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Abstract

Using the methods and results obtained in digital topology, we construct discrete two-
and three-dimensional physical spaces. The structure of discrete spaces is free from
constraints and can be chosen depending on external conditions. We develop local
and global structure of discrete physical spaces and construct and investigate discrete
black and white holes. We hypothesize that the points forming the discrete space have
certain properties that turn them into sources of dark matter.
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1. Introduction

Since the late 1990s, various approaches have been developed suggesting that
physical spacetime is discrete (see e.g. [1-9]). These approaches are widely used in
various fields of physics, especially in gravity. It should be noted that in these papers,
geometric models of discrete physical space were not proposed.

Meanwhile, Einstein, in his letter to his former student in 1916, stated the need to use
discrete models of physical space and regretted the lack of such models in
mathematics. This letter was translated and published by J. Stachel in [10].

Einstein wrote: “But you have correctly grasped the drawback that the continuum
brings. If the molecular view of matter is the correct (appropriate) one, i.e., if a part of
the universe is to be represented by a finite number of moving points, then the
continuum of the present theory contains too great a manifold of possibilities. I also
believe that this ‘too great’ is responsible for the fact that our present means of
description miscarry with the quantum theory. The problem seems to me how one can
formulate statements about a discontinuum without calling upon a continuum (space-
time) as an aid; the latter should be banned from the theory as a supplementary
construction not justified by the essence of the problem, which corresponds to nothing
‘real’. But we still lack the mathematical structure, unfortunately. How much have |
already plagued myself in this way!”

In the presented paper, we use digital topology methods to construct geometric
models of discrete physical spaces and the structure of black and white holes. The
structure of a discrete physical space resembles the structure of the crystal lattice in a
crystalline solid.

Digital topology methods are used in many fields, including medicine, biology,
industry etc. In digital topology, a continuous object is replaced by a finite set of
elements that form a digital model of this continuous object. In works [11-15], the
methods of replacing continuous two-dimensional surfaces with a finite set of two-
dimensional cells were studied. These methods preserve the basic mathematical
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characteristics of two-dimensional surfaces. In papers [16-24], an algebraic approach
to constructing discrete models of continuous spaces using coverings was studied and
developed. In this approach, a discrete model of continuous space is considered as a
simple undirected graph with a certain structure. An important feature of this
approach is the similarity of the properties of a discrete model with the properties of
its continuous analog in terms of algebraic topology.

2 Preliminaries

2.1 Discrete (Digital) Space

In this part, we present the main definitions and properties concerning digital spaces.
Our approach for constructing digital spaces was introduced and studied in works [19-
32]. Note that digital spaces are called simple undirected graphs in graph theory.
Definition 2.1.1
A “digital space G=(V,W) is a pair of sets V and W. V={vi,Vs,...Vp,...} is a
finite or countable set of points. W is a set of edges. Each edge (v,vg) connects
two different points, v,=vy. Two edges (vpVq) and (vqvp) are the same. Two
points can only be connected by one edge: W={ (V,Vq).,| Vp, VqeV, V=V,
(VpVg)=(VqVp)} (see fig. 1-2).
We will use the terminology of graph theory whenever it is convenient. For an edge
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Figure 1. O(u) and O(v) are the rims of points u and v. O(uv) is the joint of points uand v.

(uv) of G, the points u and v are called its endpoints and u and v are incident with
(uv). Points u and v are called adjacent or neighbors if they are the endpoints of an
edge (uv). Such notions as the connectedness, the adjacency, the dimensionality and
the distance on G are completely defined by sets V and W (e.g. [19, 22, 25, 29]).
Definition 2.1.2
The digital space H=(P,S) is called the subspace of the digital space G=(V,W),
if PcV and H is induced by the set of points P.
According to this definition, H is obtained by removing from G points that are not
contained in P together with their incident edges. The space G and subspaces O(u),
O(v) and O(uv) are shown in fig. 1.
Definition 2.1.3
Let G and v be a digital space and a point of G. The subspace O(v) induced by
the set of points of G that are adjacent to v (without v) is called the nearest
neighborhood or the rim of point v in G, (fig. 1). The subspace O(v)uv=U(v)
is called the ball of v. The joint rim O(uv)=0(u)NO(v) of points u and v is a
subspace, each point of which is adjacent to both the point u and the point v.

2.2 Contractible Discrete (Digital) spaces
Contractible digital spaces were defined and studied in [19-21, 26]. To define

contractible digital spaces, we use the inductive definition.
Definition 2.2.1



The one-point digital space K(1)=v is the contractible space.
Let G be a contractible space containing n-points, |G|=n and H be a
contractible subspace of G, HcG. Then the space P=Gux, that is obtained by
attaching a point x to G in such a way that the rim O(x)=H, is a contractible
space.
Contractible digital spaces with a number of points less than or equal to 4 are
depicted in fig. 2.
Definition 2.2.2
A point v of the digital space G is called simple if the rim O(v) is a

contractible space.

