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Abstract. Recently some arguments were suggested saying that our universe should
be considered as a three-dimensional brane equipped with a Riemannian metric de-

pending on the cosmological time. These arguments are based on the concept of
temporal coexistence applied to events in the four-dimensional spacetime. Relying

on the three-dimensional brane presentation of our universe, the four-dimensional
Einstein’s gravity equations were rewritten as three-dimensional time-evolutionequa-

tions for the three-dimensional metric presenting the gravitational field in the frame-
work of this three-dimensional brane model. In the present paper some of these

time-evolution equations for the three-dimensional metric are rederived using the
Lagrangian approach.

1. Introduction.

Subdivision of the four-dimensional spacetime into the three-dimensional space
and one-dimensional time is not new in cosmology. One can see it in the Friedmann-
Robertson-Walker metric1 (see Section 1.1.3 in [1]):

ds2 = (dx0)2 − R(x0)2
(

dr2

1− K r2
+ r2 dθ2 + r2 sin2 θ dφ2

)

. (1.1)

The metric (1.1) belongs to the class of block-diagonal metrics with the direct and
inverse metric tensors of the form

Gij =

∥

∥

∥

∥

∥

∥

∥

∥

∥

1 0 0 0
0 −g11 −g12 −g13

0 −g21 −g22 −g23

0 −g31 −g32 −g33

∥

∥

∥

∥

∥

∥

∥

∥

∥

, Gij =

∥

∥

∥

∥

∥

∥

∥

∥

∥

1 0 0 0
0 −g11 −g12 −g13

0 −g21 −g22 −g23

0 −g31 −g32 −g33

∥

∥

∥

∥

∥

∥

∥

∥

∥

. (1.2)

Local presentation of the form (1.2) in some local coordinates is applicable to any
pseudo-Euclidean metric of general relativity and cosmology (see § 97 of Chapter XI
in [2]). The 3D-brane universe theory from [3] prescribes the form (1.2) to the four-
dimensional metric G globally (see also [4] and [5]). The quantities gij and gij in [3]
are understood as the components of a time-dependent three-dimensional Euclidean
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1 Here x0 = c t, where c is the speed of light and t is the cosmological time (see [6]). The other

three coordinates are x1 = r, x2 = θ, x3 = φ. There are three options for the constant K: K = 1,

K = 0, and K = −1 corresponding to the closed spherical universe, to the open flat universe, and
to the open hyperbolic universe respectively.
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metric g. The time derivative of the metric g with respect to the cosmological time
t (see [6]) determines a separate tensor field b according to the formula

ġij

2 c
= bij. (1.3)

Both gij and bij obey the following set of differential equations:

ḃij

c
−

3
∑

k=1

ḃk
k

c
gij −

3
∑

k=1

(bki bk
j + bkj bk

i ) − gij

2

3
∑

k=1

3
∑

q=1

bk
q b

q
k −

− gij

2

3
∑

k=1

3
∑

q=1

bk
k bq

q +

3
∑

k=1

bk
k bij + Rij −

R

2
gij + Λ gij =

8 π γ

c4
Tij,

(1.4)

3
∑

k=1

∇k bk
j −

3
∑

k=1

∇j bk
k =

8 π γ

c4
T0j , (1.5)

−1

2

3
∑

k=1

3
∑

q=1

bk
q b

q
k +

1

2

3
∑

k=1

3
∑

q=1

bk
k bq

q +
R

2
− Λ =

8 π γ

c4
T00. (1.6)

The equations (1.4), (1.5), (1.6) were derived in [3] from Einstein’s gravity equations

rij −
r

2
Gij − Λ Gij =

8 π γ

c4
Tij, (1.7)

where γ is Newton’s gravitational constant (see [7]):

γ ≈ 6.674 · 10−8 cm3 · g−1 · s−2

and c is the speed of light. As a result of redefining other standard units in 2019,
the speed of light c now is defined as an exact physical constant (see [8]):

c = 2.99792458 · 1010 cm · s−1.

