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Abstract

A brief introduction of the Extended Relativity Theory in Clifford Spaces (C-
space) paves the way to the explicit construction of the generalized relativistic
transformations of the Clifford multivector-valued coordinates in C-spaces. The
most general transformations furnish a full mixing of the grades of the multivector-
valued coordinates. The transformations of the multivector-valued momenta follow
leading to an invariant generalized mass M in C-spaces which dif fers from m. No
longer the proper mass appearing in the relativistic dispersion relation E2—p-p = m?
remains invariant under the generalized relativistic transformations. It is argued
how this finding might shed some light into the cosmological constant problem,
dark energy, and dark matter. We finalize with some concluding remarks about ex-
tending these transformations to phase spaces and about Born reciprocal relativity.
An appendix is included with the most general (anti) commutators of the Clifford
algebra multivector generators.

Keywords : Clifford algebras; Extended Relativity Theory in Clifford Spaces; String
theory; M-theory; Generalized geometries.

1 Introduction : The Extended Relativity Theory
in Clifford Spaces

In the past years, the Extended Relativity Theory in C-spaces (Clifford spaces) and
Clifford-Phase spaces were developed in [1], [11]. The Extended Relativity theory in
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Clifford-spaces (C-spaces) is a natural extension of the ordinary Relativity theory whose
generalized coordinates are Clifford polyvector/multivector valued quantities which incor-
porate the lines, areas, volumes, and hyper-volumes degrees of freedom associated with
the collective dynamics of particles, strings, membranes, p-branes (closed p-branes) mov-
ing in a D-dimensional target spacetime background. C-space Relativity permits to study
the dynamics of all (closed) p-branes, for different values of p, on a unified footing. The
theory has two fundamental parameters : the speed of a light ¢ and a length scale which
can be set equal to the Planck length. The role of “photons” in C-space is played by
tenstonless branes.

These multivector valued coordinates can be interpreted as the quenched-degrees of
freedom of an ensemble of p-loops associated with the dynamics of closed p-branes, for
p=20,1,2,..., D—1, embedded in a target D-dimensional spacetime background. C-space
is parametrized not only by the vector coordinates z* but also by the bivector coordinates
M = —x""; trivector coordinates " (antisymmetric in all of its indices); - - - called also
holographic coordinates, since they describe the holographic projections of 1-loops, 2-loops,
3-loops,..., onto the coordinate planes. By p-loop we mean a closed p-brane; in particular,
a 1-loop is closed string.

The Extended Relativity Theory in C-spaces (Clifford spaces) allows a unified for-
mulation of point particles, strings, membranes and p-branes, moving in ordinary target
spacetime backgrounds, within the description of a single polyparticle moving in C-spaces.
The degrees of freedom of this polyparticle are provided by the Clifford multivector-valued
coordinates (antisymmetric tensorial coordinates) and have a one-to-one correspondence
with the number of vertices, edges, planes, facets of a simplex (the higher dimensional
analog of a tetrahedron, a regular polytope). For example, a tetrahedron has 4 vertices,
6 edges, 4 faces, a three-dim bulk volume and a center of mass. The total count is
4+6+4+1+1= 16 which matches the 2* = 16-dimensions of the 4D Clifford algebra.

Let X be the Clifford multivector-valued coordinate corresponding to the CI(3,1)
algebra in four spacetime dimensions and which can be decomposed as

X =al1+ a2y, +2™vAvn + 2" v A Ay, + 27 v A Ay, Ay (1.1)

where we have omitted combinatorial numerical factors for convenience in the expansion
of eq.(1.1). If one imposes the lexicographic ordering of indices py < g < pg < --- then
it is not necessary to include combinatorial numerical factors in the eq.(1.1). To avoid
introducing powers of a length parameter L (like the Planck scale L,), in order to match
physical units in the expansion of the multivector X in eq-(1.1), we can set it to unity to
simplify matters after adopting the geometrical natural units h =c=G = 1.

The component z in (1.1) is the Clifford scalar component of the multivector-valued
coordinate and d¥ is the infinitesimal C-space proper “time” interval

(d2)?* = (dz)* + dv, do* + dx,, do™ + ... (1.2a)

that is invariant under CI(3,1) transformations and which are the Clifford-algebraic
extensions of the SO(3,1) Lorentz transformations [1]. One should emphasize that d3 is

2



not equal to the proper time Lorentz-invariant interval dr in ordinary spacetime (dr)? =
gudxtdx” = dx,dx*. The motion of the polyparticle in C-space is described by the
C-space proper “time” ¥ dependence of the multivector-valued coordinates

r=2(2), z,=2,2), v =2u(E), Tu,(X), ... (1.2b)

and which is the generalization of the proper time dependence of the spacetime coordinates
z,(7) in ordinary Minkowski space.

The concept of “photons” and generalized velocities in C-space was analyzed by [1].
One can have tachyonic (superluminal) behavior in ordinary spacetime while having non-
tachyonic behavior in C-space. Hence from the C-space point of view there is no violation
of causality nor the Clifford-extended Lorentz symmetry. The analog of “photons” in C-
space are tensionless strings and branes [1].

