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Abstract

Die Bahnen von Planeten um die Sonne sind Ellipsen. Die Sonne liegt dabei in einem Brennpunkt der Ellipse. Dies gilt ganz

allgemein für die Bewegung eines Objekts im Gravitationsfeld einer zentralen Masse. Dieses Skript enthält eine mathematische

Herleitung der Bahnkurven eines Massepunktes im sphärisch symmetrischen Gravitationsfeld auf Basis des Lagrange-

Formalismus. Als Grundlage wird zunächst die Ellipsengleichung behandelt. Weitere Grundlagen werden in Kurzform im

Anhang aufgeführt. Aus der Theorie ergeben sich schließlich die drei Keplerschen Gesetze.

The orbits of planets around the sun are ellipses. The sun lies at a focal point of the ellipse. This applies generally to the

movement of an object in the gravitational field of a central mass. This script contains a mathematical derivation of the

trajectories of a mass point in a spherically symmetrical gravitational field based on the Lagrange formalism. The ellipse

equation is first treated as a basis. Further basics are briefly listed in the appendix. The theory ultimately gives rise to Kepler's

three laws.
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~r =
−−→
F1P =

−→
0P

2♦✇✐❡ ❞✐❡ ❱❡❦&♦'❡♥

−−−→
F1F2 =

−−→
0F2 ✉♥❞

−−→
F2P ✳ ❊2 ✐2& ♦✛❡♥❜❛'

−−→
0F2 +

−−→
F2P = ~r

✉♥❞ ❞❛♠✐&

−−→
F2P = ~r −−−→

0F2

❲❡❣❡♥

∣∣∣
−−→
F2P

∣∣∣ = 2a− r ❢♦❧❣& ❞❛♥♥✿

✭✶✳✶✮ 2a− r =
∣∣∣
−−→
F2P

∣∣∣ =
∣∣∣~r −−−→

0F2

∣∣∣

❙❡✐ ♥✉♥ φ ❞❡' ❲✐♥❦❡❧ ③✇✐2❝❤❡♥ ~r ✉♥❞ ❞❡' x−❆❝❤2❡✳ ❉✉'❝❤ D✉❛❞'✐❡'❡♥ ✈♦♥ ●❧❡✐❝❤✉♥❣ ✭✶✳✶✮ ❡'❤+❧& ♠❛♥ ③✉2❛♠♠❡♥ ♠✐&
❞❡' ❉❡✜♥✐&✐♦♥ ~v ◦ ~w = |~v| |~w| cosφ ❞❡2 ❙❦❛❧❛'♣'♦❞✉❦&❡2✿

(2a− r)
2

=
(
~r −−−→

0F2

)2
= |~r|2 − 2~r ◦ −−→0F2 +

∣∣∣
−−→
0F2

∣∣∣
2

= r2 − 2 |~r|
∣∣∣
−−→
0F2

∣∣∣ cosφ+ (2f)
2

= r2 − 2r · 2f cosφ+ 4f2

❛❧2♦

4a2 − 4ar + r2 = r2 − 4rf cosφ+ 4f2

a2 − ar = −rf cosφ+ f2

a2 − f2 = r (a− f cosφ)

✉♥❞ ❞❛♠✐&

✭✶✳✷✮ r =
a2 − f2

a− f cosφ

❆♥❣❡♥♦♠♠❡♥ ❞❡' J✉♥❦& P ❜❡✜♥❞❡& 2✐❝❤ ✐♥ (f | b)✳ ❉❛♥♥ ❡♥&2&❡❤& ❡✐♥ ❣❧❡✐❝❤2❝❤❡♥❦❧✐❣❡2 ❉'❡✐❡❝❦✱ ❞❡22❡♥ ❙❝❤❡♥❦❡❧ ❥❡✇❡✐❧2
❞✐❡ ▲+♥❣❡ a ❤❛❜❡♥ ✭❞❛ S ❞✐❡ ▲+♥❣❡ 2a ❤❛❜❡♥ ♠✉22✮✳ ▼✐& ❞❡♠ J②&❤❛❣♦'❛2 ❡'❣✐❜& 2✐❝❤ ❞❛♥♥ a2 = f2 + b2 ✉♥❞ ❞❛♠✐&
b2 = a2 − f2✳ ❋❡'♥❡' 2❡✐

✭✶✳✸✮ p :=
b2

a
, ε :=

f

a
.

●❧❡✐❝❤✉♥❣ ✭✶✳✷✮ ✇✐'❞ ❞❛♠✐& ③✉

r =
b2

a− f cosφ
=

b2

a
(
1− f

a
cosφ

) =
b2

a

1− f
a
cosφ

=
p

1− ε cosφ
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❜❡❧✐❡❜✐❣❡' J✉♥❦& ❛✉❢ ❞❡♠ ❊❧❧✐♣2❡♥'❛♥❞✱ ❞❛♥♥ ❤❛& ❞✐❡ ❙&'❡❝❦❡ S = F1P +F2P ❛✉❝❤ ❤✐❡' ✐♠♠❡' ❞✐❡ ▲+♥❣❡ 2a✱ ❛❧❧❡'❞✐♥❣2

✐2& ♥✉♥ ~r =
−−→
F2P ✿
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❣✐❧& ❤✐❡' ♦✛❡♥4✐❝❤&❧✐❝❤

−−→
0F1 +

−−→
F1P =

−→
0P

✉♥❞ ❞❛♠✐&

2a− r =
∣∣∣
−−→
F1P

∣∣∣ =
∣∣∣
−→
0P −−−→

0F1

∣∣∣ =
∣∣∣−→r −−−→

0F1

∣∣∣ .

❉✉'❝❤ <✉❛❞'✐❡'❡♥ ✈♦♥ ●❧❡✐❝❤✉♥❣ ✭✶✳✶✮ ❡'❤-❧& ♠❛♥✿

✭✶✳✹✮ (2a− r)
2

=
(−→r −−−→

0F1

)2
= |~r|2 − 2~r ◦ −−→0F1 +

∣∣∣
−−→
0F1

∣∣∣
2

= r2 − 2~r ◦ −−→0F1 + (2f)
2

❲❡✐&❡'❤✐♥ 4❡✐ φ ❞❡' ❲✐♥❦❡❧ ③✇✐4❝❤❡♥ ~r ✉♥❞ ❞❡' x−❆❝❤4❡✳ ❉✐❡ ❱❡❦&♦'❡♥ ~r ✉♥❞ −−→
0F1 4❝❤❧✐❡F❡♥ ❛❧❧❡'❞✐♥❣4 ❞❡♥ ❲✐♥❦❡❧

π − φ ❡✐♥✱ ✈❣❧✳ ❆❜❜✐❧❞✉♥❣✳ ▼✐& ❞❡' ❉❡✜♥✐&✐♦♥ ❞❡4 ❙❦❛❧❛'♣'♦❞✉❦&❡4 ✇✐'❞ ❛✉4 ●❧❡✐❝❤✉♥❣ ✭✶✳✹✮ ❛❧4♦

✭✶✳✺✮ (2a− r)
2

= r2 − 2 |~r|
∣∣∣
−−→
0F1

∣∣∣
︸ ︷︷ ︸
2f

cos (π − φ) + (2f)
2

= r2 − 4rf cos (π − φ) + 4f2.

❉❛ ❞❡' ❑♦4✐♥✉4 ❛❝❤4❡♥4②♠♠❡&'✐4❝❤ ✐4&✱ ❡'❤-❧& ♠❛♥

cos (π − φ) = cos (− (φ− π)) = cos (φ− π) = − cos (φ) .