The constant Λ in (1.7) is the cosmological constant. It is associated with the dark
energy (see [9]). Its value is quite uncertain, but it is very close to zero (see [10]):

Λ ≈ 10−56 cm−2.

The term Tij in the right hand side of (1.7) stands for the matter including the
dark matter (see [11]) and the regular matter. It represents the components of a
symmetric tensor T which is called the energy-momentum tensor (see [12]). The
components of T are presented in the right hand sides of the equations (1.4), (1.5),
and (1.6) as well.

The term rij in (1.7) corresponds to the components of the four-dimensional
Ricci tensor r and r is the four-dimensional scalar curvature (see § 8 in Chapter IV
of [13]). Similarly, Rij in (1.4) are the components of the three-dimensional Ricci
tensor R, while R in (1.4) and in (1.6) is the three-dimensional scalar curvature.

The main goal of the present paper is to derive the equations (1.4) without using
(1.7) within the three-dimensional Lagrangian approach.
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2. Three-dimensional action integrals.

The four-dimensional action integral of the gravitational field is well-known (see
§ 2 in Chapter V of [14]). It is written as

Sgr = − c3

16πγ

∫

(r + 2 Λ)
√
− det G d4x. (2.1)

The total action integral should include the matter (regular and dark matter):

S = Sgr + Smat. (2.2)

We write the action integral Smat in (2.2) as follows:

Smat =

∫

Lmat

√
− det G d4x. (2.3)

In order to rewrite the integrals (2.1) and (2.3) in the three-dimensional forma-
lism we apply the formulas (1.2). As a result we get

Sgr = − c3

16πγ

∫∫

(r + 2 Λ)
√

det g d3x dx0, (2.4)

Smat =

∫∫

Lmat

√

det g d3x dx0. (2.5)

As it was shown in [3], the four-dimensional scalar curvature r in (2.4) is expressed
in a three-dimensional form as follows:

r = −2

3
∑

k=1

∂bk
k

∂x0
− R −

3
∑

k=1

3
∑

q=1

bk
q b

q

k −
3
∑

k=1

3
∑

q=1

bk
k bq

q . (2.6)

Here R is the three-dimensional scalar curvature associated with the metric g. The
formulas (2.4) and (2.5) complemented with (2.6) are sufficient in order to proceed
with deriving the equations (1.4).

3. Choosing dynamic variables.

Action integrals are typically used for deriving differential equations through the
stationary-action principle (see [15]). The main issue in applying this principle is
the proper choice of dynamic variables. In the case of the four-dimensional action
integrals (2.1) and (2.3) the dynamic variables are the components of the metric G.
Not those in (1.2), but the whole set of components of the symmetric 4× 4 matrix
in arbitrary coordinates where it is not blockwise diagonal.

In the case of the three-dimensional action integrals (2.4) and (2.5) we restrict
ourselves to the components of the 3 × 3 symmetric matrix

gij =

∥

∥

∥

∥

∥

∥

∥

g11 g12 g13

g21 g22 g23

g31 g32 g33

∥

∥

∥

∥

∥

∥

∥

. (3.1)
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The matrix (3.1) is obtained as a part of the matrix Gij from (1.2) in some special
coordinates x0, x1, x2, x3. Their choice is described in [3]. These coordinates are
not considered as dynamic variables within our three-dimensional approach.

4. Varying the metric.

According to the he stationary-action principle we need to organize variations
of the dynamic variables and then study the changes of the action integrals under
these variations. In the case of the metric (3.1) we write

ĝij = gij(x0, x1, x2, x3) + ε hij(x0, x1, x2, x3), (4.1)

where ε → 0 is a small parameter. From (4.1) we derive

√

det ĝ =
√

det g

(

1 − ε

3
∑

i=1

3
∑

j=1

gij hij

2

)

+ . . . . (4.2)

Here in (4.2) and in what follows below through dots we denote higher order terms
with respect to the small parameter ε. The formula (4.2) is similar to the formula
(2.15) in § 2 of Chapter V in [14].

