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This solution is equal to L. Ferrari’s if we simply change the inner square root /w to /a + 2y.
This article shows the shortest way to have a resolvent cubic for a quartic equation as well as the
solution of a quartic equation.

A. Derivation of a solution of a quartic equation

The solution of a quartic polynomial was discovered by Lodovico de Ferrari in 1540. Ferrari’s solution is good for
solving a quartic equation.This article shows a simpler way to solve the quartic equation than Ferrari.
A monic form of a quartic polynomial is written as

x* + cz3a® 4+ e’ + ¢y +co = 0. (1)

To solve a quartic, we need to get a resolvent ! [1] cubic. A resolvent cubic can be obtained from the above quartic
equation by using the following biquadratic equation.

(x2+a1:c+ao)2 —w(z+b0)2 =0, (2)

where a1, ag and by are arbitrary coefficients, and w is a coupling constant. Unfolding the brackets of the equation
(2) and comparing to those coefficients of the equation (1), we can find

1
a; = 563, (3)
+ L2
ay = —Co+ —w— =c
0 2 2 2 ] 3
1 1 1
by = (—c1 + 56263 + 5C3W — §033)/(2w)7
and we get the remaining resolvent equation
a02 — b02w — Cyp — 0. (4)

Solving the equation (4) with substitutions from (3), we get the resolvent cubic equation with respect to w,

3 3

w® + (2c5 — 1032)1112 + (—4co + cre3 — cacz® e + 1—6034)111 (5)
1 1 1 1

—|—(010203 — 101633 + §02034 — 012 — 674036 — 1022032) =0.

As this resolvent cubic equation is somewhat lengthy and complicated, a reduced form is applicable as follows,

y® + p1y + po = 0, (6)
where y represents
R
y—w+§027103, (7)
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with p; and pg respectively

1
p1 = —dco+ ez — 50227 (8)
po = =coc2 — cocs” + 1016283 —a’ - 3023
3 3 277
A radical solution of the cubic (6) provides
Po Pl Po P1
y—\/——\/ \/—+\/ 9)
Or we can get the solution in the form of w from the equation (5) by using the equation (7

:—7CQ+ C3 +\/——\/ﬁ \/—+ (%)2+(p§1)3. (10)

with p; and pg of (8).

It is to be noted that Dy = (%0)2 + (%1)3 represents the discriminant of the above quartic equation (1) and it can
be expanded as below,

o= () (2) w

(18836261 — 80036226180 + 144632(}2602 — 683261260 — 4623012 + 1662460

108
—192c3c1¢0° + 144c2e1%co — 128¢2%co? — 27c1* + 2560¢0°
+C32622012 — 463262300 + 18033026160 — 4633613 — 27034602).

Now, we can derive out a radical solution of a quartic equation. It is convenient to deal with the equation (2) directly
otherwise it is so complicated. It provides two quadratic solutions. One of them is

22 + (a1 — vVw)z + ag — bov/w = 0. (12)
This gives two roots of the quadratic
a w 1
ng:—31+§:l:§\/(a1f\/ﬁ)274(a07b0\/171). (13)

Substituting with the equations (3), we get

1 8c1 — 4 3
T2 = +£ 4\/3032—802—410— a \0/352—’—03 ) (14)

with w from (10).
These are two roots of a quartic equation (1) 2

2 Ferrari’s solution is given from a reduced form of a quartic
y' +ay? + By +v =0,

which provides two kinds of solutions according to the condition of 8 = 0 or not.

In case B # 0,
b V4 2 1 2
I B W
4a 2 2 Va4 2y

If (o + 2y) is changed to w, the above is equal to that of this article.

In case 8 =0,
b
x:—4—i —%i\/a2—4’y.
a

This condition is no more required in this article, but w = 0.



B. A full solution of a quartic equation

A general quartic equation is written as
cart + c32® 4+ cx® + 1z + o = 0. (15)
Dividing by c4, we get a monic quartic equation

A B3 229 0, (16)
Cy Cq Cq Cq

An intermediary biquadratic equation for a solution of a general monic quartic equation (16) is given as
(x% + 1z +m)? = w(z +n)?. (17)
For a reduced quartic, one may use the following form
(z® +m)? = w(z +n)?,

this is simply equal to the above (17) in case [ = 0.
Unfolding the brackets and comparing to those coefficients of the equation (17), the coefficients are given as

C3
| = = 18
264’ ()
w 032 Co
m = —— —— + —,
2 8042 204
3
C C3C C Cc
n=--—__ 4+ =32 ., ™

S 16cdw | deqlw o dey  2cqw’

Substituting these coefficients to the equation (16), we get the resolvent cubic equation,
c ¢ c
at+ 208+ 222+ Lo+ Rw) =0, (19)
C4 Cq Cq

where R(w) provides the resolvent cubic with respect to w,

4wR(w) = w® + sw? +tw +u = 0, (20)
where
3032 262
P (21)
464 Cq
3634 63202 C3Cq1 022 4(30
t = 1 - 3 + 2 + 72 ]
16¢4 Cq Cq Cy Cq
cs® N cstes  es?e? o L Gec c?
u = — — — - .
64046 8645 4844 4044 043 642

In case w = 0, the biquadratic (17) simply becomes a perfect square of a quadratic equation (z2 + lz 4+ m)? = 0,
which includes the case [ = 0 when it becomes (2% + m)? = 0.

Therefore the equation (17) is applicable for all quartic polynomials except when (22 +lx +m)? = 0 and (2% +m)? =
0, which are simply solvable by factoring. To solve the resolvent cubic equation (20), we get a reduced form by
substituting with w =y — 2,

y* +py+q=0, (22)

where

2 3 2
- C3C2C1 _ C37Co _ 262 + 86200 _ C1 (24)
T7 T3e3 T e® 21 Be? o
4 4 C4 Cq Cq




We get a solution from (22)

y= /-2 -vDi+ i“‘/—;}+\/D47

where Dy is the discriminant of the quartic (15), which is given as follows,

1 1
D _ 2 3
4 14 + o7V
- 108¢48
—192¢4%c5¢1¢02 + 144c42cacr®co — 128¢4%c0%co? — 2T’ et 4 256¢43¢0® + 52 ca’eq?

—403202360 + 18633620100 - 4633013 — 27034602).

With these results, we have two quadratic equations that are two factors of the quartic equation (16)

x2+(cf3—\f)x+}w+ s’ 3C2 g’ eaw ey c1

2, VT T 63w de Vo 8ci? | der | 2¢4 | 2ey/w

3 2
2, C3 1 c c3c2  c3 c3y/w o A
v (g, YWz g eva | de?yo  Be | e | 2e;  2enw

The four roots of a quartic equation are given from the above

v/ 1
T12 = -8 + vuw 4+ —/3c32 — 8cycy — des2w —
404 2 404

033 — 4cyczeo + 8c42cy

C4\/’L>U ’

c33 — degesen + 8cq2cy

04\/6 ’

T34 = —F = o

1
—1/3c32 -8 — 4deq2w +
4dey 2 404\/ “ cacz s

and the resolvent cubic equation of w

202 632 1 s 3 2704612 9030261 2703260 3\/§
= == — 36 — vV-D
v Sex | deg? T 3e, || T 000t > T2 T3 4

1 27 2.9 27c32 3v3
1 23 — 36¢4c0c0 + ca”  Jeea + Gt \[\/—71)47
3¢y 2 2 2 2

with Dy of (26).
A full solution of a quartic equation is consisted of three parts of the equations (29), (31) and (26).
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