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Abstract
We consider n to have only odd values, and even values are written in the form; n.22b. We create a predefined
function r_b (n).Define, g(n)=r_b (n)+r_(b-1) (n) and prove g(n)=f(n). g(n) being an identical function to Collatz
transformations, we use the properties of said function to probe the conjecture.

The problem
Conjecture: The following operation is applied on an arbitrary positive integer n

L ifn=0mod2

-, ifn=0mo

f(m) = 2
3n+1, if n=1mod2

The Collatz’s conjecture states: This process will eventually reach the number 1, regardless of which
positive integer is chosen initially.
Abstract
We consider n to have only odd values, and even values are written in the form; n. 2b . We create a
predefined function 7, (n).Define, g(n) = r,(n) + r,_1(n) and prove g(n) = f(n).
g(n) being an identical function to collatz transformations, we use the properties of said function to

probe the conjecture.

Format of the solution: The solution does not adhere to the conventional framework of
paragraphed proof writing, every piece of maths that is important(to conjecture) is tabular.

e The solution template is inspired from Leslie Lamport; how to write a 21st century proof

e The Solution is framed in a structured template with every argument followed its proof.

e All the subsections are tabulated to study, IF-THEN clause: for main case and sub cases.

e Tabulation should help the reader understand the larger picture in context to some specific

case.

Current understanding: The heuristic and probabilistic arguments that support the conjecture are
well known. The conjecture has been proven valid for numbers upto 28 but hasnt been proven yet
for all numbers. There has been a lot of interesting work done in this problem by notable
mathematicians. Few of the notable efforts have been by; Terras showing almost all values n
eventually iterated to a value less than n, Krasikov and Lagarias showed that for any large number x,
there were at least x0.84 initial values n between 1 and x whose Collatz iteration reached 1.
Terrence tao showed Almost all Collatz orbits attain almost bounded values.
The conjecture has been studied using Benford's law, Markovs chains, binary systems among other
approaches. Variants of the Collatz function have been studied, John Conway invented a computer
language called fractran in which every program was a variant of the Collatz function, it turned out
to be Turing complete.
There has been some interesting commentary by reputed names, regarding the problem; Paul Erdos

said about the Collatz conjecture: "Mathematics may not be ready for such problems." Jeffery



Lagarias stated in 2010 that the Collatz conjecture "is an extraordinarily difficult problem, completely
out of reach of present day mathematics. Richard K guy stated "Don't try to solve these problems! "
Some call it the most dangerous problem in mathematics. All this commentary makes us more
interested in looking into the problem.
Definitions:
Definition 0.1
Transformation: Application of 3n+1 on odd number is termed as transformation. We don’t consider
application of n/2 as a separate kind of transformation. Application of 3n+1 always results the form
of n'. 2% and we just need to divide n’. 2% by 2, b number of times, to get n' which may go through
transformation once again.
Notation 1:

{ }:square brackets are used to represent sets. All the sets in the analysis are open ray sets,
that is having a certain starting point and can be extended to infinity.

= : Equivalence is used for operations under the defined transformations in the problem,
thatis 3n+1 & n/2. Example; 5 = 1. One may consider = as applying transformation on odd element
and dividing it by max power of 2 with result being an integer.
n is defined to be only odd and we may apply 3n+1 upon it. Any even entity shall be represented as
even = nygy . 2"
Definition 0.2

Ny (before transformation ;applying 3n+1)
= Ng(after transformation ;applying 3n+1 and dividing it by max power of 2)
n, & ng are always odd

The co-application of 3n+1 and n/2 shall be considered as a single step

3n, +1=n.2"| n, &n, =2k +1&kbez*

D0.2

3n, + 1 =n,.2" is same asn, = n,

Take the Universal set {U}
{U}=1{12345...}

On all even elements, apply map (n/2 till we get odd) on {U}, we get:

g - {U},we get{U'} = {1,3,5,7,9 ...}
We begin our study considering set {U'} with only positive odd integers
Rooster Notation: {U'} = {1,3,5,7,9 .... }

