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Abstract

For a static charged sphere with small mass and charge we make gauge and coordinate trans-
formations so that the electromagnetic vector potential has a time component of one and zero
space components at all points. We consider Einstein field equations with this potential. There
is a solution that has no electromagnetic field. This is a contradiction since we began, before the
transformations, with a nonzero electromagnetic field.

1 Gauge transformation and Einstein field equations

Let A, (), g,u(z), and A*(x) be the electromagnetic potential, metric tensor, and electromagnetic vector

potential, respectively where x = (2%, 2!, 2%, 2) is a point of R*. The electromagnetic field is

Fu(@) = App(r) = Ay (2) (1)
A gauge transformation
Au(@) = Au(x) + ¢ () (2)

where ¢(z) is a function on R* leaves F),, (z) unchanged. Let g, (z) satisfy the Einstein field equations
with electromagnetic and matter energy-momentum tensor

1
G;w = 8w (gUTF,LLO'FI/T - Z_lg;wggagTﬁFchFaﬂ> + 87TTW, (3>

where T (z) is the energy-momentum tensor of matter. After making a gauge transformation (2) we
have g, () will still be a solution of (3). Define

At (z) = AM(x) + ¢"* () o) (4)
By (1) and (4)
Fu = Avp = Apw = Ay = Apw + 0wy = by = (Av + 00) = (A + 00w
= (9alA" + 9%765)) 1o — (90l A" + 970 8]) v = (9 A”) s — (GuaAY) (5)
For the static sphere where r = /(21)2 + (22)2 + (23)2
Aur)  Tu(r)  gu(r)  Alr) =gu(r) = g% () =0  k=1,2,3 (6)

*k.depaepe@alumni.utoronto.ca



2 Coordinate transformation

Let
¢(z) = —t (7)
hence by (4), (6), and (7)
Ay = A°(r) — g®(r)  A¥(r)=0 k=1,2,3 (8)

Let the sphere have small mass and charge. Define h,,(r) = ¢,.,(r) — 1. We then have h,,(r) and
A, (r) are small hence A°(r) is approximately one for all . Consider the coordinate transformation

20 = —— =2t 2 =2 2P =20 (9)
A0(r)
We have by (8) and (9) that
A "y =1 A*WY=0 k=1,2,3 (10)
By (5) and (10) then
= A, = A = (06A) 0~ (00 A) 0 = Giom 0w (11)

Require A, (r) — 0 and A, (r) — 0 as r — oo. We then have h;,,(t',7") — 0 as 7" — oc.

3 Contradiction
We can use (11) and transform (3) to 2’ coordinates and write

G;W = 8&ng "7 [N

o0 hilo,a] [tho,u - hZ/o,T] - QWQLVQ/MQ,BT[MTO,U - h;’O,T][ /BO,a - h,a(),ﬁ] + SWTZLV (12>

Now instead begin with an equation of form (12) having A/, (t',7') — 0 as 7" — oco. Linear theory gives
1) —
G:w (', r") = 87TT;w(t', ') (13)

where G;ﬁ) (t',7") is the first order in A/(¢',r") Einstein tensor. From (13) we can conclude the Einstein
tensor is zero outside the mass. Consequently the energy-momentum tensor and hence the electric field
are zero outside the mass. However a charged sphere has nonzero electric field outside the sphere. We
have a contradiction.
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