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Abstract

The article presents generalized vectorial Lorentz transformation formulas applicable to spacetimes of arbitrary

dimensions within the framework of special relativity. It introduces a novel notation to differentiate between

temporal coordinates and proper time, and assumes the speed of light as dimensionless and set to 1. This

approach results in a homogeneous metric space, termed U-space, facilitating the extension of Lorentz

transformations beyond the conventional four-dimensional spacetime to spaces with any number of dimensions.

The transformations are derived and detailed for velocities, accelerations, and other vectors in U-space,

highlighting their universality and ease of application compared to traditional methods.
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1❡❧❛.✐✈❡❀ ✐. ✐) ❛♥ ♦❜❥❡❝.✐✈❡ ❝❛.❡❣♦1②✱ .❤♦✉❣❤ ✐. ✐) ❞✐).✐♥❝. ❢♦1 ❡❛❝❤ ♣❤②)✐❝❛❧

♣♦✐♥.✳ ❚❤❡ .✐♠❡ ♦❢ ❛ ♣♦✐♥. ♦❜❥❡❝. ♣1❡❝✐)❡❧② ❞❡.❡1♠✐♥❡) ✐.) ♣♦)✐.✐♦♥ ♦♥ .❤❡

✇♦1❧❞ ❧✐♥❡✳

✻



❆♣♣❡♥❞✐①

❚❤❡ ❣❡♥❡%❛❧ ▲♦%❡♥*③ *%❛♥,❢♦%♠❛*✐♦♥ ❢♦%♠✉❧❛, ❢%♦♠ ✭✶✻✮ *♦ ✭✷✶✮✱ ❛,

♣%❡,❡♥*❡❞ ❛❜♦✈❡✱ ❛%❡ ♥♦* ❢♦✉♥❞ ❛♥②✇❤❡%❡ ✐♥ *❤❡ ,❝✐❡♥*✐✜❝ ❧✐*❡%❛*✉%❡✱ ❤❡♥❝❡

*❤❡ ♥❡❝❡,,✐*② *♦ ♣%♦✈✐❞❡ ❞❡%✐✈❛*✐♦♥,✳ ❚❤❡,❡ ❢♦%♠✉❧❛, ✇✐❧❧ ✜%,* ❜❡ ❞❡%✐✈❡❞

❢♦% *❤%❡❡✲❞✐♠❡♥,✐♦♥❛❧ ❯✲,♣❛❝❡✳ ❙✉❜,❡C✉❡♥*❧②✱ *❤❡② ✇✐❧❧ ❜❡ ❣❡♥❡%❛❧✐③❡❞ *♦

♣❡%*❛✐♥ *♦ ❯✲,♣❛❝❡ ♦❢ ❛♥② ♥✉♠❜❡% ♦❢ ❞✐♠❡♥,✐♦♥,✳

❋✐❣✉%❡ ✶

❆❜♦✈❡ ✐♥ ❋✐❣✉%❡ ✶✱ ❛ ♣❧❛♥❡ ✇✐*❤ ❛ ❈❛%*❡,✐❛♥ ❝♦♦%❞✐♥❛*❡ ,②,*❡♠ ✇✐*❤

❛①❡, X✱ Y ✐♠♣♦,❡❞ ♦♥ ✐* ✐, ❞❡♣✐❝*❡❞✳ ❚❤✐, ♣❧❛♥❡ ✐, ❛ ,❡❝*✐♦♥ ♦❢ *❤❡ ❯✲

,♣❛❝❡ ❛* *❤❡ ♣♦✐♥* u ❛♥❞ ✐, ♣❡%♣❡♥❞✐❝✉❧❛% *♦ *❤❡ ❯✲❛①✐,✳ ❖♥ *❤✐, ♣❧❛♥❡

✼



❧✐❡ ✈❡❝%♦'( ~w ❛♥❞ ~r✱ ✇❤❡'❡ ✈❡❝%♦' ~w ✐( ❛ ▲♦'❡♥%③ %'❛♥(❢♦'♠❛%✐♦♥ ✈❡❝%♦'

