Using finite binomial series to Prove results in prime
numbers and congruences

By Shazly abdullah

ABSTRACT

In this work used an algebraic method that uses elementary algebra
and binomial theorem. To create finite binomial series L,(kh,x) =
Voa(k, h,x) + S, (k,h).This is a type of series that has several properties in
variables such as if x=1 then L,(k h,1) =S,(k,h) where v,9(k,h,1) =
0. We used these series to prove results in congruences and prime
numbers ,for example,we proved if a" = 1(mod m) where n = g+d and n
is an odd then d® = —1(modm) , a,d,n € N. And in prime to numbers ,

p—1

m—1
such as , if p™ = x2 + k where " ( 2 ) = —1(mod p™)is a also obtained
several results in finite series.

1.INTRODUCTION

Gauss foot concept congruences in number theory, where it facilitates operations
and study in division, is one of the most important theorems in congruence, Euler
theorem , which is considered one of the the most important theorems in number
theory because it is related to many theorems and definitions in number theory, for

example, Primitive roots can be defied

In this work, elementary algebra binomial theorem, and difference of tow nth
power are used to created finite series in an algebraic method, Similar the method
used to solve recurrence relations in combinations|see k. 1. Rosen 244,245] and that use
generating functions and basic operations to solve the recurrence . In this work we

used basic operations and binomial theorem instead of

generating functions to create a kind of series with specific properties, then we used
series to create congruence with specific properties. Through this process, we reached

the theorem. 1 theorem.2 in primitive roots and several results in finite series.

according binomial theorem and difference of tow nth power theorem if n a positive

integer and x y real numbers then

n

Gty = (1) wym

k=0



And
Xt =yt =(x—y) ) "Iy
2. proof basic series

First we will create the basic infinite series creation is done in three parts . The first
part consists of equation 2.1 to equation 2.3 in this part use basic operations and
difference of tow nth power theorem to construct. It the second part consists of
equation 2.4 to equation 2.9 in this part we will use equation 2.1 and the binomial
theorem to create it. The third part consists of the last equation, we deduce the last
equation from 2.9.

Basic infinite binomial series. Let nis an odd k, g, u, real functions then

Lnn(k:g:u) = V;zn(k:g,u) + Sn(k; g)

Where
n _u”+(k—g)" gr—1
Ln”(ky g, ) = k+k—g _m(g—1>
And
n—-1
Wik gw) = ) (Wt —m)k - g)’
2
And

gn—l_l
Sn(k,h)=—km( = )

n-2

. ] gn—l -1 - - o

+ka(—1)1 1(k—g)1< =1 — (g™ 24 g g™ 1))
]:

Proof. let k, g, u real functions then according to difference of tow nth power theorem

we have that

(k= g" = (=" =k ) (k = g)/ ™ (=g)"™
j=1

Then
~(=g)" = (k= )" +k ) (e = g)/ " (=g)"™
j=1

let ¢ € R,n € N where m constant then by multiplying m and adding u%(k — g)™ from
both sides

wi(k = g)" = m(~g)" = ui(k — )" = m(k — )" +km ) (k = g}/ (~g)""I
j=1

Then

Wik = g)" = m(=g)" = (ut = m)(k = g +mk > (k = g (=g)"

j=1



We have let

2.1 w,(k,g,u) =ulk — g)" —m(=g)"

2.2 z9,(k,g,u) = W —m)(k — g)"

2.3 cn(k,g) =mk ) (k—g)/ *(—g)"/
2

Note in this part we used expansion difference of tow nth power theorem and basic
operations to create the equation(2.1) at we subtract (k — g)* , and multiply m on both

sides , then add u9(k — g)" both sides then
2.4 W,4(k,h,x) = Z,%(k, g,u) + C,,(k, g)

