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[ Abstract] What is infinity? What principles should be adhered to when researching infinity? For a
predicate on a natural number system, is it true that finite holds, and infinite holds? This paper
reexamines the nature of infinity and proposes two opposite infinite axioms (3+1=0 or 6+1#£06). Based on
these two infinite axioms, the "infinite induction™ of the identity formula is proved; it is found that the
infinite axioms in the ZF system do not satisfy the equality axiom, and there are many contradictions in
the reasoning of the Cantor ordinal number. The ordinal theory of set theory ZF system is not strict. It is
hoped that the mathematics community will pay attention to these questions and give a convincing
answer.
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1. Two types infinity of different natures

Infinity is defined relative to infinity.
Classical infinity definition : let N is a set of all the limited numbers, thereisa ¢ , it is bigger

than all the limited number E, ¢ isan infinity quantity , named infinity ,as : o =00, thatis:

N:{Olz ..... n} 35[VEEN(5>E)]
Or define with limit: For arbitrarily large E , there is integral number K = K(E) enabling that

for any n> K., inequality | X, |>E is true, and then we named limit of sequence X, X,,X;,"*, X

as infinity (J') or the sequence as diverging at infinitely large (& ),namely,

limx, =J,noteas: O =oo.

n—aJ

1.1 Two types infinity of different natures

0={1}, 1={0}, 2={0,1}, 3={0,1,2}, === , n+1=nU{n},
n={0,12,3,---,n—1},
N:{O’]_,Z’s’...’n’...},

vneN (n+1#n),

That is: for any finite number,n+1=n,



Then, for infinite number 6, 0 +1=6, or O+1%67?

There are only two possibilities: (1) o+1=06,0r (2) o0+1#0.

Standard axiom of infinity: N ={0-1-2-----n----},
IS[VE e N (6 > E)]A[6+1=4].

According to the above infinite limit it is easy to know ,

limn=Ilimn+1,notesas limn=4¢,thatis: 36 (6+1=0),

n—o nN—o0 nN—o0

in general note as,

o=Ilimn=o0, thatis Joo (co+l=0)

Nn—o0

That is: there is an infinite set larger than all finite sets oo, and the successor set of this infinite set is
equal to it. Relative to the standard axiom of infinity, we propose the following non-standard axiom of
infinity,

Non-standard of infinity: N = {0-1-2-----n---+},

AS5[VE eN (6 > E)]A[6+1= 5] ;

“Standard axiom of infinity” and “non-standard axiom of infinity” which are contradictory
are not able to be true in same system.
1.2 Two types of limits
To differentiate operation results of classical axiom of infinity and non-classical axiom of infinity,
we introduce following definitions:
Definition 1.2.1 Standard limit and non-standard limit

We rule:

(1) Satisfying standard axiom of infinity 36[ VE € N (0 > E)]A[0+1l=05], where & s

denotedas co=1limn, called limn isastandard limit;

(2) Satisfying non-standard axiom of infinity 30 [ VE € N (6 > E)]A[0+1# 5], where & is

denotedas @ = ulimn, called glimn isanon-standard limit;

n—oo n—o

Infinite set N={0,1,2,---, (N—1)}, when n—>oo,

(M limn={0,1, 2,---,lim(n—2), lim(n—21)}is a infinite set,

n—oo
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oo:{O,l, 2,---,00};

(2) pulimn={0,1,2,---, ulim(n—2), uzlim(n—21)}is a infinite set,

@={0,1,2,-,a-1}:

Type 1 infinity, 0 +1=0, thatis co+1=o0, according to this infinity, we can easily get,

O0,00+n,"-nM),"'OOn,"" nw....oooo...oooo
and so on. All of them are equal infinity, That is :
OO:OO+n::nOO::OOn ::nOO ::ww :...:oocow — ..