Set Builder Notation: {U'} = {2k + 1}| k € Z™




We define {Ry }&{ Ry}, formulate expansion for {r,} and establish the relationship between ry & ng

Definition 1.0: {Ry} is a set of sets contains elements corresponding to values of {U’} based upon

parity of y with the given definition;

D1 Condition ry_4 +1
r, = Tl

{Rg}={U} = ry=n,andy € {Z*} U {0}

D1.1 y = 1 mod2

_ ry_1 +1

y=——>—

D1.2 y = 0 mod2 -1
y=——>—

ry_; £ 1implies, we add or subtract 1 to the value of r for any given subset (y-1)
ry_q is mapped to ry if and only if value of rin ry_; is odd. The mapping continues till r is even.
For value of r being even, we define said set as 1y,.

Example: Say, n, = 13, ry = 13,(by definition)
I'y_1+1

. . . ro+1
- For ry = ry: because yis odd, r, = implies r; = OT =7,s0r; =74

Since value of rin ry is odd, we extent the set further;

ry_1—1. . ri—1
Y impliesr, = 17 =3,s0r, =3,

- For Iy =Ty: because vy is even, ry =

Since value of rin 1y is odd, we extend the set further.

ry—1+1 . ro+1
Y implies ry = ZT = 2,501y = 23

-For ry =r3: becausey is odd, ry =
Since value of r in r3 is even, we cannot extend the set further. Thus, b=3 and r,, = 23
Definition 2.0: {Ry}
r, =ry|rinr, = 2k,k € Z*
Since, ry, is same as ry with the only condition is that value of r in ry is even. So, ry, carries the same

defination as Iy

D2 Condition

rn,_1+1
rb:blT|beZ+
D2.1 b = 1 mod2 rp_q + 1
rb:T
D2.2 b = 0 mod2 rp_q — 1

If one applies relevant map on 1}, where value of r is even, result is a rational solution which is not a
b
positive integer or zero, thus is invalid.

Remark: For condition r=0, we use the classification of zero being even described by Penner 1999,
p. 34: Lemma B.2.2




Explanation:

{U'} = {Ro} {R1} {R2} {Rs}
10 > 11 12 = 13
3, 3, ‘— 3, 33
50 “ 51 > 5; ~ 53
s >y i 7, 7,
9 »4 soon... so on... so on...
110 <. 21 ' 02 23
139 - 4q 2; 43
soon... 61 4, 63
Rp =R1 \Usoon. Rp = R2\~ 56 0n. Ro = Rs \Usoon.
Apply map Apply map Apply map
ry_1+1 ry_1—1 Tyt
ry = - ry = 2 ry = T
_rot+1 -1 NS _rp+1
=TI = 2 =T, = 2 3 2
fromry > 1y fromr; > 1y fromr; - r3
When r=o0dd, expansion of set from r,_qtory
If ris odd, If ris odd, If ris odd, If ris odd, If ris odd,
Then set is Then set is Then set is Then set is Then set is
expanded expanded expanded expanded expanded
{Ro} = (U} - - -
o = Ny Ry » Ry » R3 » Ry [
Ifris Ifris Ifris If ris .
Expansion
even, even, even, even,
stops when
Then set Then set Then set Then set .
ris even.
does not does not does not does not ro=r
=TIy
expand expand expand expand Y l
R, =Ry R, =R; Ry =R3 Ry, =Ry

Fig1: extension of ro > 1, & 19 = 1}



Theorem 1: for all values of ny, the r, has well defined values that depend upon the parity of b