'❡♣'❡(❡♥%✐♥❣ %❤❡ ✈❡❧♦❝✐%② ♦❢ %❤❡ ♦❜❥❡❝% ❢♦' ✇❤✐❝❤ ✇❡ ✇❛♥% %♦ ❞❡%❡'♠✐♥❡ %❤❡

✧'❡(%✧ ❢'❛♠❡ ♦❢ '❡❢❡'❡♥❝❡✳ ❆♥② ♣♦✐♥% ♦♥ %❤✐( ♣❧❛♥❡ ✐( ♠❛'❦❡❞ ❛( ✈❡❝%♦' ~r✳

❋✐❣✉'❡ ✶ ❛❧(♦ (❤♦✇( ❛ ♥♦♥❧✐♥❡❛' ✈❡❧♦❝✐%② ✈❡❝%♦' (♣❛❝❡✱ ✇❤✐❝❤ ✐( ❜♦✉♥❞❡❞

✇✐%❤✐♥ ❛ ❝✐'❝❧❡ ♦❢ '❛❞✐✉( ✶✳

❲❡ ✇✐❧❧ ❜❡❣✐♥ ❜② ❞❡'✐✈✐♥❣ %❤❡ ❢♦'♠✉❧❛ ❢♦' %❤❡ ▲♦'❡♥%③ %'❛♥(❢♦'♠❛%✐♦♥

✉(✐♥❣ %❤❡ ✈❡❝%♦' ~w ❢♦' %❤❡ ❝♦♦'❞✐♥❛%❡ u ❛♥❞ %❤❡ ✈❡❝%♦' ~r✳ ❚♦ %❤✐( ❡♥❞✱ ✇❡

✇✐❧❧ '♦%❛%❡ %❤❡ ❛①❡( X✱ Y ❛'♦✉♥❞ %❤❡ ❛①✐( U ❜② ❛♥ ❛♥❣❧❡ &✳ ❚❤❡ ❛①❡( ✐♥

%❤✐( ♥❡✇ ♣♦(✐%✐♦♥ ✇✐❧❧ ❜❡ ❞❡♥♦%❡❞ X1✱ Y1✳ ❚❤❡ '❡❧❛%✐♦♥(❤✐♣( ❜❡%✇❡❡♥ %❤❡

❝♦♦'❞✐♥❛%❡( (x, y) ♦❢ ✈❡❝%♦'( ✐♥ %❤❡ ♦'✐❣✐♥❛❧ ❝♦♦'❞✐♥❛%❡ (②(%❡♠ ❛♥❞ %❤❡

❝♦♦'❞✐♥❛%❡( (x1, y1) ♦❢ ✈❡❝%♦'( ✐♥ %❤❡ ♥❡✇ ❛①✐( (②(%❡♠ ❛'❡ ❛( ❢♦❧❧♦✇(✿

x1 = x cos&+ y sin& ✭❆✳✶✮

y1 = y cos&− x sin& ✭❆✳✷✮

✇❤❡'❡✿

sin& =
wy

|~w|
, cos& =

wx

|~w|
✭❆✳✸✮

❇❛(❡❞ ♦♥ %❤❡ ❛❜♦✈❡ ❢♦'♠✉❧❛(✱ ✇❡ ♦❜%❛✐♥✿

wx1
= |~w|, wy1

= 0 ✭❆✳✹✮

x1 =
~r · ~w
|~w|

, y1 =
ywx − xwy

|~w|
✭❆✳✺✮

✇❤❡'❡ %❤❡ ❡①♣'❡((✐♦♥ ✇✐%❤ ❛ ❞♦% ❞❡♥♦%❡( %❤❡ (❝❛❧❛' ♣'♦❞✉❝% ♦❢ ✈❡❝%♦'(✳

◆♦✇✱ ❜❛(❡❞ ♦♥ ❢♦'♠✉❧❛ ✭✽✮✱ ✇❡ ✇✐❧❧ ❝❛❧❝✉❧❛%❡ u′
✿

u′ =
u − x1wx1

√

1 − |~w|2

❇② (✉❜(%✐%✉%✐♥❣ %❤❡ ❡①♣'❡((✐♦♥( ❢'♦♠ ✭❆✳✹✮ ❛♥❞ ✭❆✳✺✮✱ ✇❡ ♦❜%❛✐♥✿

u′ =
u − ~r · ~w
√

1 − |~w|2
✭❆✳✻✮

❚❤❡♥✱ ❜❛(❡❞ ♦♥ ❢♦'♠✉❧❛ ✭✾✮✱ ✇❡ ✇✐❧❧ ❝❛❧❝✉❧❛%❡ x′
1✿

x′
1 =

x1 − uwx1

√

1 − |~w|2

✽



❙✐♠✐❧❛%❧② '♦ ❜❡❢♦%❡✱ ✇❡ .✉❜.'✐'✉'❡ '❤❡ ❡①♣%❡..✐♦♥. ❢%♦♠ ✭❆✳✹✮ ❛♥❞

✭❆✳✺✮✿

x′
1 =

~r·~w
|~w| − u|~w|
√

1 − |~w|2
✭❆✳✼✮

❚❤❡ ✈❛❧✉❡ ♦❢ '❤❡ ❝♦♦%❞✐♥❛'❡ y1 ❛❢'❡% '%❛♥.❢♦%♠❛'✐♦♥ ✇✐❧❧ ♥♦' ❝❤❛♥❣❡✱

❜❡❝❛✉.❡ '❤❡ ❛①✐. Y1 ✐. ♣❡%♣❡♥❞✐❝✉❧❛% '♦ '❤❡ '%❛♥.❢♦%♠❛'✐♦♥ ✈❡❝'♦% ~w✳

y′
1 = y1 =

ywx − xwy

|~w|
✭❆✳✽✮

❚♦ %❡'✉%♥ '♦ '❤❡ ❝♦♦%❞✐♥❛'❡ .②.'❡♠ ✇✐'❤ ❛①❡.X✱ Y ✱ ✇❡ ♠✉.' %♦'❛'❡

'❤❡ ❛①❡. X1✱ Y1 ❛%♦✉♥❞ O ❜② ❛♥ ❛♥❣❧❡ −&✳

x′ = x′
1 cos&− y′

1 sin& ✭❆✳✾✮

y′ = x′
1 sin&+ y′

1 cos& ✭❆✳✶✵✮

❲❤❡♥ ✇❡ .✉❜.'✐'✉'❡ '❤❡ ❡①♣%❡..✐♦♥. ❢%♦♠ ✭❆✳✼✮ ❛♥❞ ✭❆✳✽✮ ❛. ✇❡❧❧ ❛.

