A Sheaf on a Lattice

SHAO-DAN LEE

Abstract A sheaf is constructed on a topological space. But a topological space is a
bounded distributive lattice. Hence we may construct a sheaf of lattices on a bounded dis-
tributive lattice. Then we define a stalk of the sheaf at a chain in a bounded distributive
lattice. And we define a morphism of the sheaves, that the morphism is induced by a homo-
morphism of the bounded distributive lattices. Then the kernel and image of the morphism
are the subsheaves. A sheaf is obtained by gluing sheaves together.
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1. Introduction

Recall the definition of sheaves(see [1,7,9]). Suppose that % is a sheaf on a
topological space X. Let U be an open set of X. Then .#(U) is a mathematical ob-
ject(e.qg., set, group, ring). And the sheaf .# satisfies several properties.

Since a topological space is a bounded distributive lattice(cf. [4, 8]), we may con-
struct a sheaf .Z of lattices on a bounded distributive lattice L, see theorems 3.1
and 3.2 in subsection 3.1.

A stalk[1, 9] at p € X of the sheaf .# is a colimit(cf. [1,6,7,9]). But we define a
stalk of . at a chain[definition 2.9]. The stalk of . is defined in definition 3.1.
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A morphism[1, 9] of sheaves is a natural transformation(cf. [1, 6, 7, 9]). Sup-
pose that ¢: L — L’ is a homomorphism[4, 8] of the bounded distributive lattices.
Then ¢ induces a morphism {J: ¥ — ¢’, see theorem 3.3. That { is a monomor-
phism(epimorphism) if ¢ is a monomorphism(epimorphism), see definition 3.2.

A subsheaf[1, 9] of the .# is a sheaf on a bounded distributive lattice which is a
sublattice of the L, see definition 3.3. And the kernel(cf. [1,9]) of ¢ is a subsheaf,
see definition 3.4.

In subsection 3.5, we obtain a sheaf by gluing(cf. [1, 9]) sheaves together.

2. Preliminaries
2.1. Bounded Distributive Lattice. Recall the definitions in [8].

Definition (Lattice[8]). A nonempty set L together with two binary operations v
and A is called a lattice if it satisfies the following identities:

XVy=yvVvXx

XAY=YAX
(xvy)vz=xv(yv2z
XAYy)AZ=XxA(Y A2)

XVX=X

XAX=X
xXvy)ax=x
XAYy)VvXx=Xx

(commutative laws)
(associative laws)
(idempotent laws)

(absorption laws)

The lattice is denoted by L.

Definition 2.1 (Bounded Lattice[8]). An algebra (L, v, A, 0, 1) with two binary and
two nullary operations is a bounded lattice if it satisfies:

e (L, v, A)is a lattice.
e xA0=0;xv1=1.

Definition 2.2 (Distributive Lattice[8]). A distributive lattice is a lattice which
satisfies the distributive laws:
(avb)ac=(anc)v(bac)
(anb)vc=(avec)a(bvc)
Then we have the following proposition.

Proposition 2.1 (cf. [8]). Suppose that X is a topological space. Then the open
subsets of X form a bounded distributive lattice. The bounded distributive lattice is
denoted by £(X).

Proof. ForopensetsU, V C X, letU <V ifUC V. Then open subsets form a poset[8].
And every subset of the poset has the infimum and supremum. Hence the poset is
a lattice by [8, definition 1.4]. Then let U, V, W be open subsets of X. Define

UvV:i=sup{U V}
UAV:=inf{U,V}
0:=0
1=X
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And sup{U, V} =UUV. Then we have that
(UvV)AW=inf{sup{U,V} W}
=inf{UuV, W}
=inf{U W}uinf{V,W}
=sup{inf{U, W}, inf{V, W}
=(UAW)vV (VAW)
(UAV)v W=sup{inf{U,V}, W}
=inf{U V}uW
=inf{lUuW,VuW}
= inf{sup{U, W}, sup{Vv,W}}
=UvW)A(VV W)

And,
Uno=0
UvX=X
We are done, by the definitions 2.1 and 2.2. O

2.2. Poset. A partial order set(briefly a poset) is a nonempty set together with a
binary relation which is reflexive, transitive and antisymmetric, see [8, 10].