Substituting (2.6) into the action integral (2.4) we get four integrals

Sgr = S1 + S2 + S3 + S4, (4.3)

where

S1 =
c3

16πγ

∫∫

2

3
∑

k=1

∂bk
k

∂x0

√

det g d3x dx0, (4.4)

S2 =
c3

16πγ

∫∫

(R − 2 Λ)
√

det g d3x dx0, (4.5)

S3 =
c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

bk
q b

q

k

√

det g d3x dx0, (4.6)

S4 =
c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

bk
k bq

q

√

det g d3x dx0. (4.7)

Applying the metric variation (4.1) to the integral (4.5), we get

Ŝ2 = S2 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

(

Rij −
R

2
gij + Λ gij

)

·

· hij
√

det g d3x dx0 + . . . .

(4.8)

The arguments and calculations supporting the formula (4.8) are the same as in
deriving the equation (1.7) in § 2 of Chapter V in [14].

Before proceeding to the integrals (4.4), (4.6), and (4.7) let’s recall that the
matrix with the components ĝij is inverse to the matrix with the components ĝij
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in (4.1). Therefore from the formula (4.1) we derive a formula analogous to the
formula (2.7) in § 2 of Chapter V in [14]:

ĝij = gij − ε hij + . . . = gij − ε

3
∑

p=1

3
∑

q=1

gip hpq gqj + . . . . (4.9)

The formula (1.3) means

bij =
1

2

∂gij

∂x0
, b̂ij =

1

2

∂ĝij

∂x0
. (4.10)

Applying (4.10) to (4.9), we derive

b̂ij = bij − ε

3
∑

p=1

3
∑

q=1

(

bip hpq gqj + gip hpq bqj + gip

1

2

∂hpq

∂x0
gqj

)

+ . . . . (4.11)

In (4.4) and in (4.7) we see the trace of the tensor field b. Therefore we need to
calculate the variation of this trace:

3
∑

k=1

b̂k
k =

3
∑

q=1

b̂q
q =

3
∑

i=1

3
∑

j=1

b̂ij ĝij . (4.12)

Applying (4.1) and (4.11) to (4.12), we derive

3
∑

k=1

b̂k
k =

3
∑

k=1

bk
k − ε

3
∑

i=1

3
∑

j=1

(

bij hij + gij

1

2

∂hij

∂x0

)

+ . . . . (4.13)

Differentiating (4.12) in x0, we obtain the following formula:

3
∑

k=1

∂b̂k
k

∂x0
=

3
∑

k=1

∂bk
k

∂x0
− ε

3
∑

i=1

3
∑

j=1

(∂bij

∂x0
hij + 2 bij

∂hij

∂x0
+ gij

1

2

∂2hij

∂x02

)

+ . . . . (4.14)

The variation for the square of the trace (4.12) in (4.7) is also easily calculated:

3
∑

k=1

3
∑

q=1

b̂k
k b̂q

q =

3
∑

k=1

3
∑

q=1

bk
k bq

q −

− ε

3
∑

k=1

3
∑

i=1

3
∑

j=1

(

2 bk
k bij hij + bk

k gij

∂hij

∂x0

)

+ . . . .

(4.15)

In (4.6) we see the trace of the square of the tensor field b. Therefore we need
to calculate the variation of this trace. Let’s start with

b̂k
q =

3
∑

i=1

b̂iq ĝik. (4.16)
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From (4.1), (4.11), and (4.16) we derive

b̂k
q = bk

q − ε

3
∑

p=1

3
∑

s=1

bk
p hps gsq − ε

3
∑

s=1

1

2

∂hks

∂x0
gsq + . . . . (4.17)

Then from (4.17) we derive the required variation of the trace for the square of b:

3
∑

k=1

3
∑

q=1

b̂k
q b̂

q
k =

3
∑

k=1

3
∑

q=1

bk
q b

q
k −

− ε

3
∑

k=1

3
∑

i=1

3
∑

j=1

2 bk
i hij bjk − ε

3
∑

i=1

3
∑

j=1

∂hij

∂x0
bij + . . . .

