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ABSTRACT. In this paper, we consider the abc conjecture, we will give
the proof that the conjecture ¢ < rad'-%3(abc) is true. It constitutes the
key to resolve the abc conjecture.
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1. INTRODUCTION AND NOTATIONS

Let a be a positive integer, a = [, a;", a; prime integers and o; > 1

positive integers. We call radical of a the integer [, a; noted by rad(a).
Then a is written as:

(1) a= H a;" =rad(a). H agi!
i i
We denote:

(2) Ha = H az-ai*l = a = pg.rad(a)

The abc conjecture was proposed independently in 1985 by David Masser
of the University of Basel and Joseph (Esterlé of Pierre et Marie Curie
University (Paris 6) [1]. It describes the distribution of the prime factors of
two integers with those of its sum. The definition of the abc conjecture is
given below:
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Conjecture 1.1. (abc Conjecture): For each € > 0, there exists K(e)
such that if a,b, ¢ positive integers relatively prime with ¢ = a + b, then :

(3) ¢ < K(e).rad T (abc)

where K is a constant depending only of €.

L
We know that numerically, % < 1.629912 [2]. It concerned
og(rad(abc
the best example given by E. Reyssat [2]:
(4) 2+ 319109 = 23° — ¢ < rad" %P2 (abc)

A conjecture was proposed that ¢ < rad?(abc) [3]. In 2012, A. Nitaj [4]
proposed the following conjecture:

Conjecture 1.2. Let a,b,c be positive integers relatively prime with ¢ =
a+0b, then:

(5) ¢ < rad*%(abc)
(6) abe < rad***(abc)

In this paper, we will give the proof of the conjecture given by that
constitutes the key to obtain the proof of the abc conjecture using classical
methods with the help of some theorems from the field of the number theory.

2. THE PROOF OF THE CONJECTURE ¢ < rad" % (abc)

Let a, b, ¢ be positive integers, relatively prime, with ¢ =a + b, b < a and
j/:J/
R = rad(abe), c = || ¢, B > 1, ¢y > 2 prime int
= rad(abc), ¢ = H c;i By > 1, ¢y > 2 prime integers.
j=1

In the following, we will give the proof of the conjecture ¢ < rad!-®3(abc).

Proof. :

2.1. Trivial cases: - We suppose that ¢ < rad(abc), then we obtain:

¢ < rad(abe) < rad*%(abc) =
and the condition is satisfied.

- We suppose that ¢ = rad(abc), then a, b, ¢ are not coprime, case to reject.

In the following, we suppose that ¢ > rad(abc) and a,b and ¢ are not all
prime numbers.

- We suppose p, < rad’%(a). We obtain :

¢ = a+b < 2a < 2rad"%(a) < rad“%(abc) = ¢ < rad" % (abc) =

Then is satisfied.

- We suppose p. < rad®%(c). We obtain :

¢ = perad(c) < rad"%(c) < rad"%(abc) =

and the condition is satisfied.
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2.2. We suppose i, > rad*%(c) and pu, > rad®®(a).

2.2.1. Case : rad®%3(c) < p. < rad*%(c) and rad®%3(a) < o < rad-%3(a).
We can write:
pe < radt%3(c) = ¢ < rad*%3(c)
= ac < rad*%(ac) = da® < ac < rad®%(ac)
o < rad*%3(a) = a < rad*%3(a)

= a < rad"?(ac) = ¢ < 2a < 2rad*>" (ac) < rad" % (abc)

—|c=a+b< R

2.2.2. Case : rad“%3(c) < pe or rad*%3(a) < p,. I - We suppose that
rad*%(c) < p. and rad*%(a) < po < rad*(a):

I-1- Case rad(a) < rad(c):
In this case a = pq.rad(a) < rad?(a) < rad*%3(a)rad'37(a) < rad%(a).rad*37(c)

— ¢ < 2a < 2rad"%(a).rad">"(c) < rad'*%3(abc) = .

I-2- Case rad(c) < rad(a) < rad%g(c): As a < rad'%3(a).rad3"(a) <
rad*%(a).rad%(c) = ¢ < 2a < 2rad*%(a).rad*%(c) < R*63 = .

I-3- Case md%(c) < rad(a):
I-3-1- We suppose rad'®(c) < p. < rad®*%(c), we obtain:
c < rad3*(c) = ¢ < rad*%(c).rad % (c) =

c < rad*%3(c).rad'3"(a) < rad*%3(c).rad*%(a).rad"%3(b) = R —=
I-3-2- We suppose ji. > rad®?%(c) = ¢ > rad®>?5(c).
I-3-2-1- We consider the case u, = rad®(a) = a = rad®(a) and ¢ = a + 1.

Then, we obtain that X = rad(a) is a solution in positive integers of the
equation:

(7) X’ +1=c
I-3-2-1-1- We suppose that ¢ = rad™(c) with n > 4, we obtain the equation:
(8) rad™(c) — rad®(a) = 1

But the solutions of the equation are [5] :(rad(c) = 3,n = 2,rad(a) =
+2), it follows the contradiction with n > 4 and the case ¢ = rad™(c),n > 4
is to reject.

I-3-2-1-2- In the following, we will study the cases p. = A.rad"(c) with
rad(c) 1 A,n > 0. The above equation (7)) can be written as :

(9) (X+1D)(X2-X+1)=c
Let § one divisor of ¢ so that :
(10) X+1=6

(11) X2—X+1:§:m:62—3X
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1.63
We recall that rad(a) > radts7(c).

I-3-2-1-2-1- We suppose 0 = l.rad(c). We have 6 = lrad(c) < ¢ =
¢ pradd)  pe :

orad | < pe. As & = BTG fe 52 3x =

pe-rad(c) =1 < p 5 5 Irad(c) i m 3IX =

l.m = (6% — 3X). From m = §? — 3X) and X = rad(a), we obtain:
m = I?rad*(c) — 3rad(a) = 3rad(a) = I*rad*(c) —m
A- Case 3/m = m = 3m/, m’ > 1. As u. = ml = 3m’l = 3|rad(c) and
(rad(c),m’) not coprime. We obtain:
d
o) _
It follows that a, ¢ are not coprime, then the contradiction.

rad(a) = I*rad(c).