❢%♦♠ ✭❆✳✸✮ ✐♥'♦ ✭❆✳✾✮ ❛♥❞ ✭❆✳✶✵✮✱ ✇❡ ♦❜'❛✐♥✿

x′ =
~r · ~w − u|~w|2

|~w|2
√

1−|~w|2
wx − ywx − xwy

|~w|2
wy ✭❆✳✶✶✮

y′ =
~r · ~w − u|~w|2

|~w|2
√

1−|~w|2
wy −

xwy − ywx

|~w|2
wx ✭❆✳✶✷✮

❋♦%♠✉❧❛. ✭❆✳✶✶✮ ❛♥❞ ✭❆✳✶✷✮✱ ✇❤✐❝❤ ❛%❡ .②♠♠❡'%✐❝ ✇✐'❤ %❡.♣❡❝' '♦

'❤❡ ❝♦♦%❞✐♥❛'❡. x ❛♥❞ y✱ ♥❡❡❞ '♦ ❜❡ ❜%♦✉❣❤' ✐♥'♦ ❛ ❢♦%♠ '❤❛' ❛❧❧♦✇. '❤❡♠

'♦ ❜❡ ❡①♣%❡..❡❞ ❜② ❛ .✐♥❣❧❡ ✈❡❝'♦% ❡I✉❛'✐♦♥ ✭✶✼✮✳

x′ =

(

xwx + ywy

|~w|2
√

1−|~w|2
− u
√

1−|~w|2

)

wx−
ywywx

|~w|2
+
xw2

y

|~w|2

x′ =
xw2

y

|~w|2
+

(

xwx + ywy

|~w|2
√

1−|~w|2
− u
√

1−|~w|2
− ywy

|~w|2

)

wx

x′ =
xw2

y

|~w|2
+





xwx

|~w|2
√

1−|~w|2
+

ywy

(

1 −
√

1−|~w|2
)

|~w|2
√

1−|~w|2
− u
√

1−|~w|2



wx

✾



◆♦"❡✿

1−
√

1−|~w|2
|~w|2 = 1

1+
√

1−|~w|2

x′ =
xw2

y

|~w|2
+





xwx

|~w|2
√

1−|~w|2
+

ywy
√

1−|~w|2
(

1 +
√

1−|~w|2
) − u

√

1−|~w|2



wx

◆♦"❡✿

√

1−|~w|2
(

1 +
√

1−|~w|2
)

= 1+
√

1−|~w|2 − |~w|2

x′ =
xw2

y

|~w|2
+





xwx

(

1+
√

1−|~w|2
)

|~w|2
(

1+
√

1−|~w|2 − |~w|2
) +

ywy + (xwx − xwx)

1+
√

1−|~w|2 − |~w|2
− u
√

1−|~w|2



wx

x′ =
xw2

y

|~w|2
+





xwx

(

1+
√

1−|~w|2 − |~w|2
)

|~w|2
(

1+
√

1−|~w|2 − |~w|2
) +

ywy + xwx

1+
√

1−|~w|2 − |~w|2
− u
√

1−|~w|2



wx

x′ =
xw2

y + xw2
x

|~w|2
+

(

~r · ~w
1+
√

1−|~w|2 − |~w|2
− u
√

1−|~w|2

)