In this second and final part to create the basic series we will use expansion of the
binomial theorem and equation(2.1) to create it then according the binomial theorem ,
we find

u + (k—g)"
ut+k—g
=uv - U (k—g)+ut 3 (k—g)  —uttk—9)3 e (k= )™

By subtract m(g )from both sides of the equation uL_g)n and the distribution of

the terms of the expansmn of the equation m(g ) between the terms of the

"t(k-g

expansion of the equation = ~ then we have that

u+ (k—g)" gt—1
u+k—-g) (g—l)
=u"l—-m-u"?(k—g) —mg+u*3k-g9)?—-mg®?—u"*k—g)3
—mg® i (k=) —mgt
By extracting the common factor between the terms we find that
u”+(k—g)”_m<g”—1)

ut+k—g g-—1
=u"t—m— WA (k - g) + mg) + W' (k - g)? —mg?)
@ = g+ mg?) e (- g = mgt )
The terms of the m( - ) are distributed between the terms of % and

extraction of the common factor we notice that the first term — w27k — g) has changed
- (" 2(k —g) + mg) and the second term w3k —g)2 has changed "3 —g)*—mg?) all
terms changed untie last term ((x - g)"*+mgm") according to the equation (2.1)
w;™(k, g,u) = u"(k — g)) —m(—g)’ SO It can be compensation w™-2(k,g,u) in second term and
—w2(k-g)—-mg) and w," 3k, gw) In third term @2k -g)?-mg?» then it can
compensation all 1 <j <n note w,""(k, g, u) = u** —m then we have

unu++(l;:§)n_m<g - ) Z( DIwnI1 G, g,

Let

u“+(k—g)"_m(g”—1)

Ln(k,g,u) = u+k—g g—1

Then



n-1

L(l, g, 0) = Z(—l)fw"-f-l,-(k,g,u)
Equation(z.4) form w™,(k, g,u) = zn”(k g u) + ¢, (k, g) then we have that

25 (e, g,u) = Z( DIz (k, g,0) +Z< 1i;(k, )
j=0
We note from the equation (2.1) z"(k g u) = (u —m)(k g) and the equatin (2.2)
cj(k g) = km Y _.(k—g)1(—g)I"" so by compensation the right side z"(k, g w) and ¢;(k, g)
in equation (2.5) also note ¢, (k g) = 0 then we have

n-1 J
Ll g,u) = z< 1)/ (@ = m) (k= g)) +km ) 2( DI (k= gy (=g)
Let "
Vil gw) = ) (=D (I = m)(k - g)’
j=0
And :
n-1 J
Sall,g) =km "> (=1 (k = 9 (=)
j=1r=1

Then we have
2.6 Ly (kguw) = V,"(k, g,u) + S (k, g)

Note g/~"(-=h) = (-1)/"g/~" (k) and (-1)/(-1)/" = (-1)¥" = (-1)" if jand r is odd or
even note we find in s,(k,h) tow signs(-1)/(—1)/~" so they can by combined in (-1)"
then we find that

n-1 J
Salle,g) =km ) (=1 (k = ) (=)
ji=1r=1
Then we have !

1 2
sn(k,9) = km (Z CDk=9)g" Z(—mk ~g)y gt

+i(_1)r(k_g)r—1 3-r Z( DTk —g) g™ r>

By analyzing all the complex terms of the s, (k, g) we flnd that

S, (k, h)
=km (D) + (~g + (k~ ) + (~g* + g(k — 9) — (k ~ )%
~(=g*+g*(k—g) —glk—g)* +(k—=9)®) e ... (=g" "+ g"?(k — g)
—g"3k—9)?+ g " k—g)% e (k= g)”‘z))

In s,k ») a all compound terms have been dismantled note if we add for every first
term in the complex term we find that -(-1+g........ g™ %) then we adding the terms to
include that (k — g finding that (1 + g ...... g»2) then the terms

6



that include - )2 we find that(—(1+g... .....gf-3)) if the method is equal all the
terms can be added 1 <j <n»—1until we reach the last terms ( — g)~* then

sn(k,h) =km(—(1+ g + g% e oo . g+ k- +g+9%2+ 9% . g™)
—k=—9)?A+g+g*+ g% g (k=)™ )
Using the binomial theorem it is possible to abbreviate all the terms that include,
(k —g) and (k- g)?and (k — g)*until we reach the last term - g)~*, we notice that
gn—l -1
g-—1

k 1 n-3) — k gn_l_l n-2
k-—g)A+g......g") =( —g)< 71 -9 >

—-1+g+g%au..gm?¥=

2 n—4y\ — _ 2 ’gn_l _ A 4n=-2 _ n-—
k-—9)*A+g o g"H=(k—g) <—g—1 g g 3)

In s,(k,n) note can abbreviation of all terms that include k—g),(k—g)% (k—g)°....