Which is often used in standard analysis, and We are familiar with it.
Type 2 infinity, 0+1# 0, @ +1# @, according to this kind of infinity, we can easily get,

n @ foad

--wi---iZwi'--iwzi---iw % xtzN £t @ £ E @ £

Thatis:---@,@ +1,-+-2w@,3w, @, @, -

n @ @ foad @.
n-,-

--w’ ’..-w 1--.@' ’---

and so on. All of them are independent infinity. That is :

In type 1 infinity,

limn-2, limn-1

n—oo n—oo

That is :
00— 2=00, c0—1=00
Generally:
0—N=00, N—00=—0;
Obviously, there is subtraction operation in type 1 infinity.
In type 2 infinity,
pulimn=2, ulimn-1

n—oo n—oo

That is;

@ —2, @w—1 areindependent infinity.
there is subtraction operation in type 2 infinity too.
Generally:

@—n ko —-n k7 -n ,wk -n_..
are independent infinity.
1.4 Axiom of infinity

Based on the above analysis, In the set theory ZF system,we propose the following two axioms;
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Definition 1.4.1 Standard axiom of infinity and non-standard axiom of infinity (Definition of
unlimited number and infinite set)
1. Standard axiom of infinity

(1) Disaset, (2)if n isasetthen n+1=nU{n} isaset, (3) limnalso is a set;
N—o0

(denote as:co = limn,co =00 +1)

N—o0
2. Non-standard axiom of infinity

(1) D isaset, (2) If n isaset,then n+1=nU{n} isaset, (3) xlimnalso is a set;

n—oo

(denote as:@ = ulimn, w#w+1 )

nN—o0

(note: @ is different with Cantor’ s ordinal number @)
These two axioms of infinity are equivalent to the above two types infinity.

Finiteset N={0,1,2,---,(n—2),(n—=1)}, n not only denotes number, but also denotes set;
Take standard limit on finite set n={0,1,2,---, (n—2),(n—-1)};

limn={0,12,---, (limn-2),(limn-21)},

Type 1 infinity

0= {O, 12, -, oo}, oo denotes both number and set;
Take non-standard limit to finite set Nn={0,1, 2,---,(n—2),(n—1)}

ulimn={0,1,2,---, (ulimn-2), (ulimn-1)}
Type 2 infinity

@ = {O, 12 - @ —1} , @ denotes both number and set.

The two types infinity are contradictory. These two axioms are similar to the axiom of Euclidean
geometry and non-Euclidean geometry, and they cannot be established in the same system. They are in
two different dimensions of the world, and they cannot be unified. . These two infinities can be regarded

as standard infinity and nonstandard infinity.

2.Limitedness can be true, unlimitedness also can be true ?

How should we study infinity? For a formula or a predicate, if the infinite is true, is the infinity
still true?
2.1 Calculating identical equation’s limit in standard analysis



Example 2.1.1 Calculating identical equation’s limit

1 1 1 1 n_.
_— e = — IStrUe,
1.2 2.3 3.4 n(n+l) n+1

Assume E(n) isabove formula, thatis:= E(n).

.1 1 1 . N :
lim—+—+—+---+ 1= lim[——] also is true,
1.2 2.3 34 n(n+1)~ rm=n+l

1 1
-t
1.2 2.3 34 n(n+1)

+...=1,

Thatis: E(o0) istruetoo. Thatis:= E(0).

Example 2.1.2 Calculating identical equation’s limit

Assume A =1, A, :a/1+A1

limA,, =lim I+ A, A = J[v A &:4%7‘1

The above process of calculating limits shows that for identical equation’s predicates E(n), the

infinite E(Nn) is true and the infinite E(c0) is true too. That is E(n) = E(o0). This is not new to

us, we often use it in calculus.
Further example:

Example 2.1.3 For any finite number n, the following equation holds that

1 1 1 1 1

For infinite N =00 it 5150 holds, that is:

1 1 1 1 ;
FO) =1t St s+t g b= lim(2—

1,

2n—1

For any finite number N, P(N)=Q(") 450 holds,

limP(n)=1imQ(n)
in general, when N=00 " noe N—oo also holds,
that is, when M= P(x0) =Q(x0)

The logical reasoning process is:



P(n)=Q(n) = limP(n) =limQ(n) = P(x) =Q().
This logical process of finding the limit, in effect, means that the finite holds and the

infinite also holds.

That is, if E(n) is the formula P(n) =Q(n) of the equivocal definition, according to the
process of finding the limit, it should be: E(n) holds, then, E() also holds. Namely,
E(n) = E()

If "finite E(n) holds and infinite E(o0) does not", our whole theory of standard calculus,

the theory of series, is wrong.