Definition 2.3 ([8]). Let L be a lattice. Fora,b €L, definea<bifaAb=a.
Theorem 2.1 ([8]). A lattice L is a poset.
Proof. Immediate from the definition 2.3. O

Theorem 2.2 ([8]). Suppose that (L, v, A,0,1) is a bounded distributive lattice.
Then an interval [0,a] := {x e L|x Aa=Xx} is a sublattice of (L, v, A) for all a € L.

Proof. For x,y € [0, a], we have

XxXA0=0
XxXv0=xv((xA0)
=X
xAay)aa=xa(yaa)
=XAY
xvy)raa=xaa)v(yaa)
=XVYy
Hencex vy, x Ay €[0,a]. O

Corollary 2.1.1 ([8]). The interval [0, a] is a bounded distributive lattice.

Proof. Itis obvious that the lattice ([0, al, v, A, 0, a) is a bounded distributive lattice.
([

Theorem 2.3 (cf. [8]). Suppose that (L, v, A, 0, 1) is a bounded distributive lattice.
Then[0,1] =L.

Lemma 2.1. Foreveryael, anl=aqa.
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Proof. We haveaAal=aA(avl)=a O
Proof of theorem 2.3. Immediate from theorem 2.2 and lemma 2.1. O

2.3. Lattice of the Sublattices. The intervals of a bounded distributive lattice may
form a lattice.

Proposition 2.2 (cf. [8]). Suppose that (L, v, A, 0, 1) is a bounded distributive lat-
tice. Let a, b € L. Then the intersection [0, a]l N[0, b] is a sublattice of (L, v, A).

Proof. The intersection is not empty, since 0€[0,a]ln[0,b]. We havex Ay, xVvye€
[0,a]ln[0,b] forall x,y €[0,a] N[0, b]. Therefore, the statement is true. O

It is obvious that ¢ < a implies that [0, c] is a sublattice of [0, a].

Corollary 2.2.1 (cf. [8]). Ifc < a and c £ b, then the subset [0, c] is a sublattice of
[0,a]lNn[0,b].

Proof. If x < ¢, then x < b and x < a. It follows x € [0,a]l]n[0,b]. And we have
[0,c]n[0,a]ln[0,b] =[0,c]. By theorem 2.2, the subset [0, c] is a sublattice of
[0,a]n[O, b]. O

Proposition 2.3 (cf. [8]). Suppose that L is a bounded distributive lattice. Let
a,bel. Then[0,aln[0,b]istheset {x Ay|xe€[0,al,ye[0,b]l}.
Proof. We have x Ay Aa=xAyand XAy Ab=xAYy. It follows

{xAyl|xe€[0,a],y€[0,b]} €[0,a]ln[O0,b]
On the other hand, for every z € [0,a] N[0, b], we have z=zAa and z=z A b.
Hencez=zAz=(zAa)A(zADb).So[0,aln[0,b]E {xAy|xe€[0,a]l,ye€[0,b]}.
Therefore, [0,a]n[0,b]l={xAy|x€[0,a],ye[0,b]l}. O
Corollary 2.3.1 (cf. [8]).

[0,a]ln[0,b] =[0,a A b]

Proof. We have thatx € [0,a]n[0, b] impliesx <aAb <a,b. Then immediate from
propositions 2.2 and 2.3 and corollary 2.2.1. |

Proposition 2.4 (cf. [8]). Suppose that L is a bounded distributive lattice. Let U be
theset {xvy|xe€[0,al,y €[0,b]} fora,b e L. Then the set U is a sublattice of
(L, v, A).

Proof. For all x € [0,a], y € [0, b], we have x Ay € ([0,a]l n[0,b] =[0,a A b]) by
proposition 2.3 and corollary 2.3.1. And let x, x’ € [0,a] and y,y’ € [0, b].

xvyvx' vy =xvx'vyvy’

XVYIA VY )=((xVY)AX)IVXVY)AY)
=(XAX)VYAX)IVXAY)IV YAy
=((XAX)VAXNVIXAY)VYAY))

Sincex Ax,xvx'€[0,a]l,yany’,yvy €[0,blandy Ax,x Ay’ €[0,a]ln[0,b].
Therefore, the set U is a sublattice. O

