MULTINOMIAL DEVELOPMENT

Atsu DEKPE
Mathematics Department,
University of Lome,
P.O. Box 1515 Lome,
TOGO,

estatchala@gmail.com

April 27, 2023

Abstract:
In this paper we obtain the multinomial theorem following the numbers AP and
C? (Vandermonde’s identity generalization). Using this notion we obtain gener-
alization of products of numbers in arithmetic progression, arithmetic regression
and their sum. From the generalisation we propose (define) the arithmetics se-
quences product.

1 INTRODUCTION

In combinatorial analysis we have numbers that allow us to calculate the cardi-
nal of a set according to a well determined model among which we can quote:
the numbers n?, AP and C%.

Let n and p be two natural numbers. The drawing of p balls in an urn contain-
ing n balls, models many counting problems [2]
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The number C? plays an important role in enumerative combination and other
discipline fields, see Chen and Kho [1] and Comtet [2] for more details on bi-
nomial coefficients. The term binomial coefficient comes from the fact that
numbers C? appear as coefficients in the development of (x + y)".
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The multinomial coefficients see [8] which are a generalization of the binomial
coefficients allow to extend the development to more numbers. Let n and m be
non-zero natural numbers, x1, xs, ..., T,, real numbers:
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In the case of binomials, the sum of the powers of numbers in arithmetic pro-
gression using Bernoulli polynomials gives (see [5] and [7] for more details)

S n+ ke = By D) = By
m+kr)’ = ——(bBpr1(n+ =) — Bpr1(—
P p+1 T r
The sum of the first n products of p consecutive integers is given by the formula
of M. LAISANT [6]. Let n and p be natural numbers:

P

Sp(n) = kz::l k(k+1)(k+2)..(k+p) = 1% i:O(n +1)

Suppose m, r are non-zero positive reals and n is a non-zero natural number,
the Euler gamma function [4] and [9] allows to generalize the product of n con-
secutive non-zero integers.
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For every non-negative integer n we have :

F(n+1)=nl'(n)=n(n—-1I'n-1)=n!

The results of this paper are organized as follows: in section 2 the formula of
the multinomial following the numbers AP and C?. In section 3 the formulas
of product of p numbers in arithmetic progression or regression (divided by p!)
are presented. In section 4 a generalization of the formula of M. LAISANT will
be presented by proposing afterwards the arithmetic sequences produced.



2 MULTINOMIAL DEVELOPMENT

2.1 Multinomial development according to the number
AP
2.1.1 Theorem 1

Let m and n be two non-zero natural numbers and z1, xs, ..., £,, natural num-
bers n < z;. Then,
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Proof : we prove by recurrence on m
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ii) let’s assume the equality is true for m > 1 we have :
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Example

) 3 Py
A?7+3+11) = Z <z j k>A7A§AIf1
itj+k=3 N7

= ASAAY, +3A2A3AY, +3A2A0A7, + 3ALAZAY, +3ALASAT, +6ATALAL
+3A%A2A1, +3A0ALA3, + AVA3 A9, + A%A%A43,
A7 45411y = 7980

2.1.2 Formula of the binomial according to the number A?

Let m, n be natural numbers and p a non-zero natural number, p < m, p < n
then :

P
Ay = A
=0
Proof (see 3.2)

2.2 Multinomial development according to the number
C? (multinomial vandermonde’s identity)

2.2.1 Theorem 2

Let m and n be two non-zero natural numbers and z1, 9, ..., Z,, natural num-
bers n < x;. Then,
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Proof : From theorem 1 we have:
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Example
Clrysny = D CiCiCh
itjt+k=3
= C2C3CY, + C7C3CYy + C7C5C + G G507, + C7C5CT + C7C5Cy
+CPC30T + CRC5CF + CRO5CY, + CRC3CY,
C?7+3+11) = 1330

2.2.2 Formula of the binomial according to the number C?

Let m, n be natural numbers and p a non-zero natural number, p < m, p < n
then :

P

Clnin) = Z CP='C! (Vandermond' sidentity)

=0

Proof (see 3.3)