2.2 Natural number axiom system and equality axiom system
Natural number axiom system PA :

Initial term 0; successor ' ; plus +; multiplication e« ; equal sign =; Variable term
a,b,c,d,---;predicates A(X).

PAL: —a'=0;

PA2: a'=b'—>a=b;

PA3: a+0=a;

PA4: a+b'=(a+h);

PA5: a.0=0;

PA6: a-b'=a-b+a;

PA7 :  A(0) A VX(A(X) > A(X)) = A(X) »

Equality axiom system:
El: a=a;

E2: a=bo> At 2 t) = At bot,)
E3: (@=b—> (At t) > At beot,))
(A" isanany n-ary predicate)

Expressed in predicate form as: (E(a,b) denotes the binary predicate a="Db)



E3 can be expressed as: E(a,b) —» (A"(t,,t,---a---t.)) > A"(t,t,---b---1,));

Definition 2.2.1 Logical definition of a limit

Its logical expression is: !i_[g(P(n) =Q(n)) <> (n=x) A(P(n)=Q(n)) .
Or in predicate form as LI_EE E(P(n),Q(n)) <> (n =) AE(P(n),Q(n)) .

The predicate formula P(n) = Q(n) we abbreviate as E(P(n),Q(n)).

Theorem 2.2.1:[E(n,o0) A E(P(n),Q(n))] = E(P(e0), Q(0))

Proof: According to the logic formula(A%(B_)C))(_)(AAB_)C), with E3can be

obtained as follows:
E@D)AA (L8 t,) > At b-t,)

n
In the above equation, taking @ to be N, Pt o be =, A'to be a binary predicate, we

can get;
[E(n,0) AE(P(n),Q(n))] = E(P(c0),Q(x))
Thatis ((N=2)AE(P(n),Q(n)) — E(P(x),Q(«)))
Abbreviated as, (N =2) AE(n) = E(x0))

Theorem 2.2.2 In standard infinity, finite holds and infinite also holds.

E(P(n),Q(n)) — E(P(x), Q())

(1 = E(P(n),Q(n)) hypothesis,
(2) F limE(P(n),Q(n)) the constant takes the limit,
(3) F [(n=0w)AE(P(N),Q(N))] definition of limit,

(@) F E(P(c0), Q(00)) ~-memer [(n =) A E(P(n), Q(n))] = E(P(),Q(0)) , theorem 2.2.1.

(5) F E(P(n),Q(n)) — E(P(),Q()) (D), (4),
Abbreviated as E(M = E(0).

That is, E(n) is an equivocal definition of the predicate formula, E(«) also can be defined,

-7-



and if E(n) holds, then E(0)also holds.

Theorem 2.2.3 In non-standard infinity, finite holds and infinite also holds

E(P(n),Q(n)) = E(P(@),Q())

(1 = E(P(n),Q(n)) hypothesis,
(2) F ulimE(P(n),Q(n)) the constant takes the limit,
(3) F[(n=a)AE(P(N),Q(N)] definition of limit,

(@) + E(P(@),Q(@)) ——[(n= @) AE(P(n),Q(n))] = E(P(z),Q(@)) , theorem 2.2.1.

(5) F E(P(n),Q(n)) — E(P(),Q(@)) (1), (4).

Abbreviated as E(M = E(@).

Thatis, E(n)is an equivocal definition of the predicate formula, E()also can be defined,

if E(n) holds, then, E(w) also holds.

2.3 Finite is true, infinite is true too.

We combine mathematical induction, note as,

N={0,12,- 00},

N* :{0,1, 2, --',w—l,w}
Assume ne N, Eisa identical formula which can be defined on N

EQ) A[E(N) > E(n+1)] — VnE(Nn).

Example 2.3.1 Mathematical induction

1 3 5 2n-1 n+1
—totgtt——=1-—
3 3 3 3 3

Above equation, note as E(n)

whenn=1,
% = 1—% , E(1)is true apparently.