Definition 2.4 (cf. [8]). The sublattice U in proposition 2.4 is said to be generated
by the set [0,a]uU[0, b]. We denote the sublattice U by G([0,a]JU[0, b]).
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Corollary 2.4.1 (cf. [8]).
G([0,a]u[0,b])=[0,avV b]
Proof. Let xe€[0,al],y €[0, b]. Then we have
xvy)a(avb)=(xa(avb)v(ya(avb))

=((xAra)v(xab))v(lyra)v(yab))
=(xv&xAab)vlyra)vy)
=XVYy

Hence U C [0, a v b]. On the other hand, for every z€[0,a v b], we have

z=zA(avb)=(zAra)v(zAb)

It follows [0, av b]CU. And x Ay €[0,aln[0, b]. Therefore, U=[0,a v b]. O

Now we may define a bounded distributive lattice by the intervals.

Theorem 2.4 (cf. [8]). Suppose that L is a bounded distributive lattice. Let J(L) be
the set {[0,x] | x€L}. Then 3(L) is a bounded distributive lattice.

Proof. For every a, b € L, define

[0,a] A[O,b]:=[0,a]Nn[O0,b]
[0,a] v[0,b] :=G([0,a]u[0,b])
0:=10,0]
1:=L
Then it is a bounded lattice by propositions 2.2 to 2.4, corollarys 2.2.1 to 2.4.1,
definition 2.4, and theorem 2.3.
Letl; =[0,al,Ip =[0,b],Ic =[0,c] fora,b,c e L. By corollarys 2.3.1 and 2.4.1,
we have
(Iq Alp) VIc=Igap VIc
=Itanb)vc
=I(avc)/\(bvc)
=Igvc Alpvc
={aVvI)AUp Vi)

and
(Ia VIp) Alc=Iavb Alc
=I(avb)/\c
=I(a/\c)v(b/\c)

=Igrc Vibac
=g Al)v Uy Al)

Therefore, the algebra (J(L), v, A, {0}, L} is a bounded distributive lattice. O
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Hence we have
[0,a] A[O,b]=[0,a]lNn[O,b]
=[0,a A b]
G([0,a]u[0,b])=[0,a] v [O,b]
=[0,a v b]

2.4. Homomorphism of the Lattices. Let L, L’ be two bounded distributive lat-
tices. A homomorphism ¢: L — L’ is a function compatible with the n-ary operations
of the lattices for n > 0(cf. [2-4, 8]).

Theorem 2.5. Suppose that L, L’ are two bounded distributive lattices; Lety: L —
L’ be a homomorphism. If a € L, then ¢ induces a homomorphism (4:[0,a] —
[0, ¢(a)] given by x — Y(x).
Proof. If x € [0, a], then x A a= x. Hence

Yx)=y¢(x Aa)=y¢(x) A ¢(a)

It follows Y(x) € LO, Y(a)]. And the subset [0, a] is a sublattice of (L, v, A} by theo-
rem 2.2. Hence Y4 := ¢[[0, a] is a homomorphism. O

Corollary 2.5.1 (cf. [2-4,6-8]). If ¢ is a monomorphism(epimorphism, isomor-
phism), then Y4 is a monomorphism(epimorphism, isomorphism) for a € L.

Proof. Suppose that ¢ is a monomorphism. Let x, y € [0, a] with x # y. Then ¢(x) #
Y(y). It follows §i(x) # (). Hence ¢ is a monomorphism.

Suppose that ¢ is an epimorphism. For every v € [0, ¢(a)], there exists u € L
such that ¢(u) = v. And

v=vAy@)=y¢u)Ay@)=y¢y(una)

Since u A aisin [0, a], that § is an epimorphism.
Suppose that ¢ is an isomorphism. It follows that ¢ is an isomorphism. O

Let ¢: L — L’ be a homomorphism. Then the subset ¢—1(0) is special, since it has
some interesting properties.

Proposition 2.5. The subset §—1(0) is an interval. Hence it is a bounded distribu-
tive lattice.

To prove proposition 2.5, we need the following lemma.
Lemma 2.2. The subset §—1(0) has one maximal member.