Let us explicitly insert L and ¢ to keep track of the units, and take the spacetime
signature to be (—, 4+, +, +, ...... ,+) and factorize the C-space interval in eq.(1.2) as follows
by bringing the ¢?(dt)? factor outside the parenthesis

L? dzx 1 dx; 1 dx; 1 dxg;
2 _ 2 2 o2 - 12 N2 0iy2
(dR)" = c(dt) ( () UG ) e U T e )

C

(1.3)
where the spatial index ¢ range is 1,2, ..., D — 1. The Clifford space associated with the
Clifford algebra in 4D is 16-dimensional and has a neutral /split signature of (8, 8) [1], [2].
For example, the terms (dz,)?, (dzo;)?, (dzoij)?, (droi23)* will appear with a negative sign,
while the terms (dz;)?, (dx;;)?, (dzj,)? will appear with a positive sign.

There are many possible combination of numerical values for the 2” terms inside
the parenthesis in eq.(1.3). As explained in [1], [2], superluminal velocities in ordinary
spacetime are possible, while retaining the null interval condition in C-space (d%)? = 0,
associated with tensionless branes. For instance, let us set all the higher grade compo-
nents beyond the bivectors in eq.(1.3) to zero, as well as setting dz;; = 0, leaving only
the following contributions

R e R e

2

One can then have the following combinations

L* dz., 1 dz; 1 dxy
= ()2 -1 =0, = (25?2 — N2 =0 1.5
c? <dt) ’ 02(dt) L202(dt) (15)
as well as the superluminal condition on the standard velocity
1 dCC'Z 2 1 dl’l 2 dl‘g 2 dZED_l 2
— = = — —= - 1 1.
S S (G G () >

and still obey the null interval condition (dX)? = 0 in C-space.
In 4D, the null interval condition in C-space (d3)? = 0 can be easily attained if each
term inside the parenthesis in eq.(1.3) is £1, respectively. Since there are 8 positive (+1)
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terms and 8 negative (—1) terms one has that 8 — 8 = 0 and the null interval condition
(dX)* = 0 is automatically satisfied. Hence in this case one would have a superluminal
behavior such that

c? dt
while still preserving the null interval condition in C-space. The three coordinates
T, %9, 23 in (1.7) represent the center of mass coordinates of the tensionless 2-loop (a
sphere S? encloses a three-dim bulk region).
A very different combination of numerical values, as compared to the previous ones,
leading also to a null interval condition in C-space (dX)* = 0, as well as a null interval in
ordinary Minkowski spacetime, occurs when

: ((djtl)2 + (CZB;)Q + (CZK;’)2> =1 (1.8a)

c?

1 dria ., dz13. 4 dzasz 5
L2 ((dt) e )

1((6?5)2+(C?;)2+(m)2>:1+1+1:3>1 (1.7)

1 d.ﬁlf()l 2 d.%’UQ 2 d$03 2
— — — — 1.8b
L202<(dt)+(dt)+(dt) (1.89)
1 dxo12 9 dxo13 9 dxo23 9 1 dziaz o
1 df)f()lgg . L2 dx

L6¢2 ( dt )2 - g (E)z (18d)

Another description of C-space “photons” can also be given in terms of an ef fective
temporal variable T comprised of all the temporal coordinates in the interval of eq-(1.3).
In order to simplify matters let us work with D = 3 instead of D = 4. The effective
temporal variable T is defined as

1 dQEOl 1 deQ

1 dz
- 2 - 012
c? ( dt ).+ c? ( dt

2
)"+ LQCQ( dt

A(dT)? = A(dt)? + )2 (1.9)

so that the C-space interval can be rewritten, after factoring out the ¢?(dT)? term, as

L? dx 1 dz 1 dx 1 dx
@ = = e (1 G - s - s G - e (Y
(1.10)

The last expression has the same functional form as the ordinary spacetime interval in
Minkowski space. Namely one can write the C-space interval (dX)? in the form

(d¥)? = — EdTN? (1 — Vi) (1.11)

c2

where the generalization of the magnitude-squared of the spatial velocity divided by ¢? is
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v: o L? dr, 1 dry ., 1 dxg., 1 drig.,

o=l tatag) T ety pe Ca)
When V = ¢ = (dX)? = 0 in eq.(1.11), and once more it leads to a null interval in
C-space.

The Extended Relativity Theory in Clifford Spaces (C-space) [3] leads to many in-
teresting novel physical consequences like : (i) generalized dispersion relations, energy-
dependent speed of light propagation, extended Lorentz transformations, relative locality,
generalized Weyl-Heisenberg algebra and uncertainty relations, tensionless branes, super-
luminality, generalized velocities. (ii) Generalized areal, volume, --- metrics and grav-
itational field equations in C-space. (iii) A unified description of particles, strings and
branes. (iv) Clifford gravity based cosmology and dark energy. (v) Moyal deformations
of Clifford gauge theories of gravity. (vi) N-ary algebras.