wx

x′ = x+





~r · ~w
√

1−|~w|2
(

1+
√

1−|~w|2
) − u

√

1−|~w|2



wx ✭❆✳✶✸✮

❉✉❡ )♦ )❤❡ ,②♠♠❡)/② ❜❡)✇❡❡♥ )❤❡ ❝♦♦/❞✐♥❛)❡, x✱ y✱ )❤❡ )/❛♥,❢♦/✲

♠❛)✐♦♥ ♦❢ ❢♦/♠✉❧❛ ✭❆✳✶✷✮ ✇✐❧❧ ❧♦♦❦ ❛♥❛❧♦❣♦✉,✳ ❚❤❡/❡❢♦/❡✱ ✇❡ ❝❛♥ ,)❛)❡

✇✐)❤♦✉) ♣❡/❢♦/♠✐♥❣ )❤❡ ❝❛❧❝✉❧❛)✐♦♥,✿

y′ = y +





~r · ~w
√

1−|~w|2
(

1+
√

1−|~w|2
) − u

√

1−|~w|2



wy ✭❆✳✶✹✮

❋♦/♠✉❧❛, ✭❆✳✶✸✮ ❛♥❞ ✭❆✳✶✹✮ ❢♦/ )❤/❡❡✲❞✐♠❡♥,✐♦♥❛❧ ❯✲,♣❛❝❡ ❛/❡ )❤❡

❞❡❝♦♠♣♦,✐)✐♦♥ ✐♥)♦ ❝♦♦/❞✐♥❛)❡, ♦❢ )❤❡ ✈❡❝)♦/ ~r ′
♦❢ )❤❡ ❣❡♥❡/❛❧ ✈❡❝)♦/

❢♦/♠✉❧❛ ✭✶✼✮✿

~r ′ = ~r +





~r · ~w
√

1−|~w|2
(

1+
√

1−|~w|2
) − u

√

1−|~w|2



~w ✭❆✳✶✺✮

■) ,❤♦✉❧❞ ❜❡ ♥♦)❡❞ )❤❛) ✐❢ ✇❡ ❛♣♣❧② )❤❡ /❡✈❡/,❡ ▲♦/❡♥)③ )/❛♥,❢♦/♠❛✲

)✐♦♥ ✈❡❝)♦/ −~w )♦ )❤❡ ❝♦♦/❞✐♥❛)❡, (u′, x′, y′)✱ ❛❢)❡/ )❤❡ )/❛♥,❢♦/♠❛)✐♦♥

✶✵



♦❢ "♦♠❡ ♣♦✐♥(✱ ❜② ✉"✐♥❣ ❢♦.♠✉❧❛" ✭❆✳✻✮ ❛♥❞ ✭❆✳✶✺✮✱ ✇❡ ✇✐❧❧ ♦❜(❛✐♥ (❤❡

♦.✐❣✐♥❛❧ ❝♦♦.❞✐♥❛(❡" (u,x, y) ♦❢ (❤❛( ♣♦✐♥(✳ ■( ✐" ❡❛"② (♦ ✈❡.✐❢② (❤❛( (❤❡

❣❡♥❡.❛❧ ❢♦.♠✉❧❛" ✭❆✳✻✮ ❛♥❞ ✭❆✳✶✺✮ ❛♣♣❧② (♦ ❯✲"♣❛❝❡ ♦❢ ❛♥② ♥✉♠❜❡. ♦❢

❞✐♠❡♥"✐♦♥"✳

❚♦ ❞❡.✐✈❡ ❢♦.♠✉❧❛ ✭✶✽✮ ❢♦. (❤❡ (.❛♥"❢♦.♠❛(✐♦♥ ♦❢ (❤❡ ✈❡❧♦❝✐(② ✈❡❝(♦.✱

✇❡ ✇✐❧❧ ✉"❡ ❢♦.♠✉❧❛" ✭❆✳✻✮ ❛♥❞ ✭❆✳✶✺✮✱ ✇❤✐❝❤ ✇❡.❡ ❞❡.✐✈❡❞ ❛❜♦✈❡✳ ❲❡

❛""✉♠❡ (❤❛( ❛♥ ✐♥❡.(✐❛❧ ♣♦✐♥( ✇✐(❤ ✈❡❧♦❝✐(② ~v "(❛.(" ❢.♦♠ (❤❡ ♦.✐❣✐♥ ♦❢ (❤❡

❝♦♦.❞✐♥❛(❡ "②"(❡♠ ♦❢ ❯✲"♣❛❝❡✱ ♦❢ ❛♥② ♥✉♠❜❡. ♦❢ ❞✐♠❡♥"✐♦♥"✳ ❆❞♦♣(✐♥❣ (❤✐"

