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Abstract

A regular n-gonal right antiprism is a semiregular convex polyhedron which has 2n identical vertices all lying on
a sphere, 4n edges, and (2n+2) faces out of which 2 are congruent regular n-sided polygons, and 2n are congruent
equilateral triangles such that all the faces have equal side. The equilateral triangular faces meet the regular
polygonal faces at the common edges and vertices alternatively such that three equilateral triangular faces meet
at each of 2n vertices. This paper presents, in details, the mathematical derivations of the generalized and analytic
formula which are used to determine the different important parameters in terms of edge length, such as normal
distances of faces, normal height, radius of circumscribed sphere, surface area, volume, dihedral angles between
adjacent faces, solid angle subtended by each face at the centre, and solid angle subtended by polygonal antiprism
at each of its 2n vertices using HCR’s Theory of Polygon. All the generalized formulae have been derived using
simple trigonometry, and 2D geometry which are difficult to derive using any other methods.
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1. Introduction

Aregular n-gonal right antiprism has 2n congruent equilateral triangular faces, 2 identical parallel regular n-gonal
base faces, 2n identical vertices all lying on a sphere, and 4n edges such that two opposite and parallel regular
polygons are relatively rotated through an angle of m/n about the axis passing through their centres and
perpendicular to their planes. It is a convex polyhedron (i.e. internal angle between any two adjacent faces is less
than ) which has each of its 2n+2 faces as a regular polygon and all its 2n vertices identical therefore it is called
a semiregular polyhedron. It is also known as uniform n-antiprism, uniform, equilateral antiprism [1]. (as shown
in the Figure-1 below).

Figure-1: A regular n-gonal right antiprism consists of two identical, opposite
and parallel regular polygons each with n no. of sides separated by a band of
2n congruent equilateral triangles, 2n identical vertices lying on a sphere and
4n edges. All 2n+2 faces of the antiprism have a side a.
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Depending on the number of sides of regular n-gonal face, a regular polygonal right antiprism has various
geometric shapes which form an infinite family of antiprism. For n = 3, the antiprism has its simplest form having
2n + 2 = 8 equilateral triangular faces which is called triangular antiprism. It’s also a regular tetrahedron [2]. (as

shown in the Figure-2 below).
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Figure-2: The various geometric shapes of a regular polygonal right antiprism form an infinite family.
a) triangular right antiprism, b) square right antiprism, and c) pentagonal right antiprism
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2. Derivation of parameters

Let’s consider a regular n-gonal right antiprism with edge length a (as shown in the Figure-2) such that

H = Normal height i.e. the normal distance between the regular n-sided polygonal faces of the right antiprism
H,, = Normal distance of each regular polygonal face from the centre of the right antiprism

H; = Normal distance of each of 2n congruent regular triangular faces from the centre of the right antiprism
R, = Radius of circumscribed sphere i.e. distance of each of 2n identical vertices from the centre of the antiprism
A, = Surface area of the antiprism

V = Volume of the antiprism

6;rr = Dihedral angle between any two adjacent equilateral triangular faces having a common edge

0, = Dihedral angle between equilateral triangular and regular polygonal faces having a common vertex
6rpr = Dihedral angle between equilateral triangular and regular polygonal faces having a common edge
0rp, = Dihedral angle between equilateral triangular and regular polygonal faces having a common vertex

wr = Solid angle subtended by each regular triangular face at the centre of the right antiprism

w, = Solid angle subtended by each regular n-sided polygonal face at the centre of the right antiprism

wy = Solid angle subtended by the right antiprism at each of its 2n identical vertices



2.1. Normal distance of regular n-sided polygonal face from the centre

Let H,, be the normal distance of regular n-sided polygonal face from the centre O of the polygonal antiprism
having edge length a. Now, the circum-radius of regular polygon A;4,4; ... ... A, _14, with centre 0, (see the
above Figure-2) is given as
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Inright AOO, A, (see the above Figure-2), applying Pythagorean theorem as follows
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2.2. The solid angle subtended by regular n-sided polygonal face at the centre

The solid angle subtended by any polygonal plane, having n no. of sides each of length a, at any point lying on
the perpendicular axis passing through the centre of polygon at a distance h is given by the generalized formula
from HCR’s Theory of Polygon [1] as follows
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Now, substituting the corresponding value i.e. h = H,, = normal distance of regular polygonal face from the centre
O of the antiprism (as shown in the above Figure-2) in the above generalized formula, the solid angle w,, subtended
by each regular polygonal face at the centre O is obtained as follows
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Where, x = R,/a is some unknown ratio.

2.3. Normal distance of equilateral triangular face from the centre

Let H; be the normal distance of equilateral triangular face from the centre O of the polygonal antiprism having
edge length a. Now, the circum-radius of regular triangle with centre O, (see the above Figure-2) is given as
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In right AOO, A, (see the above Figure-2), applying Pythagorean theorem as follows
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2.4. The solid angle subtended by equilateral triangular face at the centre

Similarly, substituting the corresponding value i.e. h = H; = normal distance of equilateral triangular face (n =
3) from the centre O of the antiprism (as shown in the above Figure-2) in the above generalized formula, the solid
angle w; subtended by each equilateral triangular face at the centre O is obtained as follows
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Where, x = R,/a is some unknown ratio.



2.5. Radius of circumscribed sphere (Circum-radius)

Since, a regular n-gonal right antiprism is a closed surface consisting of 2 regular n-sided polygonal faces and 2n
equilateral triangular faces therefore the sum of solid angles subtended by all the faces at the centre of polygonal

antiprism must be equal to 4 sr according to HCR’s Theory of Polygon [1]. Thus, the total solid angle subtended
by all the faces at the centre O of the polygonal antiprism is given as follows
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The above Eq(5) is the generalized formula to analytically compute the radius of circuminscribed sphere on which
all 2n identical vertices of a regular n-gonal right antiprism with edge length a lie.

Now, substituting the value of R, into Eq(1) above, the normal distance H, of regular n-sided polygonal face
from the centre O of the polygonal antiprism is obtained as follows
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The above Eq(6) is the generalized formula to analytically compute the normal distance of regular polygonal face
from the centre of a regular n-gonal right antiprism having edge length a.

Now, substituting the value of R, into Eq(3) above, the normal distance H;, of equilateral triangular face from
the centre O of the polygonal antiprism is obtained as follows
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The above Eq(7) is the generalized formula to analytically compute the normal distance of equilateral triangular
face from the centre of a regular n-gonal right antiprism having edge length a.

2.6. Normal height of regular polygonal antiprism

The normal height H of the regular n-gonal right antiprism i.e. perpendicular distance between its two regular n-
polygonal faces is given as
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2.7. Surface area of regular polygonal antiprism

The total surface of a regular n-gonal right antiprism consists of two identical regular polygonal faces and 2n
identical equilateral triangular faces all with an equal side a. Therefore the total surface area of the regular
polygonal antiprism with edge length a is the sum of all its (2n+2) faces, which is given as follows

Ag = 2(Area of regular polygonal face) + 2n(Area of regular triangular face)
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Therefore, the total surface area of regular n-gonal right antiprism having edge length a, is given as follows
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2.8. Volume of regular polygonal antiprism

The regular n-gonal right antiprism, having 2n+2 faces, is a convex polyhedron therefore it can be divided into
2n+2 number of elementary right pyramids out of which 2n have regular triangular base and two have regular
polygonal base. The sum of volumes of all 2n+2 elementary right pyramids is equal to the volume of polygonal
antiprism. Now, consider a regular polygonal antiprism with edge length a. The side of base of all elementary
right pyramids is a and the vertical heights of regular triangular and polygonal right pyramids are H; and H,
respectively (as shown in the Figure-3). The volume of regular polygonal antiprism is given as follows

o o
Figure-3: A regular n-gonal right antiprism has 2n identical elementary right

pyramids each with regular triangular base (left) and 2 identical elementary
right pyramids each with regular n-gonal base (right).