Assume when n=k, E(K) istrue,

1 3 5 2k -1 k+1
ot gt t—/—=1-—
3 3 3 3 3




When n=k+1,

1 3 5 2k -1 2k+1 k+1 2k+1
stEptEt Tt tym Tl g
k+1 2k+1 3k+3 2k+1 3k+3-2k -1 (k+1)+1
:1_ 3k + 3k+1 =i 3k+1 + 3k+l = _( 3k+l ):1_ 3k+1

E(k +1) is true too.
That is: E(n) —> E(n+1)is true, so, YNE(N) is true, that is for any finite natural number,
E(n) istrue.

According to axiom that “finite is true, infinite is true too”, both E(c0) and E(w@) are true.

Combined with the mathematical induction, it holds true for infinity, and it holds for infinity. It can
be simply expressed as follows

Theorem 2.3.1 Standard infinite induction

Assume he N, E isaidentical formula which can be definedon N,

E() A Vn e N[E(n) = E(n+1)] — E(0)

Proof:
(1) E(L) servreerereressmsesssmnmsmsnssinisiisssi st st hypothesize
(2) YNeNTE(N) —=> E(N-+L)]ereerereseeseresmnesnminisniiienes hypothesize
(3) E() overeresmusemsesmsminisssiistis s (1) (2) Standard infinite induction
(4) E@QAVNneN[E(N) > E(n+D)]— E(N) --ee-- (1) (2) (3)Standard infinite induction
(5) E(N) > E(00) sreeereerrmemmmnmmnnnnnininnnnnnn Theorem2.2.1 finite is true, infinite is true too.
(6) EM)AVYNeN[E(N) —> E(N+1)] —> E(00) +eereeerserevresurununnenns (4) (5)

Example 2.3.2 Standard infinite induction

That the following equation is true can be proved,thatis ¥n e NE(n),

— =1
— 3 3

D 2i-1 n+1
Z _

So, A(e0) is true too.

2I__1=1—|im n+1

3' nN— 3”




Theorem 2.3.1 Non-standard infinite induction

Assume ne N, E isaidentical formula which can be definedon N~

E(L) AVn e N[E(n) - E(n+1)] - E()

Proof:
(1) E(L) rrrerereererssreressesesnsess sttt st hypothesize
(2) VNe N [E(N) —> E(NA1)]-weevererreremeeresesmiinsinsieiieiienini, hypothesize
(3) E(IN) rrerererrernsneresssnmnmnsste st (1) (2) Standard infinite induction
(4) EQAVneN[E(n) > E(M+1)]— E(n) «+-ee-- (1) (2) (3)Standard infinite induction
(5) E(N) > E(@@) wooeeeeerrrrmmmremeeennennennnnee Theorem2.2.1 finite is true, infinite is true too.
(6) EQ)AVNEN[E(N) —> E(N+1)]—> E(@) +-rererverreesessesmseesens (4) (5)

Example 2.3.3 Non-standard infinite induction

That the following equation is true can be proved, thatis Vn e N*A(n)

L 2i-1 N +1
— 3i 3I’1

So, A(@) is true too.

Example 2.3.4 Non-standard infinite induction

Assume A =1 A, :,‘f1+A1
ulimA =,u|im«/1+A1 AL =1HA

n—oo n—

2.4 Undefinable concept in infinity

For any identical property on N, N* limitednes is true, unlimitedness is true too. But if it isn’t

identical property, how is the situation?
We know, in finite numbers, 2n denotes even number, 2n—1 denotes odd number,when
n—o0,2n=2n-1=00,c0doesn’t have parity, so, the concept of parity is indefinable in infinity.

Example 2.4.1 The following identical equations are true
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114114114+ (=1)" :%[1_(_1”

When n — o0,above identical equation

D (D) =1-14+1-1+1-1+--.

i=1
Someone suppose

o0

3 (D) = (1-1)+ (1—1) + (L-1)++--=0

i=1

Someone suppose

3 (1) =1 (-1 1) (<14 ) o+ (14D +oo =1

i=1
Someone suppose
s=1-1+1-1+1-1+1—---=1-[1-)+(1-)+(1-2)+--]=1-5s

s=1-s

Why do we get a contradictory conclusion in an infinite state? In fact n— oo, the above identical
equations are not true, because oodoesn’t have parity, or the parity is undefined in oo, (=1)* is

uncertain, so the above three solutions are all incorrect.