B - Case m = 3 = p. = 3l => ¢ = 3lrad(c) = 36 = §(6? — 3X) = §° =
31+X)=30=0=lrad(c) =3=c¢c=30=9=a+1=a=8=
c=9< (2 x3)103 = 18.55, it is a trivial case and the conjecture is true.

I-3-2-1-2-2- We suppose § = l.rad?*(c),l > 2. If n = 0 then u. = A and
from the equation above :
_ ¢ perad(c)  Awrad(c) A

6 lrad®(c)  lrad®(c) - lrad(c)
It follows the contradiction with the hypothesis above rad(c) 1 A.

= rad(c)|A

I-3-2-1-2-3- We suppose § = lrad?(c),l > 2 and in the following n > 0. As
= g = l;;;“;j((cc)) = lrciﬁlc(c)’ if lrad(c) t p. then the case is to reject. We
suppose lrad(c)|pe = pe = m.lrad(c), with m,rad(c) not coprime, then

g =m = 6% — 3rad(a).

C-Casem=1=c/0d = 62 —3rad(a) =1 = (§ —1)(§ + 1) = 3rad(a) =
rad(a)(d + 1) = § = 2 = l.rad?(c), then the contradiction.

D - Case m = 3, we obtain 3(1 + rad(a)) = 6% = 36 = § = 3 = lrad?(c).
Then the contradiction.

E - Case m # 1,3, we obtain: 3rad(a) = I*rad*(c) — m = rad(a) and
rad(c) are not coprime. Then the contradiction.

I-3-2-1-2-4- We suppose § = l.rad"(c),l > 2 with n > 3. ¢ = pc.rad(c) =
lrad™(c)(6% — 3rad(a)) and m = §? — 3rad(a) = 6% — 3X.

F - As seen above (paragraphs C,D), the cases m = 1 and m = 3 give con-
tradictions, it follows the reject of these cases.

G - Case m # 1,3. Let ¢ be a prime that divides m (g can be equal to m),

it follows g|(pe = l.m) = ¢ = ¢jy = cj6\52 = ¢j;|3rad(a). Then rad(a)
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and rad(c) are not coprime. It follows the contradiction.

i;ii—l—2—5— We suppose § = Hj€J1 cfj, B > 1 with at least one jg € Jy
(12) Bjo > 2, rad(c){d
We can write:
(13) d = ps.rad(d), rad(c) =rrad(d), r>1, (rus)=1
Then, we obtain:
¢ = perad(c) = perrad(8) = §(62 — 3X) = ps.rad(5)(6? — 3X) =
(14) rpte = 15(0% — 3X)
- We suppose jio = psg => 1 = 62 — 3X = (pe.rad(d))? —3X. Asd§ <

623X = r > § = rad(c) > r > (e.rad(d) = Arad™(c)rad(§)) = 1 >
A.rad™ (), then the contradiction.

- We suppose . < ps. As rad(a) =6 — 1 = usrad(d) — 1, we obtain:
rad(a) > pe.rad(6) —1 > 0= rad(ac) > c.rad(d) — rad(c) >0
As ¢ =1+ a and we consider the cases ¢ > rad(ac), then:

¢ > rad(ac) > c.rad(0) —rad(c) > 0= ¢ > c.rad(d) —rad(c) > 0 =

rad(c)

(15) 1> rad(s) — >0, rad(d)> 2= The contradiction

- We suppose p. > pg. In this case, from the equation and as (r, pug) = 1,
it follows we can write:
P = f-p2,  f, p2 > 1,
¢ = perad(c) = py.po.rad(d).r = 6.(62 — 3X),

We do a choice so that g = pgs, 7.1 = 62 —3X = § = p.rad(6).
* 1- We suppose (1, p2) # 1, then J¢j, so that ¢jy|p1 and ¢jy|pue. But
s = p2 = c?0|5. From 3X = 6% — rpu; = ¢, |3X = ¢;,| X or ¢j, = 3.

- If ¢j,|(X = rad(a)), it follows the contradiction with (¢,a) = 1.

-If¢j, = 3. Wehaverpu; = 62-3X = §2-3(6—1) = 62—-35+3—r.u; = 0.
As 3|1 = 1 = 3%y, 31 1), k > 1, we obtain:

(16) 02 —36+301 -3 1ru) =0
*#% 1-1- We consider the case k > 1 == 31 (1 — 3*71ru}). Let us recall the
Eisenstein criterion [6]:

Theorem 2.1. (Eisenstein Criterion) Let f = ag + --- + ap, X" be a
polynomial € Z[X]. We suppose that Ip a prime number so that p 1 an,
plai, (0<i<n—1), and p?{ ag, then f is irreducible in Q.

We apply Eisenstein criterion to the polynomial R(Z) given by:
(17) R(Z) = 7% - 3Z +3(1 — 3" 1ry})

then:
=341, - 3|(=3)- 33(1 — 3k~Lru}), and - 32 1 3(1 — 3+~ Lruf).
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It follows that the polynomial R(Z) is irreducible in Q, then, the contradic-
tion with R(J) = 0.

** 1-2- We consider the case k = 1, then p; = 3u) and (1f,3) = 1, we
obtain:

(18) 6% =36 4+3(1 —ruy) =0

#k 1-2-1- We consider that 3 1 (1 — r.u}), we apply the same Eisenstein
criterion to the polynomial R'(Z) given by:

R(Z)=27*-3Z +3(1 —ruh)
and we find a contradiction with R'(§) = 0.