❛""✉♠♣(✐♦♥ ✇✐❧❧ "✐❣♥✐✜❝❛♥(❧② "✐♠♣❧✐❢② (❤❡ ❝❛❧❝✉❧❛(✐♦♥"✱ ❛" (❤❡ ♦.✐❣✐♥ ♦❢ (❤❡

❯✲"♣❛❝❡ ❝♦♦.❞✐♥❛(❡ "②"(❡♠ ❞♦❡" ♥♦( ❝❤❛♥❣❡ ✐(" ♣♦"✐(✐♦♥ ✇❤❡♥ ❛♣♣❧②✐♥❣

(❤❡ ▲♦.❡♥(③ (.❛♥"❢♦.♠❛(✐♦♥✳ ❚❤❡ ♣♦"✐(✐♦♥ ~r ♦❢ (❤✐" ♣♦✐♥( ❛" ❛ ❢✉♥❝(✐♦♥ ♦❢

u ✐" ❞❡✜♥❡❞ ❜② (❤❡ ❢♦.♠✉❧❛✿ ~r = u~v✳ ▼❡❛♥✇❤✐❧❡✱ ❛❢(❡. (.❛♥"❢♦.♠❛(✐♦♥

✇✐(❤ (❤❡ ✈❡❝(♦. ~w✱ ✇❡ ❤❛✈❡ (❤❡ ❢♦.♠✉❧❛✿ ~r ′ = u′~v,′✱ ✇❤✐❝❤ ♠❡❛♥"✿

~v ′ =
1

u′ ~r
′

✭❆✳✶✻✮

▲❡( ✉" "✉❜"(✐(✉(❡ ✐♥(♦ (❤❡ ❛❜♦✈❡ ❢♦.♠✉❧❛ (❤❡ ❡①♣.❡""✐♦♥" ❢.♦♠ ✭❆✳✻✮

❛♥❞ ✭❆✳✶✺✮✿

~v ′ =

√

1−|~w|2
u − ~r · ~w

~r +

√

1−|~w|2
u − ~r · ~w





~r · ~w
√

1−|~w|2
(

1+
√

1−|~w|2
) − u

√

1−|~w|2



~w

❋♦. (❤❡ "❛❦❡ ♦❢ "✐♠♣❧✐❢②✐♥❣ (❤❡ ❝❛❧❝✉❧❛(✐♦♥"✱ ✇❡ ❛""✉♠❡ (❤❡ ✈❛❧✉❡

u = 1✱ (❤❡♥ ~r = ~v ❛♥❞ ✇❡ ❝❛♥ ✇.✐(❡✿

~v ′ =

√

1−|~w|2
1 − ~v · ~w

~v +

√

1−|~w|2
1 − ~v · ~w





~v · ~w
√

1−|~w|2
(

1+
√

1−|~w|2
) − 1

√

1−|~w|2



~w

~v ′ =

√

1−|~w|2
1 − ~v · ~w

~v +





~v · ~w
(1−~v · ~w)

(

1+
√

1−|~w|2
) − 1

1−~v · ~w



~w

~v ′ =

√

1−|~w|2
1 − ~v · ~w

~v +
~v · ~w − 1 −

√

1−|~w|2

(1−~v · ~w)
(

1+
√

1−|~w|2
) ~w ✭❆✳✶✼✮

❚❤✉"✱ ✇❡ ❤❛✈❡ ♦❜(❛✐♥❡❞ (❤❡ ❣❡♥❡.❛❧ ❢♦.♠✉❧❛ ✭✶✽✮✳ ❚❤✐" ❢♦.♠✉❧❛ ✐"

❛♣♣❧✐❝❛❜❧❡ (♦ ❯✲"♣❛❝❡ ♦❢ ❛♥② ♥✉♠❜❡. ♦❢ ❞✐♠❡♥"✐♦♥"✳ ❆❧"♦✱ ❜② (.❛♥"❢♦.♠✐♥❣

✶✶



~v ′
✇✐"❤ "❤❡ %❡✈❡%'❡ ✈❡❝"♦%−~w✱ ✇❡ ✇✐❧❧ %❡"%✐❡✈❡ "❤❡ ♦%✐❣✐♥❛❧ ✈❡❧♦❝✐"② ✈❡❝"♦%

~v✳

❚♦ ❞❡%✐✈❡ ❢♦%♠✉❧❛ ✭✶✾✮ ❢♦% "❤❡ "%❛♥'❢♦%♠❛"✐♦♥ ♦❢ "❤❡ ❛❝❝❡❧❡%❛"✐♦♥

✈❡❝"♦% ~a✱ ✇❡ ✇✐❧❧ ✉'❡ ❢♦%♠✉❧❛' ✭❆✳✶✮ ❛♥❞ ✭❆✳✷✮ ❢♦% "❤❡ %♦"❛"✐♦♥ ♦❢ ❛①❡'X✱

Y ✐♥ ♦%❞❡% "♦ ❛❧✐❣♥ "❤❡ ▲♦%❡♥"③ "%❛♥'❢♦%♠❛"✐♦♥ ✈❡❝"♦% ~w ✇✐"❤ ❛①✐' X1✳

❆❢"❡% "❤❡ %♦"❛"✐♦♥✱ ✇❡ ♦❜"❛✐♥ "❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝"♦%'✿

wx1
= |~w| , wy1

= 0 ✭❆✳✶✽✮

vx1
=

~v · ~w
|~w|

, vy1
=

vywx − vxwy

|~w|
✭❆✳✶✾✮

ax1
=

~a· ~w
|~w|

, ay1
=

aywx − axwy

|~w|
✭❆✳✷✵✮

❋%♦♠ "❤❡ ❣❡♥❡%❛❧❧② ❦♥♦✇♥ ▲♦%❡♥"③ "%❛♥'❢♦%♠❛"✐♦♥ ❢♦%♠✉❧❛' ❢♦% ❛ "✇♦✲

❞✐♠❡♥'✐♦♥❛❧ ❛❝❝❡❧❡%❛"✐♦♥ ✈❡❝"♦%✱ ✇❡ ❤❛✈❡✿

a′
x1

=

(

√

1−|~w|2
1 − |~w|vx1

)3

ax1
✭❆✳✷✶✮

a′
y1

=
1−|~w|2

(1 − |~w|vx1
)2

(

ay1
+

|~w|vy1

1 − |~w|vx1

ax1

)

