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1. Introduction

Kuratowski [7] and Vaidyanathasamy [9] introduced and investigated the concept of ide-
als in topological spaces. An ideal .# on a topological space (X, 7) is a nonempty collection
of subsets of X which satisfies (i) A€ .# and B C A implies B € .¢ and (ii) A€ .¥ and B € .¥
implies AUB € .#. Given a bitopological space (X, 71, T,) with an ideal .# on X and if #(X) is
the set of all subsets of X, a set operator (.);: 2(X) — £ (X), called the local function [9] of
A with respect to 7; and .#, is defined as follows: for A C X, A{(7;, #) = {x €eX|[UNA ¢ .# for
every U € 7;(x)}, where 7;(x) = {U € 7;|x € U}. For every ideal topological space (X, 7, .#),
there exists a topology 7*(.#), finer than 7, generated by the base
B(#,7)={U\I|U € 7 and I € .#}, but in general $(.#, T) is not always a topology [4]. Ob-
serve additionally that 7; — CI"(A) = AUA?(7;,.#) defines a Kuratowski closure operator for
7*(#), when there is no chance of confusion, A;(.#) is denoted by A} and 7; —Int*(A) denotes
the interior of Ain 77(.#). In this paper we introduce and characterize the concepts of 3-open
sets and their related notions in ideal bitopological spaces.
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2. Preiliminaries

For a subset A of a bitopological space (X, T{,7,), we denote the closure of A and the
interior of A with respect to 7; by 7; — Cl(A) and 7; — Int(A), respectively.

Definition 1. A subset A of a bitopological space (X, T, T5) is said to be (i, j)-semiopen [5]
(resp. (i, j)-preopen [5], (i, j)-semi-preopen [6]) if AC T; — Cl(t; — Int(A)) (resp.
AcC t; —Int(7; — Cl(A)), AC 7; — Cl(7; — Int(7; — CI(A)))), where i,j =1,2 and i # j.

Definition 2. A subset A of an ideal bitopological space (X, T, To,-#) is said to be
() (i, j)-semi-#-open [3] if AC 7; — CI"(7; — Int(A)).
(i) (i,j)-pre--open [2]if AC ©; —Int(T; — CI*(A)).
(iii) (i,j)—b— F-open [3]if AC 7; —Int(t; — CI"(A)) U T; — CI*(7; — Int(A)) .
() (i,j)—a— F-open [3]if AC 7; — Int(t; — CI"(7; — Int(A))).
Definition 3. A function f : (X,7,,7,,#) — (Y,0,05) is said to be

(1) (i, j)-pre-#-continuous [2] if the inverse image of every o;-open set of Y is (i, j)-pre-#-
open in X, where i # j, i,j=1, 2.

(i) (i, j)-semi-#-continuous [3] if the inverse image of every o;-open set of Y is (i, j)-semi-.#-
open in X, where i # j, i,j=1, 2.

(iii) (i,j)— b— F-continuous [3] if the inverse image of every o;-open set of Y is (i,j)— b — .#-
open in X, where i # j, i,j=1, 2.

(iv) (i,j)—a—F-continuous [3] if the inverse image of every o;-open set of Y is (i,j) —a— .#-
open in X, where i # j, i,j=1, 2.

(v) pairwise semi-precontinuous [6] if the inverse image of every o;-open set in (Y,0,,04) is
(i, j)-semi-preopen in (X, T, 75), where i # j, i,j=1, 2.

3. Properties of (i,j) — 8 — .#-open Sets

Definition 4. A subset A of an ideal bitopological space (X, T, T, %) is said to be (i,j)—ff — #-
open if AC 7; — Cl(t; — Int(7; — CI*(A))), where i,j = 1,2 and i # j.

The family of all (i,j) — B — #-open sets of (X, T, Ts,-#) is denoted by L0(X,7,T4) Or
(i,j)— BLO(X). Also, The family of all (i,j) — f — £-open sets of (X, T, T, .#) containing x is
denoted by (i,j) — BLO(X, x).