❊✐♥4❡&③❡♥ ✐♥ ✭✶✳✺✮ ✉♥❞ ❆✉4♠✉❧&✐♣❧✐③✐❡'❡♥ ❞❡' ❑❧❛♠♠❡' ❛✉❢ ❞❡' '❡❝❤&❡♥ ❙❡✐&❡ ❡'❣✐❜&✿

4a2 − 4ar + r2 = r2 + 4rf cosφ+ 4f2

a2 − ar = rf cosφ+ f2

a2 − f2 = r (a+ f cosφ)

❆✉✢P4❡♥ ♥❛❝❤ ❡'❣✐❜& ❞❛♥♥

✭✶✳✻✮ r =
a2 − f2

a+ f cosφ

❲❡♥♥ 4✐❝❤ ❞❡' R✉♥❦& P ✐♥ (−f | b) ❜❡✜♥❞❡&✱ ❡♥&4&❡❤& ❤✐❡' ❛♥❛❧♦❣ ❞❛4 ❣❧❡✐❝❤4❝❤❡♥❦❧✐❣❡4 ❉'❡✐❡❝❦✱ ❞❡44❡♥ ❙❝❤❡♥❦❡❧ ❥❡✇❡✐❧4
❞✐❡ ▲-♥❣❡ a ❤❛❜❡♥ ✭❞❛ S ❞✐❡ ▲-♥❣❡ 2a ❤❛❜❡♥ ♠✉44✮✳ ▼✐& ❞❡♠ R②&❤❛❣♦'❛4 ❡'❣✐❜& 4✐❝❤ ✇✐❡❞❡' b2 = a2 − f2✳ ❩✉44♠♠❡♥
♠✐& ❞❡' ❉❡✜♥✐&✐♦♥ ✭✶✳✸✮ ✇✐'❞ ❞✐❡ ❊❧❧✐♣4❡♥❣❧❡✐❝❤✉♥❣ ✭✶✳✻✮ ③✉

r =
b2

a+ f cosφ
=

b2

a

1 + f
a
cosφ

=
p

1 + ε cosφ

■♥4❣4❛♠& ❡'❤-❧& ♠❛♥ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❜❡✐❞❡♥ ❱❡'4✐♦♥❡♥ ❞❡' ❊❧❧✐♣4❡♥❣❧❡✐❝❤✉♥❣✿

❯'4♣'✉♥❣ ✐♥ F1 : r =
p

1− ε cosφ
❯'4♣'✉♥❣ ✐♥ F2 : r =

p

1 + ε cosφ
✭✶✳✼✮
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✷✳ ❊!"#❡" ❑❡♣❧❡!"❝❤❡" ●❡"❡#③ ✲ ❑❡♣❧❡!❜❛❤♥❡♥

❉✐❡ ❇❡✇❡❣✉♥❣ ❡✐♥❡* ❖❜❥❡❦/* ✐♠ ●2❛✈✐/❛/✐♦♥*❢❡❧❞ ❡✐♥❡2 ③❡♥/2❛❧❡♥ ▼❛**❡✱ ③✳❇✳ ❞✐❡ ❖2❜✐/* ✈♦♥ <❧❛♥❡/❡♥ ✉♠ ✐❤2❡♥

❙/❡2♥✱ ❦?♥♥❡♥ ♠✐/ ❞❡♠ ▲❛❣2❛♥❣❡✲❋♦2♠❛❧✐*♠✉* ❜❡2❡❝❤♥❡/ ✇❡2❞❡♥✳ ❆✉❢❣2✉♥❞ ❞❡2 *♣❤F2✐*❝❤❡♥ ❙②♠♠❡/2✐❡ ✇F❤❧/ ♠❛♥

❑✉❣❡❧❦♦♦2❞✐♥❛/❡♥ ❢I2 ❞❡♥ R
3
✱ *✐❡❤❡ ❆❜*❝❤♥✐// ✺✳✶ ✐♠ ❆♥❤❛♥❣✳ ❉✐❡ ●2❛✈✐/❛/✐♦♥*❦2❛❢/ ❛✉L❡2❤❛❧❜ ❡✐♥❡2 *♣❤F2✐*❝❤❡♥ ▼❛**❡

M ✐*/ ❣❡❣❡❜❡♥ ❞✉2❝❤

✭✷✳✶✮

~F = −m~∇
[
−γM

r

]
= −γMm

r2
· ~r|~r|

❍✐❡2 ❜❡✜♥❞❡/ *✐❝❤ ❞✐❡ ▼❛**❡ M ✐♠ ❑♦♦2❞✐♥❛/❡♥✉2*♣2✉♥❣ ✉♥❞ ❞❡2 ❱❡❦/♦2 ~r ③❡✐❣/ ✈♦♥ ❞♦2/ ③✉2 ▼❛**❡ m✱ ❛❧*♦ ✈♦♥

M ✇❡❣✳ ❉✐❡ ●2❛✈✐/❛/✐♦♥*❦2❛❢/ ③✐❡❤/ ❛❜❡2 ❞✐❡ ▼❛**❡ m ✐♥ ❘✐❝❤/✉♥❣ ❞❡2 ▼❛**❡ M ✳ ❉❛* ♥❡❣❛/✐✈❡ ❱♦2③❡✐❝❤❡♥ ❢I2 ❞✐❡

❆♥③❡✐❤✉♥❣*❦2❛❢/

~F ❜❡✇✐2❦/ ❤✐❡2 ❛❧*♦✱ ❞❛** ❞✐❡ ❑2❛❢/

~F ③✉ M ③❡✐❣/✳ ❉❛* ●2❛✈✐/❛/✐♦♥*♣♦/❡♥/✐❛❧ ✐*/

✭✷✳✷✮ Φ (r) = −γM
r

✉♥❞ ❞✐❡ ♣♦/❡♥/✐❡❧❧❡ ❊♥❡2❣✐❡ ❡✐♥❡2 <2♦❜❡♠❛**❡ m0 ✐♠ ●2❛✈✐/❛/✐♦♥*❢❡❧❞ ❞❡2 ▼❛**❡ M ✐*/ ❞✉2❝❤

✶

Epot (r) = −γMm0

r

❣❡❣❡❜❡♥✳ r ✐*/ ❞❛❜❡✐ ❞❡2 ❆❜*/❛♥❞ ❞❡2 ❙❝❤✇❡2♣✉♥❦/❡ ✈♦♥M ✉♥❞m0✳ ❉❛ ❞❡2 ❙❝❤✇❡2♣✉♥❦/ ✈♦♥M ✐♠ ❑♦♦2❞✐♥❛/❡♥✉2*♣2✉♥❣

❧✐❡❣❡♥ *♦❧❧✱ ❣✐❜/ r ❞❡♥ ❆❜*/❛♥❞ ❞❡2 <✉♥❦/♠❛**❡ m0 ✈♦♠ ❯2*♣2✉♥❣ ❛♥✳ ❩✉*F/③❧✐❝❤ ③✉2 ♣♦/❡♥/✐❡❧❧❡♥ ❊♥❡2❣✐❡ ❜❡*✐/③/ ❞✐❡

*✐❝❤ ❜❡✇❡❣❡♥❞❡ ▼❛**❡ m0 ❦✐♥❡/✐*❝❤❡ ❊♥❡2❣✐❡✳ ❲✐2 ✈❡2✇❡♥❞❡♥ ✭✺✳✷✮ ❛❧* ▼❡/2✐❦✱ *✐❡❤❡ ❆♥❤❛♥❣✳ ❋I2 ❞✐❡ ❦✐♥❡/✐*❝❤❡

❊♥❡2❣✐❡ Ekin = 1
2m0v

2
❡2❣✐❜/ *✐❝❤ ❞❛♠✐/

Ekin =
1

2
m0

ds2

dt2
=

1

2
m0

(
dr2

dt2
+ r2

dθ2

dt2
+ r2 sin2 θ

dφ2

dt2

)
=

1

2
m0

(
ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

)

❋I2 ❞✐❡ ▲❛❣2❛♥❣❡ ❋✉♥❦/✐♦♥ ❛❧* ❉✐✛❡2❡♥③ ❞❡2 ❦✐♥❡/✐*❝❤❡♥ ✉♥❞ ♣♦/❡♥/✐❡❧❧❡♥ ❊♥❡2❣✐❡ ❡2❤F❧/ ♠❛♥ ❛❧*♦✿

L =
1

2
m0

(
ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ

)
+ γ

Mm0

r
✭✷✳✸✮

✷✳✶✳ ❇❡✇❡❣✉♥❣❡♥ ✐♥ ❞❡( ❊❜❡♥❡✳

❉❛ <❧❛♥❡/❡♥❜❡✇❡❣✉♥❣❡♥ ✐♥ ❡✐♥❡2 ❊❜❡♥❡ */❛//✜♥❞❡♥✱ ✇F❤❧❡♥ ✇✐2 ❞❛* ❑♦♦2❞✐♥❛/❡♥*②*/❡♠ *♦✱ ❞❛** θ = π/2 ✉♥❞ ❞❛♠✐/

θ̇ = 0 ✉♥❞ sin θ = 1✳ ❉✐❡ ▲❛❣2❛♥❣❡❢✉♥❦/✐♦♥ ✭✷✳✸✮ ✈❡2❡✐♥❢❛❝❤/ *✐❝❤ ❢I2 ❇❡✇❡❣✉♥❣❡♥ ✐♥ ❞❡2 ❊❜❡♥❡ ③✉

✭✷✳✹✮ L =
1

2
m0

(
ṙ2 + r2φ̇2

)
+ γ

Mm0

r
.