✭❆✳✷✷✮

❯♣♦♥ '✉❜'"✐"✉"✐♥❣ "❤❡ ❡①♣%❡''✐♦♥' ❢%♦♠ ❢♦%♠✉❧❛' ✭❆✳✶✾✮ ❛♥❞ ✭❆✳✷✵✮✿

a′
x1

=
~a· ~w

(

√

1−|~w|2
)3

|~w| (1 − ~v · ~w)3
✭❆✳✷✸✮

a′
y1

=
1−|~w|2

|~w| (1 − ~v · ~w)2

[

aywx − axwy +
(vywx − vxwy)~a· ~w

1 − ~v · ~w

]

a′
y1

=
1−|~w|2

|~w| (1−~v · ~w)2

[

(aywx−axwy)(1−vxwx−vywy)+(vywx−vxwy)(axwx+aywy)

1−~v · ~w

]

a′
y1

=
1−|~w|2

|~w| (1−~v · ~w)2

[

aywx−axwy + (axvy−ayvx)|~w|2
1−~v · ~w

]

a′
y1

=
1−|~w|2

|~w| (1−~v · ~w)3
[

aywx−axwy + (axvy−ayvx)|~w|2
]

✭❆✳✷✹✮

✶✷



❚♦ "❡$✉"♥ $♦ $❤❡ ♣"❡✈✐♦✉+ ❝♦♦"❞✐♥❛$❡ +②+$❡♠ X✱ Y ✱ ✇❡ ✇✐❧❧ ❛♣♣❧②

❢♦"♠✉❧❛+ ✭❆✳✾✮ ❛♥❞ ✭❆✳✶✵✮ ❛❧♦♥❣ ✇✐$❤ ✭❆✳✸✮✿

a′
x = a′

x1

wx

|~w|
− a′

y1

wy

|~w|
✭❆✳✷✺✮

a′
y = a′

x1

wy

|~w|
+ a′

y1

wx

|~w|
✭❆✳✷✻✮

❆❢$❡" +✉❜+$✐$✉$✐♥❣ ❡①♣"❡++✐♦♥+ ❢"♦♠ ✭❆✳✷✸✮ ❛♥❞ ✭❆✳✷✹✮ ✐♥$♦ ✭❆✳✷✺✮

❛♥❞ ✭❆✳✷✻✮✱ ✇❡ ♦❜$❛✐♥✿

a′
x =

wx (~a· ~w)
(

√

1−|~w|2
)3

+ wy(1−|~w|2)[axwy−aywx+(ayvx−axvy)|~w|2]
|~w|2(1 − ~v · ~w)3

✭❆✳✷✼✮

a′
y =

wy (~a· ~w)
(

√

1−|~w|2
)3

+ wx(1−|~w|2)[aywx−axwy+(axvy−ayvx)|~w|2]
|~w|2(1 − ~v · ~w)3

✭❆✳✷✽✮

◆♦✇✱ ❢♦%♠✉❧❛* ✭❆✳✷✼✮ ❛♥❞ ✭❆✳✷✽✮ ♥❡❡❞ 5♦ ❜❡ 5%❛♥*❢♦%♠❡❞ ✐♥ *✉❝❤ ❛

✇❛② 5❤❛5 5❤❡② ❝❛♥ ❜❡ ✇%✐55❡♥ ✐♥ 5❤❡ ❢♦%♠ ♦❢ ❛ *✐♥❣❧❡✱ ❣❡♥❡%❛❧ ❢♦%♠✉❧❛

✭✶✾✮✳

a′
x =

1−|~w|2

(1−~v · ~w)2

[

wx (~a· ~w)
√

1−|~w|2 + wy(axwy−aywx)

|~w|2(1 − ~v · ~w)
+

wy(ayvx−axvy)

1 − ~v · ~w

]

a′
x =

1−|~w|2

(1−~v · ~w)2

[

(axw
2

x+aywxwy)
√

1−|~w|2 + axw
2

y− aywxwy

|~w|2(1 − ~v · ~w)
+

wy(ayvx− axvy)

1 − ~v · ~w

]

a′
x =

1−|~w|2

(1−~v · ~w)2





axw
2

x

√

1−|~w|2 + aywxwy

(

√

1−|~w|2−1
)

+ axw
2

y

|~w|2(1 − ~v · ~w)
+

wy(ayvx− axvy)

1 − ~v · ~w





a′
x =

1 − |~w| 2

(1 − ~v · ~w)2




axw
2

x

√

1−|~w|2 +aywxwy

(

√

1−|~w|2−1
)

+axw
2

y+(axw
2

x−axw
2

x)

|~w|2(1 − ~v · ~w)
+

wy(ayvx−axvy)

1 − ~v · ~w





a′
x =

1−|~w|2

(1−~v · ~w)2




axw
2

x

(

√

1−|~w|2−1
)

+aywxwy

(

√

1−|~w|2−1
)

+ ax(w
2

y + w2

x)

|~w|2(1 − ~v · ~w)
+

wy(ayvx− axvy)

1 − ~v · ~w





a′
x =

1−|~w|2

(1−~v · ~w)2





(axw
2

x+aywxwy)
(

√

1−|~w|2−1
)

+ax|~w|2

|~w|2(1 − ~v · ~w)
+

wy(ayvx− axvy)