Let points v and u of G are adjacent and the joint rim O(vu)=0(v)NO(u) is a
contractible space. Then the edge (vu) is called simple.
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Figure 2. Contractible spaces with the number of points n<5.

Proposition 2.2.1
A contractible digital space G can be transformed into a point of G by
sequentially removing simple points and edges.
Definition 2.2.3
Digital spaces G and H are called homotopy equivalent if G can be obtained
from H by a sequence of gluing and removing simple points and edges.
Gluing and removing simple points or edges are called contractible
transformations.
Properties of the Euler characteristic and the homology groups of digital spaces were
studied in [16-21, 25]. It was shown that the Euler characteristics and the homology
groups of homotopy equivalent digital spaces G and F are equal.

2.3 Discrete (Digital) n-dimensional Manifolds.

This part contains definitions of n-dimensional digital spaces and transformations of
these spaces. There is abundant literature devoted to the study of different approaches
to digital lines, surfaces, and spaces used by researchers. Just mention some of them
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Figure 3. Zero- and one-dimensional spheres S° and S* and one-dimensional disks D*.

[11-20]. A digital n-manifold is a special case of a digital n-surface defined and
investigated in [20, 22, 24, 28]. First, we will define discrete n-dimensional spheres
and n-dimensional disks.
Definition 2.3.1
e A 0-dimensional sphere, S, is a disconnected digital space with just two
points: a and b (fig. 3).
e A connected digital space, S*, with a finite number of points is called a 1-
dimensional sphere, if the rim of any point v is a 0-dimensional sphere
o(v)=S° (fig. 3).



e A contractible space, D'=S'-v, is called a digital one-disk (fig. 3) with the
(spherical) boundary D= S° =O(v) and the interior IntD'=D*-aD".
e A connected digital space S" with a finite number of points is called n-
dimensional sphere, if the rim of any point v is (n-1)-dimensional sphere
O(v)= S"! and D"=S"-v is a contractible space. D"=S"-v is called a digital n-
disk (fig. 3-4) with the (spherical) boundary 6D"= S"™*=0O(v) and the interior
IntD"=D"-0D" (fig. 4).
Definition 2.3.2
A connected digital space M with a finite number of points is called a closed
n-dimensional manifold, n>0, if the rim O(v) of any point v is an (n-1)-
dimensional sphere.
Obviously, if a closed n-manifold M is not an n- sphere, then for any point v
belonging to M, the subspace M-v is not a contractible space.
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Figure 4. Minimal 2- and 3-dimensional spheres S? and S® and disks D? and D®. Discrete 2-
dimensional torus T2 and discrete 2-dimensional projective plane P?.

For example, a discrete 2-dimensional torus T? and a discrete2-dimensional
projective plane P? are shown in fig. 4. It is easy to check directly that for any point
v, subspaces T%v and P> —v are not contractible.

2.4 Transformations of Discrete (Digital) n-dimensional Manifolds.

Digital models of continuous spaces can be obtained using LCL coverings of these
spaces [25, 27, 29]. Intersection graphs of LCL coverings are digital models of these
spaces with the same mathematical characteristics as the continuous spaces
themselves including the dimension, the Euler characteristic, the homology groups
and so on.
Digital spaces can be transformed from one space to another by various types of
transformations. One type of transformation models the connection between
homotopically equivalent continuous spaces in classical topology, the other type of
transformation models the homeomorphism between spaces of classical topology.
Consider transformations that translate one digital space into another digital space
with the same mathematical characteristics and properties. At the same time, the
number of points and edges can vary arbitrarily [26].
Definition 2.4.1
Let M be a digital space and (vu) be the edge in M. Remove the edge (vu)
from M and glue the point z to M, where z adjoins points u, v and all points in
the subspace O(uv)=0(u)NO(v), O(z)=vUuuUO(vu). This pair of contractible
transformations is called the replacement of an edge by a point or R-
transformation, R: M—N. The obtained space N is denoted by N=RM=(M-
(vu))uz (fig. 5).
Obviously, the R-transformation increases the number of points in the digital space
M.



Definition 2.4.2
Let M be a digital space, (vu) be the edge in M and any point x belonging to
O(u)-O(v) is not adjacent to any point y belonging to O(v)-O(u).
Remove the points u and v from M and glue the point z to M, such that z is
adjacent to all points in the subspace O(u)UO(Vv), O(z)= O(u)uO(V).
This pair of contractible transformations is called the contraction of points u
and v or C-transformation. CM=(Muz)-{u,v} and the points u and v are called
a simple pair {u,v} of points (fig. 5).