** 1.2-2- We consider that:

(19) 3|(1 —rp)) = rpy —1=3"h,i>1,3{h,hcN*
d is an integer root of the polynomial R'(Z):
(20) R(Z)=2%-3Z+3(1—ruy) =0

The discriminant of R'(Z) is:
A =343 x4h

As the root § is an integer, it follows that A = t> > 0 with ¢ a positive
integer. We obtain:

(21) A=3%(1+3""1 x4n) =+
(22) — 1+3 'x4h=¢*>>1,gc N*
We can write the equation as :

rad(9)
3

(pirad(d) —1) =h

(23) 6(6 —3) =3*FLh = 33

(24) I mc?l)(é)

We obtain i = 2 and ¢? = 1 + 12h = 1 + 4 rad () () rad(§) — 1). Then, q
satisfies :

(pirad(0) = 1) =3 .h =

(25) q? — 1 =12h = 4p)rad(8)(@yrad(d) — 1) =
(26) (@D @D — 3 = (y4rad(s) — 1) rad(5) =
(27) q—1=2u\rad(d) — 2
28 q+1=2u\rad(d
1
It follows that (¢ = x,1 = y) is a solution of the Diophantine equation:
(29) 22—y =N

with N = 4p)rad(d)(pjrad(d) — 1) = 12h > 0. Let Q(N) be the number
of the solutions of and 7(N) is the number of suitable factorization of
N, then we announce the following result concerning the solutions of the
Diophantine equation (see theorem 27.3 in [7]):

- If N=2(mod 4), then Q(N) = 0.

- If N=1 or N=3(mod 4), then Q(N) = [7(N)/2].

- If N=0(mod 4), then Q(N) = [1(N/4)/2].
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[z] is the integral part of = for which [z] <z < [z] + 1.
As N = 4p)rad(d)(phrad(d)—1) = N=0( mod 4) = Q(N) = [1(N/4)/2].

As (g, 1) is a couple of solutions of the Diophantine equation , then 3 d, d’
positive integers with d > d’ and N = d.d’ so that :

(30) d+d =2q

(31) d—d =21=2

** 1-2-2-1 As N > 1, we take d = N and d' = 1. It follows:

{ %i— } z gq —> N = 3 = then the contradiction with N=0(mod 4).

*k 1-2-2-2 Now, we consider the case d = 2u)rad(d)(pjrad(d) — 1) and
d = 2. Tt follows:

{ 2uirad(0)(pyrad(d) — 1) +2 = 2¢

2 rad(8) (i, rad(8) — 1) —2 = 2 = 2pyrad(8)(pirad(d) — 1) =q+1

As ¢+ 1 =2u)rad(d), we obtain pjrad(d) = 2, then the contradiction with
3]9.

#* 1-2-2-3 Now, we consider the case d = pyrad(d)(pjrad(d)—1) and d' = 4.
It follows:

{ phrad(0)(pwirad(d) — 1) +4 = 2q
phrad(0)(pwirad(0) — 1) — 4 =2 = pirad(d)(pyrad(d) —1) =6

As pirad(d) > 0 = plrad(d) =3 = py =1, rad(d) = 3 and g = 5.
From ¢ = 1 + 12h, we obtain h = 2. Using the relation ruh —1=3h
as p) =1,i=2,h =2, it gives r — 1 = 9h = 18. As 0 is the positive root of
the equation (|18)):

7372431 -r)=0=0=9=3

But § =1+ X =1+ rad(a) => rad(a) = 8 = 23, then the contradiction.

*k 1-2-2-4 Now, let ¢j, be a prime integer so that cj,|radd, we consider the

d(o
case d =y rad( )(ullrad(é) —1) and d' = 4c¢j,. It follows:
Jo
rad(d
w c-( )(ullrad(é) — 1) +4cj, =2q rad(s),
) raé%é) = (rrad(6) — 1) = 2(1 + 2¢5,) =

iy 22 (i rad(8) — 1) — dej, =2 i
jo
Then the contradiction as the left member is greater than the right member 2(1 + 2¢;,).

¥ 1-2-2-5 Now, we consider the case d = 4p)rad(d) and d' = (prad(d)—1).
It follows:

{ 4pirad(0) + (pyrad(d) — 1) = 2q

dpl rad(5) — (pyrad(s) — 1) = 2 = 3u)rad(§) = 1 = Then the contradiction.
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** 1-2-2-6 Now, we consider the case d = 2pjrad(d) and d' = 2(ujrad(d) —
1). It follows:

2uirad(0) + 2(pyrad(d) — 1) = 2¢ = 2p)rad(0) — 1 =¢q
2uirad(0) — 2(pyrad(d) — 1) =2 =2=2

It follows that this case presents no contradictions a priori.

j=J
K 1-2-2-7 pirad(0) and pyrad(d)—1 are coprime, let pjrad(d)—1 = H A}j,
j=1
irad(6) —1
we consider the case d = 2\ pfrad(d) and d' = 2#17”‘1)\(). It follows:
j/
!/
-1
2\ phrad(d) + 2'“1”“1(5) =2q
]'/
!/
-1
2\t rad(s) — prarad®) =1 _

Y

¥ 1-2-2-7-1 We suppose that v = 1. We consider the case d = 2\ rad(9)

/ J—
and d' = 2“17"“1;5)1. It follows:
j/

"rad(d) — 1
20t rad(5) + 21700
jl

=2
/ = 4\jipirad(8) = 2(g+1) = 2Ajpirad(d) = g+1
_gtarad(d) =1

X

But from the equation , g+ 1=2ujrad(d), then \jy = 1, it follows the
contradiction.

#k 1-2-2-7-2 We suppose that ;s > 2. We consider the case d = 2)\;7I_Tj/u'1rad(5)

!
1
and d' = 2%. It follows:

.