Proof. We have

o\ =\ @

asy=1(0) asy~1(0)
= \/ 0
=0

It follows \/ a € ¢~1(0). And it is obvious that \/ a is the unique maximal
aey=1(0) aey=1(0)
member. O
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Proof of proposition 2.5. Let K be the subset ¢—1(0), m the maximal member of K
by lemma 2.2. We have 0 € K. Fora,b €K, ¢(av b) =0, y(a A b)=0. It follows
av b,anbeK. Hence K is a lattice. And for every x < m, ¢(x) = ¢(x A m) = 0.
Hence [0, m] € K. On the other hand, for every x € K, we have x < m. Hence
K € [0, m]. Therefore, K = [0, m]. By corollary 2.1.1, K is a bounded distributive
lattice. O

The kernel of ¢, kery, is a congruence relation(cf. [4,8]), that is, (g, b) € ker ¢ iff
Y(a) = Y(b). But we need an other definition of kernel in the case of .

Definition 2.5 (cf. [2, 3]). Suppose that §ig is a homomorphism defined in theo-
rem 2.5. Then the kernel of {4 is the intersection ¢y—1(0) N[0, a].

Proposition 2.6. Suppose that {iq is a homomorphism defined in theorem 2.5.
Then the kernel ker {4 is a sublattice of the lattice [0,a]. And the kernel is an
interval.

Proof. Immediate from propositions 2.2 and 2.5, theorem 2.2, and corollary 2.3.1 O

There exists a special homomorphism which is a mapping from an interval to its
subinterval.

Theorem 2.6 ([8]). Suppose that L is a bounded distributive lattice. Let a,b € L
with a < b. Then there exist a homomorphism @p,q: [0, b] — [0, a] given by x —
X A a. That @p q is @ homomorphism of the bounded distributive lattices. If a = b,
then the homomorphism ¢p ¢ is an indentity isomorphisml[3, 4, 8].

Proof. By corollary 2.1.1, we have that the subsets [0, a], [0, b] are bounded dis-
tributive lattices. For every x € [0,b], x Aa=xA(a@aAra)=(xAa)Aa. It follows
xAa<a xAaael[0,a]. Andthata<bimpliesbAaa=a. Forx,y,z€[0,b],

xvy)aAa=xaa)v(yaa)
xXAy)Aa=xAyAana
=(xAaa)a(yana)
(xvy)yaadna=((xAa2)v(yaz))aa
=(xAzaa)v(yazaa)
=(xaarnzaa)vyraarzaa)
(xAayY)vaaana=((xva)Alyvz)aa
=(xva)Aa)A((yvz)aa)
=(xAna)vizaa)dAa(lyaa)v(zaa)
Hence
e(x vy)=o0(x) Vv o(y)
P(x Ay)=0(xX) A oly)
P((x v y)Az)=(e(x) A @(2)) v (e(y) A 9(2))
P((x Ay)vz)=(o(xX) VvV @(2)) A (e(y) v ¢(2))
¢(0)=0
p(b)=a
It is obvious that a = b implies that ¢ is an identity isomorphism. O
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Proposition 2.7. Suppose that L is a bounded distributive lattice. Let a,b,c € L
witha<b<c. Let pq:[0,b] = [0,al, cp:[0,¢c] —=[0,b], ¢ca:[0,c] = [0,a] be
the homomorphisms which are defined in theorem 2.6. Then the following diagram
is commutative.

@c,a

[0, c] [0, a]

Pc,b Pb,a
[0, b]
Proof. For every x € [0, c],
xAab)aAa=xA(bra)=xAa
It follows @p,a(@c,6(X)) = @c,a(X). O
Theorem 2.7. Suppose that L is a bounded distributive lattice. Let a,a1,a; € L
witha=ay vaz. Ifx,ye[0,a], then (x Aa;=y A Q;)i=1,2 implies x =y.
Proof.
X=XAQ

=x A (a1 v ap)

=(xAai1)v(xaay)

=(yAra1)vyaAa)

=y A(ar1va)

=y O
Corollary 2.7.1. Let {a;}ies €L, a€L with \/ai =a.Ifxana;=y Aa,forall i, then
X=y. el
Proof. It is obvious. O

Corollary 2.7.2. Suppose that ¢q,q; is @ homomorphism defined in theorem 2.6 for
all i. If @q,a;(X) = @q,q;,(y) for all i, then x =y.