3n, —2° +1 3n, +2° +1 .
< b =-even, 1, =35 NS b=oddr, =35 [3n, +1 =n,.2° &n, ,ng
=2k+1&k,beZt
Proof:
T1.0 Condition ) 3n, — 20 +1 e y 3n, +20 +1
S b= =——— — A& b= =_* - -
even, Iy, 3 20 odd, ry, 3 20 |
3n, +1=n.2°&n, ,ng =2k+1&k,b ez
T1.1 IF _ ] i 1
r, = 2
Proof: By definition D2
e gazzecvaesr; b=2 _3m - 2 +1
KA YY
Proof: n, +1 ) 3 ,
r_rz_l—l_ 21 - _nx_§_3nx—3_3nx—2 +1
2 21 21 22 3.22 3.22
— +
T1.2.2 b=2a|€EZ 3n, — 224 + 1
T2 =73 5
Proof: Assumed for induction
T1.2.3 b= ZECI.Z-L'_ 2| _ 3nx _ 22,1_;,_2 +1
a T2a+2 = 3.22a+2
Proof: Using T1.2.2
3n, —2%* +1
3oz 1o
_ Toatp-1—1 _ 21 B
lRa42 = — = Ta42 = o1
3n, —2%9%2 41
Ipa42 = 3 5202 (by algebra)
T1.2.4 Then, B 3n, — 2 11
=T
Proof: . . L N
Using mathematical induction in T1.2.2 & T1.2.3 and substituting 2a
with b
T1.3.1 If, b=odd 3n, + 21 + 1
Base case b=1 rp=—
3.21
Proof: 3 2l 41 )
n,+1 Dtz ny+t—=3— 3n,+2'+1
=791 T TT T 3%




T1.3.2 b =2a t 1| ry +1
a€c’ Ma+1 =~
Proof: Using definition D2.1
T1.3.3 Then, 3n, + 22a+1 4 1
T2a+1 = 3. 22a+1
Proof: Using T1.2.2
3n, — 2% +1
rp, +1 . 3.22a +1
I2a41 = o1 = T2a41 = 1
3n, + 229+1 +1
l2a+1 = 3 p2a+ (by algebra)
T1.0 THEN . 3n, —2b +1
=even,r, =————
[f b= evenr, 3.20

b= odd _3ng+2°+1

if b=oddr, = WL
Proof: By T1.2.4 & T1.3.3

[
Upon calculating based on Theorem 1, for values in 1y, we get;
n, +1 n, —1 ny + 3 ng, —5 n, + 11 n, — 21
n = 21 o = 22 , 3 = 23 y Ty = 24 , 5 = 25 yTe = 26

Theorem 2:

V(ry +Tp_q) =ng |1, &ry_q €Eng &30, +1=n,.2" &n, ,ng =2k +1&kbez*

We establish the operation "ry, + r,_1 " is identical to application of 3n+1 ( on odd) followed by n/2
(on even) till we get odd

Proof:
T2.0 Condition
V(rp +1p-1) = ng |
r, &ry_q €En, &3n, +1=n.2"&n, ,ny =2k +1&k,bezZ"
T2.1 IF
V(rp +1p-1) =ng = V(lpeven +Tp-1) =05 AV(Ihoaa + I'p—1) = g
Proof: Since, parity of b seems to play a role, we put in the effort to study each case
separately.

T2.2.1 If Case 1 3nX _ 22] + 1 3nx + 22]'_1 + 1

b=even=2j Iy = 3y Top—1 = 337

I] € Z+ ' .
Proof: Using Theorem 1
T2.2.2 (3n, + 1)

pj t+ a1 = o




Proof:

Using Algebra

T2.2.3 | Then
v(rbeven + I'b—l) = g
Proof: . - . . . .
Substitute 2j with beven & 2j-1 with b-1 in T2.2.2 and equate with D0.2
(B3n, +1)
Iheven +Tp—1 = Ng = Z—b
T2.3.1 'J gzze ;J; B, + 290 41 3n, — 224171 4 1
—oae= Ty = 2i+1 n2j+1-1 = 2j+1-1
1|jez* 3.29 3.2%
Proof: Using Theorem 1
T2.3.2
(Bn, +1)
7j+1 + Tojy1-1 = o5
Proof: Using Algebra
T2.3.3 | Then,
V(rpodd + Ib-1) =Ny
Proof: . . . . . . .
Substitute 2j+1 with bodd & 2j+1-1 with b-1in T2.3.2 and equate with D0.2
(B3n, +1)
Ihodd + Th—1 = Ng = b
T2.0 THEN,
V(r, +1rp-1) =0
Proof: Using T2.2.3 & T2.3.3
[
Let g(nx) = I'b(nx) + I'b—l(nx)
Then, (rb + I.b—l) =ng = g(nx) = f(nx)
Thus we create an identical function to the collatz transformations
[ |
Now, we explore if there exists some element n,, which under defined collatz transformations
becomes infinity.
nx = nxl nS =
Corollary 1: We identify the condition when any given element after undergoing transformation will
definitely increase.
ifb=1,Yng > Vny, Aifb > 1,Vn, <Vny|3n, +1=n,2"&n, ,ng =2k +1&k,b €z
. ) .. . _(forb=1, Vng > Vng
increase/decrease: condition for any transformation = {for b>1, Vn, < Vn, [ng > 1




Proof:

Lo Condition ifb=1,Vngs > Vny Aifb > 1,Vng < Vng|3n, + 1 =n,.2> &n, ,n,
=2k+1&kbeZt
c1.1 IF R +Ty_; = n,
Proof: By Theorem 2
C1.2.1 If Case 1: 4 re=n
h=1 1 0 S
Proof. By definition D1: ry = ny
C1.2.2 Then n, > n,
Proof: n, + 1
ri+ry= +ny >ny, = ng > ny
C13.1 If Case 2: n. =1 41
h=2 S 2 1
Proof: By Theorem 2
C1.3.2 3n, + 1
ng =
4
Proof: Lom—lome+1 3n 4l
s 22 2 4
C13.2.1 Ifn, =1 n. =n
Then ° *
Proof: 31+1
3n, +1=n.22&n,=1=n, = 2 =1
C1.3.2.2 Ifn, >1
>
Then =l
Proof: , , 3+1+3n 3n’
3ny +1=n,2°&n, =1+n = ng :T:1+T
n =2k'&k €Z*
Ci14.1 If Case 3: _ >3
b3 3n, +1 =n.2
Proof: By definition D0.2: because b > 3
C1.4.2 Then n, > ng
Proof:

ifng > ny, thenng =n, +j|j €zt
3n, + 1 =n,.2% = 3n, + 1 = (ny +j). 2%
1-j.23 = n,. (23 - 3)

for j > 1, left hand side is negative, implying ny is negative, implying

n, & Z*. This is false.




C1.5

ng < n, withb > 2

Proof: By C1.3.2.2 & C1.4.2
c1.0 THEN ifb=1,Vng > Vn, Aifb > 1,Vng < Vny
Proof:

By C1.2.2&(C1.5

We consider applying transformation of some number multiple times such that it will definitely

increase in all the applied transformations. We study the condition ng is always greater than ny

during these multiple transformations. Corollary 1 states, it is only possible when b is always equal

to 1 during all of these multiple transformations.

Corollary 2:

r(s) = Erl(x) | ri(x) is 1y, forn, ,r(s)ist, forn, &b =1,3n, +1 =n,.2" &n, ,n,

=2k+1&keZ*

When we repeatedly apply transformation: we always label the element that we apply

transformation upon as n,, the transformed element is always labelled as ny

Example: Say, n, = 9 then ng = 7, now apply transformation on 7, so 7 becomes n,
n, = 7 then ng, = 11, again continue applying transformation upon 11, so 11 becomes n,
n, = 11 thenng = 17...and so on.