Remark 1. Let . and ¢ be two ideals on (X, 71, 7,). If £ C ¢, then
ﬁjO(X’ Tl: TZ) - ﬁyO(X’ Tl: TZ)'

Proposition 1. (i) Every (i,j) — b — #-open set is (i,j) — 8 — .#-open.



M. Caldas, S. Jafari, N. Rajesh / Eur. J. Pure Appl. Math, 6 (2013), 247-255 249
(i) Every (i,j)— 3 — #-open set is (i, j)-semi-preopen.
Proof. The proof follows from the definitions.
The following example shows that the converses of Proposition 1 is not true in general.

Example 1. Let X = {a, b,c}, 7, = {0,{a}, X}, 75 = {0, {a}, {a, b},X} and .# = {0, {a}}. Then
the set {a,c} is (i,j) — B — £-open but not (i,j) — b — #-open.

Corollary 1. (i) Every (i,j)— a — F-open setis (i,j) — 3 — #-open.
(ii) Every (i, j)-semi-#-open set is (i,j) —  — .#-open.
(iii) Every (i, j)-pre-#-open setis (i,j) — B — #-open.
Proposition 2. For an ideal bitopological space (X, 7,7y, #) and A C X, we have:
() If # ={0}, then Ais (i,j) — B — #-open if and only if A'is (i, j)-semi-preopen.
(i) If $ =P (X), thenAis (i,j) — 8 — #-open if and only if A is (i, j)-semiopen.
Proof. The proof follows from the fact that
i) If .# = {0}, then A" = CI(A).

(ii) If £ = #(X), then A* = 0 for every subset A of X.

Remark 2. The intersection of any two (i, j) — 8 — #-open sets is not an (i, j) — 8 — #-open set
as it can be seen from the following example.

Example 2. Let X = {a,b,c,d}, 7, = {@, {a}, {b},{a, b}, {a,b,c},X}, 75 ={@,X} and
£ ={@,{c},{d}, {c,d}}. Then thesets {a,c} and {b,c} are (1,2)—p—F-open sets of (X, T, To,-%)
but their intersection {c} is not an (1,2) — 8 — #-open set of (X, T1,T5, %)
Theorem 1. If {A,}qcq is a family of (i,j) — B — #-open sets in (X, T, T, #), then | J A, is
aEN

(i,j)—p — F-openin (X,7, Ty, £).

Proof. Since {A, : a € Q} C (i,j) — BLO(X), then A, C 7; — Cl(7; — Int(1; — CI*(A,))) for
every a € Q. Thus,

agﬂAa Cagn 7; — Cl(7; — Int(t; — CI"(A,))) € 7; — Cl(7; — Int(agQ T; — CI"(Ag)))
=1; —Cl(7; — Int(t; — CI"( U_Ay))).
aeN

Therefore, we obtain U A, C 7; —Cl(7; —Int(7; — CI*( U A,))). Hence any union of (i,j) —
aeN acs)

B — #-open sets is (i, j) — f — #-open.

Theorem 2. A subset A of an ideal bitopological space (X, T, T, #)is (i,j)— B — F-open if and
only if ©; — Cl(A) = 7; — Cl(t; — Int(7; — CI*(A))).



M. Caldas, S. Jafari, N. Rajesh / Eur. J. Pure Appl. Math, 6 (2013), 247-255 250

Proof. Let Abe an (i, j) — 8 — £-open subset of X. Then, we have
AC 7;—Cl(7; — Int(7; — CI"(A))) and hence

T; —Cl(A) € 7; — Cl(7; — Int(7; — Cl*(A))) c 7; — Cl(7; — Int(7; — Cl(A))) C 7; — CI(A).

Therefore, 7; — Cl(A) = 7; — Cl(t; — Int(7; — CI*(A))). The converse is obvious.

