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ABSTRACT
We study the third order sequence:

un = 3 un-1 + 6 un-2 + 3 un-3 , u0 = 1, u1 = 3, u2 = 15 , n ≥ 3
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1. Introduction

Notations:

[x]: Floor function (Integer part)

Binomial coefficient:  n
k
 =

n!

k! (n-k)!
, n ≥ k > 0

Entry 1:

un = 3 un-1 + 6 un-2 + 3 un-3 , u0 = 1, u1 = 3, u2 = 15 , n ≥ 3

un = {1, 3, 15, 66, 297, 1332, 5976, 26 811, 120 285, ...}

Entry 2:

un = 
k=0

[n/2]


m=0


n-k

2



n- k-m

m
 
m

k
 3n-k-m · 2m-k , n ≥ 0

Entry 3:

α = lim
n⟶∞

un

un+1
=

13

108
+

1

2 3

3 -
13

108
-

1

2 3

3

α2 k = lim
n⟶∞

un

un+k
, k = 1, 2, 3, ...

Entry 4:

vn = 3 vn-1 + 3 vn-3 , v0 = 1, v1 = 3 , v2 = 3, n ≥ 3

vn = 1, 3 , 3, 4 3 , 15, 18 3 , 66, 81 3 , 297, ...

Entry 5:

vn = 
k=0

[n/3]


n- 2 k
k

  3 
n-2 k

, n ≥ 0

1



un = v2 n = 
k=0


2 n

3



2 n- 2 k
k

 3n-k , n ≥ 0

Entry 6:

α = lim
n⟶∞

vn

vn+1
=

13

108
+

1

2 3

3 -
13

108
-

1

2 3

3

αk = lim
n⟶∞

vn

vn+k
, k = 1, 2, 3, ...

2. Pi formulas

Recall that

π

4
= 1-

1

3
+
1

5
-
1

7
+
1

9
-
1

11
+ ...

Entry 7:

π = 6
n=0

∞

(-1)n α2 n+1 
k=0

[(2 n)/3]

(-1)k 
2 n- 2 k
k


1

2 n+ 1
+

3 α2

2 n+ 3

Entry 8:

π = 6 α+ 6
n=1

∞ (-1)n-1 α2 n+1

2 n+ 1
f (n)

f (n) = 3 
k=0


2 n-2

3


(-1)k 
2 n- 2 k- 2

k
- 

k=0


2 n

3


(-1)k 
2 n- 2 k
k



Entry 9:

π = 6
n=0

∞

(-1)n α2 n+1 
k=0


2 n+1

3


(-1)k

2 n- 2 k+ 1

2 n- 2 k+ 1

k


Remark:

(2 n+ 1) 
k=0


2 n+1

3


(-1)k

2 n- 2 k+ 1

2 n- 2 k+ 1

k
 = 

k=0


2 n

3


(-1)k 
2 n- 2 k
k

- 3 
k=0


2 n-2

3


(-1)k 
2 n- 2 k- 2

k
 , n ≥ 0

Entry 10:

π = 6
n=0

∞ (-1)n

2 n+ 1

1

3 α

2 n+1

3F2
2 n+ 1

3
,
2 n+ 2

3
,
2 n+ 3

3
; n+ 1,

2 n+ 3

2
;
3

4
-

2
n=1

∞

(-1)n-1 α2 n-1 3F2
n+ 1

3
,
n+ 2

3
,
n+ 3

3
; n+ 1,

3

2
;
3

4

Remark: 3F2 is the generalized hypergeometric function.

2



Entry 11:

π = 6
n=0

∞

αn+3  3 
n


k=0

[n/6] (-1)k 3-3 k

2 k+ 1

n- 4 k
n- 6 k 

Entry 12:

π =
9

2

n=0

∞

α2 n+1 
k=0


2 n+1

3


(9 / 16)n-k

2 n- 2 k+ 1

2 n- 2 k+ 1

k
 
2 n- 2 k
n- k



Entry 13:

π = 6
n=0

∞

(-1)n αn+1 
k=⌈n/3⌉

[n/2] (-1)k  3 
n-2 k

6 k- 2 n+ 1

4 k- n
n- 2 k 

Remark: ⌈x⌉ is the ceiling function.

Entry 14:

π = 6 tan-1(α) + 6
n=0

∞

(-1)n αn+3
1

3

n


k=0

[n/6] (-1)k 33 k

2 k+ 1

n- 4 k
n- 6 k 

Entry 15:

π = 8 3 
n=0

∞

(-1)n un β2 n+1
1

2 n+ 1
-

3 β2

2 n+ 3

π = 8 3 
n=0

∞

(-1)n β2 n+1 
k=0


2 n+1

3


3n-k

2 n- 2 k+ 1

2 n- 2 k+ 1

k


β =
2 - 1

3
+

2 - 1

3
+

2 - 1

3
+ ...

3 3
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