❋I2 ❞✐❡ ❆❜❧❡✐/✉♥❣❡♥ ❡2❣✐❜/ *✐❝❤

∂L
∂r

= m0rφ̇
2 − γ

Mm0

r2
,

∂L
∂ṙ

= m0ṙ,
d

dt

∂L
∂ṙ

= m0r̈

∂L
∂φ

= 0,
∂L
∂φ̇

= m0r
2φ̇,

d

dt

∂L
∂φ̇

= m0

(
2rṙφ̇+ r2φ̈

)

✉♥❞ ❛✉* ❞❡2 ▲❛❣2❛♥❣❡ ●❧❡✐❝❤✉♥❣

∂L
∂qk

− d

dt

∂L
∂q̇k

= 0

❡2❤F❧/ ♠❛♥ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❇❡✇❡❣✉♥❣*❣❧❡✐❝❤✉♥❣❡♥✿

r̈

r
− φ̇2 + γ

M

r3
= 0✭✷✳✺✮

2ṙφ̇+ rφ̈ = 0✭✷✳✻✮

✶

❉✐❡ ♣♦%❡♥%✐❡❧❧❡ ❊♥❡)❣✐❡ ❧+,,% ,✐❝❤ ❛✉❝❤ ❞✉)❝❤ ■♥%❡❣)❛%✐♦♥ ❞❡) ❑)❛❢% ✭✷✳✶✮ ❡)❤❛❧%❡♥✿

Epot (R) =

∫
∞

R

−
γMm0

r2
·
~r

|~r|
◦ d~r = −γMm0

∫
∞

R

1

r2
·
~r ◦ d~r

r

(5.4)
= −γMm0

∫
∞

R

1

r2
dr = −

γMm0

R
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✷✳✷✳ ❊♥❡#❣✐❡ ❛❧( ❊#❤❛❧*✉♥❣(❣#,-❡✳

❉✐❡ ●❡&❛♠)❡♥❡+❣✐❡ E ❡+❣✐❜) &✐❝❤ ❛❧& ❙✉♠♠❡ ❛✉& ❦✐♥❡)✐&❝❤❡+ ❊♥❡+❣✐❡ Ekin ✉♥❞ ♣♦)❡♥)✐❡❧❧❡+ ❊♥❡+❣✐❡ Epot ✉♥❞ &)❡❧❧) ❡✐♥❡

❊+❤❛❧)✉♥❣&❣+89❡ ❞❛+ ✭&✐❡❤❡ ❆♥❤❛♥❣✮✳

E =
1

2
m0

(
ṙ2 + r2φ̇2

)
− γ

Mm0

r

❉❛ ❡& &✐❝❤ ✉♠ ❡✐♥❡ ❊+❤❛❧)✉♥❣&❣+89❡ ❤❛♥❞❡❧) ♠✉&& Ė = 0✱ ✈❣❧✳ ❆❜&❝❤♥✐)) ✺✳✸✳ ❉✐❡& ❧A&&) &✐❝❤ ❛❜❡+ ❛✉❝❤ ❞✐+❡❦)

♥❛❝❤+❡❝❤♥❡♥✳ ❆✉& ✭✷✳✻✮ ❢♦❧❣) rφ̈ = −2ṙφ̇ ✉♥❞ ❞❛♠✐)✿

dE

dt
= m0

(
ṙr̈ + rṙφ̇2 + r2φ̇φ̈

)
+
γMm0ṙ

r2
= m0

(
ṙr̈ + rṙφ̇2 + r2φ̇φ̈+

γMṙ

r2

)

(2.6)
= m0

(
ṙr̈ + rṙφ̇2 − 2ṙrφ̇2 +

γMṙ

r2

)
= m0ṙr

(
r̈

r
− φ̇2 +

γM

r3

)
(2.5)
= 0

✷✳✸✳ ❉#❡❤✐♠♣✉❧( ❛❧( ❊#❤❛❧*✉♥❣(❣#,-❡✳

❉❡+ ❉+❡❤✐♠♣✉❧& L ✐&) ❡❜❡♥❢❛❧❧& ❡✐♥❡ ❊+❤❛❧)✉♥❣&❣+89❡✳ ❍✐❡+ ❡+❣✐❜) &✐❝❤✿

✭✷✳✼✮ L =
∂L
∂φ̇

= m0r
2φ̇

▼✐) ❞❡+ ❇❡✇❡❣✉♥❣&❣❧❡✐❝❤✉♥❣ ✭✷✳✻✮ ❢♦❧❣) &♦❢♦+)

dL
dt

= d
dt

∂L

∂φ̇
= m0

(
2rṙφ̇+ r2φ̈

)
= m0r

(
2ṙφ̇+ rφ̈

)

︸ ︷︷ ︸
=0

= 0✳

✷✳✹✳ ■♥"❡❣%❛"✐♦♥ ❞❡% ●❧❡✐❝❤✉♥❣❡♥✳

▲$%& ♠❛♥ ❥❡&③& ●❧❡✐❝❤✉♥❣ ✭✷✳✼✮ ♥❛❝❤ ❞❡8 ❲✐♥❦❡❧❣❡%❝❤✇✐♥❞✐❣❦❡✐& φ̇ ❛✉❢ ✉♥❞ %❡&③& φ̇ = L
m0r2

✐♥ ❞✐❡ ❊♥❡8❣✐❡❣❧❡✐❝❤✉♥❣ ❡✐♥✱

%♦ ❡8❣✐❜& %✐❝❤✿

E =
1

2
m0

(
ṙ2 + r2φ̇2

)
− γ

Mm0

r
=

1

2
m0

(
ṙ2 +

L2

m2
0r

2

)
− γ

Mm0

r
=

1

2
m0ṙ

2 +
L2

2m0r2
− γ

Mm0

r

❆✉✢$%❡♥ ♥❛❝❤ ṙ2 ❡8❣✐❜& ṙ2 = 2E
m0

− L2

m2

0
r2

+ 2Mγ
r

✉♥❞ ❞❛♠✐&

✭✷✳✽✮

dr

dt
= ±

√
2E

m0
− L2

m2
0r

2
+

2Mγ

r
.

❉✐❡%❡ ❉✐✛❡8❡♥&✐❛❧❣❧❡✐❝❤✉♥❣ ❜❡%❝❤8❡✐❜& ❞✐❡ ❆❜❤G♥❣✐❣❦❡✐& ❞❡% 8❛❞✐❛❧❡♥ ❆❜%&❛♥❞❡% r ✈♦♥ ❞❡8 ❩❡✐& t✳ ❩✉8 ❱♦❧❧%&G♥❞✐❣❡♥

❇❡%❝❤8❡✐❜✉♥❣ ❞❡8 ❇❡✇❡❣✉♥❣ ✐♥ ❞❡8 ❊❜❡♥❡ ♠✐&&❡❧% L♦❧❛8❦♦♦8❞✐♥❛&❡♥ ❜❡♥$&✐❣& ♠❛♥ ♥♦❝❤ ❞✐❡ ❩❡✐&❛❜❤G♥❣✐❣❦❡✐& ❞❡% ❲✐♥❦❡❧%

φ✳ ❉✐❡%❡ ✇✐8❞ ♥❛❝❤ ✭✷✳✼✮ ❞✉8❝❤ ❞✐❡ ❉✐✛❡8❡♥&✐❛❧❣❧❡✐❝❤✉♥❣

✭✷✳✾✮

dφ

dt
=

L

m0r2

❜❡%❝❤8✐❡❜❡♥✳ ❉❛% ❣❡❦♦♣♣❡❧&❡ ❙②%&❡♠ ✈♦♥ ❉✐✛❡8❡♥&✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❜❡%&❡❤❡♥❞ ❛✉% ✭✷✳✽✮ ✉♥❞ ✭✷✳✾✮ ❜❡%❝❤8❡✐❜& ❞✐❡ ❇❡✇❡❣✉♥❣