3 FORMULA OF DECOMPOSITION OF PROD-
UCT INTO SUM

3.1 Formula for decomposition of p product of numbers
in arithmetic progression into sum

Let the product be defined by :

n+p—1
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k=n



k
Let’s set: Df,;f’r = H(m + (p —9)r) with D?ﬁf’r =
i=1
Theorem 3 :
Let m be a non-zero real number, n be a natural number and p a non-zero
natural number, then :
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ii) let’s assume the equality is true for p > 1 we have :
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n+p

P P
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n+p D p—1
H (m + k?") — CngnJ,rq}’erlT’OA% + § :C;Dfnfrlfl,PJrlrzAz + E C;D;fnjﬁ,p+1rz+1AzL+1
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n+p p+1 ‘ 4 o
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Example
7+3—1 3 )

I (6+2k) => ciDiy " 2 AL

k=7 =0

= CYD332° A% + C3DY52' AL + C3D; 522 A2 + C5 D523 A3
=C(9x7x5)2°A% + C3(9 x 7)2' AL + C39 x 22 A2 + C52° A3
7+3—-1

I1 (5+2k) = 9177
k=7

3.2 Formula for decomposition of p product of numbers
in arithmetic regression into sum

Let the product be defined by:

H(m +n—Kkr)=m+nr)((m+mn-1r).(m+n—-—p+1)r)
k=0



k
Let’s set: Dfnm = H(m — (i — 1)r) with D?n,m =1
i=1
Theorem 4 :
Let m be a non-zero real number, n be a natural number and p a non-zero
natural number, then :

p—1 p
H(m +(n—Fk)r)= Z C;Dﬁ;:ﬂA;
k=0 i=0
Proof :
1-1 T o
p=1][(m+(n—kr)=> CiD\ r' Al
k=0 i=0

m+nr = C?D}n)TroAg + C%D?mrrlA}L

m-+nr=m-+nr

ii) let’s assume the equality is true for p > 1 we have :
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H(m +(n—kr)y=m+nr)(m+n-1)r)..(m+n—p+1)r)(m+ (n—p)r)
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Remark : Forr = 1, Dng = AP~" we find the binomial formula according to
the number AP

3.3 Formula for decomposition of p product of numbers
in arithmetic progression divided by p! into sum

n+p—1 k
Let the product be defined by : ==k=n ('m + k)
p!

k
Let’s set : Dﬁfr = H(m + (p —4)r) with D?,;{’T =1
i=1
Theorem 5 : (This theorem is a deduction from Theorem 3)
Let m be a non-zero real number, n be a natural number and p a non-zero

11



natural number, then :

in m k) S DR
| - Z _ |T n
P i=0 (p—1)
Proof :
it P . . . .
We have : H (m+kr) = Z Ci Db iPyi Al
k=n i=0

n+p—1
ooy (mAkr) 1
P LS Gy,

_ Zcz W’p v Al

p | p—1i,p
S L Y T
—il(p—a)! p!
1
iy (m+k7“ i ﬁw”’ ZCZ
=0

3.4 Formula for decomposition of p product of numbers
in arithmetic regression divided by p! into sum

Hk o(m + (n—k)r)

Let the product be defined by : ’
p!

k
Let’s set : D,’fw = H(m — (i — 1)r) with Dgw, =1
i=1
Theorem 6 : (This theorem is a deduction from Theorem 4)
Let m be a non-zero real number, n be a natural number and p a non-zero
natural number, then :

p —z
[T 0(m+ n—k Z % TCZ
p =0

Proof :
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We have : H(m + ( ZC;D%}?WA;
k=0
[Ti—p(m + (n — k)r i g
Ot DP~ipt At
| LS o,
P p i=0
P pDp—i
-S o
i=0 P

p—1

L ]
=) r_ Dy rilCy,

—il(p—i)! p!

[Ti—o(m + (n —k)r) Ep: D

| — l
p! — (p—1)!

Remark : Forr = 1, Dﬁlf = AP~" we find the binomial formula according to
the number C?