(4.18)

Each of the four integrals (4.4), (4.5), (4.6), and (4.7) comprises the term
√

det g .
Its variation is given by the formula (4.2). Now we apply (4.18) to (4.6) taking into
account (4.2). As a result we derive the following expression:

Ŝ3 = S3 − ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

∂hij

∂x0
bij

√

det g d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

2 bk
i hij bjk

√

det g d3x dx0−

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

3
∑

i=1

3
∑

j=1

1

2
bk
q b

q
k gij hij

√

det g d3x dx0 + . . . .

(4.19)

As it is usual in calculus of variations, the function hij introduced in (4.1) is assumed
to be a function with compact support (see [16]). Therefore we can apply integration
by parts in order to transform the first integral in (4.19). This yields

Ŝ3 = S3 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

hij ∂(bij

√
det g )

∂x0
d3x dx0−

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

2 bk
i hij bjk

√

det g d3x dx0−

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

3
∑

i=1

3
∑

j=1

1

2
bk
q b

q
k gij hij

√

det g d3x dx0 + . . . .

(4.20)

The further transformation of (4.20) is based on the formula

∂(
√

det g )

∂x0
=

1

2

3
∑

k=1

3
∑

q=1

gkq ∂gkq

∂x0

√

det g . (4.21)

The formula (4.21) itself is derived from Jacobi’s formula for differentiating deter-
minants (see [17]). The same Jacobi’s formula is used in deriving (4.2). As for the
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formula (4.2), applying (4.21) to it, we get

Ŝ3 = S3 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

(∂bij

∂x0
+

1

2

3
∑

k=1

3
∑

q=1

gkq ∂gkq

∂x0
bij −

−
3
∑

k=1

2 bk
i bjk −

3
∑

k=1

3
∑

q=1

1

2
bk
q b

q
k gij

)

hij
√

det g d3x dx0 + . . . .

(4.22)

The last step in transforming the formula (4.22) is applying the first formula (4.10)
to it. Then the partial derivatives of gkq are expressed through bkq and ultimately
we get the trace of the tensor field b in the resulting formula:

Ŝ3 = S3 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

(∂bij

∂x0
+

3
∑

k=1

bk
k bij −

−
3
∑

k=1

2 bk
i bjk −

3
∑

k=1

3
∑

q=1

1

2
bk
q b

q

k gij

)

hij
√

det g d3x dx0 + . . . .

(4.23)

Having done with S3, we can proceed to the fourth integral (4.7) in (4.3). In
this case we apply the formulas (4.15) and (4.2). As a result we get

Ŝ4 = S4 −
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

2 bk
k bij hij

√

det g d3x dx0−

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

bk
k gij

∂hij

∂x0

√

det g d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

3
∑

i=1

3
∑

j=1

1

2
bk
k bq

q gij hij
√

det g d3x dx0 + . . . .

(4.24)

In order to transform the second integral in (4.24) we use integration by parts:

Ŝ4 = S4 −
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

2 bk
k bij hij

√

det g d3x dx0 +

+
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

hij ∂(bk
k gij

√
det g )

∂x0
d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

3
∑

i=1

3
∑

j=1

1

2
bk
k bq

q gij hij
√

det g d3x dx0 + . . . .

(4.25)

Applying the first formula (4.10) to (4.25), we can reduce (4.25) to

Ŝ4 = S4 +
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

hij gij

∂(bk
k

√
det g )

∂x0
d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

3
∑

i=1

3
∑

j=1

1

2
bk
k bq

q gij hij
√

det g d3x dx0 + . . . .

(4.26)
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The next step is to differentiate the product bk
k

√
det g in (4.26) and to apply (4.21).

As a result we obtain the following formula:

Ŝ4 = S4 +
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

hij gij

∂bk
k

∂x0

√

det g d3x dx0 +

+
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

3
∑

p=1

3
∑

q=1

1

2
bk
k hij gij gpq ∂gpq

∂x0

√

det g d3x dx0−

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

3
∑

i=1

3
∑

j=1

1

2
bk
k bq

q gij hij
√

det g d3x dx0 + . . . .