V = 2n(Volume of regular triangular pyramid) + 2(Volume of regular polygonal pyramid)
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Therefore, the volume of regular n-gonal right antiprism having edge length a, is given as follows
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2.9. Solid angle subtended by equilateral triangular face at the centre

Now, substituting the value of x = R,/a from Eq(5) into Eq(4) above, the solid angle w; subtended by each
regular triangular face at the centre of antiprism is obtained as follows
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Therefore, the solid angle subtended by each regular triangular face at the centre of antiprism is given as
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2.10. Solid angle subtended by regular polygonal face at the centre

Now, substituting the value of x = R,/a from Eq(5) into Eq(2) above, the solid angle w,, subtended by each
regular polygonal face at the centre of antiprism is obtained as follows
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Therefore, the solid angle subtended by each regular polygonal face at the centre of antiprism is given as
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2.11. Solid angle subtended by the antiprism at one of its 2n identical vertices

The vertices A, and A,, are joined to the centre O, of regular polygonal face A;A,A; .....A,_,A, to obtain
isosceles A0, A,,A, having vertex £4,,0,4, = 47" Now, in right A0, QA,, (as shown in the Figure-4(a))
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Figure-4: (a) A regular n-gonal right antiprism (b) perpendiculars OD & OE are drawn from the center O to the
adjacent equilateral triangular faces A;B{B, and A;4,B, having a common edge A;B, (c) cyclic quadrilateral
B1B, A,A, is obtained by joining four vertices of the antiprism.

The perpendiculars OD and OE are dropped from the centre O of the antiprism to the adjacent equilateral
triangular faces A,B, B, and A,A,B,, having a common edge A4, B,, to their circum-centers/in-centers D and E
respectively (as shown in the Figure-4(b)).

Now, in right AODB, (see above Fig-4(b)),
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A regular n-gonal right antiprism has 2n identical vertices say A, A3 A4z ..., A1, 4, &
B,,B,,B;, .....,B,_1, B, all lying on a sphere (i.e. circumscribed sphere with radius R,). A cyclic quadrilateral

B, B, A, A, (see Figure-4(c) above) is obtained by joining the vertices B;,B,,A,, & A, (Figure-4(a)). The foot P
of perpendicular A, P drawn from the vertex A, to the quadrilateral B, B, A, A,, will be at an equal distance r (i.e.
circum-radius) from the vertices B;, B,,A4,, & A,, . The perpendiculars PQ, PR, PS, and PT are drawn from the
foot of perpendicular (F.O.P.) P to all the sides A,A4,,, A,B;, B, B, and B, A, respectively (as shown in the above
Figure-4(c)).

From A-A similarity, right triangles AB; NB, and APSB, are similar triangles (see the above Fig-4(c) or Fig-5).
Therefore, using the ratio of corresponding sides of the similar triangles

PS B,N B,
SB, NB, P
a T N
= — N2 — a m—— 3
hz 2 3 4sin n h2 T 3 3745111‘%
a/2  a LT
5 1+ 4sin o
1 O
S a/2 B, . B,
Figure-5: AB;NB, and APSB, are similar triangles from A-A similarity.

h, (14

-2 i T
1+ 4sin n

In right APSB, (see Fig-5), using Pythagoras theorem as follows

11



7 =PB, =/ (PS)2 + (SB,)2 = /(h,)* + (a/2)? =

_ 4sin2 X _ 4sin2 2% in2 -
a |3 —4sin 2n+1zﬂ 3 —4sin 2n+1+451n o _ a
2

r=—- |—=
2 2 1T in2 1T ,
1+ 4sin n 1 + 4sin n 1+4sin2%

In right APQA,, (see Fig-4(c) above), using Pythagoras theorem as follows
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A perpendicular A, P is dropped from the vertex A,of antiprism to

the circum-centre P of cyclic quadrilateral B, B,A,A,, (see Figure- A,
4(c) above) to obtain a right AA; PB, (as shown in the Figure-6).
a
Inright AA, PB, (see Fig-6), using Pythagoras theorem as follows h
h=AP=+(A;B)*>—(BP)? =+a?—r?
1P =/(4,B,)? = (B,P)? = 5, O,
r

Figure-6: Right AA{PB,. The vertex A; is ata
normal height h above circum-centre P.

e e (16)

The solid angle subtended by a right triangle having legs p and b at any point lying on the axis passing through
the acute angled vertex and perpendicular to the plane of triangle (as shown in the Figure-7 below), is given by
standard formula of HCR’s Theory of Polygon [3] as follows

voir () () )) e
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From the above Figure-4(c), the solid angle w,pq4,, SUbtended by right YA
APQA,, , at the vertex A, of the antiprism is obtained by substituting

the corresponding values, b = A,Q, p = h, and h = h fromthe above A
Eq(13), Eq(15) and Eq(16) respectively in the above standard formula
(Eq(17)), is given as follows "
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l 1+ 4sm2

—sin™

|
|

/ cosE 1+4sinzl \
— ein-1 2n
= sin
2 T in6 1 _ 2 1t _ o
\\/1 + 4sin 2 + 4sin* 2 + 16sin n 4sin 2 16sin* 2 + 12sin* 16sin® /
( T inz2 -
' _1{< cos 1+ 4sin n >< 1
—sin
iz L ina T in6 T~ _ 4sin2 - — 16sint 2~ in* 7~ _ 16sin6 -~ _sinz X in2 X _ 4si
k J1+451n 2n+451n 2n+ 16sin n 4sin m 16sin 2n+ 12sin m 16sin m Jl sin 2n+451n o 4sin

. T G . T R / 1
= sin™'( cos— [1 +4sin2— | —sin™'<{ | cos— [1 + 4sin2—
n 2n n 2n

(
— cin2 1L i2 T
I \\/(1 sin Zn) (1 + 4sin n
T T / COS = \ T T
=sin™?! <cos— Il + 4sin? —) —sin™!| —— | =sin™? (cos— I3 — 2 cos —) —sin™? T
n 2n , T n n COS =—
\ cos ﬁ/ 2n

:

Figure-7: The point P(0,0, h) lies at a
normal distance h from acute angled

7
)
I
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)
s T COS —

Wapga, = sin~* (cos; /3 — 2cos ;) —sin™? :Tl — L)
COS5—
2n

Similarly, from the above Figure-4(c), the solid angle w,pr 4, Subtended by right APRA,, , at the vertex A, of the
antiprism is obtained by substituting the corresponding values, b = a/2, p = h, and h = h from the above
Eq(14) and Eq(16) in the above standard formula (Eq(17)), is given as follows

| P S S TR |
" \ o) e )]

NIQ

WppRa, = SIN~

2asm

/1 + 451n2
T

\/16sin2 o) + 3 — 4sin?5—

NI R
]