4 SUMS COMPUTATIONS

4.1 Sum of p products of numbers in arithmetic progres-
sion
Consider the sum define by:

Sy =mm+r).(m+{p-—1r)+ m+r)(m+2r)..(m+pr)+(m+(n—
1)r)...(m + (n+p—k2)r)

Let’s set : DF:P :H(m+(p— i)r) with D%P =1

m,r m,r
=1

Theorem 7 : (This theorem is a deduction from Theorem 3)
Let m be a non-zero real number, n be a natural number and p a non-zero
natural number, then :

i+1

—1j+p—
in i A
;) H (m+ kr) = Z Db~ pl—Jrl

<.

Proof

mim+r).(m+(p-1r)= Cg(m + (p—1)r)...(m 4 r)mr® A
(m+r)(m+2r).(m+pr) = C’g(m +{@-Dr)...(m+ r)mroA(l) + Czl,(m +(p—
Dr)...(m+r)rtAl

(m+2r)(m+3r)..(m+ (p+1)r) = C’S(m +(p—1)r)...(m+7r)ymr° A+ C;(m +
(p—1)r)..(m+ r)rlA% + Cf,(m +(p—-1Dr).(m+ 27“)7“214%
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(m+pr)(m+ (p+1)r)..(m+ 2p+ 1)r) = CS(m+ (p— )r)...(m + r)mr® A) +
C;<m+(p_1)r)--~(m+7“)7°114,1,+0§(m+(p—1)r)...(m+2r)r2A]2)—|—...—|—C£‘1(m+
(p—Dr)yettAl=t - clrP AY

(m+(n—=1)r)(m+nr)..(m+n+p—2)r) = C’g(m—I—(p—1)r)...(m+7")mr0A%71+
Com+(p—1)r)..(m+r)r'AL_ + C2m+ (p—1)r)...(m+2r)r?A2_ + ..+
C’f‘l(m +(p—V)r)rf=tal—l + C’frPAf_l

Summing member to member we get:
Sp = CY(m+(p—1)r)...(m+r)mr’[AJ+ AY+ ...+ A _ ]+ Cp (m~+(p—1)r)...(m+
P A+ As+ .+ AL+ CE(mA+(p—1)r)...(m+2r)r? [AF+ A5+ + A2 ]+ +
Oy (m+ (p=1)r)r? AT + AP o+ AP T+ OO [AD+ A+ AT ]
From [6] we have:

Al A2
Sp=Co(m+ (p—1)r)...(m+ r)erT" +Cl(m+ (p—1)r)...(m + r)r17” +
2 QA% p—1 pflAﬁ P pA€+1
Cp(m+(p—1)r)...(m+2r)r ?—F...—J—C’p (m+(p—1)r)r ?—FCPT P}
LN AR
— i DP—i,ppiln
S, ;cp PP

4.2 Sum of p products of numbers in arithmetic progres-
sion divided by p!

Consider the sum defined by :
mm+r m+(p71)r+m+rm+2r m+ pr

S = . . .
P12 D 1 2 D et
m+n—Drm+nr m+(n+p—2)r
. 5 »
k

Let’s set : D’f,{f’r = H(m + (p— i)r) with D)P =1
i=1
Theorem 8 : (This theorem is a deduction from Theorem 5)
Let m be a non-zero real number, n be a natural number and p a non-zero

natural number, then :

n— j+p—1 —i

Zl Hi:? (m + kr) _ i Dp-ip —
| — 7\

= p! — (p—1)
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Proof :
mm+r m+(p71)r+m+rm+2r m+ pr

S =— .
P12 D 1 2 D Tt
m+n—Drm+nr m+(n+p—2)r
. 5 »
1
!/
Sp—ﬁ »
s) = Z priwpi A
Popl i+1
p ZDp i,p AZH
=2 G
i=0 P
p ! DP—ip i+1
=X
—~ illp—1i)! pl i+1
P _
Dp—ip
r m,r i+1
S =2 r'Cy

(p—i)!