❞❡% ❖❜❥❡❦&❡% ✐♠ ◆❡✇&♦♥✬%❝❤❡♥ ●8❛✈✐&❛&✐♦♥%❢❡❧❞ ✈♦❧❧%&G♥❞✐❣✳ ■%& ♠❛♥ ♥✉♥ ♥✉8 ❛♥ ❞❡8 ❙&8✉❦&✉8 ❞❡8 ❇❛❤♥❦✉8✈❡ ✐♥&❡8❡%%✐❡8&

✉♥❞ ♥✐❝❤& ❛♠ ③❡✐&❧✐❝❤❡♥ ❱❡8❧❛✉❢ ❞❡8 ❇❡✇❡❣✉♥❣✱ %♦ ❧❛%%❡♥ %✐❝❤ ✭✷✳✽✮ ✉♥❞ ✭✷✳✾✮ ③✉ ❡✐♥❡8 ●❧❡✐❝❤✉♥❣ ❢U8 ❞✐❡ ❇❛❤♥❦✉8✈❡

❦♦♠❜✐♥✐❡8❡♥✿

dr

dφ
=

dr

dt
· dt
dφ

=
m0r

2

L
·
(
±
√

2E

m0
− L2

m2
0r

2
+

2Mγ

r

)
= ±r2 ·

√
2Em0

L2
− 1

r2
+

2Mγm2
0

L2r

■♥&❡8❣✐❡8& ♠❛♥ ❞✐❡%❡ ❉✐✛❡8❡♥&✐❛❧❣❧❡✐❝❤✉♥❣✱ %♦ ❡8❣✐❜& %✐❝❤ ♥❛❝❤ ❯♠%♦8&✐❡8❡♥ ❞❡8 ❙✉♠♠❡ ✉♥&❡8 ❞❡8 ❲✉8③❡❧

✭✷✳✶✵✮

∫
dφ = ±

∫
dr

r2 ·
√

2Em0

L2 +
2Mγ m2

0

L2r
− 1

r2

= ±
∫ 1

r2
dr√

α+ β
r
− 1

r2

✇♦❜❡✐

✭✷✳✶✶✮ α :=
2Em0

L2
, β :=

2Mγm2
0

L2
.
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✷✳✺✳ ▲!"❡♥ ❞❡& ■♥(❡❣&❛❧❣❧❡✐❝❤✉♥❣✳

❉❛% ■♥(❡❣+❛❧ ✐♥ ●❧❡✐❝❤✉♥❣ ✭✷✳✶✵✮ ❧6%%( %✐❝❤ ❞❛❜❡✐ ✇✐❡ ❢♦❧❣( ❧<%❡♥✿ ❩✉♥6❝❤%( %✉❜%(✐(✉✐❡+( ♠❛♥

✭✷✳✶✷✮ x =
1

r
, dx = − 1

r2
dr

✉♥❞ ❡+❤6❧(

✭✷✳✶✸✮

∫ 1
r2
dr√

α+ β
r
− 1

r2

=

∫ −dx√
α+ βx− x2

.

❙❡✐ k ❦♦♥%(❛♥(✱ ❞✉+❝❤ ❡✐♥❡ ❱❡+%❝❤✐❡❜✉♥❣ x = z + k ❡+❤6❧( ♠❛♥

α+ βx− x2 = α+ β (z + k)− (z + k)
2
= α+ βz + βk − z2 − 2zk − k2 = α+ (β − 2k) z + βk − k2 − z2

✇6❤❧( ♠❛♥ ❤✐❡+ k = β
2 ✱ %♦ ❢6❧❧( ❞❡+ ❚❡+♠ ✐♥ ❞❡+ ❑❧❛♠♠❡+ ✭✉♥❞ ❞❛♠✐( ❛❧❧❡ z−❚❡+♠❡✮ ✇❡❣✳ ▼✐( ❞❡+ ❙✉❜%(✐(✉(✐♦♥

✭✷✳✶✹✮ x = z +
β

2
, dx = dz

❡+❣✐❜( %✐❝❤

α+ βx− x2 = α+ β · β
2
−
(
β

2

)2

− z2 = α+
β2

4
− z2 =

(
α+

β2

4

)

1−


 z√

α+ β2

4



2

 := Q2

(
1−

[
z

Q

]2)

✇♦❜❡✐

✭✷✳✶✺✮ Q :=

√
α+

β2

4
.

❙❡(③( ♠❛♥ ❤✐❡+ ♥✉♥ y = z
Q
✱ ❛❧%♦ z = Qy✱ %♦ ❡+❤6❧( ♠❛♥

α+ βx− x2 = Q2
(
1− y2

)

❞✉+❝❤ ❞✐❡ ❙✉❜%(✐(✉(✐♦♥

✭✷✳✶✻✮ x = Qy +
β

2
, dx = Qdy

✈❣❧✳ ✭✷✳✶✹✮✳ ❉❛% ■♥(❡❣+❛❧ ✭✷✳✶✸✮ ✇✐+❞ ♠✐( ❞❡+ ❙✉%(✐(✉(✐♦♥ ✭✷✳✶✻✮ ❛❧%♦ ③✉✿

✭✷✳✶✼✮

∫ 1
r2
dr√

α+ β
r
− 1

r2

=

∫ −dx√
α+ βx− x2

= −
∫

Qdy√
Q2 (1− y2)

= −
∫

dy√
1− y2

❍✐❡+ ❧6%%( %✐❝❤ %❝❤❧✐❡N❧✐❝❤ ❞✐❡ ❙✉❜%(✐(✉(✐♦♥

✭✷✳✶✽✮ y = cos (ψ) , dy = − sin (ψ) dψ

✉♥❞ ❞✐❡ ■❞❡♥(✐(6( sin2 (ψ) = 1− cos2 (ψ) ❛♥✇❡♥❞❡♥✳ ❉❛% ■♥(❡❣+❛❧ ✭✷✳✶✼✮ ✇✐+❞ ❞❛♠✐( ③✉

∫ 1
r2
dr√

α+ β
r
− 1

r2

= −
∫

dy√
1− y2

= −
∫ − sin (ψ) dψ√

1− cos2 (ψ)
=

∫
dψ = ψ

(2.18)
= arccos (y)

(2.16)
= arccos

(
x− β

2

Q

)
(2.13)
= arccos

(
1
r
− β

2

Q

)

❉✐❡ ▲<%✉♥❣ ❞❡+ ❧✐♥❦❡♥ ❙❡✐(❡ ❞❡+ ■♥(❡❣+❛❧❣❧❡✐❝❤✉♥❣ ✭✷✳✶✵✮ ❧6%%( %✐❝❤ ♠✐( ❣❡❡✐❣♥❡(❡+ ■♥(❡❣+❛(✐♦♥%❦♦♥%(❛♥(❡ φ0 ❛❧% φ− φ0
%❝❤+❡✐❜❡♥✳ ❲6❤❧( ♠❛♥ ❞❡♥ ❆♥❢❛♥❣%✇❡+( %♦✱ ❞❛%% φ0 = 0✱ %♦ ❡+❣✐❜( %✐❝❤ ✐♥%❣❡%❛♠(

φ = ± arccos

(
1
r
− β

2

Q

)
.

❉❛+❛✉% ❢♦❧❣(

1
r
− β

2 = Q cos (∓φ) = Q cos (φ)✱ ❞❛ cos (φ) ❛❝❤%❡♥%②♠♠❡(+✐%❝❤ ✐%(✳ ❆✉✢<%❡♥ ♥❛❝❤ r ❡+❣✐❜(✿

✭✷✳✶✾✮ r =
1

β
2 +Q cos (φ)

=

2
β

1 + 2Q
β

cos (φ)

▼✐( ❞❡+ ❉❡✜♥✐(✐♦♥ ✭✷✳✶✶✮ ❡+❤6❧( ♠❛♥

2

β
=

L2

Mγm2
0

,
2Q

β

(2.15)
=

L2

Mγm2
0

·
√

2Em0

L2
+
M2γ2m4

0

L4
=

√
2L2

M2γ2m3
0

E + 1
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✉♥❞ ❞❛♠✐&

✭✷✳✷✵✮ r =

L2

Mγ m2

0

1 +
(

2L2

M2γ2m3

0

E + 1
) 1

2

cos (φ)

:=
p

1 + ε cosφ

✇♦❜❡✐

✭✷✳✷✶✮ p =
L2

Mγm2
0

, ε =

√
1 +

2L2

M2γ2m3
0

E

❊2 ❤❛♥❞❡❧& 2✐❝❤ ❤✐❡6 ✉♠ ❡✐♥❡ ❊❧❧✐♣2❡♥❜❛❤♥✱ ✈❡6❣❧❡✐❝❤❡ ✭✶✳✼✮✳

✷✳✻✳ ❯!"♣!✉♥❣ ✐♠ ❛♥❞❡!❡♥ ❇!❡♥♥♣✉♥❦.✳ ❉❛2 ❑♦♦6❞✐♥❛&❡♥2②2&❡♠ ❧@22& 2✐❝❤ ♥❛&A6❧✐❝❤ ❛✉❝❤ 2♦ ✇@❤❧❡♥✱ ❞❛22 ❞❡6

❛♥❞❡6❡ ❇6❡♥♥♣✉♥❦& ❞❡6 ❊❧❧✐♣2❡ ✐♠ ❯62♣6✉♥❣ ❧✐❡❣&✳ ■♥ ●❧❡✐❝❤✉♥❣ ✭✷✳✶✺✮ ❧@22& 2✐❝❤ 2&❛&& Q =
√
α+ β2