(

phrad(0) —1

!
Aji

7]"7’";’ /
2\, pirad(d) + 2 2q

/ = 4)\;,J'lirj/u’1rad(5) =2(qg+1)
_2u1rad 5)—1 _y

r’,

2A;f/_rjl pirad(d)
A

\ J

’Yj/_T;/ /
= 2X; phrad(d) =q+1

As above, it follows the contradiction. It is trivial that the other cases for
more factors H )\;’Z” ~" 7" give also contradictions.
j”
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#* 1-2-2-8 Now, we consider the case d = 4(pjrad(d)—1) and d' = p)rad(9),

we have d > d'. It follows:
4(pyrad(d) — 1) + pyrad(d) = 2q = 5urad(d) = 2(q + 2) N Then the contradiction as
4(pyrad(d) — 1) — phrad(d) = 2 = pirad(d) = 2 3]9.

#* 1-2-2-9 Now, we consider the case d = 4u(pjrad(d) — 1) and d' =

trad(d
M) where u > 1 is an integer divisor of pjrad(d). We have d > d’

and:
/
du(pirad(d) — 1) + ,tm’c;d((S) = 2q
= 2u(pirad(§) — 1) = pirad(d)
!/
du(pyrad(d) — 1) — #rad(9) =2
u

Then the contradiction as pjrad(d) and (pjrad(d) — 1) are coprime.

In conclusion, we have found only one case (** 1-2-2-6 above) where there
is no contradictions a priori. As 7(IN) is large and also [7(N/4)/2], it follows
the contradiction with Q(N) < 1 and the hypothesis (u1, u2) # 1 is false.

K 2- We suppose that (p1, 1) = 1.

From the equation 71 = 62 — 3X and the condition rad(a) = X >
radt83/137(¢) <= § — 1 = X > rad"'?(c), we obtain the following inequal-
ity:

§—1> (rrad(6))*? = —3(6 — 1) < —3r.rad(6).(r.rad(6))*1 =
rup =62 —3(0 — 1) < (r.rad(6))? — 3r.rad(d).(r.rad(6))*? =
w1 < rrad?(8) — 3.rad(d).(r.rad(6))%!? =

(32) p1 < r.rad?(5) <1 - W)

As a = rad?(a) < ¢, we can write:

radg(a) < pipgrad(c) < ,ug.md(é).radQ(c) <1 - Wadi;))g.gﬂ)

but (r,rad(8)) = 1, r.rad(§) > 6 = (r.rad(5))’8! > (6°%1 ~ 4.26) and
d = pe.rad(9), it follows:

rad®(a) < pyporad(c) < po.rad(s).rad*(c) = rad>(a) < d.rad*(c) < 1.6rad(a).rad?(c)

Asrad(a) > (rad“9%/%37(¢) = rad"'?(c)) = rad"'%(c) < rad(a) < 1.27rad(c),
then we obtain:

rad'?(c) < 1.27rad(c) = rad(c) < 3.5 = rad(c) < 3, but rad(c) = r.rad(8) > 6

Then the contradiction.

It follows that the case u. > rad*?%(c) = ¢ > rad®>*%(c) and a = rad®(a) is
impossible.
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I-3-2-2- We consider the case i, = rad*(a) = a = rad®(a) and ¢ = a + b.
Then, we obtain that X = rad(a) is a solution in positive integers of the
equation:

(33) X*+1=c¢
withé¢=c—b+1=a+1= (¢,a) = 1. We obtain the same result as of
the case I-3-2-1- studied above considering rad(a) > rad%g(é).

I-3-2-3- We suppose . > rad®**0(c) = ¢ > rad®?%(c) and c large and
o < rad?(a), we consider ¢ = a+b,b > 1. Then ¢ = rad>(¢)+h, h > rad3(c),
h a positive integer and we can write a+1 = rad>(a), [ > 0. Then we obtain

(34) rad®(c) +h =rad*(a) — 1 +b= rad*(a) —rad*(c) =h+1—-b>0
as rad(a) > radrst (c). We obtain the equation:

(35) rad®(a) —rad*(c) =h+1—b=m >0

Let X = rad(a) —rad(c), then X is an integer root of the polynomial H(X)
defined as:

(36) H(X) = X3+ 3rad(ac)X —m =0

To resolve the above equation, we denote X = u + v, It follows that u?,v
are the roots of the polynomial G(t) given by:

(37) G(t) = t* —mt — rad®(ac) =0

The discriminant of G(t) is A = m? + 4rad3(ac) = o?, a > 0. Asm =
rad?(a) —rad®(c) > 0, we obtain that o = rad>(a) + rad®(c) > 0, then from

the expression of the discriminant A, it follows that the couple (o = x,m =
y) is a solution of the Diophantine equation:

(38) 22—y =N

with N = 4rad3(ac) = 4rad®(a).rad®(c) > 0. Here, we will use the same
method that is given in the above sub-paragraph ** 71-2-2- of the paragraph
I-3-2-1-2-5-. We have the two terms rad>(a) and rad®(c) coprime. As
(a,m) is a couple of solutions of the Diophantine equation and a > m,
then 3 d, d’ positive integers with d > d’ and N = d.d’ so that :

(39) d+d =2a
(40) d—d =2m
I-3-2-3-1- Let us consider the case d = 2rad®(a), d’ = 2rad3(c). It follows:

2rad?(a) + 2rad®(c) = 2a = a = rad?(a) + rad>(c)
2rad?(a) — 2rad®(c) = 2m = m = rad>(a) — rad3(c

It follows that this case presents a priori no contradictions.

3

()

I-3-2-3-2- Now, we consider for example, the case d = 4rad®(a) and d' =
rad3(c) = d > d’. We rewrite the equations (39}40):

4rad®(a) 4 rad®(c) = 2(rad>(a) + rad>(c)) = 2rad®(a) = rad®(c))
drad®(a) — rad®(c) = 2(rad®(a) — rad®(c)) = 2rad®(a) = —rad’(c))
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Then the contradiction.