Obviously, the C-transformations reduce the number of points in the digital space M.

u v z
u v U v
M N=RM M N=CM

Figure 5. The replacement of the edge (uv) by the point z or R-transformation N=RM.
The contraction of points u and v to point z or C-transformation N=CM.

The properties of R- and C-transformations have been studied in a number of papers.
In paper [28], the contraction of simple pairs of points was applied for classification
of digital n-manifolds. The following result can be used to study properties of closed
digital n-manifolds.
Proposition 2.4.1
Let M be a closed digital n- manifold, n>0 and N=CM (N=RM) be the space
obtained from M by C-transformations (R-transformations). Then N and M are
homeomorphic (N is closed digital n- manifold with the same mathematical
properties as M).

3 Discrete models of continuous Euclidean spaces

In classical physics, the mathematical model of physical space is Euclidean space. In
the beginning it was the three-dimensional Euclidean space.

As we have already mentioned, Einstein wrote about the need to use discrete models
of physical space and regretted the absence of such models in mathematics.

He believed that the concept of continuity of space should be excluded from
consideration when creating a quantum theory, as a construction that does not
correspond to anything real.

As Rylov writes in [8], “The hypothesis on discreteness of the space-time geometry
appears to be more fundamental, than the hypothesis on quantum nature of
microcosm. Discrete space-time geometry allows one to describe quantum effects as
pure geometric effects”. In mathematics, the study of discrete spaces began only at
the end of the 20th century in a branch of mathematics called digital topology.
Consider the construction of discrete models of continuous spaces using digital
topology methods. Nowadays, there are many methods of discretization of continuous
objects that are widely used in various fields in science, technology, medicine and so
on. We use a method developed in a number of works (see e.g. [25]). A continuous
object is covered by a collection of elements called an LCL cover. The intersection
graph of this collection is a discrete model for this continuous object. The structure of
a discrete physical space resembles the structure of the crystal lattice

of a crystalline solid.



3.1 Two-dimensional Euclidean Discrete Space (discrete Euclidean plane)

Let the LCL set W of the unit squares be a covering of the plane (fig. 6).
Let's construct the intersection graph of this cover, W. We replace each square with a
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Figure 6. W is the LCL covering of the plane. G is a discrete model of the plane. U is the LCL
covering of the plane. H is a discrete model of the plane.

point, and if two squares have common elements, then we connect the corresponding
points with an edge. We get a discrete model of the plane. This is a discrete two-
dimensional space, since the rim of each point is a discrete one-dimensional sphere
containing six points. Figure 6 depicts the LCL covering of the plane with hexagons
and construct the intersection graph of this covering, which forms a discrete model of
the plane. As you can see, the discrete plane in this case has the same structure as in
the previous case.
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Figure 7. Discrete planes G and H. Some points in these spaces have different rims. H is

obtained from G using C-transformations, H=CB.

Using different coverings, we obtain different models of the discrete plane. The rim of
each point is always a one-dimensional discrete sphere; however, different points may
have rims containing different numbers of points. Figure 7 shows possible variants of
such discrete planes.
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3.2 Three-dimensional Euclidean discrete space

As in the case of the plane, the intersection graph of the LCL covering of a three-
dimensional continuous Euclidean gives us a three-dimensional Euclidean discrete
space. The process of constructing the LCL covering can be carried out in various
ways. In particular, this can be done using three-dimensional cubes. (see [25, 27]).
Note that in a discrete three-dimensional Euclidean space, the rim of any point must
be a discrete two-dimensional sphere. A three-dimensional discrete Euclidean space
can be constructed in many ways. Let's construct a discrete space using identical

B
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Figure 8. The cube B contains 15 points. Discrete 3-d space F and the rims of
points aand c.



cubes B (fig. 8) that stick together along their side faces in three-dimensional
continuous Euclidean space and cover this space. The cube B contains 14 points that
lie on its surface O(c) and one point {c} located in the middle of B and adjacent to
all the other points (fig. 8). The resulting space is a discrete three-dimensional space F
(fig. 8), since the rim of each point is a discrete two-dimensional sphere. F contains
three types of points: points a, b, and c. It is easy to check that the rim of point a
contains six points, the rim of point ¢ contains 14 points, and the rim of point b
contains 26 points.

4 Discrete models of black and white holes

The properties of space-time and black holes have been studied in loop quantum
gravity. This theory predicts that space and time are made of discrete pieces (see for
example [3]). However, in this theory it was not possible to describe the geometric
structure of discrete black holes.