2n

N~

)

|

2l

2/ |

")
(1 N __(1 _n/ 4-51n \\
= sin 1(5 ’1+4smzz>—sm 14(5 /1+4smzﬁ> \\/_ /J}

\

Wapra, = Sin~" (% ’1 + 4sin? Zﬂ_n) —sin™? (%sinzﬂ—n) R ¢ )|

According to HCR’s Theory of Polygon, the solid angle wg, 5,4,4, Subtended at the vertex A, of antiprism by the
cyclic quadrilateral (trapezium) B, B, A,A,, will be equal to the algebraic sum of the solid angles subtended by the
congruent right triangles APQA,, & APQA, and the congruent right triangles APRA,,, APRB,, APSB,, APSB,,
APTB, & APTA, (as shown in the above Figure-4(c)). Therefore the solid angle subtended by the cyclic
quadrilateral B; B, A,A,, at the vertex A, of polygonal antiprism is obtained as follows

B1ByA> n: P n P 2 PRAn PRBq PSBq PSB; PT By PT Ay
w A4 Wapga +cuAQA + Wapra, + Wy + Wppsp, T Wapsp, T Wy + Wapra

WB B, A A = Z(O)APQAn) + 6(wAPRAn) (~ triangles are congruent )

Substituting the corresponding values from the above Eq(18) and Eq(19) as follows
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T
o[ sin-1 T 32 T [ cosy +6(sin-t 1 1+4.2n ._1(2 . n)
=2| sin"!|cos— / —2cos— | —sin sinT!|= / sin?— | — sin™! {—=sin—
©B1B;424n n n cos _27; 2 2n V3T 2n

s
23'—11/32 )+ sin~ (cos= |3—2cos— | — sin™? n 3'—1(2'”>
w = Sin - — 4COS— sin COoS — — 4COS— ) —SIn — o5 SIn —=SIin—
B1B;A24n 2 n n n cos - V3§ 2n
2n
i3 (3 — 4sinz = 2T in2 T _ agin? T in T in2 T
) 2sin m (3 4sin 2n)+cos n 1+ 4sin m 3 — 4sin 2n+251n o 1+ 4sin m

+ 6cos™?!

cos = 243
2n

®p B, a4, = 2COS™

According to HCR’s Theory of Polygon, the cone of vision of an object at a given point (i.e. eye of observer) in
3D space is an imaginary cone obtained by joining all the points of that object to the given point and the solid
angle subtended by the object at that point is equal to the solid angle subtended by its cone of vision at the apex
(i.e. eye of observer) [3]. It is worth noticing that cones of vision of regular polygonal right antiprism and the
cyclic quadrilateral B, B, A,A,, are same therefore the solid angles subtended by the regular polygonal right
antiprism and the cyclic quadrilateral B, B, A,A,, at the vertex A, will be equal (as shown in the above Figure-4).

Therefore, the solid angle subtended by regular polygonal right antiprism at its vertex is given as

L4
1 T 4 i cos— 2 w
wy=2[3sin! <7 3-2 cosf> +sin~! <cosf 3-2 cosf> —sin™?! g —3sin?! (—sin —) e (20)
2 n n n cos=— V3 2n

2n

Or

in3 " (3 _ 4gin2 - 2T in2 7T _ 4sinz = l’ in2 Tt
) 2sin n (3 4sin 2n)+cos n 1 + 4sin n 3 —4sin 2n+Zsm2n 1+ 4sin n

+ 6cos™!

cos - 23
2n

wy = 2 oS~

It is interesting to note that the above value of solid angle wy is independent of the edge length a of regular
polygonal right antiprism but depends only on the number of sides n of regular polygonal base.

2.12. Dihedral angle between any two adjacent equilateral triangular faces sharing a common edge

Let’s consider any two adjacent equilateral triangular faces A, B; B, and A, A, B, havinga common edge 4, B, (as
shown in the top view of Figure-8 below). Drop the perpendiculars OD and OE from the centre O of the antiprism
to the triangular faces A, B, B, and A;A,B,, respectively which meet the faces at their in-centres D and E,
respectively.

In right AODM (see the front view in the Figure-8 below),

tan 2pM0 = 22
an = DM
O0rrp  Hp (DME  Oprp
=t =— w 2DMO = = )
YV ( 2 2

a 2T
o Orr 17, 9cosec” 75— 12 _ 1W ( N )
an 2 = a —2 cosec ZTL B

2v3

1 T
Oy = 2tan™ | = ’3 2——14
TE an (2 cosec 7 )
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Therefore the dihedral angle 6,5 between any two
adjacent regular triangular faces sharing a common edge
in a regular pentagonal antiprism is given as

1 T
— -1( = 2 E
O;rp = 2tan (2 ’3cosec ™ 4-) ......... (21) A,
2.13. Dihedral angle between regular triangular and
polygonal faces sharing a common edge (a) Top ) fegular wiangilar e

Let’s consider any two adjacent regular triangular and
polygonal faces A,A,B, and A;A,A; .... A, having a
common edge A;4, (as shown in the top view in the
Figure-9 below). Drop the perpendiculars OE and O 0,
from the centre O of the antiprism to the triangular face
and polygonal face respectively which meet the faces at
their in-centres E and Oy, respectively. The inscribed

radius of equilateral triangular face A; 4, B, is

a
2v3 (b) Front

In right AOEN (see the front view in the Figure-9), Figure-8: (a) Two adjacent regular triangular faces
having a common edge A;B, (b) The perpendiculars

drawn from the center O to the triangular faces fall at
EO Hp N A
tanZENO = — = tan0, = — their in-centers D & E, and their in-circles touch each
other at the mid-point M of common edge 44 B,.

2v3
a / 2 T
12 9cosec o 12

tan @, =

_a_
23
1 T
6, =tan~?! (— /3cosec2— - 4)
2 2n (a) Top

Now, the inscribed radius r of regular polygonal face

as follows
_ a t7'L'
r= ) co
In right AOO, N (see the front view in the Figure-9) B,

00, H,
tan 20,NO =Y0. = tané, =

(b) Front
& 14— secz L

4 n 1 =« T o
tant, =——3—7—= Etang 4- Secz_n Figure-9: (a) Two adjacent regular triangular and
72 coty polygonal faces having a common edge 4,4, (b) The
perpendiculars drawn from the center O to the faces fall
1 T T at their in-centers E & 04, and their in-circles touch

6, = tan™! (Etan; 4 —sec? _n> each other at the mid-point N of common edge A;4,.

