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Abstract 

     We show that the Collatz undirected graph which has all natural numbers as 

its nodes is disconnected. 

 Introduction 

        Define the iterating  function introduced by  R. Terras[1] : 

                                        an+1  = (3𝑏an + b)/2                                               (1)                        

where  b = 1 when an is odd and b = 0 when an is even. The Collatz conjecture 

asserts  that by starting with any positive integer a0 , there exists a natural 

number k such that ak  =1. 

1.  The Collatz directed  graph    

     Denote each natural number as node in a graph G , by eq.(1) each node in 

𝐺 can have at most two incoming node, and  can have  at most  one outgoing 

node as shown in Figure 1. This graph is called the Collatz directed graph.   

 

 

 

Figure 1.  7-nodes Collatz directed  graph  

 



2. The Collatz simple  graph    

             The Collatz simple graph is  obtained from the Collatz directed graph 

by changing it to the undirected graph as shown in Figure 2.  

 

 

 

Figure 2.  7-nodes Collatz simple graph  

       The adjacency matrix A of  the Collatz simple graph has its elements 

                                    A(2n,n)= A(n,2n) = 1; 

                                     A(2n+1,3n+2) = A(3n+2,2n+1) = 1, n=1,2,3……. 

         All other elements are zeros. 

         The adjacency matrix A of  the 7-nodes Collatz simple graph is  

         obtained as 

     

[
 
 
 
 
 
 
0 1 0
1 0 0
0 0 0

0 0 0
1 0 0
0 1 1

0
0
0

0 1 0
0 0 1
0 0 1

0 0 0
0 0 0
0 0 0

0
0
0

0 0 0 0 0 0 0]
 
 
 
 
 
 

 

            Note that this matrix is symmetric. 



                    The Laplacian matrix is a matrix representation of a graph.  

            It  relates to many useful properties of a graph, such as its  

            connectivity [2]. 

                     Given a simple graph  G with nodes v1, ……, vn , its Laplacian  

             matrix Lnxn is defined as  

                                                            Lnxn     =  D – A, 

             where D is the degree matrix and A is the adjacency matrix of  

             the graph G.  The degree matrix is a diagonal matrix which has the  

             number of edges attached to each node as its diagonal elements.    

                    For a simple graph G with n nodes and its Laplacian matrix L  with  

             Eigenvalues 0 = 1    ≤  2     ≤ …… ≤  𝑛   if  2  >  0  then a graph  

             is fully connected. The Laplacian matrix of  the 7-nodes Collatz simple     

             graph is  obtained as 

 

[
 
 
 
 
 
 

 

 1 −1  0
−1   2  0
  0  0  2

 0  0  0
−1  0  0
 0 −1 −1

 0  
 0  
 0  

    0 −1  0
    0   0 −1
    0   0 −1

   1    0    0
   0     1    0
    0    0     1

 0  
 0  
 0 

   0    0    0     0    0     0  0 ]
 
 
 
 
 
 

 

          Its eigenvalues are  0, 0, 0, 1, 1,3,3. Since  2   = 0  then this graph is   

          disconnected. 

3. The Infinite Collatz simple graph 

            For 2-nodes Collatz simple graph, 

 

                         L2x2     =   [
  1 −1
−1    1

], 

Its eigenvalue are 0 and 2. Since 2  > 0  then  this graph is connected. 

             

 



 For    3-nodes Collatz simple graph, 

        

                           L3x3     =   [
 1 −1 0
−1    1 0
   0    0  0

] 

Its eigenvalue are 0, 0 and 2. Since  2  = 0  then  this graph is disconnected. 

Theorem 1. If  m-nodes Collatz simple graph is disconnected then (m+1)-nodes  

                     Collatz simple graph is also disconnected. 

Proof. Let  m-nodes Collatz simple graph consists of  at least two isolated 

subgraphs. Consider two  cases of m+1, 

1. (m+1)  is a positive odd  integer and  

1.1  (m+1) ≡ 0 mod 3 or (m+1) ≡ 1 mod 3. 

                            In this case  node (m+1) can connect to  node 2(m+1) and   

                    node{3(m+1)+1}/2 but these node  are outside of  (m+1)-nodes 

                    graph. Therefore, node (m+1) is isolated. 

                  1.2  (m+1) ≡ 2 mod 3. 

In this case  node (m+1) can connect to node {2(m+1)-1}/3  

                    which is in one of  subgraphs . Therefore, (m+1)-nodes Collatz  

                     simple graph will consist of  at least two isolated subgraphs. 

               2. (m+1) is a positive even integer and 

                   2.1  (m+1) ≡ 0 mod 3 or (m+1) ≡ 1 mod 3. 

                           In this case  node (m+1) can connect to node (m+1)/2 which 

                   is in one of  subgraphs . Therefor, (m+1)-nodes Collatz simple graph 

                   will consist of  at least two isolated subgraphs. 

                   2.2  (m+1) ≡ 2 mod 3. 

                              In this case  node (m+1) can connect to  node (m+1)/2   

                    and  node{2(m+1)-1}/3. We know that when (m+1) ≡ 2 mod 3  

                    then m ≡ 1 mod 3. Therefore, (m+1)-nodes Collatz simple graph  

                    consist of  at least one isolated node. 



     Since 3-nodes Collatz simple graph is disconnected then  all n-nodes Collatz  

     simple graph are disconnected for n = 4, 5, 6, ………. 

4. Conclusion  

             The above analysis shows that an infinite Collatz simple graph is   

        disconnected. Therefore, the Collatz conjecture is most likely not true. 
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