(4.27)

And finally, if we apply the first formula (4.10) to (4.27), then we get

Ŝ4 = S4 +
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

hij gij

∂bk
k

∂x0

√

det g d3x dx0 +

+
ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

q=1

3
∑

i=1

3
∑

j=1

1

2
bk
k bq

q gij hij
√

det g d3x dx0 + . . . .

(4.28)

The formula (4.14) is prepared for applying to the first integral (4.4) in (4.3). It
is derived by differentiating (4.13). However, it turns out that applying the formula
(4.13) itself to (4.4) leads to easier calculations:

Ŝ1 = S1 − ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

2
∂

∂x0

(

bij hij +

+ gij

1

2

∂hij

∂x0

)

√

det g d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

∂bk
k

∂x0
gij hij

√

det g d3x dx0 + . . . .

(4.29)

Integrating by parts in the first term of (4.29), we derive

Ŝ1 = S1 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

2
(

bij hij +

+ gij

1

2

∂hij

∂x0

) ∂(
√

det g )

∂x0
d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

∂bk
k

∂x0
gij hij

√

det g d3x dx0 + . . . .

(4.30)

Now we apply (4.21) to (4.30). As a result we get

Ŝ1 = S1 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

3
∑

k=1

3
∑

q=1

(

bij hij +
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+ gij

1

2

∂hij

∂x0

)

gkq ∂gkq

∂x0

√

det g d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

∂bk
k

∂x0
gij hij

√

det g d3x dx0 + . . . .

Then we apply the first formula (4.10) in order to transform the above formula:

Ŝ1 = S1 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

3
∑

k=1

2 bij hij bk
k

√

det g d3x dx0 +

+
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

3
∑

k=1

gij

∂hij

∂x0
bk
k

√

det g d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

∂bk
k

∂x0
gij hij

√

det g d3x dx0 + . . . .

(4.31)

Integration by parts in the second term of (4.31) yields

Ŝ1 = S1 +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

3
∑

k=1

2 bij hij bk
k

√

det g d3x dx0−

− ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

3
∑

k=1

hij ∂(gij bk
k

√
det g )

∂x0
d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

∂bk
k

∂x0
gij hij

√

det g d3x dx0 + . . . .

(4.32)

Note that the second term in (4.32) is similar to the second term of (4.25). Therefore
further steps are similar to (4.26), (4.27), and (4.28):

Ŝ1 = S1 −
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

3
∑

k=1

hij gij

∂(bk
k

√
det g )

∂x0
d3x dx0−

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

∂bk
k

∂x0
gij hij

√

det g d3x dx0 + . . . .

(4.33)

Differentiating the product bk
k

√
det g in the first term of the formula (4.33) and

applying (4.21) along with the first formula (4.10), we obtain

Ŝ1 = S1 − ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

3
∑

k=1

3
∑

q=1

bk
k bq

q gij hij
√

det g d3x dx0 −

− ε c3

16πγ

∫∫ 3
∑

k=1

3
∑

i=1

3
∑

j=1

2
∂bk

k

∂x0
gij hij

√

det g d3x dx0 + . . . .

(4.34)

Now we can gather the variations of all of the terms from (4.3) into one formula.
As a result we get the variation of the action integral (2.4) of the gravitational field.



10 RUSLAN SHARIPOV

For this variation from (4.34), (4.8), (4.23), and (4.28) we derive the formula

Ŝgr = Sgr +
ε c3

16πγ

∫∫ 3
∑

i=1

3
∑

j=1

(

∂bij

∂x0
−

3
∑

k=1

∂bk
k

∂x0
gij −

3
∑

k=1

2 bk
i bjk −

−
3
∑

k=1

3
∑

q=1

1

2
bk
q b

q

k gij −
3
∑

k=1

3
∑

q=1

1

2
bk
k bq

q gij +

3
∑

k=1

bk
k bij +

+ Rij −
R

2
gij + Λ gij

)

hij
√

det g d3x dx0 + . . . .