Now, the total dihedral angle 6,55 between regular triangular and polygonal faces with a common edge is the
sum of dihedral angles 6, and 6, as determined above (see the front view in the above Figure-9) as follows
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0 6, +0 t—11/3 2 I 4)+tan™?! 1ta”/4 2 I
= = tan — [3cosec? — — an —tan— —sec? —
TPE = 71 T 72 2 2n 2 n 2n
1 1 %/3cosec2%—4— %tan% 4—sec2%

Orpp = cos™t l -
2
\\/1+(% 3cosecz%—4> \/1+<%tan:{—l 4 — sec? n > \/1+<% cosec2 ) \/1+<;tan 4 — sec? > )
( 3 — 4sin? n smf 4(:052 5——1 W
2 2 sino— cos=~ cos
= cos™| T T T\ : T - I
4+ 3cosec’5-—4 [4+ tanz—(4—sec2 —) 4+ 3cosec?2- — 4 |4+ tan2Z —sec2
2n n 2n 2n n
| \/ |
sin— [3 —4sin? 5=~ [4cos?5-—1
=cos™! | 4 _ 2 21’1 |
sinz© 1 sinz© 1 |
/ 2 T nfg4___1 __ LIP3 / 2 T n(g__1 __
3cosec o 4+ cos? 4 (4 cos? n) sin o €085, €OS o 2n 3cosec o 4+ cos? 7r<4 cos? n)
n 2n n 2n

) 4 sin— \/(3 4sin? 7 )(4cos2 7m 1)

= COoS~ -
4 cos2 +sin2 5 cos? & —sin2 & 4 cos2 + sin? cosz——stTI
\BCOSE‘CL ( ) 2 n Sll’lfCOS COS \FCOSGC ( ) 2
2n cos? Ecos? 2 2n cos? Ecos? -
n 2n n 2n
/ —_ 2 L 2—— \
L 4 smn\/(3 4+ 4cos Zn) (4cos o 1) |
=cos™!| - |
| - 4c052%—sin2% - - }4c052%—sin2% |
\\/§ Cosecﬂ COS —COos l \/g o8 H €08 E Cos E Cos 1 /
n 2n n 2n
T T i T ( 2 T )( 2 T _ )
= cos —
T . T T . ST
2 - 2 2 - 22
\\/5\/4cos oy Sin? \/§J4C05 oy~ SInf /
2
LT (4 . T T
2sin=cos— — sin— (4cosz—— )
R noon n 2n
= cos
T 4
\/§\/4c0522——sm2—
n n
. 2T . T 4
/ sin— — sin— |4cosz— - 1| \
_ -1 n n 2n
= cos
4 4
\\/5\/2 (1 + cos—) — (1 — cosz—)/
n n
21
/smT —sin— (4cos o 1)\
= cos™! (* n=3,n€EN)

T_ 2T
\/§\/Z+2cosn 1+ cos 0
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B /stTﬂ— smn (2 (1 + cosn) 1)\

= CoS
\/§\/cosz +2cos—+1
T T T . 2T . 2T LT
51n——251n——251n—cos—+sm sin— — sin— — sin—
_ -1 n n _ -1 n n n
= cos > = cos 3 T
\ V3 (1+cos£) / 3|1+cosﬁ|
n
—sm— —2sin 2ncos 2n -2 sm2n COSH— 2n
= CcOos™ = COS_1 T = COS_l - aft &t
I _ 2 T
\/§ 1+ cos ) V3 (1 + 2cos? ) 1) 2+/3cos )
sin—- 1 1
— Sins—= T T
= cos~! Zn | _ cos~t (——tan—) =m—cos ! (—tan )
\/§C052 V3 2n V3 2

Therefore the dihedral angle 6;,; between any two adjacent regular triangular and polygonal faces having a
common edge in a regular polygonal right antiprism is given as

1 1
Oppp = T — €051 (—tan—) = cos~! (- —— tan — SRR ¢777)
TPE v3 2n V3 2n

2.14. Dihedral angle between regular triangular and polygonal faces sharing a common vertex

It’s worth noticing that the dihedral angle 8;p, between any two adjacent regular triangular and polygonal faces
having a common vertex in a regular polygonal antiprism is supplementary angle of 8, which is given as

1 [
Orpy =T — Orpp = cos™! | —tan—— SRR ¢24<)
V3 2n

2.15. Dihedral angle between any two adjacent equilateral triangular faces sharing a common vertex

If a, 8, and y are the face angles i.e. the angles between the consecutive lateral edges meeting at the vertex O in a
tetrahedron OABC then its internal dihedral angles say 6,,6, and 6; opposite to the face angles «,f andy
respectively (as shown in the Figure-10) are given by HCR’s inverse cosine formula [4] as follows

A
cosa — cos S cosy
6, = ‘1< ) . (24
1= Cos sinfsiny 29
0. = . (cosﬁ—cosacosy) 25
2 = €08 sinasiny - (29)
9. = _1(cosy—cosacos,8) 26
3 = €08 sina sin 8 - (26)

Now, consider any two adjacent equilateral triangular faces say A4, B; 4,
and A;B,A, having a common vertex A; and extend both the faces so Figure-10: Dihedral angles 6, 6, & 05

that they intersect each other at the line segment A, B (as shown in the are opposite to face angles a,B &y
Figure-11 (a) below) respectively in tetrahedron OABC
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An A2
(n—-2)m/n
I
. = a14
B
B
(@) (b) (©

Figure-11: (a) The triangular faces A;B14, & A1B,A, are extended to make them intersect each other at the
line segment A4 B (b) tetrahedron A;A4,A, B with face angles at the vertex A4 (c) tetrahedron A;4,A,,B with
dihedral angles between its triangular faces meeting at their common edges

Let 6,1, be the dihedral angle between the equilateral triangular faces A, B; A,, and A, B, A, about their common
edge i.e. the line-segment of intersection A, B which is also the dihedral angle between the triangular faces A,BA,,
and A, BA, obtained by construction as shown in the above Figure-11(a).

It is also interesting to note that 8, is the dihedral angle between any triangular face say 4,B,A, and regular
polygonal face A;A4, ... A, which is also the dihedral angle between triangular faces 4,4,4, & A;BA,, and
dihedral angle between triangular faces A; 4,4, & A;BA, as shown in the above Figure-11(a). Now, assume that
2BA A, = £BA A, = ¢ (0 < ¢ < 1) using symmetry in the above Figure-11(a).

Now, consider the tetrahedron A, A4,A,,B with vertex A, at which three equilateral triangular faces A4,4,4,,
A, A, B and A, BA, having vertex angles (n — 2)m/n, ¢ and ¢ respectively (as shown in the above Figure-11(b)).

The angles Orpg, O7pr and 6,4, are the internal dihedral angles between triangular faces A;4,4,, & A;A,B,
A AA, & A A,B, and AA,B & A, A,B about the common edges A, 4, A;4,, and A, B respectively meeting at
the vertex A;. (as shown in the above Figure-11(c)).

Now, substitutinga = ¢, 8 = (n — 2)m/nand y = ¢ in the above inverse cosine formula i.e. Eq(24), the internal
dihedral angle 6, = 8, opposite to the face angle « = ¢ in tetrahedron A, 4,A4,,B (see the above Figure-11(c))
is obtained as follows

(n—2)m
cosa — cos B cosy L[ COSP — coST————CO5 @

6, = cos‘l( ) = Orpp = COS™

sin B siny sin (n — Z)nsin 0
n
(n—-2)m
€OS ¢ — COS=———"—C0S @ o
. (n—2m . = COSYrep
sin=———"—sin¢g
cos @ 1_C05(n_n—2)n (1 T )
Sing o =2 = cos (n — cos (ﬁtan %» (Setting value of 8;pr)
n
1+ COSZTH (1 T
cotp| ——=—— | = —cos <cos‘ (—tan—))
sinz—n V3 Zn
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1+2c052%—1 1 -
cotp| —————— | = ——tan—
Zsin%cos% V3 2n

T
cos 1 T
= ——tan——tang

sink V3 2n
n

1t T[t tT[
——tan—tan¢g = cot—
V3 2n 4 n
t 3 tT[ tn
an¢@ = —V3 cot—cot—
¢ n 2n
1 T
> C0SP = ———— (V—<(p<n)
J1+tan?¢ 2
1
cosp = —

\/1 + (—\/§ cot%cot%)2

1
cos@p = — e e (27)

2 2 T
\/1+3c0t ncot o

Now, substituting a« = (n—2)m/n, 8 = ¢ and y = ¢ in the above inverse cosine formula i.e. Eq(24), the
internal dihedral angle 6, = 6,1, opposite to the face angle @ = (n — 2)m/n in tetrahedron A,A4,A, B (see the
above Figure-11(c)) is obtained as follows

cos @ — cos f§ cos y)

6, = cos™? (
! sin B siny

cos{t= 21

— COS @ COoS
m P cosg

1

= 0 = cos”~ - -
v sin ¢ sin ¢

= cos™?! n >
sin? @
21 2
— cos =~ — cos? ¢
= cos™!

