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Abstract: Gravitational energy is localized. It is shown that the massless 

gravitational energy is enclosed in space, which is curved by matter, according 

to Einstein's theory. The density of the gravitational energy of curved space is 

found. This solves the problem of the unambiguous localization of gravitational 

energy, a problem that Einstein left to the mercy of fate. In the Schwarzschild 

case, the receipt of the gravitational energy from space by matter increases the 

inertial mass of the matter. Since the gravitational mass of an isolated system is 

determined by the curvature of space at infinity, the inertial mass of an isolated 

system exceeds its gravitational mass by the value of the gravitational energy 

of space. 
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1. Introduction 

According to the definition, the gravitational binding energy of a system is the minimum energy 

that must be added to it in order for the system to cease to be in a gravitationally bound state. As 

is known [1,2]
2
, the gravitational binding energy of a ball of (inertial) mass M  and radius 1r  is 

equal to  
2

13 / 5U M r                                             (1) 

(we define the radius in terms of the length of the equator: 1 / 2r l  ). This means that the 

substance of the ball can be removed to infinity during its explosion if the mass-energy of the 

explosive is 2

13 / 5M r . During the explosion, this energy is first converted into kinetic mass-

energy, and then disappears in the process of expansion as the speed decreases. Thus, the inertial 

mass of the ball decreases up to a constant m ,  
2

13 / 5m M M r   ,                                     (2) 

which defines the invariable outer Schwarzschild space of the ball that is described by the line 

element [3 (100.14)] 

2 2 2 2 2 2( sin )rrdl g dr r d d      ,  
1

( )
1 2 /

rrg r
m r


 

.                         (3) 

The constant m  is the gravitational mass of the ball. It can be expressed in terms of the initial 

density of the ball substance according to the formula [3 (100.24)] 
3

14 / 3m r   .                                                     (4) 
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2. Mass of the ball 

Formula (4) shows that using 3

14 / 3r  as the volume of the ball does not give the correct value 

M  for the mass of the ball. This is because, in reality, the volume of the sphere with the 

equatorial length 12 r  is greater than 3

14 / 3r  due to the curvature of space. 

Inside the ball, the metric coefficient ( )rrg r  is [3 (100.19)] 
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.                                (5) 

The correct mass of the ball was calculated in [4], taking this circumstance into account: 
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If the mass of the ball is small, that is M m ,  
2 2

1 1 18 / 3 2 / / 1gr m r r r      , then  
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   ,                          (7) 

according to (1) and (2). (We denoted here the gravitational radius 2gr m  ). If the ball is 

compressed to its gravitational radius, 1  , then 3 / 4 2.36M m m   . For a ball of arbitrary 

radius, the binding mass-energy is 

   1 2 1 2
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           .        (8) 

 

3. Mass of the shell 

The gravitational binding energy cannot be considered as the energy of the “gravitational field”, 

because within the framework of the general relativity, the gravitational field does not exist. 

Weyl writes: “Gravity is "leading" (Führung) and not a force” [5]. All gravitational phenomena 

are explained by the curvature of space-time. We consider the binding energy as the energy of 

space, which is curved by matter, according to the Einstein equation. To determine the energy 

density of curved space, we calculate the mass M  of a spherical shell of small thickness r  and 

the gravitational mass m  . Let the density ρ be nonzero only between the coordinates 0r  and 1r , 

1 0r r r   . Then, according to the formula [3 (100.19)], the metric coefficient between these 

coordinates is 
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Considering 0r r r , we have the mass of the shell: 
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Using 
2dx

a bx
ba bx

 


  and 2

14m r r   , in accordance with (4); replacing 1r r , we get 

the mass of the shell 

(1 1 8 ) / (1 1 2 / ) /M r r r r m r           .               (11) 



 

4. Density of the gravitational energy  

Now, using (11), one can find the gravitational energy density u [kg/m
3
] contained in the curved 

space. It should be taken into account that outside of the shell there is a curved Schwarzschild 

space and inside of the shell the space is Euclidean. So, when the radius of the shell decreases by 

dr, a new volume of space with the value 0dV  is curved and, in this case, gravitational energy is 

released: 2

0 4 rrdM udV u r g dr    where rrg  is from (3). So, 
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.         (12) 

 

5. Binding energy of the ball 

Using (12), one can calculate the binding energy of the ball (8) by integrating this space energy 

density:  

2

0
4 rrU u r g dr M m



    .                                     (13) 

Only the integral must be divided into two parts, because the metric coefficients rrg  inside the 

ball and outside the ball are different and equal, respectively  
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.                          (14) 

We show that, in accordance with formula (8), 
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Indeed, the energy coming from the interior space of the ball is equal to 
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The energy coming from the outer part of the space is equal to 
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Summing up (16) and (17), we obtain (15) or (8), which was to be shown. 