The correct answer is. Parity is no definition in oo, the above formula can not promote to infinity.

We have already know, for finite natural number, n+5>n is true,when

n—o0,n?+5=n=o00, There is no difference in size for oo, therefore, the concepts of "greater than"

and "less than" cannot be defined in standard infinity.

Example 2.4.2 Inequality in infinity is wrong.

vn>3, n"™>(n+1)"

n—oco, above inequalities, oo™ > (co+1)* iswrong,

Because, the concepts of "greater than™ and "less than" cannot be defined in standard infinity.

In fact, we cansee from Natural number axiom system PA:The initial concept is only "equal

sign" and "successor". Any predicate A(n) on the natural number axiom system PA can be directly or
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indirectly defined by the system PA. If A(0) A(@) can be defined, any predicate A(n)can be

defined by the identical formula. That is :

For any predicate A(n), if A(n)was defined by system PA, and A(w), A(@) also have

definitions, then,

A(n) = A(e0), A(n) = A(@) .

3. Some contradictions in Cantor ordinal numbers

3.1 Definition of Cantor ordinal numbers against equality axiom

In the set theory ZF system, the recursive definition of Cantor's finite ordinal number is

0=Z,n+1=nU{n},
n={0,12,---,(n-2),(n-1)}
Take n =2, then,

2={0,1,2, -+, (2 -2),(2* 1)}

When n=w,k=w,
The above are the identity formulas. According to equality axiom E3,

(n=w)AE(n) > E(w)) .,

P(n) =Q(n) = P(®) =Q(w) .
That is:
nz{O,ZL 2, (n—2),(n—1)} = a)={ 0-1-2.3----- (0—-2) - (w-1) }

2*={0,1,2,---,(2*-2),(2" -} = 2°={0,1,2,---, (2 = 2), (2" - 1)}.
That is:the Cantor ordinal numbers and power operation should be:

a)={ 01.2:3----(w—2)- (w-1) } ...................................................... (a),

29 =40,1, 2, (27 =2), (2” =D} oo (b),

However,in the current set theory ZF system, Cantor's infinite ordinal number is derived from the
"infinite axiom (ZF6) .

Infinite axiom (ZF6): dw[0ewA(New—>n" ew)],(note: n" =n+1=nU{n}),

Definition of Cantor ordinal numbers and power operation is the following form,
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The above (a) and (c), (b) and (d) are contradictory.
The above definitions of Cantor ordinal numbers and power operations all violate the equality
axiom.

3.2 What kind of infinite Cantor ordinal numbers belong to?

We have mentioned above that there are two kinds of infinity for numbers, namely:

Type 1 infinity: There is no predecessor co—1=o00, and no successor co+1= o0, the predecessor
and the successor are equal.

Type 2 infinity: There are both predecessors @ —1# @ and successors @ +1+# @ . Both the
precursor and the successor are independent infinite, and they are not equal.

We have to ask, what kind of infinity Cantor ordinal numbers belong to?

(1) From the set point of view, the Cantor ordinal numbers should be satisfied w+1+# @, and it is
easy to obtain:

OO+l 0+2# Fo+K#E- (e)

The successors of the Cantor ordinal numbers are not equal, which satisfies the second type of
infinity, and the infinite ordinal numbers are independent infinity.

(2) It is generally believed that the Cantor ordinal number does not have a subtraction operation,

which is equivalent to no precursor, that is: the precursors are equal,
w=0-1=w-2=-=w-K=-........ )

If the precursors of the Cantor ordinal numbers are all equal, this satisfies the type 1 infinity .

Why does the Cantor ordinal numbers satisfy two contradictory axioms at the same time?

From the recursive definition of Cantor's finite ordinal number,

n:{071’ 2’ 39"',n—1}, n—1:{0717 2’ 3;"',n—2}, n—22{071; 27 37,n—3}

n+1:{071’2737"',n}’ n+2:{071’2737"',n+1}’ n+3:{071’273y"',n+2}

All of the above are identical formulas, according to equality axiom.

w:{0711 2’ 31"',(0—1}’ a)—].:{O’l’ 27 37"',0)_2}’ w—2 :{Oala 27 3’,6!)_3}

0)+1:{071; 27 37"',0)}, a)+2:{0’17 2737"',0)"‘1}, 0)+3:{0717 2’ 31,60"‘2}

The above predecessors and successors are all equivalent. If type 1 infinity is satisfied, both the
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predecessor and the successor satisfy type 1 infinity; if type 2 infinity is satisfied, the predecessor and
the successor both satisfy type 2 infinity.