1 —cos? ¢

(cosur —cos? g

27'[/ 1

1

T

2 2 T
J1+3cot ncot o
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21
—Ccos— —
/ n 1+3cot2—cot2—\ . —COS%(1+3cot2%cot2%)—1
= cos”

1 2oz L _
1— 1+ 3cot 7 cot? oo 1

T 3
3 cot? ﬁcot2 5 2n n

|

21 2T T T

—cos=— —3cos=—cot?=cot?5—— 1 1 2 - - 2T

= cos~ ! < n n n Zn = cos™! ( 3 (1 + cos;) tan? —tan —— cos—)
2n

1 (2 ﬂ)t nt T Zn) 1 ( 2 T[t T 271)
=(2cos?—)tan?—tan? — — cos— ) = cos™! [ — = sin? —tan? — — cos —
73 n 2 n 3

n n n 2n n

Therefore the dihedral angle 6,1, between any two adjacent regular triangular faces having a common vertex in
a regular polygonal right antiprism is given as

2 /[ |4 2r
Orry = cos™! (—Esm ;tan o cos7) ST 1))

Vvn=3, neNnN

It’s worth noticing that the dihedral angles given by above Eq(21), Eq(22), Eq(23) and Eq(28) and the solid angles
given by above Eq(11), Eq(12) and Eq(20) are all independent of the edge length of the antiprism. All the angles
derived above depend on the number of sides n only i.e. geometric shape of regular polygonal right antiprism.

2.16. Construction of regular polygonal right antiprism

A regular polygonal right antiprism can be constructed by following two methods depending on whether it is a
solid or shell.

2.16.1. Solid regular polygonal right antiprism: The solid regular polygonal right antiprism can be made by
joining all its 2n+2 elementary right pyramids, out which 2n are identical regular triangular right pyramids and 2
are identical regular polygonal right pyramids (as shown in the above Figure-1), such that all the adjacent
elementary right pyramids share their mating edges, and apex points coinciding with the centre.

2.16.2. Regular polygonal right antiprism shell: The shell of a regular polygonal right antiprism can be made
by folding about the common edges the net of all its 2n+2 faces out which 2n are identical regular triangles and 2
are identical regular polygons all having equal side. The regular polygonal faces are connected by a band of 2n
equilateral triangular faces. The net of 2n+2 faces has been shown in the Figure-12 below.

| VAVAVAVAYAYAVAVAVA A

Figure-12: The net of 2n regular triangular and 2 regular polygonal faces of a regular
polygonal right antiprism.
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2.17. Applications of generalised formula of regular polygonal right antiprism

A regular polygonal right antiprism forms an infinite class of vertex-transitive polyhedrons. The geometric shape
of regular polygonal right antiprism depends on the number of sides in polygonal base n such thatn > 3,n € N.
Now, substituting the different values of n i.e. n = 3,4,5, .... in the generalized formula as derived above, the
infinite family of uniform n-gonal antiprism can be mathematically formulated & analysed as below.

2.17.1. Regular triangular right antiprism or regular octahedron (n = 3)

The important geometrical parameters of a regular triangular right antiprism or octahedron (as shown in the
Figure-13) can be easily determined by substituting n = 3 in the above generalized formula.

Number of triangular faces, F; =2n+2=2-34+2=18
Number of edges, E = 4n=4-3 =12
Number of vertices, V =2n=2-3 =6

1) Normal distance of each equilateral triangular face from the centre
of a regular triangular right antiprism or octahedron with edge length
a is obtained by substituting n = 3 in the above generalized formula
i.e. Eq(7) or Eq(6) as follows

H ¢ 9 2 X 12
= — |9cosec? — — =
T 124 2n -
Figure-13: Regular triangular right

Or antiprism or octahedron (n=3).

Hy = Hylpos == |4 —sec? | =2 [4—sec?Z =L ~ 0.40824829a
T inin=s Ty 2n| . 4 6 V6

2) Perpendicular height (i.e. normal distance between opposite regular triangular faces) is obtained by substituting

n = 3 in the above generalized formula i.e. Eq(8) as follows

H=2H,=2-= [4—sec?o=| =2 [a—sec2Z=a Z . 0.81649658a
I 2n| .2 6 3

3) Radius of circumscribed sphere i.e. the sphere on which all 6 identical vertices lie, is obtained by substituting
n = 3 in the above generalized formula i.e. Eq(5) as follows

R =2 4 + cosec? n =4 4+coseczn— a4 ~ 0.707106781a
° = 24 20| TN 6 V2

4) Total surface area of regular triangular right antiprism or regular octahedron is obtained by substituting n = 3
in the above generalized formula i.e. Eq(9) as follows

n=3

1 T 1 4
= —na? — =_-3q? —_) = 2 o 2
Ag = 5 na (\/3+cotn) = 23a (\/3+cot3) =2V3a* =~ 3.464101615a

n=3
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5) Volume of regular triangular right antiprism or regular octahedron is obtained by substituting n = 3 in the
above generalized formula i.e. Eq(10) as follows

V—nas( 4 t”) /4 2 I —3a3( tZ g t”) |4 2T V2 304714045208
= 24 [o(0) 2n Cco n sec 2nn=3— 24 CcO 6 [o(0) 3 sec 6— 3 a” = U. a

6) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by
substituting n = 3 in the above generalized formula i.e. Eq(21) or Eq(22) as follows

1 T 1 T
Orrp = 2tan™" (E ’3cosec2% — 4) =2tan! (E /3cosec2 s 4)

= 2tan"(v2) ~ 109.4712206°

n=3

Or

0 —1< 1 an )| —1( L ”) -1 (1) 109.4712206°
= 71T — COS —tan— =TT — COS —=1tan—) = 1mT — COoS = | = B
e V3 o2/l _, V36 3

The above value of dihedral angle between any two triangular faces having acommon edge in a regular octahedron
is same as obtained by the author [6].

7) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by
substituting n = 3 in the above generalized formula i.e. Eq(28) or Eq(23) as follows

p _1( 2 znt , T 27t) _1( 2 znt ,T 2n>
= cos~!|—=sin’—tan®*— — cos — = cos ! | —=sin’*=tan?*— — cos —
v 37 n 2n n /s 3 3 6 3
1
= cos~ ! <§> ~ 70.52877937°
Or
0 —1( L n)‘ —1( L ”) —1(1) 70.52877937°
=cos !|—tan— =cos !(—=tan—=) =cos™ (=] = 70.
m V3~ o2/l _, V36 3

8) Solid angle subtended by equilateral triangular face at the centre of regular triangular right antiprismis obtained
by substituting n = 3 in the above generalized formula i.e. Eq(11) or Eq(12) as follows

. B LT i 3 LT
wp =21 — 6sin Z—sm o =21 — 65sin Z—sm 3

n=3

1 s
=2m —6sin”? <ﬁ> =5 ~ 1.570796327 sr

Or

s s
=27 — 6sin~! 2'2—/3—4'2—
s sin (Sll’l6 51n6

W =21 — 2nsin~! | 2sin? T ’3 — 45inZl
T 2n 2n

~ 1.570796327 sr

n=3

1
= 2w — 6sin! (—) =
V2

NI
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9) Solid angle subtended by regular triangular right antiprism at each of its 6 identical vertices is obtained by
substituting n = 3 in the above generalized formula i.e. Eq(20) as follows

T
. 1 3 . T i3 . cos . 2 . m
wy =2|3sin"'| > [3—2cos—|+sin"!| cos— [3—2cos—|—sin"!'| —7F | =3sin”! (—sm—)
2 n n n cos = V3 2n

2n n=3
1 cosZ 2
=2 (3 sin™t (E 3-2 cos%) +sin™t <cosg 3 —2cos g) —sin™?t <@> —3sin~?t (ﬁ sin %))
8(' _1(1> i _1(1)) 2 8si _1<1) 1.359347638
= Sin — ] — SIn o = 4Tt — o SIn — | = 1. ST
7z 3 7

The above value of solid angle subtended by a regular triangular right antiprism or octahedron at each vertex is
same as obtained by the author [7].

2.17.2. Square right antiprism (n = 4)

The important geometrical parameters of a square right antiprism (as shown in the Figure-14) can be easily
determined by substituting n = 4 in the above generalized formula.

Number of triangular faces, F, =2n=2-4 =8
Number of square faces, F, = 2

Number of edges, E =4n=4-4 =16
Number of vertices,V =2n=2-4=38

1) Normal distance of each equilateral triangular face from the centre
of a square right antiprism with edge length a is obtained by
substituting n = 4 in the above generalized formula i.e. Eq(7) as

follows
a n a n Figure-14: Square right antiprism
H; = — |9cosec? —— 12 = — [9cosec?—-—12
RV 2n s 12 \ 8 (n=4).

’8 +6v2
=% - V2 0.586040409a

2) Normal distance of each square face from the centre of square right antiprism with edge length a is obtained
by substituting n = 4 in the above generalized formula i.e. Eq(6) as follows
a T
=— [4—sec?—==

H, = H,| _a/4 seczn a4 ¢
4 — Hpln=4 — - BN i
4 2n| _, 4 8 /2 25/4

3) Perpendicular height (i.e. normal distance between opposite square faces) is obtained by substituting

~ 0.420448207a

n = 4 in the above generalized formula i.e. Eq(8) as follows

=2 4 sec2Z =%+ 0840896415
—E — SecC g—ﬁ~ . a
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4) Radius of circumscribed sphere i.e. the sphere on which all 8 identical vertices of square right antiprism lie, is
obtained by substituting n = 4 in the above generalized formula i.e. Eq(5) as follows

Ry == |4+cosec?—| == |4+ cosec?m =" /8+2\/§ ~ 0.822664388a
°7 g 2n| T 4 8 4 T

5) Total surface area of square right antiprism is obtained by substituting n = 4 in the above generalized formula
i.e. EQ(9) as follows

‘n:4

A, = %na2 (\/3_’ + cotE)

1 s
)| =54a* (V3 + coty) = 2a*(V3 + 1) ~ 5.46410161507

n=4
6) Volume of square right antiprism is obtained by substituting n = 4 in the above generalized formulai.e. Eq(10)

as follows
4q3 ( tr[ N trr) 4 NG
=— — + cot— f —secz—
. 24 CcO 3 (0] 2 Se 3

V—na3( to—+cot=) [4—sec? o
—24 co n COn sec mn

a3
= ?(23/4 +21/%) ~ 0.956999981a°

7) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by
substituting n = 4 in the above generalized formula i.e. Eq(21) as follows

1 T 1 T
Orrg = 2tan™? (5 fScoseczﬁ - 4>|n=4 =2tan™’ (E /?»cosec2 i 4)

J8+6v2
= 2tan-! (%) ~ 127.5516029°

8) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by
substituting n = 4 in the above generalized formula i.e. Eq(28) as follows

4 2 ,m_ T 2
7] = cos ——sin“—tan‘— — cos—
TTV 3 n

2 m i 271)
2n n

2v2 -3
= cos‘1< 3 ) ~ 93.27858947°

= cos™?! (——sin2 —tan?— — cos —
3 4 8 4

n=4

9) Dihedral angle 6,5, between any two adjacent regular triangular and square faces having a common edge is
obtained by substituting n = 4 in the above generalized formula i.e. Eq(22) as follows

1 T 1 m
Orsg = Orpg ln=4 = cos™! (——tan —> = cos™! (——tan—)

\3 2n/l _, V3 8

= cos™? (—%(\/E - 1)) = cos™? <@> ~ 103.8361605°

10) Dihedral angle 6, between any two adjacent regular triangular and square faces having a common vertex is
obtained by substituting n = 4 in the above generalized formula i.e. Eq(23) as follows

1 T 1 I[4
Orsy = Orpyln=g = cOS™! (—tan —) = cos™! (—tan—)
\/§ zn n=4 \/§ 8
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= cos™! (%(«/E - 1)) = cos™! (@) ~ 76.16383952°

11) Solid angle subtended by equilateral triangular face at the centre of square right antiprism is obtained by
substituting n = 4 in the above generalized formula i.e. Eq(11) as follows

2m—6sin-1| |2 — sin2 2m—6sin-t| |>—sin2”
= — 0 SIn — — SIn“ — = — 0 SIn — — SIn“ —
@r =2an 4 2n T 4 8

n=4
VZ+1
=27 — 65sin~! (T ~ 0.944946255 sr

12) Solid angle subtended by square face at the centre of square right antiprism is obtained by substituting n = 4

in the above generalized formula i.e. Eq(12) as follows
Wy = Wy |pey = 2w — 2nsin~t 25inzl 3 - llsinZl =2m—8sin~?! ZsinZE 3-— 4sinzz
‘o Tnin=d 2n4 2n g 8

V2 -1
2

n=4

1 =~ 2.503400284 sr

= 2m — 8sin~

13) Solid angle subtended by square right antiprism at each of its 8 identical vertices is obtained by substituting
n = 4 in the above generalized formula i.e. Eq(20) as follows

T
1 3 T 3 cos 2 T
wy =2 3sin™'( - [3—2cos—)+sin"!|cos— [3—2cos—|—sin"?! 7 | —3sin™? (—sin —)
2 n n n cos-- V3 2n

2n

fis
=2 <3 sin™! (% 3-2 cos%) +sin™t <cos% 3-2 cos%) —sin™?! <Z:§> — 3sin7t (%sin %))
3-V2 3-42 2-2
=2( 3sin? (T) + sin™? — |- sin~? ( /2 - \/§> —3sin? 2 ~ 1.793771333 sr

n=4

2.17.3. Regular pentagonal right antiprism (n = 5)

The important geometrical parameters of a regular pentagonal right antiprism (as shown in the Figure-15 below)
can be easily determined by substituting n = 5 in the above generalized formula.