Proof. It is obvious. O

Theorem 2.8. Suppose that L is a bounded distributive lattice. Let a,a1,a; € L
witha=ai1 vay. Ifxy €[0,a1],x2 €[0,az] with x1 Aa1 Aax =X2 A Qa1 A az, then
there exists x € [0, a] such that x A a1 =x1 and X A a = x3.

Proof. The equation X1 A a1 A az =X A a1 A ap implies X1 A a; =Xx2 Aair. Then we
have (x1 A a2) v X1 =(x2 Aa1) Vv x:y. It follows

(2.1) X1 =(x2vx1)A(a1VXxi1)

Similarly, we have (x1 A a2) v x2 = (X2 A a1) v x2. It implies

(2.2) (x1 vx2)A(az vx)=x2

Since x2 vx1 €[0,a], a1 v X1 =ai, a2 v X2 = az, equations (2.1) and (2.2), hence
the statement is true, and x = x1 v X2 as desired. O

Corollary 2.8.1. Let {ai}ies € L, a €L with \/ai =a, x;€[0,q;]. IfxiAnainaj=
iel
Xj A a; A aj for all i, j then there exists x € [0, a] such that x; =X A a;.
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Proof. It is obvious. ]

Corollary 2.8.2. Suppose that the following mappings ¢pn are the homomor-
phisms defined in theorem 2.6. If @a,aina;(Xi) = @aj,a;na;(Xj) for all i,j then there
exists x € [0, a] such that x; = @q,q,(X).

Proof. It is obvious. O
The composition of ¢ and (/3.3 is commutative.

Proposition 2.8. Suppose that L, L’ are bounded distributive lattices. Let : L —
L’ be a homomorphism and a,b € L with b < a. Then the following diagram is
commutative where Yo and ¢p o are defined in theorems 2.5 and 2.6, respectively.

[0, a] —*% [0, y(a)]
jfﬁa,b ) Lw(a).w(b)
[0, 6] — [0, Y(b)]
Proof. For every x €[0, al,

Y(x) A Y(b) = Y(x A b)

Therefore, the statement is true. O

2.5. Generated by Lattices. By propositions 2.2 and 2.3 and corollary 2.3.1, we
have x Aye[0,anb] forallxe[0,a],ye[0,b]. Ifanb=0,then[0,aln[0,b]=
{0}. Hence x Ay =0 forall x € [0,a], y € [0,b]. If a A b # 0, then there exists
x €[0,a], y€[0,b] suchthat x Ay #0, since x AaAbandyAaab need not be
0. And we have

([0,aln[0,b]=[0,aAb])C[0,al[0,b]
€ (G([0,a]u[0,b])=[0,a vV b])
Hence we have
XAy=xXxAyAa(anab)
(2.3) =(xAaab)aA(yAaaab)
= @a,anb(X) A @p,anb(y)

where @ g is defined in theorem 2.6.

Since an interval is a bounded distributive lattice(cf. corollary 2.1.1), and a bounded
distributive lattice is regarded as the ‘join’ of the intervals, hence we may obtain a
bounded distributive lattice by other bounded distributive lattices.

Suppose that L, L’ are bounded distributive lattices. Letae L, a’ € L’ with [0, a] =
[0, a’]. Then there exists an isomorphism n: [0, a] — [0, a’] of bounded distributive
lattices. We may define an equivalence relation[10] by n and n~!.

Definition 2.6 (cf. [2,3,8,10]). Let ‘~' be an equivalence relation in LUL’ provided
that
X=y forx,yeLul’
X~y if{nx)=y forx € [0, a]
x=n"Y(y) forye[0,a’]
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A quotient(cf. [2, 3, 8]) of the set is an equivalence classes determined by an
equivalence relation. Then we have a quotient (LUL’) / ~.

Definition 2.7. Suppose that L, L’ are bounded distributive lattices. LetaelL, a’ €
L’ with [0,a] £[0,a’], n:[0,a] — [0, a’] an isomorphism of bounded distributive
lattices. Then let G(L UL’) be the bounded distributive lattice generated by (L U
L) / ~ where (LUL’) / ~ is a quotient determined by an equivalence relation *
defined by n (see definition 2.6). And let

(2.4) 1, A1l :=a(or a’)
Then we say that G(LUL’) is generated by L UL’ via the isomorphism n.