I-3-2-3-3- We consider the case d = 4rad>(c)rad3(a) and d' = 1 = d > d'.
We rewrite the equations (39H40)):
drad3(c)rad®(a) + 1 = 2(rad®(c) + rad3(a)) =
2(2rad®(c)rad®(a) — rad®(c) — rad3(a)) = —1 = a contradiction
drad3(c)rad®(a) — 1 = 2(rad®(c) — rad®(a))

Then the contradiction.

I-3-2-3-4- Let ¢; be the first factor of rad(c). We consider the case d =

d3
4617’ad3(a) and d' = w — d > d’. We rewrite the equation :
c1
d3
derrad®(a) + = ©_ 2(rad®(a) + rad®(c)) =
1
3
2rad¥(a)(2er — 1) = 22D (9, — 1) = 2rad(a) = rad?(). 219
C1 el

c1 = 2 or not, there is a contradiction with a, ¢ coprime.

The other cases of the expressions of d and d’ not coprime so that N = d.d’
give also contradictions.

Let Q(N) be the number of the solutions of (38), as N=0(mod4), then
Q(N) = [1(N/4)/2]. From the study of the cases above, we obtain that
Q(N) <1lis < [(T(N)/4)/2]. It follows the contradiction.

Then the cases y, < rad®(a) and ¢ > rad®>?5(c) are impossible.
I1- We suppose that rad>%3(c) < p. < rad*(c) and p, > rad*%(a):

I1-1- Case rad(c) < rad(a) : As ¢ < rad®(c) = rad"%(c).rad">"(c) = ¢ <
rad"%3(c).rad'3"(a) < rad“%3(ac) < rad'%3(abc) = .

I1-2- Case rad(a) < rad(c) < Tad%(a):
As ¢ < rad®(c) < rad %(c).rad? (c) = ¢ < rad%(c).rad*%(a) <
rad'-%3(abc) = .

I1-3- Case radis? (a) < rad(c):

I1-3-1- We suppose rad*%3(a) < po < rad®*(a) = a < rad*%(a).rad*%(a)
— a < rad"%(a).rad'37(c) = c = a + b < 2a < 2rad"%(a).rad"%(c) <

rad % (abc) = ¢ < R'% — .

I1-3-2- We suppose i, > rad®?%(a) = a > rad®?%(a) and p. < rad*(c).
Using the same method as it was explicated in the paragraphs I-3-2- (per-
muting a, ¢ see in Appendix IT’-3-2-), we arrive at a contradiction. It follows
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that the cases u. < rad?(c) and p, > rad*?%(a) are impossible.

2.2.3. Case po > rad*%(a) and p. > rad'-%3(c): Taking into account the
cases studied above, it remains to see the following two cases:

- pte > rad?(c) and pg > rad%(a),

- ftg > rad?(a) and . > rad"%3(c).

ITI- We suppose p. > rad?(c) and p, > rad%(a) = ¢ > rad®(c) and
a > rad®%3(a). We can write ¢ = rad®(c) + h and a = rad®(a) + [ with h a
positive integer and [ € Z.

ITI-1- We suppose rad(c) < rad(a). We obtain the equation:

(41) rad(a) —rad®*(c) =h —1—b=m >0

Let X = rad(a) — rad(c), from the above equation, X is a real root of the
polynomial:

(42) H(X) = X3+ 3rad(ac)X —m =0

As above, to resolve , we denote X = u + v, It follows that u3,v® are
the roots of the polynomial G(t) given by :

(43) G(t) =t*> —mt —rad®(ac) =0
The discriminant of G(%) is:
(44) A =m? +4rad®(ac) = o, a>0

As m = rad3(a) — rad®(c) > 0, we obtain that o = rad>(a) + rad3(c) > 0,
then from the equation (44)), it follows that (o = z,m = y) is a solution of
the Diophantine equation:

(45) 22—y =N

with N = 4rad®(ac) > 0. Let Q(N) be the number of the solutions of
and 7(N) is the number of suitable factorization of N, and using the
same method as in the paragraph I-3-2-3- above, we obtain a contradiction.

ITI-2- We suppose rad(a) < rad(c). We obtain the equation:

(46) rad®(c) —rad*(a) =b+1—h=m>0

Let X be the variable X = rad(c) — rad(a), we use the similar calculations
as in the paragraph above I-3-2-3- permuting c, a, we find a contradiction.

It follows that the case . > rad?(c) and p, > rad>%3(a) is impossible.

IV - We suppose ji, > rad?(a) and . > rad'-%3(c), we obtain a > rad®(a)
and ¢ > rad®%3(c). We can write a = rad>(a) + h and ¢ = rad3(c) + | with
h a positive integer and [ € Z.

The calculations are similar to those in the cases of the paragraph ITI. We
obtain a contradiction.
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It follows that the case . > rad%3(c) and p, > rad®(a) is impossible.

All possible cases are discussed. U
We can state the following important theorem:

Theorem 2.2. Let a,b, c positive integers relatively prime with ¢ = a + b,
then ¢ < rad*%3(abc).

From the theorem above, we can announce also:

Corollary 2.2.1. Let a, b, ¢ positive integers relatively prime with ¢ = a+0,
then the conjecture ¢ < rad?(abc) is true.
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APPENDIX

I1°-3-2- We suppose ji, > rad®>?%(a) = a > rad>*(a).

I1-3-2-1- We consider the case . = rad?(c) = ¢ = rad®(c) and ¢ = a+1.
Then, we obtain that ¥ = rad(c) is a solution in positive integers of the
equation:

(47) Y3-1=a

IT°-3-2-1-1- We suppose that a = rad"(a) with n > 4, we obtain the
equation:

(48) rad®(c) — rad™(a) = 1

But the solutions of the Catalan equation [5] 2P — y¢ = 1 where the un-
knowns z,y,p and q take integer values, all > 2, has only one solution
(z,y,p,q) = (3,2,2,3), but the solution of the equation are (rad(c) =
3,rad(a) = 2,3 # 2,n > 4), it follows the contradiction with n > 4 and the
case a = rad"(a),n > 4 is to reject.