«
Il
o

5 ARITHMETIC SEQUENCES PRODUCTS

5.1 Arithmetic sequence of type AP
5.1.1 Definition

(Upnp) is an arithmetic sequence of type AP if there exists a real r called reason
such that, for all natural numbers n and p :

Uns1p—U
—P P — v or Upgip — Unp = prUnsi,p1
pUn-‘er—l

5.1.2 Expression of U, , in terms of n

P
If the sequence U, j, is arithmetic of type A? of first term, Uy, , = H (m~+@G—1)r)
k=1
P o P
and reason r then : U, , = Z CoUrp—ir" Ayt 3 U p—i = H (m+ (G —1r)
=0 j=i+1

with Uk,O =1

5.1.3 Sum of consecutive terms
i+1

ZC Uk7p i Anumzbio]]fterms

Remark p =1, 5,1 is the sum of a classical arithmetic sequence

15



5.2 Example

2 1 1.2 1
Let be the sequence (V,, 3) defined by : V,, 3 = (§ + En)3 - E(§ + Zn), n € N*
la) Express V,, 3 as a product of consecutive factors in terms of n.

b)Prove that V,, 3 is an arithmetic sequence of type AP whose reason will be
determined

2a) Calculate V4 3 and give a new expression of V;, 3 as a function of n.

b) Express the sum S, 3 of the first n terms of V,, 3 as a function of n.

2 1 ..
3) Let Uy, 3 = (§ + Zn)‘S, n € N* and S), 3 sum of the n first terms of Uy, 3.

Express S;%g as a function of Sy, 3, Sp,1 and n.

5.2.1 Resolution:

1la) Expression of V,, 3 as a product of factor

= G+ G + 0P - )
Vg = (5 + 30 = D) + ) + 1 (n+1)

b) Let us prove V,, 3 is an arithmetic sequence of type AP whose reason will be
determined

Vit13-Vas _ G+iE+in+1)E+in+2)-E+in-1))E+nE+i(n+1))
3Vn+t1,2 33+inE+in+1))
GG e )G+ +2) - G+ dn- )
3+ I+ 1t 1)
Vit13-v,s 1
3Vot1,2 4’

1
Hence V,, 3 is an arithmetic sequence of type A of reason r = 1
2)a) The value of V; 3

16



2 1 1

Vosg = (g + Z(n - 1))(5 + Zn)(g +-(n+1))
2 11 7

Vis =352 33%5
77

Vis 108

New expression of V,, 3 as a function of n

3
. 1. .
v;3::§:cgv1&4(ZyA;,1

= C5Via( )OAO 1+ C5Via(g )Al 1+ C5Via(g )A2 1+ C5Vio(g )3A3

n—1

= 2 x X A3y §>§< )+ 3(2)(}1)% ~1m-2)+ <§>3<n ~ 1) -2 -
Vos = 17078+S7)(75( 1)+3l2(n—1)(n—2)+6i4(n—1)(n—2)(n—3)

b) Let’s express the S, 3 sum of the first n terms of V,, 3 as a function of n

1 Az—i—l
Sn,3 = ZCSV1 3—i(

i+1
0 AL 1,,A2 5 A3 S AL
—03V13(4) T+03V12( )! 7+03V11(4) ?+C3V10(4) e
77 7 7 1
Sp3 = 108 +@ (n—l)+%n(n—1)(n—2)+ﬁn(n—l)( —2)(n—3)

3) Let’ express 57’173 as a function of S, 3 and S, 1

2 1
Un,?, = (g + Zn)?’? n e N*
2 1 ., 12 1
Vn,3*(§+1”) 42( T )
2 1 12 1
1.2 1
(hgfmw+4gg+sz1+n)
1.2 1 1
n -1 3
bos ol 40D+

17
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Sps=Uls+Uss+Uss+ ..+ Upns

1 1 1 1 1 1 1 1
= (V173 + 472VL1 + E) + (V2,3 + 4*2‘/271 + 4*3) + (V3,3 + E‘/&l + 473) + ...+ (Vn73 + 472‘/”’1 + E)
1 11 1 1
=Vig+Vos+Vas+ ...+ Voz)+ 4—2(1/171 + Vo1 +Vai+ .o+ Vo) + (4—3 tEt gt T 4—3)

n

1
!/
STL,S = Sn73 + 4*25”_’1 + 43
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