Definition 5. A bitopological space (X, T, 7T,) is said to be pairwise extremally disconnected [1 ]
if T; — Cl(A) € 7; for every A€ 7;.

Proposition 3. Let (X, T, To,-#) be a pairwise extremally disconnected space. If Ais (i,j)—f5 —
#-open, then it is (i, j)-preopen in X.

Proof. Let Abe (i,j) — 8 — #-open set of X, we have A C 7; — Cl(t; — Int(7; — CI*(A))).
Since X is pairwise extremally disconnected, for 7; — Int(7; — CI*(A)) € 1;, we have
7; — Cl(7; — Int(t; — CI*(A))) € 7;. So, we have
AcCt;—Cl(7; —Int(t; — CI*(A))) € 7; — Int(7; — Cl(t; — Int(7; — CI*(A))))
ct; —Int(7; — Cl(7; — CI*(A))) € 7; — Int(7; — CI(AUA"))
=1; —Int(7; — Cl(A) U 7; — CI(A")) C 7; — Int(7; — CI(A));

hence A is (i, j)-preopen in X.

An ideal bitopological space is said to satisfy the condition (.&/) if
Unt;—CI"(A) € 7; — CI"(U N A) for every U € 7.

Theorem 3. Let (X, T1,7T,,.#) be a pairwise extremally disconnected space which satisfies the
condition .«/. If Ais (i, j)-semi-#-open and B is (i, j)-pre-.#-open, then ANB is (i,j) — 8 — #-
open.

Proof. Let A be (i, j)-semi-.#-open and B an (i, j)-pre-#-open set of X. Then

ANB Ct;—Cl*(t; —Int(A)) N 7; — Int(7; — CI"(B)) C 7; — CI*(7; — Int(A) N 7; — Int(7; — CI"(B))
= T]' — Cl*(Ti — Int(’fi — Int(A)) N Tj — Cl*(B))) C Tj — Cl*(Ti — Int(Tj — Cl*(Ti — Int(A) n B)))
C Tj — Cl*(Ti — Int(Tj — Cl*(AﬂB))) C Tj — Cl(Ti — Int(Tj — Cl*(AﬂB)))

Thus, ANBis (i,j)—  — #-open in X.

Definition 6. In an ideal bitopological space (X, T, To,.#), A C X is said to be (i,j) —  — #-
closedif X\Ais (i,j)— B — F-openin X, i,j=1,2 and i # j.

Theorem 4. If Ais an (i,j) — 8 — #-closed set in an ideal bitopological space (X, T, T, %) if
and only if 7; — Int(t; — Cl(7; — Int*(A))) CA

Proof. The proof follows from the definitions.
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Theorem 5. A subset A of an ideal bitopological space (X, T, To,.#)is (i,])— p — F-closed, then
7; —Int(7; — CI*(7; — Int(A))) CA

Proof. The proof follows from the fact that CI*(A) C CI(A) for every subset A of X.

Theorem 6. Arbitrary intersection of (i, j) — 8 — #-closed sets is always (i, j) — 8 — #-closed.

Proof. Follows from Theorems 1 and 5.

Definition 7. Let (X, T, Tq,-#) be an ideal bitopological space, S a subset of X and x be a point
of X. Then

() x is called an (i,j) — B — #-interior point of S if there exists V € (i,j) — fLO0(X, T, T5)
such that x e V. C S.

(ii) the set of all (i,j) — 3 — £-interior points of S is called (i, j) — B — #-interior of S and is
denoted by (i, j) — - Int(S).

Theorem 7. Let A and B be subsets of (X, T1, T, #). Then the following properties hold:
@ (i,j)—-BLIt(A)=U{T: TcAand T € (i,j) — BLOX)}.
(i) (i,j)— B# Int(A) is the largest (i,j) — 8 — #-open subset of X contained in A.
(i) Ais (i,j)— B — F-open if and only if A= (i, ) — B.# Int(A).
(@) (i, )~ B# nt((i, ) — B Int(A)) = (i, j) — B.# Int(A).
(v) IfAC B, then (i,j) — .9 Int(A) C (i, j) — B.Z Int(B).
o) (i,j)—pBFLInt(ANB) C (i,j) — L Int(A) N (i, j) — £ Int(B).
(i) (i,j)—BELInt(AUB) D (i,j) — L Int(A)U(i,)) — £ Int(B).