I1’-3-2-1-2- In the following, we will study the cases p, = A.rad™(a) with
rad(a) t A,n > 0. The above equation (47)) can be written as :

(49) Y -1)Y?*+Y+1)=a

Let ¢ one divisor of a so that :

(50) Y-1=9¢
a

(51) Y2+Y+1:S:m:52+3Y
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1.63
We recall that rad(c) > radts7 (a).

IT°-3-2-1-2-1- We suppose 6 = l.rad(a). We have § = l.rad(a) < a =
fg-rad(a) = | < pg. As 0 is a divisor of a, then [ is a divisor of ua,%
parad(a) — pa

lrad(a) l
obtain:

=m = 6%+ 3Y, then pg = L.m. From p, = (6% + 3Y), we

m = I?rad*(a) + 3rad(c) = 3rad(c) = m — I*rad*(a)

A’- Case 3m = m = 3m/, m’ > 1: As u, = ml = 3m’l = 3|rad(a) and
(rad(a), m’) not coprime. We obtain:

rad(a)

rad(c) = m' — I*rad(a).
It follows that a, ¢ are not coprime, then the contradiction.

B’ - Case m = 3 = i = 3l = a = 3lrad(a) = 30 = §(6? +3Y) = &% =
3(1-Y) = -3 <0, then the contradiction.

I1’-3-2-1-2-2- We suppose § = l.rad?*(a),] > 2. If n = 0 then pu, = A and
from the equation above :
a  pgrad(a)  Arad(a) A

e Irad?(a)  Irad?(a)  Irad(a) = rad(a)|4

It follows the contradiction with the hypothesis above rad(a) 1 A.

I1-3-2-1-2-3- We suppose § = Irad?(a),l > 2 and in the following n > 0.
a  fpig-rad(a) L

A = - = =

S lrad?(a)  lrad(a)’

We suppose lrad(a)|pe = pq = m.lrad(a), with m,rad(a) not coprime,

then % = m = 0% + 3rad(c).

C' - Case m =1=a/§ = §? + 3rad(c) = 1, then the contradiction.

if irad(a) 1 pe then the case is to reject.

D’ - Case m = 3, we obtain 3(1 — rad(c)) = 62 = §% < 0. Then the
contradiction.

E’ - Case m # 1,3, we obtain: 3rad(c) = m — [*rad*(a) = rad(a) and
rad(c) are not coprime. Then the contradiction.

IT°-3-2-1-2-4- We suppose § = l.rad™(a),l > 2 with n > 3. From a =
po-rad(a) = lrad™(a)(6% + 3rad(c)), we denote m = 6% + 3rad(c) = 6%+ 3Y.

F’ - As seen above (paragraphs C’,D’), the cases m = 1 and m = 3 give
contradictions, it follows the reject of these cases.

G’ - Case m # 1,3. Let g be a prime that divides m (¢ can be equal to
m), it follows ¢|pe = ¢ = aj;, = aj6|52 = ajs|3rad(c). Then rad(a) and
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rad(c) are not coprime. It follows the contradiction.

I1’-3-2-1-2-5- We suppose § = Hj€J1 afj, Bj > 1 with at least one jg € Ji
with:
(52) B> 2, rad(a)} 6
We can write:
(53)
d = ps.rad(d), rad(a) =rrad(d), r>1, (r,rad(d))=1= (r,us) =1
Then, we obtain:

a = pig.rad(a) = pg.r.rad(8) = §(6% +3Y) = ps.rad(8)(6% + 3Y) =
(54) ropta = ps(6% + 3Y)
- We suppose jig = pis => 1 = 02+ 3Y = (ug.rad(8))®> +3Y. As § <

2 +3Y = r > 6 = rad(a) > r > (pg.rad(8) = Arad™(a)rad(s)) =
1 > A.rad®'(8), then the contradiction.

- We suppose g < p5. As rad(c) = psrad(d) + 1, we obtain:
rad(c) > pq.rad(d) +1 > 0 = rad(ac) > a.rad(d) + rad(a) > 0
As ¢ =1+ a and we consider the cases ¢ > rad(ac), then:

¢ > rad(ac) > a.rad(§) +rad(a) > 0= a+1 > a.rad(é) + rad(a) > 0 =

d
, rad(a)
a

a > a.rad(d) + rad(0) =1 > rad(9) >0, rad(d) > 2 = The contradiction

- We suppose g > ps. In this case, from the equation and as (r, pug) = 1,
it follows we can write:
(55) [ta = p1-pl2, P, pe > 1
(56) a = pgrad(a) = py.po.rrad(d) = 6.(6%2 4+ 3Y)
(57) sothat ru; =62+ 3Y, o= ps = 8 = pa.rad(d)
** 1- We suppose (1, p2) # 1, then Jaj, so that ajy|pr and aj)|pe. But
s = fo = a?o|5. From 3Y = ruy — 6% = a,|3Y = a,,|Y or a;, = 3.
- If aj,|(Y = rad(c)), it follows the contradiction with (¢, a) = 1.
-Ifaj, = 3. Wehave rpy = 6%243Y = 62+3(6+1) = 62+35+3—r.u1 = 0.
As 3|1 = p1 = 3%y, 34 1), k > 1, we obtain:
(58) 2 +30+31-31ru) =0
#% 1-1- We consider the case k > 1 == 31 (1 — 3*"1ru}). Let us recall the

Eisenstein criterion [6]:

Theorem 2.3. (FEisenstein Criterion) Let f = ag + -+ + ap, X" be a
polynomial € Z[X]. We suppose that Ip a prime number so that p 1 an,
plai, (0<1i<n—1), and p*tag, then f is irreducible in Q.

We apply Eisenstein criterion to the polynomial R(Z) given by:
(59) R(Z) = 7% +3Z +3(1 — 3" "1ry})

then:
=341, - 3|(+3)- 3|3(1 — 3k Lrph), and - 32 1 3(1 — 3% Lruf).
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It follows that the polynomial R(Z) is irreducible in Q, then, the contradic-
tion with R(J) = 0.