(k—g)»'in the second term ( ) in (k—g)? on ( ~gn1) and in the third on
(%—g"'l—g" 2) then all terms can be converted (k 9V (1+g+g%..g" )=
(% —gtl_gn-2z . n-f)all 1<j<n—1We notice that in s,(x,») each term the values
n—-1

- . |
5n<k'h>=km<gg >+km2( Dk - g)f( — —(gn_z+g”_3.......g”‘1‘1)>

u™ + (k—g)" gr—1
2.7 Ln(k,g,u) = Tutk—g m<g_1)
2.8 vk, g,u) = Z(—ni (W=t —m)(k — g))
2.9 "~ s, (k, h)

Tl 1

1 .
>+km2< 1= - g)}( — —(g"_2+g”‘3.....g”‘1‘1)>

3.proof theorem.1 and theorem .2

In this section we will use the basic series L, (uk,g) = V", (u,k,g) + S,(k, g) in prove
the theorem.1 and use the theorem.1 to prove theorem. let in v,"(w,k,g), u=1and m = 1
then we find

Theorem.1 let d g a positive integers and n is an odd where m = g + dthen

If

" =1(mod m)

Then

= —1(mod m)
Proof theorem.1

Ve, 1) = ) (—DI((D)™ = 1)k - g)) =0
j=1



Then
L,(u,k, 1) =V,"(u,k, 1) + S, (k,g)
Then
L,(u,k,1) =0+ S,(k,g)
According to the equations, (2,7, 2.8,2.9) we find that
1+k—-g)" g"—1
1+k—g g—1

B gn—l_l
= g—]_

= . fgm -1 .
+ kz -1k - g)/ (T — (g™ 2+g™ 3. ....g"_]_1)>
j=1 g
Let
k=d+g
Then

1+(d+g—-g)" g"—1
1+d+g—g g-—1

_ gn—l_l
= (d+g)< 7= )

1
n-1

n—2
+(d+9) ;(—1)1‘1(d +g9-9) <gg __1 L (g™ 2+ g™ 3. .....gn‘f‘1)>

We have that
1+d* gt—-1
1+d g-—-1

B gn—l -1
-~+o (%)

n-2
. . 1 .
+(d+g) Z(—l)f‘ldf <ggT o (o L .....g”"‘l))
=1

Then

dv+1 g"—-1 grt-1
d+1 g-1 —(d+g)< g—

n-1 _

n—2
; , 1 .
+(d+g) z(—l)f‘ldf (‘gg —— g g ....gn_]_1>
j=1

Then we note from 3.1 (d + 1,d + g) = (g — 1,d + g) = 1 then we find that if n is an odd
g" = 1(mod m) where m = d + g then d™ = —1(mod m)

In this we will prove theorem.2 using theorem.1 but before that mention according
to Eulers theorem (a,n) =1 where ¢(n) Euler function then a®™ = 1(modn) See
[K.M 244]

Theorem.2 if g = g?" + d and ¢(q) = 2™nwherem >0 and n is an odd ¢(q) Euler

function then
d™ = —1(mod n)



Proof. according theorem.1 if g" = 1(mod m) where m = g +d and n is an odd then d" =
—1(mod m)
Then let g = gzk +d and ¢(q) = 2¥n where n is an odd according Euler theorem (g)?@ =

1(mod q) = (gzk)n = 1(mod q) then form theorem.1 d™ = —1(mod q)

Theorem.3 let p prime number and p = x% + g where p = 4n + 3 then
g™ttt = —1(mod p)
Proof. Letg =pand k=1

4.Diophantine Equations and prime numbers

Theorem.4 Let p prime number where p™ = x%2 +j and p = 1(mod 2) then

1 (D—1
jP (55) = —1(mod p™)

Proof. Let in theorem.2q =p™ and k=1

Theorem.5 let v p g prime numbers where vgp = 1(mod 8) and gpv = x8 + y?

then

@ (gv)
y 4 =-—1(mod qgp)

Proof. Let intheorem.2q =vpg and k=3

Theorem.6 if y> = x3 — h where x isan odd and x = 4n + 3 then
R M) = _{(nod x3)

Proof.We find y%? =x3—h =x3=y?+ h then Let in theorem.l g=x3 k=
1 d=h
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