Proof. (vi). Since ANB C Aand ANB C B, by (iv), we have
(i,j) — pFfInt(ANB) C (i,j) — L Int(A) and (i,j) — BLInt(ANB) C (i,j) — £ Int(B).
Therefore, (i,j) — L Int(ANB) C (i,j) — L Int(A) N (i, j) — B.# Int(B).
(vii). We have (i, j) — £ Int(A) C (i,j) — B£ Int(AUB) and
(i,j)— L Int(B) C (i,j) — B£ Int(AU B). Then we obtain
(i,j)—BLInt(A)U(i,j)— L Int(B) C (i,j) — f£ Int(AU B).
The other proofs are obvious.

Definition 8. Let (X, 7, Tq,-#) be an ideal bitopological space, S a subset of X and x be a point
of X. Then

(1) x is called an (i, j)— B — #-cluster point of Sif VNS # O for every V € (i,j)— fLO(X, x).

(i) the set of all (i, j) — 8 — #-cluster points of S is called (i, j) — 8 — #-closure of S and is
denoted by (i, j) — 5.# CI(S).
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Theorem 8. Let A and B be subsets of (X, T1, T, #). Then the following properties hold:
@ ({,j)—BLCIA)=nN{F:ACFandF € (i,j)— BLCX)}.
(i) (i,j)— B# Cl(A) is the smallest (i,j) — B — #-closed subset of X containing A.
(iii) Ais (i,j)— 8 — #-closed if and only if A= (i, j) — B.# CI(A).
) (i,j) = B#CI, j) — B CUA) = (i, j) — B# Cl(A).
(v) IfACB, then (i,j)— B#Cl(A) c (i,j) — £ CI(B).
oi) (i,j)—BFLCI(AUB) D (i,j)— BLClA)U(,]))— B£ CIB).
(i) J(i,j)—BFLCIANB) C (i,j)— BLCIA)N(i,j)— L CI(B).
Proof. The proofs follows from the definitions.
Theorem 9. Let (X, T, To,.#) be an ideal bitopological space and A C X. A point
xe€(i,j)— BFClA) ifand only if UNA# O for every U € (i,j) — LO(X, x).

Proof. Suppose that x € (i,j) — 8.# CI(A). We shall show that U NA # 0 for every
Ue(i,j)— pFLO(X,x). Suppose that there exists U € (i, j) — f£O(X, x) such that UNA = 0.
Then AcC X\U and X\U is (i,j) — B — #£-closed. Since AC X\U,

(i,j)— B#£Cl(A) Cc (i,j) — L CI(X\U). Since x € (i,j) — £ CI(A), we have

x €(i,j)— BLCIX\U). Since X\U is (i,j) — 8 — £-closed, we have x € X\U; hence x ¢ U,
which is a contradiction that x € U. Therefore, U NA # ). Conversely, suppose that U NA# 0
for every U € (i,j) — B£O(X,x). We shall show that x € (i,j) — . CI(A). Suppose that
x & (i,j) — £ Cl(A). Then there exists U € (i, j) — B£O(X, x) such that UNA= emptyset.
This is a contradiction to U NA # 0; hence x € (i, j) — £ CI(A).

Theorem 10. Let (X, T, 75, -#) be an ideal bitopological space and A C X. Then the following
propeties hold:

@ (i,7) = B Int(X\A) = X\(i,j) — . Cl(A);
(i) (i,7)— B# CUX\A) =X\(i, /) — B.# Int(A).