’
~

Then similar to proposition 2.4, we have

Proposition 2.9. The lattices L, L’ are the intervals of G(LUL’). Hence the lattice
G(LuL')istheset {xvx'=x"vx|xelL,x €L’}

Proof. We have L = [0,1,] by theorem 2.3. For x e L, x’ € L/, we have x A X’ €
[0, a(a’)] by proposition 2.3, corollary 2.3.1, and equations (2.3) and (2.4). Then
similar to the proof of proposition 2.4. O

Corollary 2.9.1.
G(LUL)=((LUL")/~,V, A, 0,1 V1)
Proof. It is obvious. O

2.6. Lattice forms Category. We seen that a partial order forms a category, see
[6]. Hence a lattice forms a category, by theorem 2.1.

Definition 2.8 (cf. [6]). Suppose that L is a bounded distributive lattice. Let £ be a
category provided that

Objects: The members of the lattice L.
Morphisms: There is at most one morphism a — b
for a,b € L with a <b.
It is obvious that £ satisfies the definition of category.

Proposition 2.10. A sublattice of L forms the subcategory[6] of L.
Proof. It is obvious. O

Proposition 2.11. Suppose that L, L’ are bounded distributive lattices. Let : L —
L’ be a homomorphism. If £L and L’ are categories define in definition 2.8, then ¢
forms a functor from L to L’.

Proof. A homomorphism is compatible with the operations and the compositions of
the operations. Hence the statement is true. O

2.7. Morphism of Functors. Recall some facts in [6]. Suppose that C,C’ are cat-
egories. Let F,H: C — C’ be functors. Then a morphism from F to H is a natural

transformation[6] T: F = H, and for every (f: C — C’) € C, the following diagram is
commutative(cf. [6]).

F(C) —<~ H(C)
(2.5) F(f)l LH(f)
F(C) T—c/> H(C")
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Then the diagram(2.5) is regarded as the diagram(2.6) where I is an indentity func-
tor.

F(C) —== H((C))
(2.6) F(f)l lH(f)
F(C') — HU(C")
Hence we may replace I by other functor.
Suppose that D is a category. Let T:C — D, S: D — ¢’ be functors. If nis a

morphism from F to So T, then for every (f: C — C’) € C, the morphism n makes the
diagram(2.7) commutate.

F(C)— 50T(C)
(2.7) F(f)j lSoT(f)
F(C") o SoT(C)

2.8. Chain.

Definition 2.9 (cf. [5]). Achain {a,} in a bounded distributive lattice L is a nonempty
subset which has the infimum, and if a, b € {an}, then eithera < b or b < a.

Proposition 2.12. A chain {an} of a bounded distributive lattice (L, v, A,0,1) is a
lattice ({an}, v, A).

To prove proposition 2.12, we need the following lemma:

Lemma 2.3 (cf. [8]). Suppose that L is a lattice. Let a,b € L with a < b. Then
avb=b.

Proof. avb=(aAb)vb=b O

Proof of proposition 2.12. Let a,b € {an}. Thena < b or b < a. By lemma 2.3, we
have eitheravb=b,anb=aorav b=a, aAb=>b. Therefore, the chain {an} is
a lattice. O

A sublattice forms a subcategory, hence we have that
Corollary 2.12.1. A chain {an} in L forms a category.

Proof. Immediate from propositions 2.10 and 2.12. O

3. Sheaf

A sheaf is a contravariant functor[6] from a category Top(X)[1] to a category C
where Top(x) is the category of open sets in a topological space X, see [1,9]. The
open subsets in a topological space X form a distributive bounded lattice(cf. [4, 8],
definition 2.1). A lattice is a poset(cf. subsection 2.2) and a poset forms a cate-
gory(cf. [6]), hence a lattice forms a category(cf. definition 2.8). So we may con-
struct a sheaf of lattices on a bounded distributive lattice.
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3.1. A Sheaf of Lattices on a Distributive Bounded Lattice. In theorem 2.2,
we have known that if L is a bounded distributive lattice and a € L, then [0, a] is a
sublattice of (L, v, A). Let LAT be the category of lattices, and the morphisms in
LAT is the homomorphisms of lattices. Then we have the following theorem.

