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Abstract

The paper studies X%-computable families (n > 2) and their numberings. It is
proved that any non-trivial 3 -computable family has a complete with respect
to any of its elements X2 -computable non-principal numbering. It is established
that if a 32 -computable family is not principal, then any of its 39-computable
numberings has a minimal cover and, if the family is infinite, is incomparable with
one of its minimal X%-computable numberings. It is also shown that for any 22-
computable numbering v of a £&-computable non-principal family there exists
its 32 -computable numbering that is incomparable with v. If a non-trivial X2-
computable family contains the least and greatest elements under inclusion, then
for any of its 3% -computable non-principal non-least numberings v there exists
a X2-computable numbering of the family incomparable with v. In particular,
this is true for the family of all £2-sets and for the families consisting of two
inclusion-comparable X2 -sets (semilattices of the 22 -computable numberings of
such families are isomorphic to the semilattice of m-degrees of % -sets).

Keywords: non-principal numbering, complete numbering, minimal cover, minimal
numbering.
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1 Introduction

One of the basic properties of the Gédel numbering x +— W, is its principality, i.e.
for every computable numbering v of a family of c.e. sets there exists a computable
function f such that v(z) = Wy, for each x. This property is intensively studied



in the literature (cf., e.g., [1-4]), since the principal numberings contain information
about all computable numberings of the numbered family. Another key property of
the Godel numbering is that for any partially computable function v there exists a
computable function f such that, for every x, W,y = Wy, if ¥(x) converges, and
W2y = 0 otherwise. This property called by Mal'tsev [5, 6] the completeness (with
respect to () is also actively studied in the theory of numberings (cf., e.g., [1, 7-13])
and was used by Ershov [14] to prove Kleene’s recursion theorems in arbitrary (not
necessarily computable) numberings (i.e. surjective mappings from N onto nonempty
countable sets).

In this paper, we consider generalized computable numberings of families of
arithmetical sets which were first introduced and studied in Goncharov and Sorbi’s
paper [15]. Let us fix, until the end of the paper, n > 2. By [15], a numbering v of a
nonempty family of arithmetical sets is said to be X% -computable if

G, ={(z,y) e NxN:ycv(x) X0,

Families with $2-computable numberings are themselves called X9 -computable. If G,
is c.e., then the numbering v is called computable.

Even if a 30 -computable family is not principal (i.e. has no principal numberings),
it always has a X{-computable numbering complete with respect to any preselected
element (cf., e.g., [8]). In Section 3, we discuss how the algorithmic expressiveness of
such a complete numbering can be improved and prove that it can be chosen to be
complete simultaneously with respect to all elements of the numbered family.

Another motivation for studying non-principal X9-families is that some structural
properties of their numberings are proved for principal and non-principal families sep-
arately (cf., e.g., [16-18]). In Sections 4 and 5, we prove that for every ¥2-computable
numbering, say v, of a non-principal X0-computable family there exists its minimal
cover (for arbitrary ¥2-computable families this question was raised by Badaev and
Podzorov in their paper [19]) and, if v is not the least, a %0-computable numbering
that is incomparable with v.

Our notation from computability theory is mostly standard. In the following, ¢,
denotes the partially computable function with the Godel number e. We write @ (z) |
if this computation converges, and @.(x) 1 otherwise. For a partial function 1 we
denote its domain and range by dom and ran ) respectively. We let ¢(z,y) denote
the computable pairing function 2*(2y + 1) — 1. For unexplained notions we refer to
Soare [20, 21].

2 Preliminaries on the theory of numberings

For the main concepts and notions of the theory of numberings we refer to the book
by Ershov [14] and his paper [22].

Definition 1. A numbering v of a set S is said to be complete with respect to a special
element a € S if for every partially computable function v there exists a computable
function f such that, for each x, v(f(x)) = v(¥(x)) if () converges, and v(f(x)) = a

otherwise.



We say that a numbering v is complete if it is complete with respect to some special
element.

Given numberings ¢ and v, we say that p is reducible to v (denoted by u < v)
if there exists a computable function f such that u(xz) = v(f(x)) for each z (in this
case, we say that p is reducible to v via f). We note that if 4 < v, then ran yu C ranv.
We write p < v if p < v and v € p. The numbering p is called minimal if p < « for
every numbering o < p with rana = ran g. The numberings p and v are said to be
incomparable if p L v and v £ p. If in the definition of reducibility of numberings we
replace the computable function f by an X-computable one (X C N), then we obtain
the notion of X -reducibility <. For numberings vy and v1, their direct sum is defined
by (vo ®11)(2x +1i) = vi(x),i=0,1, z € N.