The results of this work are new to our knowledge. In 2.1 we write explicitly the
extended relativistic transformations X’ = RXR ™! of the multivector-valued coordinates
in C-spaces in a very special case when the exponential defining the rotor R

(1.12)

R = exp(0 + 0,0" + 0,7 + Oupey""?) (1.13)

admits a factorization. One finds that a mizing of bivector/trivector and vec-
tor/quadvector coordinates occurs in the new frame of reference in C-space. In 2.2, the
transformations of the multivector-valued momenta are displayed leading to an invariant
generalized mass M in C-spaces which differs from m. One finds that no longer the
proper mass appearing in the relativistic dispersion relation E? — p'- p'= m? is invariant
under the extended transformations. It is argued how this finding might shed some light
into the cosmological constant problem, dark energy, and dark matter. The most general
transformations when the exponential (1.13) does not admit a factorization are displayed
in 2.3, and leading to a full mixing of all the grades of the multivector-valued coordinates.
We finalize with some concluding remarks about how to extend these transformations to
phase spaces and about Born reciprocal relativity. An appendix is included with the most
general (anti) commutators of the Clifford algebra multivector generators.

2 Relativistic Transformations in C'-spaces

2.1 Beyond Lorentz Transformations

In this section we shall be using the natural units h = ¢ = G = Lp = 1 and working in a
3 + 1-dim spacetime. The time coordinate is t = x1, and x9, x3, x4 are the three spatial
ones. The multivector valued coordinates

@, xh, xfrr = gl gk — o ghemans (2.1)



are now linked to the basis generators given by 1, vectors v*, bi-vectors generators 7, Av,,
tri-vectors generators 7y,, A Yu, A Yy, ... of the Clifford algebra, including the Clifford
algebra unit element 1 (associated to a scalar coordinate).

We shall present examples of generalized Lorentz transformations in C-space. The
standard Lorentz transformations involves bivector generators. For instance, given the
bivector 712, the transformation effected by the rotor defined as

R = exp(b12712) = cosh(br2) + 12 sinh(0:s) (2.2a)

corresponds to an ordinary Lorentz boost transformation along the x5 direction and in-
volving the temporal variable x;. Under these Lorentz boosts the transformed multivector
X’ is given by

X = RXR™ (2.20)

with

R™' = exp( — Oam12) = cosh(fz) — 712 sinh(61s) (2.2¢)

The vector coordinate components in eq.(2.2b) turn out to be given by the familiar ex-
pressions

t' = t cosh(2012) + w2 sinh(202) (2.3a)
Ty = x9 cosh(2012) + t sinh(26012) (2.3b
Ty o= x3, T, = @14 (2.3¢)

where £ = 26y, is the Lorentz boost rapidity parameter ¢ such that tanh(§) = v. Egs.(2.3)
yield the quadratic invariant

=) + (a)" + (@) + (@) = — () + (22)° + (23)" + (z)®  (2:3d)

The bivectors 7, can also be expressed in terms of the commutators [v,,7,], such that
the the latter commutators implement a “rotation” along the x, — z, directions. Hence,
a Lorentz boost along the x5 can be seen as a “rotation” along the z; — x5 axes.

Generalized Lorentz transformations in flat C-spaces were discussed in [1]. In this work
we shall write these transformations explicitly. Let us begin with the reversion involution
operation } (some authors use the tilde notation for the reversion operation) that is defined
by reversing the order of the wedge products (712)T = Y91 = —V12, 7{23 = Y301 = —V123," " -
The reversal of a product of two multivectors is (AB)T = BTAT. There is also the
Hermitian conjugation operation denoted by 1 in both real and complex Clifford algebras
[7] and defined by

Xt = 2" + (x#)* (7#)_1 + (xuwz)*('ymm)_l + (xmum)*(mtwws)_l + ... (24)



where * is the complex conjugation and (7,,,-4,)" " denotes the inverse basis element
(Yorpopn) Vpapiopn) = 1. There is also the grade inverse operation which involves
changing the sign of all the basis elements and the Clifford conjugation comprised of a
grade inversion followed by a reversion.

We shall study the most general transformations which leave invariant the quadratic
form

(XTX) = 2% + z, 2" + 2 2" + ... =
(XTX')y = () + RS S AR A (2.5)
where the transformed multivector X’ is defined as
X' = RXR' (2.6)

The bracket symbol < XX > denotes taking the scalar part of the Clifford geometric
product of two multivectors. It is the analog of the trace of a product of matrices. Such
scalar part can be obtained from the (anti) commutator relations of the Clifford algebra
generators as displayed in the Appendix. For example

v _ v vive — viv2
<Y > =0 < Yuw Y > = — 0,0
v1v2V3 - _ v1v2V3 V1V2V3V4 — v1V2V3V4
< Yuapaps Y > = 5u1u2u3 » < Vurpapspa 7 > = 5#1#2#3#4 LA (2'7>

One should note the presence of + signs in the right hand side of eqs-(2.7). They are
connected to the even/odd behavior of the reversal operation (v¢)! = £v¢.