** 1-2- We consider the case k = 1, then p; = 3u) and (1f,3) = 1, we
obtain:

(60) 2 +304+3(1—ruy) =0

#k 1-2-1- We consider that 3 1 (1 — r.u}), we apply the same Eisenstein
criterion to the polynomial R'(Z) given by:

R(Z)=2Z?+3Z +3(1 —riy)
and we find a contradiction with R'(§) = 0.

** 1-2-2- We consider that:

(61) 31 —rph) = ruy —1=3"h,i>1,3thh € N*
J is an integer root of the polynomial R/'(Z):
(62) R(Z)=2Z*+3Z+3(1—riy) =0

The discriminant of R'(Z) is:
A=3*+3" x4h

As the root § is an integer, it follows that A = t?> > 0 with ¢ a positive
integer. We obtain:

(63) A=31+43""x4h) =+
(64) = 1+3 1xdh=g>1,geN*
As ps = po and 3|pue = po = 3ub, then we can write the equation as :
; d(d )
(65) 8(5+3)=3"1h= 30y 3( ) (tyrad(d) +1) = 3+ h —
d(é
(66) wh ra 3( ) (,uémd(é) + 1) =h

We obtain i = 2 and ¢? = 1 + 12h = 1 + 4phrad(8)(uhrad(d) + 1). Then, ¢
satisfies :

(67) q? — 1= 12h = 4pbrad(8) (phrad(5) + 1) =

(68) @) @D — 35 — phrad(s)(uhrad(s) +1). =

(69) q+1=2ubrad(d) +2

(70) q—1=2u4rad(d)

It follows that (¢ = x,1 = y) is a solution of the Diophantine equation:
(71) 22—y =N

with N = 4pbrad(d)(phrad(d) + 1) = 12h > 0. Let Q(N) be the number
of the solutions of and 7(N) is the number of suitable factorization of
N, then we announce the following result concerning the solutions of the
Diophantine equation (see theorem 27.3 in [7]):

- If N=2(mod 4), then Q(N) = 0.

- If N=1 or N=3(mod 4), then Q(N) = [7(N)/2].

- If N=0(mod 4), then Q(N) = [1(N/4)/2].
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[z] is the integral part of = for which [z] <z < [z] + 1.

As N = 4ubrad(d)(phrad(d)+1) = N=0( mod 4) = Q(N) = [1(N/4)/2].
As (g, 1) is a couple of solutions of the Diophantine equation , then 3 d, d’
positive integers with d > d’ and N = d.d’ so that :

(72) d+d =2q

(73) d—d =21=2

** 1-2-2-1 As N > 1, we take d = N and d' = 1. It follows:

{ %i i i gq = N = 3 = then the contradiction with N=0(mod 4).

#k 1-2-2-2 Now, we consider the case d = 2ubrad(d)(phrad(d) + 1) and
d = 2. Tt follows:

2uhrad(0)(phrad(d) + 1) + 2 = 2q
2pbrad(0)(phrad(d) +1) —2 =2

As ¢ — 1 =2pubrad(0), we obtain uSrad(d) = 1, then the contradiction.

= phrad(8)(phrad(§) +1) =q—1

%k 1-2-2-8 Now, we consider the case d = phrad(d)(uyrad(d)+1) and d' = 4.
It follows:

{ phrad(0)(phrad(d) + 1) +4 = 2¢
phrad(0)(phrad(0) + 1) — 4 = 2 = phrad(d)(uyrad(d) +1) =6

As phrad(d) > 2 = phrad(d) = 2 = ph =1 = pg = 3 = ps and
rad(d) = 2 but 312, then the contradiction.

*k 1-2-2-4 Now, let aj, be a prime integer so that aj,|radd, we consider the

d(o
case d = yb ra ( )(,u’zrad(é) + 1) and d' = 4aj,. It follows:
jo
rad(6
b0 (1 ad(8) +1) + 4aj, = 2 s
o ("% (i rad(s) + 1) = 2(1 + 20,
rad(5) = Ha— - (ngrad(6) +1) = 2(1 + 2a;,) =
Iz (Hyrad(d) +1) — daj, =2 70
a

Jo
Then the contradiction as the left member is greater than the right member 2(1 + 2ay,).

*¥ 1-2-2-5 Now, we consider the case d = 4phrad(d) and d' = (phrad(d)+1).
It follows:
{ 4phrad(0) + (phrad(0) + 1) = 2¢

diiyrad(8) — (phrad(s) + 1) = 2 = 3u4rad(§) = 3 = Then the contradiction.
2 — 2 =

** 1-2-2-6 Now, we consider the case d = 2(uhrad(6)+1) and d = 2urad(9).
It follows:

2(phrad(0) + 1) + 2ubrad(d) = 2¢ = 2pbrad(d) +1 = ¢
2(phrad(0) + 1) — 2ubrad(d) =2 =2 =2

It follows that this case presents no contradictions a prior.
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j=J
*E 1-2-2-7 phrad(6) and phrad(d)+1 are coprime, let phrad(d)+1 = H )\;-“,
j=1
d
we consider the case d = 2\ pu5rad(d) and d' = 2;127%)\(5). It follows:
j/

phrad(d) + 1

2\ j porad(d) + 2 =2q
Ajr
2\ j parad(d) — ,Lwci((S) =2
j/

¥ 1-2-2-7-1 We suppose that v;; = 1. We consider the case d = 2\ ; u5rad(6)
trad(6) + 1
and d = 2H2"40) T 2 (0) +

5!

J

. It follows:

Qu’lrad(é) -1

X

2\ pirad(8) + =2q

' rad() — 1 = 4\jpirad(8) = 2(g+1) = 2Ajpirad(8) = g+1
mra _
_oh1TOE) ™ -

X

But from the equation , g+ 1=2ujrad(d), then \jy = 1, it follows the
contradiction.