A ¥9-computable numbering v of a family A is said to be a minimal cover of its X0 -
computable numbering p if ¢4 < v and there is no numbering « such that y < a < v.
It is said to be the least numbering if v < « for each ¥.2-computable numbering «
of A. We say that v is principal if a < v for each ¥2-computable numbering « of A.
Families with ¥0-computable principal numberings are called principal as well. By
replacing the reducibility < with <%, we obtain the definitions of the X -principality.

3 Complete non-principal numberings

The study of the sets of special elements of complete numberings was initiated by
Denisov and Lavrov in their paper [9]. From results by Khisamiev [11], it follows that
every YU-computable family containing the least element under inclusion has a 2-
computable numbering complete simultaneously with respect to all of its elements. It
was proved by Badaev, Goncharov, and Sorbi [12] that there exists a ¥2-computable
principal family with a X%-computable non-principal numbering complete simultane-
ously with respect to all elements of the family. The following theorem shows that any
non-trivial (i.e. containing more than one element) X%-computable family has such a
numbering.

Theorem 1. Every non-trivial X0 -computable family A has a complete with respect
to each of its elements X0 -computable non-principal numbering.

Proof. Let v be a ¥0-computable numbering of the family A such that v(0) # v(1).
Without loss of generality we assume that if A is finite and |A] = k& > 1, then
v(i) #v(j) forall i < j <k —1and v(i) = v(k —1) for each i > k.

Now we are going to define by induction sequences {5 }sen and {as}sen of partial
mappings form N to A4 such that

® s C pse1 and oy C agyq for each s;

* n=U,psisa ¥0_computable numbering of A complete with respect to each of its
elements;

* a=J, s is a £2-computable numbering of a subfamily of A such that a £ p.

At the same time, for every s, we will define an equivalence relation 7; on N and a
strictly increasing computable sequence of integers {z{ }ien.

Let po(xz) and ag(z) be undefined for each xz. We define 7y to be the equality
relation on N and 2 = i for each i.



Assume by induction that the partial mappings ps : N — A and a; : N — A, the
equivalence relation 7, and the strictly increasing computable sequence {z{ };en have
already been defined and satisfy the following conditions:

1. pe C ps, ap C g, and 1y € n, for each t < s;

2. the sequence {z} };en strictly increasing and computable;

3. (2f,23) &€ ns for any distinct i and j;

4. dom ps = N\ (U,[27],.), where [2],, is used to denote the n,-equivalence class of
an integer z;

5. for all z,y € dom ps, if (x,y) € ns, then ps(z) = ps(y).

It is not hard to see that conditions 1-5 hold for s = 0. To define the partial mappings
ts+1 and a1, the equivalence relation 7541, and the sequence {z; H}ieN, we consider
the following several cases.

i. s = 3t for some t.
We choose the least y ¢ dom i, and fix an integer [ such that y € [2/],,. In this case,
we provide that p(y) = v(t). So we will obtain that ran yu = A. For every z, we define

vt),  ifzelH]ue Ul
ps+1(2) = 4 ps(2), if z € dom ps,
undefined, otherwise.

We set as11 = a5 and define 7541 to be the equivalence relation generated by the
binary relation
ns U{(2},25) : 4,5 <1}
For every i, we let
zf'H =2 i1
It is not hard to see that induction assumptions 1-5 hold and u(y) = v(¢).

ii. s = 3t 4 1 for some t.
In this case, we provide the completeness of p with respect to v(t). We define 741 to
be the equivalence relation generated by the binary relation

s U {(2(c.0s pe(®)) EN X N:ge(2) | }.

Using the Recursion Theorem we choose a strictly increasing computable sequence
{c(ei, 0)}ien such that

Pe.(0) = 2(c,.0) (1)
for each i. For every i, we set

s+1
%

= 2(e,,0)"
Thus, induction assumptions 2 holds. From the definition of the equivalence 7541 and
equalities (1), it follows that induction assumption 3 also holds.