Proof:
C2.0 Condition 3
r(s) = Erl(x)l ri(x)ism, forn, ,r(s)isr, forn,&b=1,3n, +1
=n.2" &n, ,n, =2k+1&kezZ"

2.1 IF 1, forn, = 1,(x) & ry, forng = n,(s)| 3n, + 1 = n,. 2%
Proof: By definition
€22 ny =2r(x) —1&n, =2r(s) — 1
Proof: By algebra on definition of 1y

n, +1 ng+1

= & =
(%) 2 r1(s) >

c2.3

Iy (X) =N — Ny
Proof: r+ry=ng =ri(x) +n, =ng
C2.4

rie = (2rie — 1) = (2rien — 1)




Proof: Using substitution of ns & n, from C2.2 in C2.3

C2.0 THEN

3
ri(s) = P r1(X)

Proof: Using algebra on C2.4

Corollary 1 implies for n greater than 1; b greater than 1 is the only condition for increase during
transformations.

Corollary 2 implies for n greater than 1, an element can grow finite number of times, as any number
(311 (x)) that is divided by 2 will eventually result; an odd number. Thus after some finite number of
transformations, the element n will definitely decrease because b happens to be greater than 1.

Note: we have not concluded that n reaches a value less than itself, we conclude that for all n cannot
grow continuously.

Thus, the transformational process, n continuously grows and transforms to infinity; that is
described by the following equation

Nyl = Nyp = Nyz =Ny = Nys e = Ny | Nyt < Ny < Myz < Nyg < Ny < 000 < Nyoo Where nyeo

=0 &1y =11V Ny1, Myz, My3, Nyg, Nys -

is false and invalid. One concludes that continuous increase to infinity is not possible.
Notation: 2
<> is used to describe relationship between 2 elements; one element may be greater than or
smaller than the other element, but both the elements are not equal.

Note: It would seem improper to use greater than or less than notation describing any series. The
problem would arrive out of insufficient information; 'a < b > c ' implies that; a is less than b and b is
greater than c, but it is unknown if a is less than or greater than c. However, It is okay to use such
notation in the context of our analysis, as we don't know the relationship betweena & band b & ¢
and a & ¢, all we know is none of the elements in the series can be equal to any other element, all
the elements are unique to one and other. We consider every element during the transformational
process to be not equal to any other element, as that would imply, the elements loops, thus n
cannot transform to infinity.

Consider the transformational process described as:

Ny1 = Nyp =Nz = Nyg = Nys e = Nyoo| Ny <FES> Nyp <F> Nz <F> Ny <F> Nygs e
The transformation from n,; to n,.. with discontinuous growth may be described by the above
equation. So, it is still possible for some number to grow to infinity at a relatively slower rate.

Hence, the question of discontinuous growth to infinity remains valid and thus open.
Proposition 1:

ne Zo|3n, +1=n,.2">&n, ,n, =2k+1&k,b €z

10




We prove proposition by contradiction.

Proof:
P10 Condition n#o|3n, +1=n.2" &n, ,n, = 2k +18& kb € Z*
P11 IF n, =oo|n,,n, =2k+1&k,b€ez"
Proof: Assumed to establish contradiction
PL.2 Ty +1p—1 =Ny
Proof: By Theorem 2
P1.3 —
n, =0 = ng =00
Proof: By P1.1
P1.4 1y 41y = 00
Proof: By P1.1 & P1.2
P1.5 &It
Proof: 1y =3, +1=00
o +1
1, = ———o
b7 3
P1.0 THEN nZ o
Proof: e
By contradictionin P1.1 & P1.5
[ |

Thus, no number can transform discontinuously to infinity.
There are three possible conditions in the Collatz system as described by Lagarias;

1. nexplodes to infinity (divergent trajectory)

2. numbers looping at some other point other than n=1 (Non-trivial cyclic trajectory)

3. numbers looping at 1 (convergent trajectory)
Our analysis eliminates the first condition. If one can eliminate the possibility of second condition,
then the only condition left would be valid for all the numbers establishing the conjecture to be
valid.

[ |
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