Invariance of the quadratic form (2.5) requires that the reversal of the rotor R obeys
the key condition RT = R~! such that

(RXRHDTRXRYH) = (RXIXR™) = (RTRX'X) = (X' X) (28)

resulting from the reversal operation and the cyclic property of the scalar part of the
Clifford geometric product. In the case of complex Clifford algebras the real valued
quadratic form is defined as

(XiX):x*x+xe“+xZVx“”+ (2.9)
and the transformed multivector X' is given by
X' = RXR! (2.10)

The quadratic form remains invariant if R* = R™.
Let us choose now for simplicity the rotor operator in D = 4 given by

R = efizmez + 0 o R — R1 (2.11)

where 69, 0123 are the (antisymmetric) parameters associated with the 79,7123 genera-
tors, respectively. As mentioned above, the term 6015712 in (2.11) represents a Lorentz



boost along the spatial zo direction and whose magnitude is encoded in the ;5 param-
eter. We shall explain below the physical significance of the term 61937123. Due to the
commutativity [y12,v123] = 0 one can factorize R as

R — ofemz + Giosmizs _ Bemz uosmas
(cosh(012)1 + 712 sinh(b12)) (cosh(0123)1 + 123 sinh(6123)) (2.12)
R-! — o-fiom2 — Gugmizs _ 0122 ,—Ouzsvizs _
(cosh(012)1 — 12 sinh(bh2)) (cosh(0123)1 — 123 sinh(f123)) =
(cosh(0123)1 — 7123 sinh(6123)) (cosh(012)1 — 19 sinh(612)) (2.13)

and which will simplify considerable the transformation defined as
X" = RXR™* (2.14)

The use of double primes in (2.14) is due to the factorization of two separate transforma-
tions leading to a two step procedure X — X’ — X”. Setting x; =t to be the temporal
coordinate!, and w5, 3, x4 the three spatial coordinates with 7, =diag(—1,+1,+1,+1)
the flat metric in 3 + 1-dim, after some lengthy algebra one ends up with

t" = t cosh(20y3) + xo sinh(201s) (2.15)
ry = Iy cosh(2615) + t sinh(26;s) (2.16)
Ty = I3, (2.17)

¥y = x4 cosh(20123) + 1934 sinh(26123) (2.18)
Ty = x13 cosh(26013) + a3 sinh(2612) (2.19)
Tyy = Tz cosh(2612) + x13 sinh(26012) (2.20)
xy = x10 (2.21)

2y = w14 cosh(2013) cosh(260123) + xa4 sinh(2012) cosh(26193) —

T134 smh(2812) 5inh(28123) — X934 cosh(2012) 3inh(29123) (222)

! As a reminder, we chose the units h =c=G =1



xhy = Toy cosh(2013) cosh(260193) + w14 sinh(2012) cosh(20193) —

234 smh(2912) 3inh(2€123) — X134 cosh(2612) S?;?”Lh(29123) (223)
ZL’g4 = T34 COSh(?@lgg) + Z194 sinh(20123) (224)
oy = X124 cosh(20193) + w34 sinh(20123) (2.25)

Tosy = Tazg cosh(2012) cosh(20123) + 134 sinh(2012) cosh(260123) —

x14 cosh(2012) sinh(20123) — xay sinh(2612) sinh(20;23) (2.26)
T3, = @134 cosh(2612) cosh(20123) + Xazs sinh(26012) cosh(20123) —

Loy cosh(26012) sinh(20123) — x14 sinh(2013) sinh(20123) (2.27)

w/1,234 = Ty934 COSh(26123) + x4 sinh(2623) (2.28)

The transformation of the remaining multivector coordinate components are

i 1
' = x, alyy = x93 (2.29)

The most salient feature of the above transformations is that the rapidity parameter
0123 associated with the trivector generator ;93 induces a mixing among multivectors of
different grade. Namely, it induces a mixing among the bivector /trivector ccordinates, and
vector/quadvector coordinates. One can verify that the transformations in egs.(2.15-2.29)
leave invariant the quadratic form

(XPX)Y) = 22 + 2, 0" + 2 2™ + ... = (XTX") =
(") + U S A (2.30)

In particular one finds that the combination
=)+ (23)® + (25)" — (213)” — (@1y)° + (a39)° =

—(t)? + (22)* + (23)° — (213)° — (212)® + (223)° (2.31)

remains invariant.
Also one has the following additional invariant combinations

—(@1)? + (25,)? + (25)° + (25,)° — (2139)® — (a150)° =



- (%4)2 + (@4)2 + (51034)2 + ($234)2 - (!15134)2 — (95124)2 (2.32)

(@])? = (21950) = (24)” — (w1230)% (&) = (2)% (20p)* = (z123)°  (2.33)

so that the net combination of all these invariants eqs.(2.31-2.33) leave invariant the full
quadratic form (2.30) in a straightforward fashion involving a total of 2 = 16 terms.