Next, we let a1 = a and psi1(x) = ps(z) for each « € dom ps. Thus, induction
assumption 1 also holds. Now, for every x ¢ dom pus, we define

ps(pe(y)), if <337 Zj(e’y)> € Nsr1 & @e(y) L€ dom pus,
ps+1(2) = { undefined, if Ji [(z, 2+1) € nopq],

v(t), otherwise.

Therefore, induction assumptions 4 and 5 hold. By the definition of p541 we have that,
for all e, y,

v(t), if pe(y) 1,
whenever 27, € dom pis11. We also have that ¢, (0) = Zg(e, 0) for each i. Hence, the

Ms+1(2§<e,y>) = {“ (e(y)), if @e(y) 4,

numbering p will be complete with respect to v(t).

iii. s = 3t + 2 for some t.
In this case, we provide that « is not reducible to p via ¢;. Let us first assume that A
is infinite. If there exist integers ¢ dom o, and [ such that (p.(z) |, 2]) € n,, then,
for every y < z, we define

) v(0), ify & domay,
Qs =
sy as(y), if y € domas.

For every z, we also define

V(1)7 if z € [’28]775 U"'U[zls]nsv
tst1(2) = < ps(2), if z € dom ps,
undefined, otherwise.

We let 141 to be the equivalence relation generated by the binary relation
ns U{(z7,27) : 1,7 <1}

For every i, we set
it = it
Since v(0) # v(1), we have
a(z) # p(e(x)).

If the required z and ! do not exist, then we let ps41 = ps, Ns41 = 1s, and z
for each i. Next we choose the least y & dom «; and define

s+1

< — S
i T %

aspr1(y +u) = v(u)

for each u < s. For every z € domayg, we set asy1(2) = as(z). Thus, rana will be
infinite. Since A is infinite and ran u, is finite, we will have that « cannot be reduced
to w via .



Now suppose that A is finite. If there exist integers = ¢ dom a; and ! such that
(pe(x) 1,27) € ns, then we define frg11, @sq1, Ns41, and {Zerl}z'eN in the same way
as in the case of infinite A. Otherwise, if ¢;(y) | for the least y ¢ dom o, (note that
¢i(y) € dom ps), then we take an ¢ < k with

v(i) # ps(pe(y))

(such ¢ can be chosen effectively by the finiteness of A, the choice of v, and the
definition of us) and define as41(y) = v(i). For every z € dom s, we set as41(2) =
as(z). Let pis41 = ps, Ns41 = s, and zf“ = 2 for each ¢. Therefore, we will have
again that « is not reducible to p via ¢;.

It is not hard to see that in this case inductive assumptions 1-5 hold as well.

Thus, by the definition of the numbering p, we have that it is £2-computable and
complete with respect to v(¢) for each t. Since a® p € p, it is also not principal. This
completes the proof of the theorem. O

4 Minimal covers

The minimal covers of ¥ -computable numberings were first studied by Badaev and
Podzorov in their paper [19]. In that paper, a series of sufficient conditions for the
existence of minimal covers was proved, among which there is the non-@’-principality
of a numbering being covered. The following theorem shows that instead of (/' one
can take any non-computable c.e. set. Using this theorem, we then prove that any
%0 -computable numbering of a ¥2-computable non-principal family has a minimal
cover.

Theorem 2. Let C be a non-computable c.e. set. If a X0 -computable numbering v of
a family A is not C-principal, then it has a minimal cover.

Proof. By [23, Lemma 3.3], for every non-computable c.e. set B there exists a c.e.
equivalence n <p B such that

a) the class [y], is finite for each y;

b) for every e, if ran ¢, is infinite, then

Ny =" {lpe(®)]y = pe(y) 1},

where for arbitrary sets X and Y the notation X =" Y means that their symmetric
difference is finite.

Let n <r C be a c.e. equivalence relation satisfying conditions a) and b). Fix
a X2-computable numberings « of the family A such that o €€ v and choose a
C-computable sequence {a; };en of pairwise non-n-equivalent integers with

N/n = {[ai]n 11 € N}



Now we define a X¥-computable numbering p of A by letting

p(x) = (i)

whenever (z,a;) € n. Since a £ v, we have u £ v.

Let 3 be an arbitrary %0-numbering of A such that v < 8 < @ v. To prove that
1@ v is a minimal cover of v, it remains to show that u < B. Fix an index n such
that 8 < p @ v via ¢,. Since 8 £ v, ran g, contains infinitely many even integers.
Now, by condition b), the c.e.-ness of 1, and the equalities p(x) = p(y) for all z,y
with (z,y) € n, we have u < S. O

Corollary 3. Every X9-computable numbering of a X°-computable non-principal
family has a minimal cover.