4 ❞✐❡ ❉❡✜♥✐&✐♦♥

Q̃ = −
√
α+

β2

4

✈❡6✇❡♥❞❡♥✳ ❆❧❧❡ ❘❡❝❤♥✉♥❣❡♥ ❜❧❡✐❜❡♥ ❜✐2 ✭✷✳✶✾✮ ✉♥✈❡6@♥❞❡6& ❛❜❡6 ♠✐& Q̃ ❛♥ ❙&❡❧❧❡ ✈♦♥ Q✳ ❆✉❝❤ ❞❡6 ❚❡6♠ ❢A6

2
β
@♥❞❡6&

2✐❝❤ ♥✐❝❤&✳ ❆❧❧❡6❞✐♥❣2 ❡6❤@❧& ♠❛♥

2Q̃

β
= −

√
2L2

M2γ2m3
0

E + 1
(2.21)
= −ε

✉♥❞ ❞❛♠✐&

r =
p

1− ε cosφ

❲✐❡❞❡6 ❡6❣✐❜& 2✐❝❤ ❡✐♥❡ ❊❧❧✐♣2❡✱ 2✐❡❤❡ ✭✶✳✼✮✳

❋❛③✐$✿ ❉✐❡ ❇❛❤♥❦✉6✈❡♥ ❞❡6 P❧❛♥❡&❡♥ ✉♠ ❞✐❡ ❙♦♥♥❡ 2✐♥❞ ❊❧❧✐♣2❡♥ ✭❊'($❡( ❑❡♣❧❡'(❝❤❡ ●❡(❡$③ ✮✳ ❉✐❡ ❙♦♥♥❡ ❧✐❡❣& ❞❛❜❡✐ ✐♥

❡✐♥❡♠ ❇6❡♥♥♣✉♥❦&✱ ✇❡❧❝❤❡6 ❤✐❡6 ✐♠ ❑♦♦6❞✐♥❛&❡♥✉62♣6✉♥❣ ❧✐❡❣&✳

✸✳ ❩✇❡✐$❡% ❑❡♣❧❡)%❝❤❡% ●❡%❡$③ ✲ ❉)❡❤✐♠♣✉❧%❡)❤❛❧$✉♥❣

❉✐❡ ▲@♥❣❡ r (t) ❞❡6 ❱❡6❜✐♥❞✉♥❣2❧✐♥✐❡ ✈♦♠ ❑♦♦6❞✐♥❛&❡♥✉6♣6✉♥❣ ③✉♠ ❊❧❧✐♣2❡♥6❛♥❞ ✈❡6@♥❞❡6& 2✐❝❤ ♥❛❝❤ A❜❡62❝❤6❡✐&❡♥

❡✐♥❡2 ❲✐♥❦❡❧2 dφ ✉♠ ❞❡♥ ❲❡6& dr✳ ❉❛2 ③✉6A❝❦❣❡❧❡❣&❡ ❇♦❣❡♥❡❧❡♠❡♥& 2❡✐ ds✿

❋A6 ❞✐❡ ❇♦❣❡♥❧@♥❣❡ ds ❣✐❧&

✭✸✳✶✮ ds = r dφ

❆✉2 ✭✸✳✶✮ ❡6❣✐❜& 2✐❝❤✿

✭✸✳✷✮

ds

dt
= r

dφ

dt
= r φ̇

❋A6 ✐♥✜♥✐&❡2✐♠❛❧ ❦❧❡✐♥❡ ❲✐♥❦❡❧ dφ ✐2& ds ♥@❤❡6✉♥❣2✇❡✐2❡ ❡✐♥❡ ●❡6❛❞❡

✷

✉♥❞ ❞❡6 ❋❧@❝❤❡♥✐♥❤❛❧& dA ❞❡2 ❉6❡✐❡❝❦2 ✐2&

◆@❤❡6✉♥❣2✇❡✐2❡ ❣❡❣❡❜❡♥ ❞✉6❝❤

dA =
1

2
r · ds.

❉❛♠✐& ❡6❣✐❜& 2✐❝❤✿

dA

dt
=

1

2
r · ds

dt

(3.2)
=

1

2
r2φ̇

(2.9)
=

1

2
r2

L

m0r2
=

L

2m0

✷

❉❛ ❢#$ ✐♥✜♥✐(❡*✐♠❛❧ ❦❧❡✐♥❡ ❲✐♥❦❡❧ dφ ❞✐❡ ❍1❤❡ ❞❡* ✒❉$❡✐❡❝❦*✏ ♠✐( ❞❡♥ ❙❡✐(❡♥ r✱ r + dr ✉♥❞ ds ❣❡❣❡♥ ◆✉❧❧ ❣❡❤(✱ ✐*( ♦✛❡♥❜❛$ ds = dr✳
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❉❛ ❞❡$ ❉$❡❤✐♠♣✉❧+ L ❦♦♥+/❛♥/ ✐+/✱ ✐+/ ❛❧+♦ ❛✉❝❤ ❞✐❡ ❋❧3❝❤❡♥3♥❞❡$✉♥❣ dA
dt
❦♦♥+/❛♥/✳ ❋6$ ❞✐❡ 6❜❡$+/$✐❝❤❡♥❡ ❋❧3❝❤❡ A

❡$❣✐❜/ +✐❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ dA = L
2m0

dt ✉♥❞ ❞❛♠✐/

✭✸✳✸✮ A =

∫ t2

t1

L

2m0
dt =

L

2m0
(t2 − t1) =

L

2m0
∆t

♠✐/ ∆t := t2 − t1✳ ❉❡$ ❱❡$❜✐♥❞✉♥❣+✈❡❦/♦$ ✈♦♠ ❯$+♣$✉♥❣ ③✉♠ ❘❛♥❞ ❞❡$ ❊❧❧✐♣+❡ 6❜❡$+/$❡✐❝❤/ ❛❧+♦ ✐♥ ❣❧❡✐❝❤❡♥ ❩❡✐/❡♥

❣❧❡✐❝❤❡ ❋❧3❝❤❡♥ ✭❩✇❡✐$❡% ❑❡♣❧❡)%❝❤❡ ●❡%❡$③ ✮✳

❉❡$ ❋❧3❝❤❡♥+❛/③ ❧3++/ +✐❝❤ ❛✉❝❤ ❛❧❧❣❡♠❡✐♥ ❛✉+ ❞❡$ ❉$❡❤✐♠♣✉❧+❡$❤❛❧/✉♥❣ ❤❡$❧❡✐/❡♥✳ ❇❡/$❛❝❤/ ♠❛♥ ❛❧/❡$♥❛/✐✈ ❞✐❡ ❱❡❦/♦$❡♥

~r ✭✈♦♠ ❯$+♣$✉♥❣ ③✉ ❡✐♥❡♠ D✉♥❦/ Q ❛✉❢ ❞❡♠ ❘❛♥❞ ❞❡$ ❊❧❧✐♣+❡✮ ✉♥❞ d~s ✭/❛♥❣❡♥/✐❛❧ ✈♦♥ Q ❛✉+ ❣❡❣❡♥ ❞❡♥ ❯$③❡✐❣❡$+✐♥♥✮✱
+♦ ❡$❣✐❜/ +✐❝❤ ❢6$ ❞❛+ ❋❧3❝❤❡♥❡❧❡♠❡♥/

d ~A =
1

2
~r × d~s

✇♦$❛✉+ ❢♦❧❣/

d ~A

dt
=

1

2
~r × d~s

dt
=

1

2
~r × ~v =

1

2
~r × ~p

m
=

1

2m
~r × ~p =

~L

2m

❲❡♥♥ ❛❧+♦ ❞❡$ ❉$❡❤✐♠♣✉❧+

~L ❦♦♥+/❛♥/ ✐+/✱ +♦ ✐+/ ❡+ ❛✉❝❤ ❞✐❡ ❋❧3❝❤❡♥3♥❞❡$✉♥❣ d ~A
dt
✳ ❉✐❡ ❇❡/$3❣❡ ❞❡$ ❱❡❦/♦$❡♥ ❡$❣❡❜❡♥