(4.35)

Unlike the case of gravity, the action integral for the matter is not given explicitly
in this paper. It is given implicitly by the formula (2.5). Therefore its variation is
also written only in an implicit form:

Ŝmat = Smat + ε

∫∫ 3
∑

i=1

3
∑

j=1

δLmat

δgij

hij

√

det g d3x dx0. (4.36)

Despite being implicit, the formula (4.36) complemented with the explicit formula
(4.35) is sufficient for deriving the differential equations for the metric g through
the stationary-action principle (see [15]).

Theorem 4.1. The stationary-action principle applied to the action integral (2.2)
leads to the following differential equations:

∂bij

∂x0
−

3
∑

k=1

∂bk
k

∂x0
gij −

3
∑

k=1

2 bk
i bjk − gij

2

3
∑

k=1

3
∑

q=1

bk
q b

q

k −

− gij

2

3
∑

k=1

3
∑

q=1

bk
k bq

q +

3
∑

k=1

bk
k bij + Rij −

R

2
gij + Λ gij = −16 π γ

c3

δLmat

δgij

.

(4.37)

Theorem 4.1 is immediate from the formulas (4.35) and (4.36). The equations
(4.37) can be written in terms of the time variable t, where x0 = c t:

ḃij

c
−

3
∑

k=1

ḃk
k

c
gij −

3
∑

k=1

2 bk
i bjk −

gij

2

3
∑

k=1

3
∑

q=1

bk
q b

q
k −

− gij

2

3
∑

k=1

3
∑

q=1

bk
k bq

q +

3
∑

k=1

bk
k bij + Rij −

R

2
gij + Λ gij =

16 π γ

c3

δLmat

δgij

.

(4.38)

The equations (4.38) can be compared with (1.4). Comparing left hand sides of
(4.38) and (1.4), we find one term with 2 bk

i bjk in (4.38) which is different from
the corresponding term in (1.4). However, using symmetry of bij and gij we can
transform this term as follows:

3
∑

k=1

2 bk
i bjk =

3
∑

k=1

3
∑

q=1

2 biq gqk bjk =

3
∑

k=1

(bkj bk
i + bki bk

j ). (4.39)
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Due to (4.39) the left hand sides of (4.38) and (1.4) do actually coincide. Comparing
the right hand sides of these formulas, we derive the following formula for the
components of the energy-momentum tensor:

Tij = −2 c
δLmat

δgij

. (4.40)

Note that the formula (4.40) applies only to spacial components of the energy-
momentum tensor, i. e. to those where 1 6 i, j 6 3. The components presented in
the right hand sides of the equations (1.5) and (1.6) are not covered by this formula.

5. Concluding remarks.

Einstein’s gravity equations (1.7) are written in terms 4×4 matrices rij, Gij, and
Tij, representing three tensor fields — the Ricci tensor r, the metric tensor G, and
the energy-momentum tensor T, and in terms of one scalar field r representing the
scalar curvature. Due to symmetry of the matrices rij, Gij, and Tij they constitute
a set of 10 differential equations. Within the paradigm of the 3D-brane universe
they are subdivided into three subsets (1.4), (1.5), and (1.6) comprising 6 equations,
3 equations and 1 equation respectively. Applying Lagrangian approach with action
integrals (2.4) and (2.5), in the present paper we have shown that 6 equations of
the first subset (1.4) can be derived within the framework of the 3D-brane universe
paradigm (see Theorem 4.1 and the equations (4.38)). The other 4 equations (1.5)
and (1.6) cannot be derived due to the lack of dynamic variables. Therefore they
should be omitted from the 3D-brane universe theory.

Reducing the number of equations from 10 to 6, one can expect a larger set of
solutions. The expected new solutions could correspond to new physical phenomena
which are absent in the standard four-dimensional formalism or to new features in
the phenomena which are already known.

6. Dedicatory.

This paper is dedicated to my sister Svetlana Abdulovna Sharipova.
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