4.1 The geometric structure of a discrete black hole.

First, for clarity, let's consider a black hole in a two-dimensional discrete Euclidean
space. Let's choose a two-dimensional discrete disk A (fig. 9), containing five points.
Using R-transformations, replace edges {02} and {04} with points. We obtain disk B
with three points inside. Then, by replacing edges {01} and {03} with points in B, we
obtain disk C with five points inside.

Repeating the same R-transformations the required number of times, we get a two-
dimensional discrete disk with a boundary that is a one-dimensional sphere containing

Figure 9. A'is a 2-d discrete disk.. The disk B is obtained by replacing the edges {02} and {04} with
points in A. The disk C is obtained by replacing the edges {01} and {03} with points in B. D is a 2-d
discrete disk containing seven points. The disk E is obtained by replacing the edge {01} with point in
D.

only four points and an arbitrary number of points inside this disk.
Exactly the same transformations can be applied to a three-dimensional discrete disk
in a discrete three-dimensional physical space.
A discrete three-dimensional disk D is shown in fig. 9. The disk consists of a disk
boundary which is a discrete two-dimensional sphere containing six points {1}-{6},
and one point {0} inside this sphere. Using R-transformations, replace the edge {01},
with a point. We get a disk E with two points inside. Repeating the same R-
transformations the required number of times we get a discrete three-dimensional disk
with an arbitrarily large number of points inside the sphere. Let's define now black
holes in a discrete physical space.
Definition A
A black hole in a discrete physical space is a three-dimensional discrete disk
with an arbitrarily large number of points inside and a small number of points
on the disk boundary.

4.2 The geometric structure of a discrete white hole.



In 1964, I. Novikov first suggested the possibility of the existence of white holes in
the universe [33]. Since then, the structure and properties of white holes have been
studied in a significant number of research papers (see e.g. [34-37]).
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Figure 10 Discrete 2-d disks G, H and K. H is obtained from G using the contraction of
points u and v. K is obtained from G using the contraction of all interior points of G.

The properties of white and black holes in a standard continuous physical space are
significantly different. Obviously, the structure of a discrete white hole should be the
opposite of the structure of a discrete black hole. Based on this, we give the following
definition of a discrete white hole.
Definition B
A discrete white hole in a discrete physical space is a discrete three-
dimensional disk with an arbitrarily large number of points on the boundary of
this disk, which is a two-dimensional discrete sphere, and a small number of
points located inside this sphere.
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Figure 11. Gisa 3-d discrete disk with 14 points inside. H is a 3-d discrete disk with a single

inner point b. H isa white hole in a discrete physical space. B isa 2-d discrete black hole. W
is a 2-d discrete white hole.

wW

As before, for clarity, let's consider a white hole in a two-dimensional discrete
Euclidean space. A two-dimensional discrete disc G in fig. 10 contains 18 interior
points. By contracting two adjacent interior points u and v we obtain a discrete two-
dimensional disk H. Applying this operation to all interior points we get a two-
dimensional discrete disc K with the same boundary as G and H and only one interior
point. K is a white hole in a discrete physical space.

In fig. 11, G is a 3-d discrete disk. The boundary of this disk is a two-dimensional
discrete sphere that contains all the points belonging to all the side faces of this disk.
This disk contains many internal points. It is easy to verify that by applying C-
transformations to the inner points of this disk, we get a 3-d discrete disk H with a
single inner point b (fig. 11). His a white hole in a discrete physical space. A clear
difference between discrete black and white holes is shown in fig. 11. For
convenience, we use a two-dimensional discrete space. B is a two-dimensional
discrete black hole. Topologically, the boundary of B is a discrete one-dimensional
sphere and contains a small number of points (four points). The interior of B contains
a sufficiently large number of points (twenty-five points). W is a two-dimensional
discrete white hole. Topologically, the boundary of W is a discrete one-dimensional



sphere and contains a sufficiently large number of points (twelve points). The interior
of W contains a small number of points (one point).

5 Dark matter

The presence of a hidden mass in the universe is evidenced by observations. Dark
matter is matter that does not enter into electromagnetic interactions. It makes up a
significant part of the mass of the universe.

Various experiments are being conducted to search for dark matter. Meanwhile, dark
matter can be directly related to the discreteness of physical space.

In article [3], L. Smolin wrote: “If we could probe to size scales that were small
enough, would we see atoms of space, irreducible pieces of volume that cannot be
broken into anything smaller?”

Thus, the points contained in the structure of a discrete physical space can be called
atoms of space. It is natural to assume that these atoms of space contained in the
structure of a discrete physical space form dark matter.

Concluding remarks

What needs to be done:

1. Reformulation of physical theories, taking into account the discreteness of physical
space and time and properties of points of physical discrete space related to dark
matter.

2. Analysis of the results of experiments and observations, taking into account the
discreteness of physical space and time.

3. New experiments and observations that can confirm or refute the discrete structure
of physical space and time.
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