❞❛♥♥ ✇✐❡❞❡$ ❞✐❡ ♦❜✐❣❡♥ ●❧❡✐❝❤✉♥❣❡♥✳

✹✳ ❉!✐##❡% ❑❡♣❧❡!%❝❤❡% ●❡%❡#③

◆❛❝❤ ❡✐♥❡♠ ❣❛♥③❡♥ ❯♠❧❛✉❢ ❞❡$ ❊❧❧✐♣+❡ ✐+/ ❞✐❡ ❩❡✐/ T ✈❡$❣❛♥❣❡♥✳ ❉✐❡ 6❜❡$+/$✐❝❤❡♥❡ ❋❧3❝❤❡ ✐+/ ❞✐❡ ❊❧❧✐♣+❡♥✢3❝❤❡ A = πab✳
❆✉+ ✭✸✳✸✮ ❡$❣✐❜/ +✐❝❤ ❞❛♥♥✿

✭✹✳✶✮ πab = A
(3.3)
=

∫ T

0

L

2m0
dt =

L

2m0
T

❆✉+ ●❧❡✐❝❤✉♥❣ ✭✶✳✸✮ ❡$❤3❧/ ♠❛♥ b =
√
ap✳ ❇❡✐ ❞❡♥ ❑❡♣❧❡$❜❛❤♥❡♥ ✐+/ p = L2

m2

0
Mγ

✈❣❧✳ ✭✷✳✷✶✮✳ ❉❛♠✐/ ❢♦❧❣/ ❛✉+ ✭✹✳✶✮✿

T =
2m0

L
· πab =

2m0

L
· πa√ap =

2m0

L
· πa 3

2

√
L2

m2
0Mγ

= a
3

2 · 2π
√

1

Mγ

◗✉❛❞$✐❡$❡♥ ❡$❣✐❜/ ❞❛♥♥✿

✭✹✳✷✮ T 2 =
4π2

Mγ
· a3

❉❡$ ❚❡$♠

4π2

Mγ
✐+/ ❞❛❜❡✐ ❡✐♥❡ ❑♦♥+/❛♥/❡ ✉♥❞ ❞✐❡ ●❧❡✐❝❤✉♥❣ ❧3++/ +✐❝❤ ✐♥ ❢♦❧❣❡♥❞❡$ ❋♦$♠ +❝❤$❡✐❜❡♥✿

T 2

a3
= konstant

❆❧+♦ ✈❡$❤❛❧/❡♥ +✐❝❤ ❞✐❡ ◗✉❛❞$❛/❡ ❞❡$ ❯♠❧❛✉❢③❡✐/❡♥ ③✇❡✐❡$ D❧❛♥❡/❡♥ ③✉❡✐♥❛♥❞❡$ ✇✐❡ ❞✐❡ ❑✉❜❡♥ ❞❡$ ❣$♦R❡♥ ❍❛❧❜❛❝❤+❡♥

✐❤$❡$ ❇❛❤♥❡❧❧✐♣+❡♥ ✭❉)✐$$❡% ❑❡♣❧❡)%❝❤❡ ●❡%❡$③ ✮✳

✹✳✶✳ ▼❛""❡♥❜❡"&✐♠♠✉♥❣ ♠✐& ❑❡♣❧❡.✳

❉❛+ ❞$✐//❡ ❑❡♣❧❡$+❝❤❡ ●❡+❡/③ ❧3++/ +✐❝❤ ③✉$ ▼❛++❡♥❜❡+/✐♠♠✉♥❣ ✈♦♥ ❍✐♠♠❡❧❦U$♣❡$♥ ✈❡$✇❡♥❞❡♥✳ ❆✉+ ✭✹✳✷✮ ❡$❣✐❜/ +✐❝❤

✭✹✳✸✮ M =
4π2a3

T 2γ
.

❇❡✐"♣✐❡❧ ✶✳

■♠ ❡①♦+♦❧❛$❡♥ ❙②+/❡♠ ❲♦❧❢ ✶✵✻✶ ✭●❧✐❡+❡ ✻✷✽✮ ✉♠$✉♥❞❡/ ❞❡$ D❧❛♥❡/ ❲♦❧❢ ✶✵✻✶ ❞❡♥ ③❡♥/$❛❧❡♥ ❘♦/❡♥ ❩✇❡$❣ ♠✐/ ❡✐♥❡$

❯♠❧❛✉❢③❡✐/ ✈♦♥ ❡/✇❛ ✷✶✼ ❚❛❣❡♥✳ ❉✐❡ ❣$♦R❡ ❍❛❧❜❛❝❤+❡ ❜❡/$3❣/ ❞❛❜❡✐ a ≈ 0, 47AE ✇♦$❛✉+ +✐❝❤ ❛✉+ ✭✹✳✸✮ ❢6$ ❞❡♥

❩❡♥/$❛❧+/❡$♥ ❡✐♥❡ ▼❛++❡ ✈♦♥ ❡/✇❛ 0, 29M⊙ ❡$❣✐❜/✳

❉❛ ❞✐❡ ❘♦/❛/✐♦♥+❛❝❤+❡ ❛✉❢❣$✉♥❞ ❞❡$ D❧❛♥❡/❡♥♠❛++❡♥ ❡✐❣❡♥/❧✐❝❤ ♥✐❝❤/ ❞✉$❝❤ ❞❡♥ ❙❝❤✇❡$♣✉♥❦/ ❞❡+ ❙/❡$♥+✱ +♦♥❞❡$♥ ❞✉$❝❤

❞❛+ ❇❛$②③❡♥/$✉♠ ❞❡+ ❣❛♥③❡♥ ❙②+/❡♠+ ✈❡$❧3✉❢/✱ ❡$❤3❧/ ♠❛♥ ♠✐/ ✭✹✳✸✮ ♥✉$ ❡✐♥❡ ❡$+/❡ ◆3❤❡$✉♥❣✳ ❆❧+ ❣❡♥❛✉❡$❡♥ ❲❡$/ ❢6$

❞✐❡ ▼❛++❡ ✈♦♥ ❲♦❧❢ ✶✵✻✶ ✜♥❞❡/ ♠❛♥ M = 0, 310± 0, 007✱ ✈❣❧✳ ❬✸❪✳
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✺✳ ❆♥❤❛♥❣

✺✳✶✳ ❙♣❤#$✐&❝❤❡ ❑♦♦$❞✐♥❛.❡♥ ✐♠ R
3
✳

❙❡✐ P ∈ R
3
❡✐♥ '✉♥❦* ♠✐* ❞❡♥ ❑♦♦/❞✐♥❛*❡♥ P (x, y, z)✱ ❞❛♥♥ ❣✐❜* r ❞❡♥ ❆❜5*❛♥❞ ③✉♠ ❑♦♦/❞✐♥❛*❡♥✉/5♣/✉♥❣

✸

✉♥❞ θ

❞❡♥ ❲✐♥❦❡❧ ③✇✐5❝❤❡♥ ❞❡/ z−❆❝❤5❡ ✉♥❞ ❞❡♠ ❱❡❦*♦/

−→
0P ❛♥✳ ❙❡✐ P ∗

❞✐❡ ♦/*❤♦❣♦♥❛❧❡ '/♦❥❡❦*✐♦♥ ❞❡5 '✉♥❦*❡5 P ❛✉❢ ❞✐❡

x, y−❊❜❡♥❡✱ ❞✳❤✳ P ∗ (x, y, 0)✱ ❞❛♥♥ ✐5* φ ❞❡/ ❲✐♥❦❡❧ ③✇✐5❝❤❡♥ ❞❡/ x−❆❝❤5❡ ✉♥❞ ❞❡♠ ❱❡❦*♦/

−→
0P ∗

✳

❉✐❡ ❚/❛♥5❢♦/♠❛*✐♦♥ ✐♥ 5♣❤C/✐5❝❤❡ ❑♦♦/❞✐♥❛*❡♥ ✐5* ❣❡❣❡❜❡♥ ❞✉/❝❤✿

✭✺✳✶✮ (x, y, z) = (r sin θ cosφ, r sin θ sinφ, r cos θ)