Proof. Let v be a XY-computable numbering of a XY-computable non-principal
family A and let C' be a lowy non-computable c.e. set. Since

C<r g <7 0" =7 C“,

(' is high over C. It follows that there exists an (-computable sequence {f,}nen
consisting of all C-computable functions (cf., e.g., [20, 24]). Since the family A is not
principal, its ¥0-computable numbering

f:e(n,z) = v(fn(z))

is not principal as well. Therefore, the numbering v is not C-principal (because
otherwise 8 would be principal). By Theorem 2, v has a minimal cover. O

The question of the existence of minimal covers of numberings of principal families
remains open.

Now, using the technique from the proof of Theorem 2 we prove that for any
%0_computable numbering v of a X% -computable non-principal family there exists its
minimal ¥2-computable numbering that is not reducible to v.

Proposition 4. For every X0 -computable numbering v of an infinite 30 -computable
non-principal family A there exists its minimal X9 -computable numbering p such that
w @ v is a minimal cover of v and, hence, u L v.

Proof. Let C be a lowy non-computable c.e. set. In the same way as in the proof of
Corollary 3, it is proved that v is not C-principal. Let us define a numbering p in the
same way as in the proof of Theorem 2. Thus, p @ v is a minimal cover of v. Since
the family A is infinite, for every index e, if o ¢, is a numbering of A, then ran ¢,
is infinite. Now, by condition b) in the proof of Theorem 2, the c.e.-ness of 1, and the
equalities p(x) = p(y) for all x,y with (x,y) € n, we have that p is minimal. O

The corresponding question (on the existence of such minimal numberings for
arbitrary not necessarily principal families) was posed by Badaev and Goncharov



in [25]. In [25, 26], some other partial answers to this question were obtained, but in
the general case it remains open.

5 Incomparable numberings

One of the classical theorems of the theory of numberings proved by Badaev [27] states
that for any non-principal non-least computable numbering v of a family of c.e. sets
there exists its computable numbering that is incomparable with v. It is unknown
whether Badaev’s theorem holds for X9 -computable families, however, if the family is
not principal, then the following theorem holds.

Theorem 5. Let A be a XU -computable non-principal family. Then for every X0 -
computable non-least numbering v of A there exists its X0 -computable numbering p
that is incomparable with v.

Proof. If the family A is infinite, then the conclusion of the theorem follows
immediately from Corollary 4. So, we will assume that A is finite. Let

A={Py,...,Pn}.

In [3, 19], it was proved that a finite ¥°-computable family is principal if and only
if it has the least element under inclusion. Let Ry, ..., Ry be all the pairwise distinct
and minimal under inclusion elements of A. Since A is not principal, £ > 0. Just as in
the proof of [14, I § 2, Proposition 4], we choose finite sets Fy, ..., Fj that are pairwise
incomparable under inclusion and

F; gRl&FZ gRj

for any distinct 4, < k. Fix a strongly §(®~Y-computable double sequence of finite
sets {v¢(z) }ren such that

v (z) Crvgq(x) &v(z) = Uz/s(x)

for all ¢, x.

Now we proceed to defining a X% -computable numbering p of the family A that
is incomparable with v. Let pg(z) = P, for each z < m. Assume by induction that
the partial mapping ps : N — A has already been defined. Let us define the partial
mapping psy1. For every y € dom pg, we define pusi1(y) = ps(y). Take the least
x & dom pg. If pg(x) |, then we fix the least ¢ such that there exists an ¢ < k with
F; C vi(ps(z)) and define

@) Ry, ifi=0,
s Tr) =
Hat1 Ry, ifi>0.

If ¢s(x) 1, then we set pg11(x) = Py. Therefore, the numbering 1 = (J, ps is not
reducible to v via pg. If there exists a y with p4(y) |> x, then we fix the least ¢ for



which there exists an 4 < k such that F; C 14(y). For every z with z < z < ¢4(y), we
define
(2) = Ry, ifi=0,
Hstt = Rey if i > 0.
Thus, v is not reducible to p via ¢s. If the required y does not exists, then ¢, is
bounded above. Hence, if v < u via ¢, then v is the least numbering of A. This
contradicts the condition of the theorem.
It follows directly from the definition of partial mappings ps : N — A, s € N, that
p=U,usis a ¥0_computable numbering of A, not comparable to v. O

Denisov [28] and Khutoretskii [29] proved, respectively, that for any non-principal
non-least computable numbering v of a family consisting of two c.e. sets comparable
by inclusion (recall that the semilattice of its computable numberings is isomorphic to
the semilattice of c.e. m-degrees [14]) or of the family of all c.e. sets there exist its com-
putable numberings that are incomparable with v. The following theorem generalizes
these results to the case of X¥-computable families.