Theorem 3.1 (cf. [1,7,9]). Suppose that (L, v, A,0,1) is a bounded distributive
lattice. Then let ¥ be a contravariant functor from the category L(definition 2.8) to
the category LAT together with

e fForeveryael, ¥(a)=[0,al(see theorem 2.2),;

e Forevery a,b e L with a <b, the restriction map[9] resp,q:[0,b] —=[0,a] is
the homomorphism @p,q(see theorem 2.6);

e If a = b, then the restriction map is the identity isomorphism(see theo-
rem 2.6);

e /[fa < b <c, then the following diagram is commutative(see proposition 2.7);

resc,a

2(0) Z(a)

resk resp,a

Z(b)

Then the functor £ is a presheafl1,7,9] of lattices on a bounded distributive lattice
L.

Proof. Immediate from definition 2.8, theorems 2.2 and 2.6, and proposition 2.7. O

Theorem 3.2. The presheaf ¥ is a sheaf.

Proof. The presheaf .# satisfies identity axiom[9, subsection 2.2.6] by theorem 2.7
and corollarys 2.7.1 and 2.7.2. And the presheaf satisfies gluability axiom[9, subsec-
tion 2.2.6] by theorem 2.8 and corollarys 2.8.1 and 2.8.2. Therefore, itis a sheaf. O

We have seen that the intervals of a bounded distributive lattice form a lattice in
subsection 2.3. And forall ae L, Z(a) is an interval.

Proposition 3.1. Fora,belL,
Z(av b)=~L()v Z(b)
Z(a Ab)=2(a) A Z(b)
Proof. We have
Z@a@vb)=[0,avb]=[0,a] v[O,b]
Zaab)=[0,anb]=[0,a] A[O,b]
by corollarys 2.1.1 to 2.4.1 and theorem 2.4. O
3.2. Stalk of .#. Suppose that .7 is a sheaf of sets on a topological space X. Let

p € X. Then the stalk at p is a colimit[6] of .#(U) over all open sets U containing p:
Fp = Iln Z(U), see [1,9].

But we may define a stalk of ¥ at a chain[definition 2.9]. Suppose that L is a
bounded distributive lattice. Let {a,} be a chain in L. It is obvious that the chain
{an} is a subcategory of £(definition 2.8) by propositions 2.10 and 2.12. Let H be the
subcategory. Hence there exists a contravariant functor F from # to the category
LAT of lattices such that F = ¢ [{an}. Then we have
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Definition 3.1. The stalk of ¥ at the chain[definition 2.9] {an} is the colimit of F.
If m e L is the infimum of {an}, then lim F =[0, m]. Let %q,} denote the stalk.

Remark 3.1. We have Zq,} =.2(m).

And the sheaf ¥ may be formed by the stalks. Let a = \/ai and q; the infimum

iel
of a chain {sp}; for every i. By corollary 2.4.1, theorem 2.4, and proposition 3.1, we
have
2(@)=\/ Zsay,
iel

3.3. Morphism of the Sheaves. Suppose that .%#, %’ are the sheaves. Then a
morphim m: % — %’ is a natural transformation(cf. [1, 6, 7, 9]).

Now, we construct a morphism of sheaves .#, &’.

Theorem 3.3. Suppose that ¥, ¥’ are two sheaves defined in theorem 3.1 on
bounded distributive lattices L, L’, respectively. Let ¢: L — L’ be a homomorphism.
Hence ¢ forms a functor(cf. proposition 2.11). Then ¢ induces a morphism §ij: & —
&’ and the morphism { is the natural transformation & N ¥. And Jq: £(a) —
Z’(Y(a)) is the homomorphism defined in theorem 2.5 for all a € L.

Proof. Immediate from definition 2.8, theorems 2.5, 3.1 and 3.2, propositions 2.8
and 2.11, and section 2.7. O

Suppose that L, L’ are two bounded distributive lattices. Let ¢y: L — L’ be a ho-
momorphism. The image of ¢ is a sublattice of L’. Hence the image is a bounded
distributive lattice. And the image forms a subcategory.