Proof. (i). Let x € (i, j)—fB.# CI(A). There exists V € (i, j)—BLO(X, x) such that VNA # 0;
hence we obtain x € (i, j) — 5.£ Int(X\A). This shows that
X\(i,j)— L CIA) C (i,j) — BL Int(X\A). Let x € (i,j) — B£ Int(X\A). Since
(i,j) — BEL Int(X\A)NA =0, we obtain x ¢ (i, j) — f.# Cl(A); hence x € X\(i,j) — B.# ClI(A).
Therefore, we obtain (i, j) — £ Int(X\A) = X\(i, j) — £ Cl(A).
(ii). Follows from (i).

Proposition 4. The product of two (i, j) — 8 — #-open sets is (i, j) — 8 — #-open.

Proof. The proof follows from Lemma 3.3 of [10].
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4. (i,j) — B — #-continuous Functions
Definition 9. A function f : (X, 71,74, %) — (Y,0,,05) is said to be (i, j) —  — #-continuous
if the inverse image of every o;-open set of Y is (i,j) — B — #-openin X, where i # j, i,j=1,2.

Proposition 5. Every (i,j) — b — #-continuous function is (i,j) — B — #-continuous but not
conversely.

Proof. The proof follows from Proposition 1.

The following example shows that the converse of Proposition 5 is not true, in general.

Example 3‘ LetX = {a7 b,C}, Tl = {07 {a},X}, TZ = {07 {a}a {a,b},X}, O-l = {0) {a,C},X},
oy =10,{a},X} and £ = {0, {a}}. Then the identity function f : (X, 71,7y, #) — (Y,0,,05) is
(1,2) — B — #-continuous but not (1,2) — b — .#-continuous.

Corollary 2. (i) Every (i,j)— a— #-continuous function is (i, j) — 8 — #-continuous but not
conversely.

(i) Every (i, j)-semi-.#-continuous function is (i, j) — -continuous but not conversely.
(iii) Every (i, j)-pre-#-continuous function is (i, j) — 8 — #-continuous but not conversely.

Theorem 11. For a function f : (X,7T1,7,,.#) — (Y,0;,0,), the following statements are
equivalent:

@) fis(i,j)— B — F-continuous.

(i) For each point x in X and each o;-open set F in Y such that f(x) € F, there exists an
(i,j)— B — F-open set Ain X such that x €A, f(A) CF.

(iii) The inverse image of each o;-closed set in Y is (i,j) — f — .9-closed in X.
(iv) For each subset A of X, f((i,]) — B.# Cl(A)) C o; — CI(f (A)).

(v) For each subset B of Y, (i,j) — B.# CI(f ~*(B)) c f ~(o; — CI(B)).

(vi) For each subset C of Y, f ~}(o; — Int(C)) < (i,j) — BL Int(f ~1(C)).

Proof. (i)=(ii): Let x € X and F be a o;-open set of Y containing f (x). By (i), f_l(F) is
(i,j)— B — F-openin X. Let A= f ~}(F). Then x €A and f(A) CF.
(ii)=(): Let F be o;-open in Y and let x € f‘l(F). Then f(x) € F. By (ii), there is an
(i,j) — B — #-open set U, in X such that x € U, and f(U,) C F. Then x € U, C f~I(F).
Hence f ~!(F)is (i,j) — B — .#-open in X.
()<= (iii): This follows due to the fact that for any subset B of Y, f “}(Y\B) =X \f ~*(B).
(iii)=(iv): Let A be a subset of X. Since A C f~}(f(A)) we have A C f~!(o; — CI(f(A))).
Now, o; — Cl(f(A)) is o;-closed in Y and hence (i,j) — B.£ Cl(A) € f~'(o; — CI(f(A))) for
(i,j) — p# ClI(A) is the smallest (i, j) —  — .#-closed set containing A. Then
f((i,)) — B#£Cl(A)) C o; — CI(f (A)).
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(iv)=(iii): Let F be any (i, j) — 8 — #£-closed subset of Y. Then