The quadratic form (2.30) is also invariant under the left/right isometry transforma-
tions [6]

X =RXL, RR=1, L'L=1 = < XX > = < XIX > (234)
due to the cyclic property of the scalar part projection

<X'X > = <LXRIRXLl, >~ = < LXIXLl > =
<LLX'X > = < XI'X > (2.35)

where R, L are Clifford-valued rotors acting on the right and left respectively. These
left /right transformations lead to yet another set of multivector-valued coordinate trans-
formations which differ from eqs.(2.15-2.29) and which we shall not write down. For
instance, if one sets R = 1, or L = 1 it will considerably simplify the transformations.

If one sets 0123 = 0 above in eqs-(2.15-2.29) one ends up with the well known Lorentz
transformations involving the boost rapidity parameter & = 26,5 along the x5 direction
such that tanh(§) = = v < 1, and where no mizing of vector, bivector, trivector, quad-
vector coordinates occurs. Whereas, if one sets 612 = 0 in egs.(2.25-2.28) one arrives at the
following transformations leading to a mixing of bivector /trivector and vector/quadvector
coordinates

¥y = x4 cosh(20123) + X134 sinh(26123) (2.36)
Thosq = T1234 cosh(26193) + x4 sinh(20123) (2.37)
Ty = w14 cosh(20193) — 934 sinh(20123 (2.38)
Thay = Tozy cosh(20123) — w14 sinh(f123) (2.39)
Thy = Xog cosh(20193) — w134 sinh(20123) (2.40)
Ty = 134 cosh(20193) — 294 sinh(20193) (2.41)
Ty = X34 cosh(20123) + 124 sinh(20193) (2.42)
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l'/124 = T124 COSh(29123) + T34 Sinh(29123) (243)

The above mixing of the different grades of multivectors in eqs.(2.36-2.43) due to
the 7123 generator (via the 6193 parameter) can be easily understood from the following
commutators leading to the 7193 generator in the right hand side

0123 [”71234774] ~ Oh23 Y123, O123 [’71477234] ~ 0123 Y123,

0123 [’724,7134] ~ Oi23 123, 0123 [734,’7124] ~ B123 Y123 (2-44)

The first term of eq.(2.44) is associated to eqs.(2.36,2.37) and corresponds to a generalized
boost along the spatial x4 direction but involving now the temporal quadvector coordinate
Z1234 : namely, generalized “rotations” along the x4 — 21934 axes.

The second term of eq.(2.44) 0193(V14, Vo34] ~ G1237123 is associated to eqs.(2.38,2.39)
and corresponds to a generalized boost along the spatial trivector xs34 direction but
involving now the temporal bivector coordinate x4 : generalized “rotations” along the
To34 — T14 aAXES.

The third term 0193[v24, Y134] ~ 61237123 18 associated to eqs.(2.40,2.41) and corresponds
to a generalized boost along the spatial bivector x94 direction but involving now the
temporal trivector coordinate x34 : generalized “rotations” along the x4 — 2134 axes.

And the last term 60193]v34, Y124] ~ 01237123 is associated to eqs.(2.42,2.43) and corre-
sponds to a generalized boost along the spatial bivector xs4 direction but involving now
the temporal trivector coordinate x4 : generalized “rotations” along the x34 — x194 axes.
In this fashion one can find an intuitive physical interpretation of all of the above transfor-
mations involving the 7103 generator (via the 0153 parameter). Note also that the Lorentz
boost transformations involving 81512 leave inert the values of x34, x124 and this explains
the form of the expressions in eqs.(2.24,2.25) which are only affected by the 61237123 piece
of the rotor R.

In all of the above equations one used the identities of the hyperbolic functions

cosh?(&) — sinh?*(€) = 1, cosh®(€) + sinh*(€) = cosh(2€), sinh(2¢) = 2 sinh(§) cosh(€)
(2.45)

2.2 Generalized Mass and Momentum in C-Space

The on-shell mass condition for a massive polyparticle moving in the 2*-dimensional flat
C-space, corresponding to a Clifford algebra in D = 4, can be written in terms of the
multivector-valued momentum components as

2 2
P+ pu Pt Pupn P Dunpons P F DM = — M (2.46)

The scalar part of the momentum multivector can be absorbed into a redefinition of M
as M2 — M2+ p? = M”*. Both M and p are C-space invariants.
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The C-space transformations of the multivector-valued momentum variables are the
same as the multivector-valued coordinates transformations in egs.(2.15-2.29). Hence, one
has in particular that

Py = pa cosh(20123) + praza sinh(26123) (2.47)
Plosa = Di2sa cosh(26123) + pa sinh(20;23) (2.48)
E" = E cosh(2012) + p2 sinh(260:5) (2.49)
Py = py cosh(2013) + E sinh(26;) (2.50)
Py = D3, (2.51)