Number of triangular faces, F, =2n =2-5=10
Number of regular pentagonal faces, F; = 2
Number of edges, E = 4n=4-5 = 20

Number of vertices,V =2n=2-5=10

1) Normal distance of each equilateral triangular face from the centre of a regular pentagonal right antiprism with
edge length a is obtained by substituting n = 5 in the above generalized formula i.e. Eq(7) as follows
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Hy = a 9cosec2n 12
T 12\/ 2n

_ (3 +\/§)a
43

. ’9 2 12
= 13+ 2C0sec’ 15

n=5
~ 0.755761314a

2) Normal distance of each regular pentagonal face from the
centre of regular pentagonal right antiprism with edge length a
is obtained by substituting n =5 in the above generalized
formula i.e. Eq(6) as follows

a
=— |4 —sec?—

a , T
Hs = Hy|pes = — |4 —sec? — 2 10

4 2n

n=>5

Figure-15: Regular pentagonal right

5+5 e
V5 L 04253254040 antiprism (n=5).

a
2

3) Perpendicular height (i.e. normal distance between opposite regular pentagonal faces) is obtained by
substituting n = 5 in the above generalized formula i.e. Eq(8) as follows

H=2H;=2-2 [4—sect—| =2 [4—sect == 5+V5 _ 0850650808
= 5 = 4 secC Znnzs—z secC 10—a 10 =~ U. a

4) Radius of circumscribed sphere i.e. the sphere on which all 10 identical vertices of regular pentagonal right
antiprism lie, is obtained by substituting n = 5 in the above generalized formula i.e. Eq(5) as follows

a | [ a ,
R, = 2 4 + cosec? | 4+ cosec2 =7 10 + 2V5 =~ 0.951056516a

5) Total surface area of regular pentagonal right antiprism is obtained by substituting n =5 in the above
generalized formula i.e. Eq(9) as follows

1 T a?
= 5a? (\/§ + cotg) = 7(5\/5 + /25 + 10\/§> ~ 7.77108182a2
=5

6) Volume of regular pentagonal right antiprism is obtained by substituting n =5 in the above generalized
formula i.e. Eq(10) as follows

AS=—na (\/_+c0t )

n

na3 iy T
V= (cot— + cot— ) 4 —sec? —

_5a3( t7'[+ tn) 4 ST
> o o = co cotg sec

24 10 10
n=>5

a3
==+ 2v/5) ~ 1.5786893264°

7) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by
substituting n = 5 in the above generalized formula i.e. Eq(21) as follows

1 T 1 7
Orrg = 2tan™! (E /3COSEC2 o 4>L=5 =2tan"! (E f3cosec2 0~ 4)

3445
= 2tan—1( - ) ~ 138.1896851°
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8) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by
substituting n = 5 in the above generalized formula i.e. Eq(28) as follows

2 T T 21
Orry = cos™? (— 3 sin? —tan? — — cos —)

i[4 T 27r)
n 2n n

2
— -1 _Zqin2_ 2 _
= cos ( 3 5in 5tan 10”53

n=>5
1
= cos~ ! (—§> ~ 109.4712206°

9) Dihedral angle 6,55 between any two adjacent regular triangular and pentagonal faces having a common edge
is obtained by substituting n = 5 in the above generalized formula i.e. Eq(22) as follows

Orve =Orselaes =057} (= pan )] =cos™ (= Fptan )

= _c = COS ——tan— = cos ——tan—

TPE TPE In=5 \/§ m - \/§ 10
5-2v5

=cos™!| - |—=— | =7 —tan"'(3+ V5) ~ 100.812317°

10) Dihedral angle 6,p, between any two adjacent regular triangular and pentagonal faces having a common
vertex is obtained by substituting n = 5 in the above generalized formula i.e. Eq(23) as follows

1 T 1 m
Orpy = Orpylp=s = cos™t (—tan —)‘ = cos~?! (—tan—)

V3 2n nes \3 10

/5 — 25
= cos™! 15\/_ = tan"(3 + V5) ~ 79.18768304°

11) Solid angle subtended by equilateral triangular face at the centre of regular pentagonal right antiprism is
obtained by substituting n = 5 in the above generalized formula i.e. Eq(11) as follows

2
,3 m f3 n 3 (V5-1
wT=27r—6sin‘1< Z_Sinzﬂ> =21T—6sin‘1< Z_SmZE): 27'[—6sin‘1< Z_< 7] >>
5

) V5+1 . . 3m T
=21 —65sin? 2 =2m —6sin~?! <smﬁ) =z ~ 0.62831853 sr

n=

12) Solid angle subtended by regular pentagonal face at the centre of regular pentagonal right antiprism is obtained
by substituting n = 5 in the above generalized formula i.e. Eq(12) as follows

Ws = W, |,es = 2w — 2nsin~?! ZSin21 3-— 4sin2£ =27 —10sin™?! Zsinzl 3- 4sin2£
5T Tnin=s 2n 2n 10\] 10

V5 -1
) = 27 — 10sin™? (sin%) = 1 ~ 3.141592654 sr

n=>5

=27 — 10sin~?t (

13) Solid angle subtended by regular pentagonal right antiprism at each of its 10 identical vertices is obtained by
substituting n = 5 in the above generalized formula i.e. Eq(20) as follows

T
. 1 T . T 3 . cos . 2 m
wy =2|3sin"*{ - [3—2cos—)+sin"*|cos— [3—-2cos—|—sin"* 7 | —3sin™? (—sm —)
2 n n n cos —— V3 2n

2n

n=5
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n
1 [ 4 T cosg 2 4
_ -1 2 _ il io—1 d _ D) in-t —2ein~1(cin—) | ~
= 2<3 sin (2 3 —2cos 5) + sin <c055 /3 2 cos 5) sin (cos n) 3sin (ﬁsm 10)) 2.059558403 sr

10

All the above values of geometric parameters of a regular pentagonal right antiprism are same as obtained by the
author [5].

Thus the analytic formula can be derived for any right antiprism having polygonal base with desired no. of sides
nsuchthatn > 3,n € N.

2.17.4. Infinite right antiprism (n — )

An infinite right antiprism is a right antiprism having two polygonal bases each with infinite number of sides i.e.
n — oo each of finite length a. In other words, an infinite right antiprism has a band of infinite number of
equilateral triangular faces each with finite side connected by two regular polygonal bases each with infinite
number of sides. Obviously, a regular polygon with infinite number of sides each of finite length looks becomes
acircle. Thus an infinite right antiprism becomes a right cylinder having finite length and circular bases each with
infinite radius. The important geometrical parameters of an infinite right antiprism can be easily determined by
taking the limits of the above generalized formula as n — co.

Number of triangular faces, F, = 2n — oo

Number of regular polygonal faces with infinite no. of sides, F,, = 2
Number of edges, E = 4n - o

Number of vertices, V = 2n — oo

1) Normal distance of each equilateral triangular face from the centre of an infinite right antiprism with finite edge
length a is obtained by taking limit of H; given from the above Eq(7) as n — o

H li a4 ’9 2 I 12
= 11im — cosecc — — — 00
T Sw12 2n

The above result shows that each triangular face is at an infinite distance from the centre of infinite right antiprism.

2) Normal distance of each regular polygonal face with infinite no. of sides from the centre of infinite right
antiprism with finite edge length a is obtained by taking limit of H,, given from the above Eq(6) asn — oo

. .oa T av3
Hoo = 0 e = M0 g 750 50 =2

The above result shows that each polygonal face is at a finite distance from the centre of infinite right antiprism.

