(α,β)), B). Therefore U(A(α,β)), B) is an ideal of R.

Lemma 4.8. Let A be an intuitionistic fuzzy ideal of a ring R and let α, β ∈ [0, 1] with α + β ≤ 1.If
U(A(α,β), B) is a non-empty set, then [0]A(α,β)

⊆ B.

Proof. Let U(A(α,β), B) 6= 0 then there exists x ∈ U(A(α,β), B) or [x]A(α,β)
⊆ B. So [x]A(α,β)

⊆ B. So
−([x]A(α,β)

) ⊆ −B = {−a|a ∈ B} = B.
[0]A(α,β)

= [x+ (−x)]A(α,β)
;

= [x]A(α,β)
+ [−x]A(α,β)

;
= [x]A(α,β)

+ (−[x]A(α,β)
) ⊆ B +B = B.

Proposition 4.9. Let A be an intuitionistic fuzzy ideal of a ring R and let α, β ∈ [0, 1] with α+ β ≤ 1.Let
B be an intuitionistic fuzzy ideal of R. If U(A(α,β), B) is a non-empty set then it is equal to B.

Proof. We know U(A(α,β), B) ⊆ B. Assume tha t a is an arbitrary element of B. Since [0]A(α,β)
⊆ B. Since

A is an ideal of R, we have a+ [0]A(α,β)
⊆ a+B ⊆ B;

⇒ [a]A(α,β)
⊆ B.

⇒ a ∈ U(A(α,β), B).

Corollary 4.10. Let A be an intuitionistic fuzzy ideal of a ring R and let α, β ∈ [0, 1] with α + β ≤ 1.If B
is an ideal of R, then (U(A(α,β), B), U(A(α,β), B) is a rough ideal of R.

Proposition 4.11. Let A and B be intuitionistic fuzzy ideals of a ring R and let α, β ∈ [0, 1] with α+β ≤ 1.If
C is a non-empty subset of R, then

(i) U(B(α,β), C) ⊆ U(A(α,β), C);

(ii) U(A(α,β), C) ⊆ U(B(α,β), C).

Proof. (i) Let x be an arbitrary element of U(B(α,β), C) then [x]B(α,β)
∩C 6= φ, since [x]B(α,β)

⊆ [x]A(α,β)
,

we have [x]A(α,β)
∩ C 6= φ, which implies x ∈ U(A(α,β), C).
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(ii) Let x ∈ U(A(α,β), C), then [x]A(α,β)
⊆ C ⇒ [x]B(α,β)

⊆ C thus x ∈ U(B(α,β), C).

Proposition 4.12. Let A and B be intuitionistic fuzzy ideals of a ring R and let α, β ∈ [0, 1] with α+ β ≤
1.Let X be a non-empty subset of R.If U(B(α,β)) ⊆ U(A(α,β)) then

(i) U(B(α,β), X) ⊆ U(A(α,β), X);

(ii) U(A(α,β), X) ⊆ U(B(α,β), X).

Proof. (i) Let x be an arbitrary element of U(B(α,β), X) then there exists a ∈ [x]B(α,β)
∩ C. Then a ∈ X

and (a, x) ∈ U(B(α,β), X) ⊆ U(A(α,β)). Therefore a ∈ [x]A(α,β)
∩Xand so x ∈ U(A(α,β), X).

(ii) Let x be an arbitrary element of U(A(α,β), X), then [x]A(α,β)
⊆ X. Since [x]B(α,β)

⊆ [x]A(α,β)
we get

[x]B(α,β)
⊆ X implies x ∈ U(A(α,β), X).

Proposition 4.13. Let A and B be intuitionistic fuzzy ideals of a ring R and let α, β ∈ [0, 1] with α+β ≤ 1.
Let X be a non-empty subset of R then

(i) U((A ◦B)(α,β), X) ⊆ U((A+B)(α,β), X);

(ii) U((A+B)(α,β), X) ⊆ U((A ◦B)(α,β), X).

Proposition 4.14. Let A and B be an intuitionistic fuzzy ideal of a ring R, with finite images and let
α, β ∈ [0, 1] with α+ β ≤ 1. If X is a non-empty subset of R, then

(i) U((A ◦B)(α,β), X) ⊆ U((A+B)(α,β), X);

(ii) U((A+B)(α,β), X) ⊆ U((A ◦B)(α,β), X).

If A and B are non-empty subsets of R. Let A.B denote the set of all finite sums {a1b1 + a2b2 + ...............+
anbn, n ∈ N, ai ∈ A, bi ∈ B}.

Proposition 4.15. Let A and B be intuitionistic fuzzy ideals of a ring R and α, β ∈ [0, 1] with α + β ≤ 1.
If A is an ideal of R, then U(A(α,β), C).U(B(α,β), C) ⊆ U((A ◦B)(α,β), C).

Proof. Suppose that z be any element of U(A(α,β), C).U(B(α,β), C). Then z =
n∑
i=1

aibi for some ai ∈

U(A(α,β), C) and bi ∈ U(B(α,β), C). Thus [ai]A(α,β)
∩ C 6= φ and [bi]B(α,β)

∩ C 6= φ for i = 1, 2, 3.........n.

Since C is ideal of R then
n∑
i=1

xiyi ∈ C. Since (xi, ai) ∈ U(A(α,β)) and (yi, bi) ∈ U(B(α,β)) we have

µA(xi − ai) ≥ α, νA(xi − ai) ≤ β and µB(yi − bi) ≥ α, nuA(yi − bi ≤ β. Then
µA(xibi − aibi) = µA((xi − ai)bi) ≥ max{µA(xi − ai), µA(bi)} ≥ µA(xi − ai) ≥ α,
νA(xibi − aibi) = νA((xi − ai)bi) ≤ min{νA(xi − ai), νA(bi)} ≤ νA(xi − ai) ≤ β,
µB(xiyi − xibi) = µB((xi(yi − bi)) ≥ max{µB(xi), µB(yi − bi)} ≥ µB(yi − bi) ≥ α,
νB(xiyi−xibi) = νB((xi(yi− bi) ≤ min{νB(xi), νB(yi− bi)} ≤ νB(yi− bi) ≤ β. Hence (xibi, aibi) ∈ U(Aα,β)
and (xiyi, xibi) ∈ U(B)α,β and so (xiyi, aibi) ∈ U(A ◦ B)α,β for all i = 1, 2, ...n. Since U(A ◦ B)α,β is a
congruence relation we get[
n∑
i=1

xiyi,
n∑
i=1

aibi

]
∈ U(A ◦B)(α,β) and so

n∑
i=1

xiyi ∈
[
n∑
i=1

aibi

]
(A◦B)(α,β)

.

Therefore

[
n∑
i=1

aibi

]
(A◦B)(α,β)

∩ C 6= φ⇒
n∑
i=1

aibi ∈ U(A ◦B)(α,β).

Corollary 4.16. Let A and B be intuitionistic fuzzy ideal of a ring R and α, β ∈ [0, 1] with α+ β ≤ 1. If A
is an ideal of R, then U(A(α,β), C).U(B(α,β), C) ⊆ U((A+B)(α,β), C).
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5 Conclusion

In this paper we considered the concept of intuitionistic fuzzy ideals on rough sets. The lower and upper
approximation of rough sets were defined and a new definition is introduced such that the approximation
space satisfies the condition of the ideal. Using this new relation, we have discussed some of the algebraic
nature of intuitionistic fuzzy ideals of a ring. In future, the authors may extend this paper to neutrosophic
ideals in approximation systems.
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