From eqs.(2.47-2.51) one finds that the combinations

_(E”)2 + (Plz/)2 + (pg)Q + (pZ)z - (p/1/234)2 = —E* + pg + pg + pi - p%234 (2'52)

remain invariant under the transformations. The most salient feature eq.(2.52) is that
the m? appearing in the dispersion relation

—E +py +py 4+ pt = —om’ (2.53)

and p?,;, are no longer invariant when 6153 # 0. What is now an invariant is the
very specific combination of the five quantities displayed by eq.(2.52) and which can be
rewritten as

—m? — P?234 = -k = K = \/m2 + Doy = \/(m//)z + (P23a)? (2.54)

where 2 is the truly invariant quantity under the transformations. An immediate physical
consequence of eq.(2.54) is that one may have in one frame of reference m # 0; pya34 = 0,
while in another frame of reference one has m” < m and pf,3, > 0. Restoring physical
constants, it yields L% m? + L% p?y, = k* = Lpm =~ k after neglecting the contribu-
tion LYp?ys,. The latter is not negligible when pjazq ~ M3 which is the same order of
magnitude as the ultraviolet-cutoff of the vacuum energy density.

Omne may note that pja34 has the same units (mass per unit volume) as the tension of
a 3-brane (a lump). If one imagines the whole universe as the 3 + 1-dim spacetime region
spanned by the evolution of a 3-brane embedded in higher dimensions (like in the brane-
world model), a zero value of pia34 (like the almost zero value of the observed vacuum
energy density of our universe) would correspond to a tensionless 3-brane. Whereas a
value of piazqs ~ M3 corresponds to the ultraviolet-cutoff value of the 3-brane tension.
These findings may shed some light into the cosmological constant problem, dark energy,
and dark matter.
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2.3 The Most General Transformations

In the most general case one cannot factorize the exponential exp(6;;vi; + 6;jxVijx) into
products of exponentials. The exponentials of generalized multivectors associated with
real Clifford algebras have been found explicitly by [7], [8] (see also [9]). For simplicity we
shall focus in 3D since the expressions in higher dimensions are very cumbersome. Given
a multivector A = ag + a;e; + a;je;; + a1o3€123” its exponential exp(A) = B is another
multivector B = by + b;e; + b;;e;; + biaze123 whose components (coefficients) by, b;, b;;, bias
are explicitly given in terms of ao, a;, a;j, a123. For instance, in the C(2,1) algebra case
corresponding to a D = 2+ 1 spacetime, with e = 2 = 1; €2 = —1, the coefficients found
by [7] are given by

1
by = 3 e (eam co(a?) + e 2 co(a?) ) (2.55a)
1
bios = — €% ( 12 co(a) — e 2 co(a? 2.55b
9 +
1 ao a123 (2 —ai23 (2
by = 5 e (e (a1 + ag3) si(ay) + e (a1 — ass) sz(a_)) (2.55¢)
1 ao ai23 (2 —a123 (2
by = € (e (ag —a3) si(ay) + e (as + ai3) sz(a_)) (2.55d)
1 ao a123 (2 —a123 0 D
by = 5 e (e (a3 —an) si(a}) + € (a3 + an) si(a?)) (2.55¢)
1 ao ai123 (2 —a123 (2
by = 3¢ ( —e (ag — aiz) si(ay) + e (a3 + ai2) 32((1_)) (2.55f)
1 . —a .
by = 3 e ( —eMB (ay — ayg) si(ay) + e % (ag + ay3) sz(a2_)> (2.55¢)
1
by = 5 " (e (a1 +azs) si(a?) — e ™% (a1 — ags) si(a’)) (2.55h)
where
ai = — (a3—a12)2 + (az—a13)2 + (a1+a23)2 (256@)
CL2_ = — (a3+a12)2 + (a2+a13)2 + (al—a23)2 (256b)
sinh(y/a? sin(y/—a3
si(ad) = ﬁ, ai > 0; si(al) = (7i), ai <0 (2.57a)

\at —ak
co(a?) = cosh(y/a}), ai > 0; co(al) = cos(y/—al), a’ <0 (2.57b)

The condition imposed on the rotor RT = R™! forces to set the parameters ag = a; =
a; = az = 0 in eqs-(2.55-2.57), and such that in this particular case one has a2 = a?

2] = €123 is a pseudo-scalar in 3D. We are using the notation of [7] for the Clifford algebra generators
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in eqs.(2.56). The components of R~ are obtained from eqs-(2.55-2.57) by changing the
SigIlS of aig, a13, A23, A4123.

The temporal direction in [7], [8] coincides with z3 and the spatial ones are given by
x1,To. Thus the transformations involving the elements aj3e;3; es3eo3 of the exponential
of a multivector in 2 + 1 spacetime dimensions correspond to Lorentz boosts along the
spatial x1,zo directions, respectively. While ordinary rotations along the x; — x5 axes
involve the element ajse15. If one sets a2 = 0 one ends up with the hyperbolic functions
in eqs-(2.57) which are consistent with boosts. Whereas if one sets a13 = ag3 = 0 one
ends up with trigonometric functions which are consistent with rotations.