1 − ~v · ~w





✶✸



a′
x =

1−|~w|2

(1−~v · ~w)2





ax

1−~v · ~w
−

wx(axwx+aywy)
(

1−
√

1−|~w|2
)

|~w|2(1 − ~v · ~w)
+

aywyvx−axwyvy

1 − ~v · ~w





a′

x
=

1−|~w|2

(1−~v · ~w)
2





ax

1−~v · ~w
−

wx(~a· ~w)
(

1−
√

1−|~w|2
)

|~w|2(1 − ~v · ~w)
+

aywyvx−axwyvy+(axwxvx−axwxvx)

1 − ~v · ~w





◆♦"❡✿

1−
√

1−|~w|2
|~w|2 = 1

1+
√

1−|~w|2

a′
x =

1−|~w|2

(1−~v · ~w)2





ax

1−~v · ~w
− wx(~a· ~w)

(1 − ~v · ~w)
(

1+
√

1−|~w|2
) +

vx(~a· ~w) − ax(~v · ~w)

1 − ~v · ~w





a′
x =

1−|~w|2

(1−~v · ~w)2



ax +
~a· ~w

1−~v · ~w
vx − ~a · ~w

(1−~v · ~w)
(

1+
√

1−|~w|2
) wx





✭❆✳✷✾✮

❆♥❛❧♦❣♦✉,❧② .♦ ✭❆✳✷✼✮✱ ✇❡ .3❛♥,❢♦3♠ ❢♦3♠✉❧❛ ✭❆✳✷✽✮✿

a′
y =

1−|~w|2

(1−~v · ~w)2



ay +
~a· ~w

1−~v · ~w
vy −

~a · ~w
(1−~v · ~w)

(

1+
√

1−|~w|2
) wy





✭❆✳✸✵✮

❋♦3♠✉❧❛, ✭❆✳✷✾✮ ❛♥❞ ✭❆✳✸✵✮ 3❡♣3❡,❡♥. .❤❡ ❞❡❝♦♠♣♦,✐.✐♦♥ ✐♥.♦ ❝♦✲

♦3❞✐♥❛.❡, a′
x ❛♥❞ a′

y ♦❢ .❤❡ ❣❡♥❡3❛❧ ❢♦3♠✉❧❛ ✭✶✾✮ ❢♦3 .❤3❡❡✲❞✐♠❡♥,✐♦♥❛❧

❯✲,♣❛❝❡✿

~a ′ =
1−|~w|2

(1−~v · ~w)2



~a+
~a· ~w

1−~v · ~w
~v − ~a · ~w

(1−~v · ~w)
(

1+
√

1−|~w|2
) ~w





✭❆✳✸✶✮

❋♦3♠✉❧❛ ✭❆✳✸✶✮ ❛♣♣❧✐❡, .♦ ❯✲,♣❛❝❡ ♦❢ ❛♥② ❞✐♠❡♥,✐♦♥✳ ❲❤❡♥ ✇❡ ❛♣♣❧②

❢♦3♠✉❧❛ ✭❆✳✸✶✮ .♦ .❤❡ ✈❡❝.♦3 ~a ′
✇✐.❤ .❤❡ ✐♥✈❡3,❡ ▲♦3❡♥.③ .3❛♥,❢♦3♠❛.✐♦♥

✈❡❝.♦3 −~w✱ ✇❡ ♦❜.❛✐♥ .❤❡ ♦3✐❣✐♥❛❧ ❛❝❝❡❧❡3❛.✐♦♥ ✈❡❝.♦3 ~a✳

❲❡ ✇✐❧❧ ❞❡3✐✈❡ ❢♦3♠✉❧❛ ✭✷✵✮ ❢♦3 .❤❡ .3❛♥,❢♦3♠❛.✐♦♥ ♦❢ ✈❡❝.♦3 ~s ✐♠✲

♠❡❞✐❛.❡❧② ❢♦3 ❯✲,♣❛❝❡ ♦❢ ❛♥② ❞✐♠❡♥,✐♦♥ ✭,✐♠✐❧❛3❧② .♦ ✇❤❛. ✇❡ ❞✐❞ ❢♦3 .❤❡

✈❡❧♦❝✐.② ✈❡❝.♦3✮✳ ❲❡ ❛,,✉♠❡ .❤❛. .❤❡ ✈❡❝.♦3 ~s = ~rB − ~rA✱ ✇❤❡3❡ ♣♦✐♥.

✶✹



A ✐! ❧♦❝❛&❡❞ ✐♥ &❤❡ ❧✐❣❤& ❝♦♥❡ ♦❢ ♦❜!❡.✈❡. B✱ !♦ |~s | = uB − uA✳ ❋♦.