 

 

6. Conclusion 

The problem of localization of gravitational energy is solved. The volume density of the 

gravitational energy of the Schwarzschild space is given by formula (12). This solves the 

problem of unambiguous localization of gravitational energy, a problem that Einstein left to the 

mercy of fate [5]. A body that curves space receives the gravitational energy of the curved space 

during compression. Accordingly, the density of the gravitational energy of the space is negative, 

since the energy density of the Euclidean space is equal to zero. 

The gravitational energy U  received by the body from the space increases the inertial 

mass-energy of the body, according to formula (13). Thus, the inertial mass exceeds the 

gravitational mass by the amount of energy of the curved space. 

 



 

7. Discussion. The principle of equivalence 

The excess of the inertial mass M over the gravitational mass m can cause concern about the 

principle of equivalence. However, there is no principle of equivalence in Einstein's theory. This 

principle asserts the equality of the gravitational force and the force of inertia. But there is no 

gravitational force in Einstein's theory. The body lying on a table presses on the table by the 

force of inertia, since its world line is curved by the substance of Earth. And this force of inertia, 

by definition, is proportional to its inertial mass. As for the (active) gravitational mass of this 

body, its operational definition is problematic. The gravitational mass of a body determines an 

additional curvature of space at infinity, while the inertial mass of a body determines the 

curvature of space according to Einstein's equation  

/ 2 8G R R T    

         ,   287.4 10    m/kg.                                 (18) 

But the gravitational mass is preserved during gravitational contraction, since it includes the 

gravitational energy of space, and the law of conservation of inertial mass does not exist with 

respect to gravitational interactions. Passive gravitational mass does not make sense in the 

theory, since there is no gravitational force.  

 

8. Discussion. The mass defect 
The increase in the mass of the shell during compression contradicts the popular belief about the 

negative gravitational mass defect. Authors of [6] write: “The mass-energy of the Earth-moon 

system is less than the mass-energy that the system would have if the two objects were at infinite 

separation. The mass-energy of a neutron star is less than the mass-energy of the same number of 

baryons at infinite separation”.  

But such statements contradict the obvious fact of the increase in the mass-energy of the 

Earth-apple system when an apple falls and get the kinetic mass-energy 2 / 2mv mgh . On the 

contrary, if the velocity of revolving of Moon around Earth is directed away from Earth, Moon 

will move away from Earth, and its speed, and, accordingly, its mass will decrease compared to 

the initial values, and not increase, as the authors claim. 

Consider now the removal of baryons of a neutron star to infinity. This removal requires 

mass-energy. But there is nowhere to take this mass from, except from the star itself. So when 

you remove baryons, you have to reduce the mass of the star. The mass has to be taken away 

from the baryons and introduced into the curved Schwarzschild space. This mass is spent on 

straightening the curved space, on increasing the space energy from a negative value to zero. 

 

9. Discussion. The pseudo-tensor 
Einstein's theory, expressed by equation (18), does not contain the concept of gravitational 

energy. Various versions of the pseudo-tensor have been devised to introduce gravitational 

energy into the theory. It seemed that success had been achieved. Tolman writes [7, p. 250]: 

“This satisfactory result can serve to increase our confidence in the practical advantages of 

Einstein's procedure in introducing the pseudo-tensor densities of potential gravitational energy 

and momentum 
1

16
t g g

g

  

  



 
   

 

L
L .”  

Unfortunately, this expression is wrong. The pseudo-tensor gives a positive value for the 

gravitational energy of the liquid sphere, contrary to the our result (13) and to the Tolman 

equation [7 (97.10)], 



0

1

2
m dV dV    ,   0                                          (19) 

where the gravitational energy 
1

2
dV  is negative due to 0  . This is shown in [4]. 
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грамотность этого рецензента журнала ТМФ, показав ему этот кусок. Очень интересно, 
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[Planck M., The Philosophy of Physics (George Allen & Unwin, London, 1936), p. 90.] 
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