The most general transformations X’ = RXR associated with the rotor

R = exp( a2 €12+ a13 €13 + a3 €23 + a3 €123 ), R =R™! (2.58)

in 3D are extremely complex and lead now to a full mixing of all the grades of the
multivector coordinates X’ = X'(X) involving all the parameters ajs, 13, ass, @123

To find the explicit components of the exponential of a multivector associated with a
Clifford algebra in 4D is a more difficult task, let alone writing down the most general
multivector coordinate transformations. The authors [8] more recently have presented for-
mulae to calculate multivector exponentials in a basis-free representation and orthonormal
basis for an arbitrary Clifford geometric algebra in any dimension and signature. The for-
mulae are based on the analysis of roots of the characteristic polynomial of a multivector.
Elaborate examples of how to use the formulas in practice were presented. The results
were generalized to arbitrary functions of a multivector, like the logarithm, hyperbolic
and trigonometric functions and their inverses.

3 Concluding Remarks

The whole construction of the generalized Lorentz transformations in C-spaces presented
in this work can be extended to phase spaces. The simplest way to attain this goal is
to combine multivector-coordinates and momenta into complex variables as Z = X+i P,
and recur to the Hermitian conjugation operation depicted in eq.(2.4), in order to define
the complex transformations by

Z =RZR' =RZR ' = (2'72)=(2'z2) =

() () + () (Y 4 () ) 4 = 2 ek 2 oz, P L (3)
with
2= x+ip, 2, = Tu+iPu, Zw = Tuw +Puw, .-, (3.2)
The rotor is given by
R = exp( Qo + a; €; + al-j 61']' + aijk eijk: + .- ) (33)
where now a,, a;, a;j, aiji, - - - are complex-valued. The Hermitian conjugate is
R = exp(a) + af e' + aj e’ + ajegn + ) (3.4)
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The complex parameters in eq.(3.4) must be restricted in order to obey the key condition
R} = R™!. The authors [7] have provided a general rule how to obtain the inverses of
the Clifford multivector generators in a straightforward fashion and found that e;! = +e;
where [ is a multivector index. Hence, the provision R¥ = R™! yields

CL* =  — Q, ajli?,,in 6;112% = — ailiz...in eim...in (35)
and one finds that the parameters a;,;,..;, are either real or purely imaginary, while a,
is purely imaginary. Under the transformations (3.1) the coordinates and momenta are
entangled as it occurs in Born’s reciprocal relativity theory [14], [15]. A phase space
extension of C-space was advanced by [11].

Most of the work devoted to Quantum Gravity has been focused on the geometry of
spacetime rather than phase space per se. The first indication that phase space should
play a role in Quantum Gravity was raised by [12]. The principle behind Born’s recip-
rocal relativity theory [14], [15] was based on the idea proposed long ago by [12] that
coordinates and momenta should be unified on the same footing. Consequently, if there is
a limiting speed (temporal derivative of the position coordinates) in Nature there should
be a maximal force as well, since force is the temporal derivative of the momentum. A
maximal speed limit (speed of light) must be accompanied with a maximal proper force
(which is also compatible with a maximal and minimal length duality) [15]. The principle
of maximal acceleration was advocated earlier on by [13].

We finalize by saying that one has not been trying to “squeeze” new physics out of
Clifford algebras in this work. One the contrary, it was the physics behind string theory,
p-branes that led us to Clifford space relativity in the first place.
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APPENDIX

The Clifford geometric product [4], [5] of the Clifford algebra multivector generators
requires the evaluation of both commutators and anti-commutators. This is instrumental
in deriving the extended Lorentz transformations in C-space described in this work. The
evaluation of the commutators of the Clifford algebra generators can be found in [10]. In
general for pqg = odd one has

[Vorbg.....by, Y4277 9 5111;122.::::5:(1 —
2p'q' [araz _as3...aq] 2p|q| oras ana]
21(p — 2)l(q —2)! "It Vog..by] T A(p—4)!(q — 4)1 rbs Vo] = e (A1)

for pg = even one has

aias...... aq] _ (_1)p_12p'Q‘ a1 _a2asz....aq]

h/blbg ..... bps Y 1|(p_1)'(q_1)' [b1 Togbs..... by]
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<_1)p_12p'Q' lai....as _a4....aq]
3(p— 3)(q — 3)! " [brbs Vos....bp)

The anti-commutators of the Clifford algebra generators can also be found in [10], and
one has the reciprocal situation as in eqs-(2.2,2.3), one has instead that for pg = even

t o (A.2)

A e
229!61! [@raz _as3....aq] 2p!Q! or.as _as..aq]
2~ (g 21 Obivr Mo g T yig ) O Yol T (A.3)

And for pg = odd one has

1G9...... aq} _ (_1)p712p!q! la1 _a2a3....aq]

{%11;2 ..... bps v

(_1)p712p!q! lai....a3 _a4....aq]
31(p — 3)1(q — 3)! "[br-bs Tos.....bp)

+o (A.4)

References

[1] C. Castro and M. Pavsic, “The Extended Relativity Theory in Clifford-spaces”,
Progress in Physics, vol. 1 ( 2005 ) 31. Phys. Letts B 559 (2003) 74. Int. J. Theor.
Phys 42 (2003) 1693.