£((i,7) = B# CUFI(F))) € 0 — CI(F (£ ~L(F))) = 0; — CI(F) = F. Therefore,

(i,j) — BLCI(f ~L(F)) c f~1(F). Consequently, f ~*(F)is (i,j) — B — #-closed in X.
(iv)=(v): Let B be any subset of Y. Now,

f((i,))— B2 CUf T (B)) C o; = CUf (f1(B))) € 0; — CI(B).
Consequently, (i,j) — B.# CI(f 1(B)) c f ~!(o; — CI(B)).
(v)=(iv): Let B = f(A), where A is a subset of X. Then,
(i,j) = B# CI(A) € (i, /) — BLCIf T (B)) € f (o — CU(B)) = £ ~*(o; — CI(f (A)).

This shows that f((i, j) — £ CI(A)) € o; — CI(f (A)).

()= (vi): Let B be a o;-open set in Y. Clearly, f ~}(o; — Int(B)) is (i, j) — B — #-open and we

have f~!(o; — Int(B)) C (i,j) — B.£ Int(f "}(o; — Int(B))) € (i, j) — B Int(f ~1(B)).

(vi)=(i): Let B be a g;-open set in Y. Then o; — Int(B) = B and

FYB)\f '(o;~Int(B)) C (i, j)—B.# Int(f " (B)). Hence we have f ~1(B) = (i, j)—B.# Int(f ~1(B)).
This shows that f ~1(B) is (i, j) — 8 — #-open in X.

If .# = {0} in Theorem 11, we get the following

Corollary 3 ([6, Theorem 5.1]). For a function f : (X,7,7T9) — (Y,0,,05), the following
statements are equivalent:

(i) f is pairwise semi-precontinuous;

(ii) For each point x in X and each o;-open set F in Y such that f(x) € F, there is an (i, j)-
semi-preopen set A in X such that x €A, f(A) CF;

(iii) The inverse image of each o;-closed set in Y is (i, j)-semi-preclosed in X;
(iv) For each subset Aof X, f((i,j) —spCl(A)) C o; — CI(f (A));
(v) For each subset B of Y, (i,j) —sp Cl(f "1(B)) c f ~!(o; — CI(B)).

Theorem 12. Let f : (X, 71,7,,.#) — (Y,04,05) be a function. If
g2: (X, 71,79, #) = (X XY,01 X05) defined by g(x) = (x, f(x)) is an (i, j) — 8 — #-continuous
function, then f is (i,j) — 8 — #-continuous.

Proof Let V be a o;-open set of Y. Then f}(V)=Xnf (V) =g (X x V). Since g is
an (i, j) — B — #-continuous function and X x V is a T; X o;-open set of X x Y, f ~}(V) is an
(i,j) — B — #-open set of X. Hence f is (i, j) — B — #-continuous.

Definition 10. A bitopological space (X, T, T5) is said to be pairwise connected [8] if it cannot
be expressed as the union of two nonempty disjoint sets U and V such that U is T;-open and V is
T;-open, where i,j = {1,2}.
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Definition 11. An ideal bitopological space (X, T, T5,-#) is said to be (i,j) — f — #-connected
if it cannot be expressed as the union of two nonempty disjoint sets U and V such that U is
(i,j)— B — F-openand V is (i,j) — f — F-open.

Theorem 13. Let f : (X,71,7T9,-#) — (Y,0,,05) is (i,j) — B — £-continuous surjection and
(X,71,7T9,#)is (i,j) — B — F-connected, then (Y,0,0,) is pairwise connected.

Proof. Suppose Y is not pairwise connected, Then Y = AUB where ANB =0, A # 0,
B #0and A€ oy, B €oj. Since f is (i,j) — f — #-continuous fHA) € (i,j) — BLO(X)
and f1(B) € (i,j) — BLO(X), such that f~1(A) # 0, f(B) #0. f'(A)nf~(B) =0 and
f~YA)u f~1(B) = X, which implies that X is not (i, j) — 8 — .#-connected.
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