❉❡/ ❞/❡✐❞✐♠❡♥5✐♦♥❛❧❡ ✢❛❝❤❡ ❘❛✉♠ ✇✐/❞ ❞✉/❝❤ ❞✐❡ ▼❡*/✐❦

ds2 = dx2 + dy2 + dz2

❜❡5❝❤/✐❡❜❡♥✳ ■♥ ✈✐❡❧❡♥ ❋C❧❧❡♥ ✐5* ❡5 ❛❜❡/ ❣M♥5*✐❣❡/ ♠✐* ❑✉❣❡❧❦♦♦/❞✐♥❛*❡♥ {r, θ, φ} ③✉ ❛/❜❡✐*❡♥✳

▲❡♠♠❛ ✷✳ ❙♣❤#$✐&❝❤❡ ▼❡*$✐❦

❉✐❡ ▼❡*$✐❦ ❞❡& R
3
✐♥ &♣❤#$✐&❝❤❡♥ ❑♦♦$❞✐♥❛*❡♥ ✐&*✿

ds2 = dr2 + r2dθ2 + r2 sin2 θ dφ2✭✺✳✷✮

❇❡✇❡✐&✿ ❋M/ ❞✐❡ ❉✐✛❡/❡♥*✐❛❧❡ ❡/❣✐❜* 5✐❝❤ ♠✐* ✭✺✳✶✮✿

dx = sin θ cosφ dr + r cos θ cosφ dθ − r sin θ sinφ dφ✭✺✳✸✮

dy = sin θ sinφ dr + r cos θ sinφ dθ + r sin θ cosφ dφ

dz = cos θ dr − r sin θ dθ

❉❛♠✐* ✉♥❞ ❞✉/❝❤ ♠❡❤/❢❛❝❤❡5 ❆♥✇❡♥❞❡♥ ❞❡/ ■❞❡♥*✐*C* sin2 α+ cos2 α = 1 ❡/❣✐❜* 5✐❝❤ ❢M/ ❞✐❡ ▼❡*/✐❦✿

ds2 = dx2 + dy2 + dz2

= (sin θ cosφ dr + r cos θ cosφ dθ − r sin θ sinφ dφ)
2

+(sin θ sinφ dr + r cos θ sinφ dθ + r sin θ cosφ dφ)
2

+(cos θ dr − r sin θ dθ)
2

= dr2 + r2dθ2 + r2 sin2 θ dφ2 �

▲❡♠♠❛ ✸✳ ❑✉❣❡❧❦♦♦$❞✐♥❛*❡♥ ❢9$ ~r ◦ d~r
❉✐❡ ✶✲❋♦$♠ ~r ◦ d~r ❤❛* ✐♥ ❑✉❣❡❧❦♦♦$❞✐♥❛*❡♥ ✭✺✳✶✮ ❞✐❡ ❋♦$♠

✭✺✳✹✮ ~r ◦ d~r = r dr

❇❡✇❡✐&✿ ❆✉5 ❞❡♥ ●❧❡✐❝❤✉♥❣❡♥ ✭✺✳✶✮ ✉♥❞ ✭✺✳✸✮ ❡/❤C❧* ♠❛♥ ♥❛❝❤ ❡✐♥❡/ ❧C♥❣❡/❡♥ ❘❡❝❤♥✉♥❣✿

~r ◦ d~r =




x
y
z


 ◦




dx
dy
dz


 =




r sin θ cosφ
r sin θ sinφ
r cos θ


 ◦




sin θ cosφ dr + r cos θ cosφ dθ − r sin θ sinφ dφ
sin θ sinφ dr + r cos θ sinφ dθ + r sin θ cosφ dφ

cos θ dr − r sin θ dθ


 = r dr �

❉❛❜❡✐ ✇✉/❞❡ ✇✐❡❞❡/ ❞✐❡ ■❞❡♥*✐*C* sin2 α+ cos2 α = 1 ✈❡/✇❡♥❞❡*✳

✸x = y = z = 0
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✺✳✷✳ ❇❡✇❡❣✉♥❣&❣❧❡✐❝❤✉♥❣❡♥✳

❉✐✛❡'❡♥)✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❢1' ❇❡✇❡❣✉♥❣❡♥ ❧❛44❡♥ 4✐❝❤ ♠✐) ❍✐❧❢❡ ❞❡' ▲❛❣'❛♥❣❡ ●❧❡✐❝❤✉♥❣ ❛✉❢4)❡❧❧❡♥✳ ❲✐' ❜❡4❝❤'<♥❦❡♥ ✉♥4

❤✐❡' ♥✉' ❛✉❢ ❡✐♥❡ ❦✉'③❡ ?❜❡'4✐❝❤)✳

❉❛4 )♦)❛❧❡ ❉✐✛❡'❡♥)✐❛❧ df ❡✐♥❡' ❋✉♥❦)✐♦♥ f ✱ ❞✐❡ ✈♦♥ ❑♦♦'❞✐♥❛)❡♥ {x1, . . . , xn} ❛❜❤<♥❣) ✐4)✿

df =
∂f

∂x1
dx1 +

∂L

∂x2
dx2 + · · ·+ ∂L

∂xn
dxn =

−→∇f ◦ d~x

❋1' ❞✐❡ ❆❜❧❡✐)✉♥❣

df
dε

❣✐❧) ❞❛♠✐)✿

✭✺✳✺✮

df

dε
=

∂f

∂x1
· dx1
dε

+
∂L

∂x2
· dx2
dε

+ · · ·+ ∂L

∂xn
· dxn
dε

=
−→∇f ◦ ·d~x

dε

❋❛❧❧4 ❡✐♥ xi ♥✐❝❤) ✈♦♥ ε ❛❜❤<♥❣) ✐4) ♥❛)1'❧✐❝❤

dxi

dε
= 0 ✉♥❞ ❞❡' ❡♥)4♣'❡❝❤❡♥❞❡ ❙✉♠♠❛♥❞ ❢<❧❧) ✇❡❣✳

❙❡✐ x (t) ❞❡' ❖') ✭③✳❇✳ ❡✐♥❡4 ❑L'♣❡'4✮ ✉♥❞ v (t) = d
dt
x (t) = ẋ (t) ❞✐❡ ●❡4❝❤✇✐♥❞✐❣❦❡✐) ✐♥ ❆❜❤<♥❣✐❣❦❡✐) ❞❡' ❩❡✐) t✳ ❋❡'♥❡'

4❡✐ ε ∈ R ✉♥❞ ξ (t) ❡✐♥❡ ❣❧❛))❡ ❑✉'✈❡ ♠✐) ❦❧❡✐♥❡♥ ❲❡')❡♥✳ ❊✐♥❡ ❱❛.✐❛/✐♦♥ ✈♦♥ ❖') x ✉♥❞ ●❡4❝❤✇✐♥❞✐❣❦❡✐) ẋ ❛✉❢ ❞❡♠

■♥)❡'✈❛❧❧ t ∈ [a, b] ✐4) ❣❡❣❡❜❡♥ ❞✉'❝❤✿

✭✺✳✻✮ q (t, ε) = x (t) + εξ (t) ✉♥❞ q̇ (t, ε) = ẋ (t) + εξ̇ (t)

❉❛❜❡✐ 4♦❧❧❡♥ ❞✐❡ ❲❡')❡ ❛♠ ❆♥❢❛♥❣ ✉♥❞ ❛♠ ❊♥❞❡ ❞❡4 ■♥)❡'✈❛❧❧4 [a, b] ♠✐) ❞❡♥❡♥ ❞❡' ❯'4♣'1♥❣❧✐❝❤❡♥ ❖')4❦✉'✈❡ x (t)
1❜❡'❡✐♥4)✐♠♠❡♥✱ ❛✉4 x (a) = x (a) + εξ (a) ✉♥❞ x (b) = x (b) + εξ (b) ❡'❣❡❜❡♥ 4✐❝❤ ❛❧4♦ ❞✐❡ ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥✿

✭✺✳✼✮ ξ (a) = 0 ✉♥❞ ξ (b) = 0

❋1' ❞✐❡ ❱❛'✐❛)✐♦♥❡♥ ✭✺✳✻✮ ❣✐❧) ♦✛❡♥4✐❝❤)❧✐❝❤✿

✭✺✳✽✮

dq

dε
= ξ ✉♥❞

dq̇

dε
= ξ̇

❙❡✐ ♥✉♥ L ❡✐♥❡ ❋✉♥❦)✐♦♥✱ ❞✐❡ ✇✐❡❞❡'✉♠ ✈♦♥ ❞❡♥ ❖')4✲ ✉♥❞ ●❡4❝❤✇✐♥❞✐❣❦❡✐)4✈❛'✐❛)✐♦♥❡♥ ✭✺✳✻✮ ✉♥❞ ❞❡' ❩❡✐) ❛❜❤<♥❣)✱

❛❧4♦✿

L = L (q (t, ε) , q̇ (t, ε) , t)