[2] M. Pavsic, Found. of Phys. 33 (2003) 1277.

M. Pavsic, “The Landscape of Theoretical Physics : A Global View, from point
particles to the brane world and beyond, in search of a Unifying Principle’” , (Fun-
damental Theories of Physics, vol. 19, Kluwer Academic Publishers, Dordrecht,
Boston, London, 2001).

[3] C. Castro, “Developments of the Extended Relativity Theory in Clifford Spaces”.
https://vixra.org/abs/1805.0070

[4] D. Hestenes, “Spacetime Algebra” Gordon and Breach, New York, 1996.
D. Hestenes and G. Sobcyk, Clifford Algebra to Geometric Calculus (D. Reidel
Publishing Company, Dordrecht, 1984).

[5] 1. R. Porteous, Clifford Algebras and the Classical Groups (Cambridge University
Press, 1995).

[6] M. Pavsic, “Geometric Spinors, Generalized Dirac Equation and Mirror Parti-
cles”, arXiv : 1310.6566 (Presented at 3rd International Conference on Theoretical
Physics, Moscow, Russia, June 24-28, 2013).

16



[7]

[10]

[11]

[12]

[13]

[14]

Dargys A, Acus A. “Exponentials of general multivector (MV) in 3D Clifford alge-
bras” arXiv : 2104.01905.

Dargys A, Acus A. “Exponential of General Multivector (MV) in 3D Clifford Alge-
bras”, Nonlinear Analysis: Modelling and Control 27 (1) (2022) 179.

Acus A, Dargys A. “The characteristic polynomial in calculation of exponential
and elementary functions in Clifford algebras”, to appear in Math. Meth. Appl.
Sci., 2022.

Dargys A, Acus A. “Exponentials and Logarithms of Multivector in Low Dimen-
sional n = p+ ¢ < 3 Clifford Algebras”, Nonlinear Analysis: Modelling and Control
27 (6) (2022) 1129.

Hitzer E. “On factorization of multivectors in C1(2, 1) by exponentials and idempo-
tents”, Math. Meth. in App. Sci. 45 (16) (2022) 9504.

Hitzer E. “On factorization of multivectors in CI(3,0),CI(1,2) and CI(0,3), by
exponentials and idempotents”, Complex Variables and Elliptic Equations, 68 (4)
(2023) 521.

K. Becker, M. Becker and J. Schwarz, String Theory and M-Theory : A Modern
Introduction (Cambridge University Press, 2007, pp. 543-545).

W. Mueck, “General (anti) commutators of gamma matrices” arXiv : 0711.1436
C. Castro, “The Extended Relativity Theory in Clifford Phase Spaces and Mod-

ifications of Gravity at the Planck/Hubble scales” , Advances in Applied Clifford
Algebras 24 (2014) 29.

M. Born, “Elementary Particles and the Principle of Reciprocity”. Nature 163
(1949), p. 207
E.R. Cainiello, “Is there a Maximal Acceleration”, Il. Nuovo Cim., 32 (1981) 65.

H. Brandt, “Finslerian Fields in the Spacetime Tangent Bundle” Chaos, Solitons
and Fractals 10 (2-3) (1999) 267.

H. Brandt, “Maximal proper acceleration relative to the vacuum” Lett. Nuovo Ci-
mento 38 (1983) 522.

M. Toller, “The geometry of maximal acceleration” Int. J. Theor. Phys 29 (1990)
963.

S. Low, “ U(3,1) Transformations with Invariant Symplectic and Orthogonal Met-
rics” , Il Nuovo Cimento B 108 (1993) 841.

S. Low, “Representations of the canonical group, (the semi-direct product of the
unitary and Weyl-Heisenberg groups), acting as a dynamical group on noncommu-
tative extended phase space”, J. Phys. A : Math. Gen., 35 (2002) 5711.

17



[15] C.Castro, “On Born Reciprocal Relativity, Algebraic Extensions of the Yang and
Quaplectic Algebra, and Noncommutative Curved Phase Spaces”, Universe 2023, 9
(3), 144.

C. Castro, “Is Dark Matter and Black-Hole Cosmology an Effect of Born’s Recip-
rocal Relativity Theory 7?7 Canadian Journal of Physics. Published on the web 29
May 2018, https://doi.org/10.1139/¢jp-2018-0097.

C. Castro, “Some consequences of Born’s Reciprocal Relativity in Phase Spaces”,
Foundations of Physics 35, no.6 (2005) 971.

18