3) Perpendicular height (i.e. normal distance between opposite regular polygonal faces) is obtained by taking limit
of H given from the above Eq(8) as n —» o

a | T  aV3
= = i - — 2 =
H = 2H,, 2%524 4 — sec o >

4) Radius of circumscribed sphere i.e. the sphere on which all infinite identical vertices of infinite right antiprism
lie, is obtained by taking limit of R,, given from the above Eq(5) as n — o

R li 2 ’4 + 2 I
= 1l1im — cosec s —— — oo
o nowd 2n
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5) Total surface area of infinite right antiprism is obtained by taking limit of A, given from the above Eq(9) as

n — oo

1 T
A, = lim Zna2 (\/§+ cot;) )

n—-oo

6) Volume of regular pentagonal right antiprism is obtained by taking limit of V given from the above Eq(10) as

n — oo
V= li na3( — 4 tn) /4 2 I
= IlIm —{ cotl— cot— — Sec s — —> oo
n-ow 24 2n n 2n

7) Dihedral angle between any two adjacent regular triangular faces having a common edge is obtained by taking
limit of 8, given from the above Eq(21) as n — o

. (1 , T
GTTE=1111£102tan 3 3cosec 5_4 =7

The above result shows that the triangular faces with finite side and common edge become co-planar with each
other in infinitely long band of triangular faces.

8) Dihedral angle between any two adjacent regular triangular faces having a common vertex is obtained by taking
limit of 8,1, given from the above Eq(28) as n — oo

T T 2n)
=T

Oppy = lim cos™! (—Esinz—tanz—— cos —

TV e 3 n 2n n

The above result shows that the triangular faces with finite side and common vertex become co-planar with each
other in infinitely long band of triangular faces.

9) Dihedral angle 6,55 between any two adjacent regular triangular and polygonal faces having a common edge
is obtained by taking limit of 8, given from the above Eq(22) asn — o

) 1 1 T
Orpg = lim cos™ (——tan—) =
n—-oo

V3 2n

The above result shows that each triangular face having common edge with regular polygonal face becomes
perpendicular to the plane of polygonal base with infinite no. of sides each of finite length.

2

9) Dihedral angle 6,5, between any two adjacent regular triangular and polygonal faces having a common vertex
is obtained by taking limit of 8,5, given from the above Eq(23) asn — o

} (1 T
Orpy = lim cos (—tan—) =
n—oo

V3 2n

The above result shows that each triangular face having common vertex with regular polygonal face becomes
perpendicular to the plane of polygonal base with infinite no. of sides each of finite length.

NS

11) Solid angle subtended by each equilateral triangular face at the centre of infinite right antiprism is obtained
by taking limit of w; given from the above Eq(11) asn — oo

. - _1 3 . Zn
wT=1111_)110102n—6sm Z_Smﬂ =0
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The above result shows that each triangular face of finite side subtends a solid angle of 0 sr at the centre located
at an infinite distance from each triangular face.

12) Solid angle subtended by each regular polygonal face with infinite no. of sides at the centre of infinite right
antiprism is obtained by taking limit of w,, given from the above Eq(12) as n — o

T T
We = limw, = lim 27 — 2nsin™! | 2sin? — ’3 —4sin2— | = 27
n—oo n—-oo Z‘n 21‘[_

The above result shows that each polygonal face with infinite no. of sides subtends a solid angle of 27 sr at the
centre which implies that each polygonal face covers the centre like a hemispherical cap.

13) Solid angle subtended by infinite right antiprism at each of its infinite vertices is obtained by taking limit of
wy given from the above Eq(20) asn — o

T
. .1 T L T T L cos (2 . m
wy = lim 2| 3sin™*{= |3 —2cos— |+ sin™?{cos— [3 —2cos— |—sin~? 7 | — 3sin 1(—51n—) =7
n—oo 2 n n n COS =— V3 2n

2n

The above result shows that the infinite right antiprism subtends a solid angle of & sr at each of its vertices which
implies that the band of triangular faces becomes an infinitely long rectangular plane with finite width (as shown
in the Figure-16)

S AVAVAVAVA'S

Figure-16: The band of triangular faces of infinite right antiprism becomes a rectangular plane of
infinite length & finite width, and subtends a solid angle of &= sr at each vertex.

2.18. Variations of dimensionless parameters of regular polygonal right antiprism

The dimensionless parameters, the dihedral angles; O1rg, Orrv, Orpr & 67py and the solid angles; wy, w,, & wy,
(as derived above) only depend on the number of sides in regular polygonal base n which is a natural number
such that n > 3,n € N. The graphs of variation of dihedral and solid angles with respect to the number of sides
n can be plotted by assuming n to be a continuous variable such that n > 3 as shown by the solid curves in the
Figure-17 and Figure-18 below. These plots can be used to determine the values of dihedral solid and solid angles
of a regular n-gonal right antiprism at the positive integer value of n.
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Figure-17: The variations of dihedral angles 87rg, @71y, Orpg and Orpy W.r.t. n
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Figure-18: The variations of solid angles wy, w, and wy w.r.t. n

Summary: All the important geometric parameters of a regular n-gonal right antiprism having edge length a can
be determined as tabulated below.

Geometric parameter Formula
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Normal distance of equilateral triangular face from the
centre

H . 9cosec2£—12—icotl 4—seczl
T 12 2n T 4y3 2n 2n

a T
Normal distance of regular polygonal face from the centre H, = 7 f4 — sec? o
_ _a , T
Perpendicular height (i.e. normal distance between opposite H = 2H, = 7 4 — sec m
regular polygonal faces)
_ a ) T
Radius of circumscribed sphere R, = ) 4 + cosec m

Total surface area

As = %na2 (\/§ + cotg)

Volume

14 na3( 4 tT[) |4 2 I
= —|(cot— + cot— —sec? —
24 2n n 2n

Dihedral angle between any two adjacent regular triangular
faces having a common edge

1 T
Orrp = 2tan™?! (E 3cosec? o 4)

Dihedral angle between any two adjacent regular triangular
faces having a common vertex

Orry = cos™t (— z sin?Z tan? = — cos Z—H)
3 n 2n n

Dihedral angle between adjacent regular triangular and
polygonal faces having a common edge

1 T -1 T
Orpr =T —cos™ ! (—tan—) = cos™! (— tan—)

V3 2n V3 2n

Dihedral angle between adjacent regular triangular and
polygonal faces having a common vertex

1 s
Orpy =T — Oppp = cos™t (—tan—)

V3 2n

Solid angle subtended by equilateral triangular face at the
centre

2 6sin~?! 3 sin? id
Wy = 4T — 1n — — SIn“ —
T 4 2n

Solid angle subtended by regular polygonal face at the
centre

w, =21 — 2nsin”?! 25ir121 /3 - 4sin2£
n 2n 2n

Solid angle subtended by polygonal antiprism at each of its
2n identical vertices lying on a sphere

1 3 T I3
wy =2 <3 sin™! <§ /3 -2 COSE> +sin? (cos; /3 -2 cosr—l)
cos™ 2
po T
—sin™! ] —3sin7? (—sin —)
cos2— V3 2n

2n
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Conclusions

In this paper, the generalized formulas have been derived in terms of edge length and number of sides of regular
polygonal base of the regular polygonal right antiprism for computing its important parameters such as, normal
distances of faces from the centre, normal height, radius of circumscribed sphere, surface area, volume, dihedral
angles between adjacent faces, solid angles subtended by the faces at the centre and solid angle subtended by
antiprism at each vertex. The analytic and generalized formula derived here can be used to mathematically analyse
and formulate the polyhedrons with large no. of faces, edges and vertices in discrete geometry.
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