¥ 1-2-2-7-2 We suppose that v; > 2. We consider the case d = 2)\;fl y phrad(d)
d(d) +
and d' = 2M. It follows:
)\ ]
i’ / d (5
2)\3.,] phrad(8) + % 2q
A
J =,
—4r; whrad(d) = 2(q + 1)
V=T whrad(d) + ’
2/\j,’ phrad(s) — 2% 2
AT
j

= 2)\j,] j/,u’Qrad((S) =q+1

As above, it follows the contradiction. It is trivial that the other cases for
more factors H )\j] ~" 7" give also contradictions.
j?’
#* 1-2-2-8 Now, we consider the case d = 4(uhrad(d)+1) and d' = phrad(9),
we have d > d'. Tt follows:
4(phrad(0) + 1) + phrad(d) = 2q = Su4rad(d) = 2(q + 2) N Then the contradiction as
4(phrad(0) + 1) — phrad(0) = 2 = phrad(d) = 2 319.
*k 1-2-2-9 Now, we consider the case d = 4u(uhrad(d) + 1) and d' =

/
M, where u > 1 is an integer divisor of pbrad(d). We have d > d’
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and:
/
du(phrad(d) + 1) + uzrc;d(d) =2q
= 2u(phrad(8)+1) = phrad(d)+1 = 2u =1
/
du(pbhrad(d) + 1) — Horad(9) =2
u

Then the contradiction.

In conclusion, we have found only one case (** 1-2-2-6 above) where there
is no contradictions a prior. As 7(N) is large and also [7(NN/4)/2], it follows
the contradiction with Q(N) < 1 and the hypothesis (u1, p2) # 1 is false.

** 2- We suppose that (u1,u2) = 1.

We recall that rad(c) = Y > rad“%3/%37(a), § + 1 = Y, rad(a) =
rrad(8), (r,rad(8)) = 1,5 = psrad(d) and ru; = 62 + 3X, it follows:
(74) U(6)=06>+36+3—ru1 =0

** 2.1- We suppose 3|(3 — ru1) and 32 4 (3 — ru1), then we use the Eisen-
stein criterion [6] to the polynomial U(d) given by the equation , and
the contradiction.

—_

¥ 2.2- We suppose 3|(3 — ru1) and 3%((3 — ruy1). From 3[(3 — ruy) =
3|rpr = 3|ror3|u;.
- If 3|r = (3,7add) = 1 = 31 4. Then the contradiction with 3|42 by

the equation .
- If 3|us = 31 ug = 316, it follows the contradiction with 3|62 by the

equation .

** 2-3- We suppose 31 (3 —ru1) = 34ru; = 31r and 31 p;. From
the equation , U(d) = 0 = ru;=6*(mod3), as §2 is a square then
§?=1(mod3) = rp1=1(mod3), but this result is not all verified. Then
the contradiction.

It follows that the case ug > rad*?%(a) = a > rad®?%(a) and ¢ = rad>(c) is
impossible.

I1°-3-2-2- We consider the case p, = rad?(c) = ¢ = rad®(c) and ¢ = a +b.
Then, we obtain that Y = rad(c) is a solution in positive integers of the
equation:

(75) Yitl=¢

withc=a+b+1=c+ 1= (¢,c) = 1. We obtain the same result as of
the case I-3-2-1- studied above considering rad(c) > rad%(c).

I1°-3-2-3- We suppose p, > rad®**%(a) = a > rad®>*®(a) and c large and
pe < rad®(c), we consider ¢ = a + b,b > 1. Then a = rad*(a) + h,h > 0,
h a positive integer and we can write ¢ + 1 = rad3(c), [ > 0. As rad(c) >
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rad%(a) = rad(c) > rad(a) = h+14+b=m > 0, it follows:

(76)

rad®(c) —1 = rad®(a) + h4+b >0 = rad*(c) —rad*(a) = h+1+b=m > 0

We obtain the same result (a contradiction) as of the case I-3-2-3- studied

above considering rad(c) > rad%(a). Then, this case is to reject.

Then the cases . < rad?(c) and a > rad3?%(a) are impossible.

1]

2]
3]

[4]

[5]

[6]
[7]

REFERENCES

M. Waldschmidt, On the abc Conjecture and some of its consequences, presented at
The 6th World Conference on 21st Century Mathematics, Abdus Salam School of
Mathematical Sciences (ASSMS), Lahore (Pakistan), March 6-9, (2013)

B. De Smit, https://www.math.leidenuniv.nl/ desmit/abc/. Accessed December
2020.

P. Mihailescu, Around ABC, European Mathematical Society Newsletter, N° 93, pp
29-34, Sept., (2014)

A. Nitaj, Aspects expérimentauz de la conjecture abc. Séminaire de Théorie des Nom-
bres de Paris(1993-1994), London Math. Soc. Lecture Note Ser., Vol n°235. Cam-
bridge Univ. Press, pp 145-156. (1996)

P. Mihailescu, Primary cyclotomic units and a proof of Catalan’s Conjecture’, Journal
fiir die Reine und Angewandte Mathematik, Vol. 2004, Issue 572, (2004) pp 167-195.
https://doi.org/10.1515 /crll.2004.048

C. Touibi, Algébre Générale (in French), Céres Editions, Tunis, pp 108-109. (1996)
B.M. Stewart B.M, Theory of Numbers. 2°¢ edition, The Macmillan Compagny, N.Y.,
pp 196-197. (1964)

ABDELMAJID BEN HADJ SALEM, RESIDENCE BOUSTEN 8, MOSQUEE RAOUDHA, BLOC
B, 1181 SOUKRA RAOUDHA, TUNISIA.
Email address: abenhadjsalem@gmail.com



	1. Introduction and notations
	2. The Proof of the conjecture c<rad1.63(abc)
	2.1. Trivial cases:
	2.2. We suppose c>rad0.63(c) and a> rad0.63(a)

	Appendix 
	References