Theorem 6. Let A be a non-trivial XU -computable family with the least and the
greatest elements under inclusion. Then for every 2 -computable non-principal and
non-least numbering v of A there eixsts its L2 -computable numbering p that is
incomparable with v.

Proof. If the family A is not principal, then the conclusion of the theorem follows
immediately from Theorem 5. Suppose A is principal. Let o be a %Y-computable
principal numbering of A such that a(0) is the least element of A under inclusion and
(1) is its inclusion-greatest element. Fix strongly §(*~Y-computable double sequences
of finite sets {a(x) }ten and {vi(z)}ren such that

ar(z) C a1 () & alz) = Uas(x),

vi(z) Cvaq(z) &v(z) = U vs()

for all ¢, z.

Now we proceed to defining a binary function f <z 01 such that
f(xat) #f(l’,t-l—].) :>f(.’£,t) =0V f(xat"_]-) =1,

y [lim f(y, 5) = ]
for all z,t. Hence, the numbering

TR A oz(lignf(x, s))

will be a ¥ -computable numbering of .A. We will also provide that the numberings
1 and v are incomparable. In what follows, we denote

pe(x) = o (f (2, 1))



for all z,t.
For every x, we let f(z,0) = 0. Next, we need binary functions [ and m defined as
follows:

le,t) =max{r <t: Ve <rlpes(x) L &ps(x) [ r=rvs(pe(x)) | 7]},

m(e,t) = max{r <t:Ve <ripes(z) d &vg(x) [ 1= ps(pe(z)) I 7]}
for all e, ¢. It is not hard to see that for every e there exist limits lim, I(e, t), lim; m(e, t)
and
li{nl(e,t) =00E U =V0,,

lignm(eﬂf) =00 V=0,

We assume by induction on s that all the values f(x,s), z € N, have already been
defined. To define the values f(x,s + 1), we consider the following several cases.

i. s = 3t for some t.
In these cases, we provide that ran u = A. Fix the least e such that f(c(2e,x),s) #e
for each x and define
fle(2e,2),s+1)=e
for the least z with f(c(2e, 2),s) = 0. For every y # ¢(2e, 2), we set f(y,s+1) = f(y, s).

ii. s =3t + 1 for some t¢.
In these cases, we provide that pu £ v. If there exists an e < s such that

le,t+1) > l(e,t),
then we take the least such e and define
fle(2e+1,2),s+1) ==
for the least > 0 with f(c(2e + 1,2),s) = 0. Thus,

VE < elliml(k,u) < co& limm(k,u) < co] = limli(e,u) < co.

Indeed, otherwise we would have that
w(ce(2e +1,2)) = a(x)
for all (except for a finite number) integers z. Therefore, u < v via . and hence

a < v. This contradicts the non-principality of v. For each y (not equal to ¢(2e+ 1, x)
if the required e and z exist), we define f(y,s+ 1) = f(y, s).

iii. s = 3t 4+ 2 for some t.
In these cases, we provide tha v € u. If there exists an e < s such that

m(e,t +1) > mf(e,t),

10



then we take the least such e and define
flz,s+1)=1
for the least z = ¢(i,v) with ¢ > 2e + 1 and f(z,s) # 1. Thus,
Vk <e [liinl(k:,u) <oo& liqinm(k,u) < x| = lilanm(e,u) < 0.

Indeed, otherwise we would have that

p(e(i, z)) = (1)

for all ¢ > 2e + 1 and z. For all j < 2e + 1 and for all (except for a finite number)
integers z, we would have that u(c(j,z)) = «(0). Hence, v < p via ¢, and the
numbering p is the least. This contradicts the fact that the numbering v is not the
least. For each y (not equal to z if it exists), we define f(y,s+ 1) = f(y, s).

Now it follows directly from the definition of the function f that the numbering u
is ¥ -computable and incomparable with v. O
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