The Cantor ordinal numbers simultaneously satisfy two contradictory axioms, (e) and (f) are
contradictory:

The promotion of infinite ordinal numbers as natural numbers must meet the calculation rules of
numbers.Cantor infinite ordinal numbers:

©={0,1,2,3,--,n,---}

has a lot of speculative ingredients, @ not a strict mathematical concept.

4 Postscript

Through the above analysis, did you find that Cantor's infinite ordinal number is actually a loose
concept of infinity, which caused many contradictions in the ZF axiom system.

This article is not intended to discuss the errors of the set theory ZF system. However, for the
above problems, the mathematics community should pay enough attention to it. In the set theory ZF
system, a reasonable and convincing explanation must be given.

In another article, | modify the infinite axioms in the ZF system and establish a new set theory
axiom system. Using standard infinity axioms and non-standard infinity axioms, construct two opposite
set theory axiom systems, in which infinity will be re-understood.

We know that the set theory ZF system is composed of 8 axioms, namely:

ZF ={ZF1,ZF2,ZF3,ZF 4,ZF5,ZF6,ZF 7, ZF 8}
Among them, ZF6 is an infinite axiom, that is,
Infinity axiom (ZF6) : dw[0 e oA (New —>N" € w)],

It is this infinite axiom "ZF6" that confuses the concept of infinity and is not strict.
We note "standard infinity axiom" as ZF6-, and "non-standard infinity axiom" as ZF6+. which is,

Standard infinity axiom (ZF6-): A6[VE e N (6 > E)]A[6+1=17],

Non-standard infinity axiom (ZF6+): A5[VE e N (6 > E)]A[6+1# 4],

Because these two axioms are contradictory, they cannot be established in the same system. We use
(ZF6-) and (ZF6+) to replace ZF6 in the ZF system respectively and obtain two contradictory axiom
systems, namely: (SZF-) And (SZF+),

Standard set theory system: SZF—={ZF1,ZF2,ZF3,ZF4,ZF5,ZF6—,ZF7,ZF8}

Non-standard set theory system: SZF+ ={ZF1, ZF 2, ZF 3, ZF 4, ZF5, ZF 6+, ZF 7, ZF 8}

(SZF-) and (SZF+) are contradictory axiom systems, similar to Euclidean geometry and
non-Euclidean geometry axiom systems, which can be true independently of each other, in which we
continue to reason to ordinal, cardinal, and infinite induction and arrive at the Cantor set on some
different conclusions, it is easy to clarify many plausible conclusions including the "continuum
hypothesis", which is very smooth and without contradictions.
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We will further discuss this in another article "Reform of Set Theory ZF System™.

Appendix References
[1]Hamilton, A.G: Logic for Mathematicians, Cambridge of University, 1978: 29-40, 82-92.
[2][U.S]S.C Kleene , translated by Shaokui Mo, Introduction to Meta-Mathematics, Beijing: Science
Press, 1984:4-12.
[3)Jincheng Zhang, A logic system which accommodates contradictions and paradoxes [J] System
Intelligent Journal, 2012(3): 208-209
[4])Jincheng Zhang, Fixed Terms and Undecidable Propositions in Logics and Mathematic Calculus (1)[J]
System Intelligent Journal, 2014(4)
[5)Jincheng Zhang, Fixed Terms and Undecidable Propositions in Logics and Mathematic Calculus
(ID)[J] System Intelligent Journal, 2014(5)
[6] Jincheng Zhang. Paradox. Logic And Non-Cantor Set Theory [M]. Harbin: Harbin Institute of
Technology Press, 2018:1.
[7] Mumin Dai & Haiyan Chen, Introduction to Axiom Set Theory[M], Beijing Science Press, 2011:
15-17
[8] Mathematics encyclopedic dictionary, Japan Mathematics Collection [M] Beijing: Science Press
1984:7

-15-