Proposition 3.2. Let {§ be the morphism which is defined in theorem 3.3. Then the
image of ¢ is a sheaf on the bounded distributive lattice Y(L).

Proof. By definition 2.8, proposition 2.10, and theorems 3.1 to 3.3, the image of §
is the functor .’ restricted to the subcategory ¢(£) of £’/. Let .#’/[Y(L) denote the
restricted functor. It is obvious that .#’/[¢/(L) satisfies the definition of a sheaf. O

Definition 3.2 (cf. [1, 3,4, 6-9]). Suppose that (ﬂ is the morphism defined in the-
orem 3.3. Then the morphism § is a monomorphism(epimorphism, isomor-
phism), if ¢ is a monomorphism(epimorphism, isomorphism).

Theorem 3.4. Suppose that {j is the morphism defined in theorem 3.3. If § is a
monomorphism(epimorphism, isomorphism), then y4: #(a) — #’(¥(a)) is a monomor-
phism(epimorphism, isomorphism).

Proof. Immediate from corollary 2.5.1. O

3.4. Subsheaf. Suppose that ¢/,  are sheaves defined in theorem 3.1 on bounded
distributive lattices L’, L, respectively. Let ¢: ¢’ — % be a monomorphism defined
in definition 3.2. Then the image of ¢ is isomorphic to .#’ by proposition 3.2 and def-
inition 3.2.

Definition 3.3 (cf. [1,9]). Suppose that .Z is a sheaf defined in theorem 3.1 on a
bounded distributive lattice L. Then the sheaf .#” is a subsheaf of . if there exists
a monomorphism ¢: #” — £ such that ¢’ is the image of . If the subsheaf ¢’ is
on a bounded distributive lattice L’, then let #|£’ denote the subsheaf where £’ is
the category which is formed by L’(see definition 2.8).
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A morphism {§i: . — ¢’ is a natural transformation(see theorem 3.3). Hence for
everyae L, (ﬁa is @ homomorphism of the intervals. In definition 2.5, we defined the
kernel of 4. And we have the fact that the subset ¢—1(0) is a bounded distributive
lattice(cf. proposition 2.5). Hence ¢y~1(0) is a category by definition 2.8. Now, we
may define the kernel of §.

Definition 3.4 (cf. [1,9]). Suppose that {j is the morphism defined in theorem 3.3.
Let a kernel of ¢ be the subsheaf £ ¢y~1(0).

Remark 3.2. The kernel ker{ is a subsheaf of .# such that §x((ker¢)(k)) = {0}
for all kK € ¢y—1(0). In corollary 2.1.1, we have that [0, a] is a bounded distributive
lattice for a € L. Specially, let a = 0. Then {0} is a bounded distributive lattice.
Let 0 denote the sheaf on {0}. Then the image of the morphism {[ker{ is 0.
Suppose that S is the category of the sheaves on bounded distributive lattices.
Then 0 is a null object[6] of S. And for all morphism p: 2 — £ in S, if jop =0,
then there exist unigue morphism ft: 2 — kertﬂ such that the following diagram is

l \
P

kert/?—>,$—w>$’

3.5. Gluing Sheaves. Suppose that .#, ¥’ are the sheaves which are defined in
theorem 3.1. In proposition 3.1, for all a, b € L, we have seen

Zavb)y=%(a)v £b)=[0,a]l v[0,b]=[0,avV b]
And an interval [0, a] is a bounded distributive lattice by corollary 2.1.1.

Definition 3.5 (cf. [1,9]). Suppose that .Z,.#’ are defined on bounded distributive
lattices L, L’, respectively. LetaeL, a’ e L’ with[0,a] =[0,a’], n:[0,a] = [0,qa’]
an isomorphism of the bounded distributive lattices. By definition 3.2, that n induces
an isomorphism of sheaves:

A: Z1[0,a] = 2’1[0,a’]

where Z[[0, a] and .#’|[0, a’] are subsheaves defined in definition 3.3. Then let .#
be a sheaf on the bounded distributive lattice G(L u L’) which is defined in defini-
tion 2.7. We say that the sheaf ./ is obtained by gluing .# and .#’ via an isomor-
phism . Then the sheaves ., ¥’ may be regarded as the subsheaves of ..
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