!✐♠♣❧✐❝✐&② ♦❢ ❝❛❧❝✉❧❛&✐♦♥!✱ ✇❡ ❛!!✉♠❡ &❤❛& ♣♦✐♥& A ✐! ❧♦❝❛&❡❞ ❛& &❤❡ ♦.✐❣✐♥

♦❢ &❤❡ ❝♦♦.❞✐♥❛&❡ !②!&❡♠ O✱ &❤❡♥✿

~rB = ~s, uB = |~s | ✭❆✳✸✷✮

❲✐&❤ &❤✐! ❛!!✉♠♣&✐♦♥✱ ✇❡ ❝❛♥ ❡♠♣❧♦② ❢♦.♠✉❧❛ ✭❆✳✶✺✮ ❢♦. &❤❡ &.❛♥!✲

❢♦.♠❛&✐♦♥ ♦❢ ✈❡❝&♦. ~s✱ !✉❜!&✐&✉&✐♥❣ &❤❡ ✈❛❧✉❡! ❢.♦♠ ✭❆✳✸✷✮ ✐♥&♦ ✐&✿

~s ′ = ~s+





~s · ~w
√

1−|~w|2
(

1+
√

1−|~w|2
) − |~s|

√

1−|~w|2



~w ✭❆✳✸✸✮

~s ′ = ~s+
|~s |(ŝ· ~w) − |~s |

(

1 +
√

1 − |~w|2
)

√

1−|~w|2
(

1+
√

1−|~w|2
) ~w ✭❆✳✸✹✮

~s ′ = ~s−
|~s |
(

1 − ŝ· ~w +
√

1 − |~w|2
)

√

1−|~w|2
(

1+
√

1−|~w|2
) ~w ✭❆✳✸✺✮

❚❤✉!✱ ✇❡ ♦❜&❛✐♥❡❞ ❢♦.♠✉❧❛ ✭✷✵✮✳ ❋♦.♠✉❧❛ ✭✷✶✮ ❢♦. &❤❡ ✉♥✐& ✈❡❝&♦. ŝ′

✐! ❞❡.✐✈❡❞ ❜② ❞✐✈✐❞✐♥❣ &❤❡ .✐❣❤& !✐❞❡ ♦❢ ❡E✉❛&✐♦♥ ✭❆✳✸✺✮ ❜② &❤❡ ❧❡♥❣&❤ ♦❢

✈❡❝&♦. |~s ′|✳ ❋.♦♠ ✭❆✳✸✷✮ ❛♥❞ &❤❡ ❛!!✉♠♣&✐♦♥! ♠❛❞❡ ❞✉.✐♥❣ &❤❡ ❞❡.✐✈❛✲

&✐♦♥ ♦❢ ✭❆✳✸✺✮✱ ✐& ❢♦❧❧♦✇! &❤❛& uB = |~s | ❛♥❞ ❝♦♥!❡E✉❡♥&❧② u′
B = |~s ′|✳

❚❤❡.❡❢♦.❡✱ ❢.♦♠ ✭❆✳✻✮ ✇❡ ❤❛✈❡✿

|~s ′| = u′
B =

uB − ~rB · ~w
√

1−|~w|2
✭❆✳✸✻✮

❯♣♦♥ !✉❜!&✐&✉&✐♥❣ &❤❡ ❡①♣.❡!!✐♦♥! ❢.♦♠ ✭❆✳✸✷✮✱ ✇❡ ♦❜&❛✐♥✿

|~s ′| = |~s | − ~s· ~w
√

1−|~w|2
✭❆✳✸✼✮

|~s ′| = |~s | 1 − ŝ· ~w
√

1−|~w|2
✭❆✳✸✽✮

❚♦ ♦❜&❛✐♥ ❡E✉❛&✐♦♥ ✭✷✶✮ ❢♦. ŝ′✱ ✇❡ ❞✐✈✐❞❡ ✭❆✳✸✺✮ ❜② ✭❆✳✸✽✮✿

ŝ′ =

√

1−|~w|2
(1 − ŝ· ~w )|~s |

~s−
√

1−|~w|2
(1 − ŝ· ~w )|~s |

|~s |
(

1 − ŝ· ~w +
√

1 − |~w|2
)

√

1−|~w|2
(

1+
√

1−|~w|2
) ~w
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ŝ′ =

√

1−|~w|2
1 − ŝ· ~w

ŝ− 1 − ŝ· ~w +
√

1 − |~w|2

(1 − ŝ· ~w )
(

1+
√

1−|~w|2
) ~w ✭❆✳✸✾✮
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✇✐:❤ ✈❡❧♦❝✐:②

~V ✱ ❤❛3 ✈❡❧♦❝✐:② ~v0✳ ❋♦*♠✉❧❛ ✭✺✮ ❞✐*❡❝:❧② ❛*✐3❡3 ❢*♦♠ ❢♦*♠✉❧❛
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❜② :❤❡ ✈❡❝:♦* ~w = −~V ✿

~v =

√

1+|~V |2

1− ~v0 ·(−~V )
~v0 +

~v0 ·(−~V ) − 1 −
√

1−|~V |2
[

1− ~v0 ·(−~V )
]

(

1 +

√

1−|~V |2
)(−~V )

~v =

√

1−|~V |2

1+ ~v0 ·~V
~v0 +

~v0 ·~V + 1 +

√

1−|~V |2
(

1+ ~v0 ·~V
)

(

1 +

√

1−|~V |2
)

~V ✭❆✳✹✵✮

✶✻