❆✉4 ●❧❡✐❝❤✉♥❣ ✭✺✳✺✮ ❢♦❧❣) ③✉4❛♠♠❡♥ ♠✐) ✭✺✳✽✮ ✉♥❞

dt
dε

= 0✿

✭✺✳✾✮

dL

dε
=

∂L

∂q
· dq
dε

+
∂L

∂q̇
· dq̇
dε

+
∂L

∂t
· dt
dε

=
∂L

∂q
ξ +

∂L

∂q̇
ξ̇

❉✐❡ ❲✐.❦✉♥❣ S ✐4) ❞❡✜♥✐❡') ❛❧4 ■♥)❡❣'❛❧ 1❜❡' ❞✐❡ 4♦❣❡♥❛♥♥)❡ ▲❛❣'❛♥❣❡❢✉♥❦)✐♦♥ L✿

S (ε) =

∫ b

a

L (q (t, ε) , q̇ (t, ε) , t) dt

●❡4✉❝❤) ✐4) ❞✐❡❥❡♥✐❣❡ ❱❛'✐❛)✐♦♥ ✈♦♥ L✱ ❢1' ✇❡❧❝❤❡ ❞✐❡ ❲✐'❦✉♥❣ S ❡①/.❡♠❛❧ ✇✐'❞✳ ◆♦)✇❡♥❞✐❣❡'✇❡✐4❡ ❣✐❧)

dS
dε

= 0✿

0 =
dS

dε
=

d

dε

∫ b

a

Ldt =

∫ b

a

dL

dε
dt

(5.9)
=

∫ b

a

(
∂L

∂q
ξ +

∂L

∂q̇
ξ̇

)
dt =

∫ b

a

∂L

∂q
ξ dt+

∫ b

a

∂L

∂q̇
ξ̇ dt

=

∫ b

a

∂L

∂q
ξ dt+

[
∂L

∂q̇
ξ

]b

a

−
∫ b

a

d

dt

[
∂L

∂q̇

]
ξ dt

(5.7)
=

∫ b

a

∂L

∂q
ξ dt−

∫ b

a

ξ · d
dt

∂L

∂q̇
dt =

∫ b

a

ξ ·
(
∂L

∂q
− d

dt

∂L

∂q̇

)
dt

❉❛ ξ ✐♠ ❆❧❧❣❡♠❡✐♥❡♥ ✈♦♥ ◆✉❧❧ ✈❡'4❝❤✐❡❞❡♥ ✐4)✱ ♠✉44

∂L

∂q
− d

dt

∂L

∂q̇
= 0

■♥ m−❞✐♠❡♥4✐♦♥❛❧❡♥ ❙②4)❡♠❡♥ ♠✐) ❞❡♥ ❑♦♦'❞✐♥❛)❡♥ qk ✉♥❞ ❞❡♥ ●❡4❝❤✇✐♥❞✐❣❦❡✐)❡♥ q̇k ❡'❤<❧) ♠❛♥ m ●❧❡✐❝❤✉♥❣❡♥✿

✭✺✳✶✵✮

∂L
∂qk

− d

dt

∂L
∂q̇k

= 0
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✺✳✸✳ ❊!❤❛❧%✉♥❣)❣!*+❡♥✳

❲❡❣❡♥ ❞❡( ❍♦♠♦❣❡♥✐-.- ❞❡( ❩❡✐- ❤.♥❣- L ♥✐❝❤- ❡①♣❧✐③✐- ✈♦♥ t ❛❜✳ ❊: ✐:-

dL =
∑

k

(
∂L
∂qk

dqk +
∂L
∂q̇k

dq̇k
)

✉♥❞ ❞❛♠✐-✿

✭✺✳✶✶✮

dL
dt

=
∑

k

(
∂L
∂qk

· dq
k

dt
+
∂L
∂q̇k

· dq̇
k

dt

)
=
∑

k

(
∂L
∂qk

· q̇k +
∂L
∂q̇k

· q̈k
)

❆✉: ❞❡( ▲❛❣(❛♥❣❡ ●❧❡✐❝❤✉♥❣ ✭✺✳✶✵✮ ❢♦❧❣-

∂L
∂qk

=
d

dt

∂L
∂q̇k

✳ ❩✉:❛♠♠❡♥ ♠✐- ❞❡( E(♦❞✉❦-(❡❣❡❧ ✇✐(❞ ✭✺✳✶✶✮ ③✉

dL
dt

=
∑

k

(
d

dt

[
∂L
∂q̇k

]
· q̇k +

∂L
∂q̇k

· q̈k
)

=
∑

k

d

dt

[
∂L
∂q̇k

q̇k
]
.

❙✉❜-(❛❦-✐♦♥ ✈♦♥

dL
dt

❡(❣✐❜-

d

dt

[
∑

k

∂L
∂q̇k

q̇k − L
]
= 0.

❖✛❡♥:✐❝❤-❧✐❝❤ ✐:- ❞❡( ❚❡(♠ ✐♥ ❞❡( ❑❧❛♠♠❡( ③❡✐-❧✐❝❤ ❑♦♥:-❛♥-✳ ❊: ❤❛♥❞❡❧- :✐❝❤ ✉♠ ❞✐❡ ❊♥❡(❣✐❡ ✭❛❜❣❡:❝❤❧♦::❡♥❡: ❙②:-❡♠✮✿

✭✺✳✶✷✮ E =
∑

k

∂L
∂q̇k

q̇k − L

❲❡✐-❡(❡ ❊(❤❛❧-✉♥❣:❣(OP❡♥ ❡(❣❡❜❡♥ :✐❝❤ ❛✉: ✇❡✐-❡(❡♥ ❙②♠♠❡-(✐❡♥✳ ❇❡-(❛❝❤-❡ ❡✐♥ m−❞✐♠❡♥:✐♦♥❛❧❡: ❙②:-❡♠ ♠✐- ❡✐♥❡(

▲❛❣(❛♥❣❡❢✉♥❦-✐♦♥ L = L
(
q1, . . . , qm−n, q̇1, . . . , q̇m, t

)
✳ ❉✐❡ ▲❛❣(❛♥❣❡❢✉♥❦-✐♦♥ ❤.♥❣- ❛❧:♦ ♥✐❝❤% ✈♦♥ ❞❡♥ ❑♦♦(❞✐♥❛-❡♥

qm−n+1, . . . , qm ❛❜✳ ❋T( k > m− n ❡(❣✐❜- :✐❝❤ ❞❛♥♥

∂L
∂qk

= 0 ✉♥❞ ❛✉: ✭✺✳✶✵✮ ❢♦❧❣- ❞❛♥♥

d
dt

∂L
∂q̇k

= 0✳ ■♥-❡❣(❛-✐♦♥ ❞✐❡:❡(

●❧❡✐❝❤✉♥❣ ❧✐❡❢❡(-

✭✺✳✶✸✮

∂

∂q̇k
[
L
(
q1, . . . , qm−n, q̇1, . . . , q̇m, t

)]
= konstant , ❢T( ❛❧❧❡ k > m− n

❇❡✐)♣✐❡❧ ✹✳

❇❡✐ ❞❡♥ ❑❡♣❧❡(❜❛❤♥❡♥ ✐♥ ❞❡( θ = π/2 ❊❜❡♥❡ ❡(❣✐❜- ∂L/∂φ̇ ❞❡♥ ❉(❡❤✐♠♣✉❧:✳

❉✐❡ ❙✉♠♠❡ ❛✉: ❦✐♥❡-✐:❝❤❡( ✉♥❞ ♣♦-❡♥-✐❡❧❧❡( ❊♥❡(❣✐❡ ✐:- ❡❜❡♥❢❛❧❧: ❡✐♥❡ ❊(❤❛❧-✉♥❣:❣(OP❡✳ ▼✐- ❞❡( ▲❛❣(❛♥❣❡❢✉♥❦-✐♦♥ ✭✷✳✹✮

❡(❣✐❜- :✐❝❤ ❛✉: ✭✺✳✶✷✮✿

E =
∑

k

∂L
∂q̇k

q̇k − L =
∂L
∂ṙ
ṙ +

∂L
∂φ̇

φ̇− L

= m0ṙ
2 +m0r

2φ̇2 −
{
1

2
m0

(
ṙ2 + r2φ̇2

)
+ γ

Mm0

r

}

=
1

2
m0

(
ṙ2 + r2φ̇2

)
− γ

Mm0

r
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