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Abstract

Fermat's great theorem, also known as the "Fermat'’s last theorem", was proposed
by the 17th-century French mathematicians Pierre De Fermat. He asserts that when

the integer is n>2, the equation x"+y"=2z",about x,y andn, has no positive

integer solution.

After all, Fermat did not write down the proof, and his other conjectures
contributed much to mathematics, thus inspiring many mathematicians. The relevant
work of mathematicians has enriched the content of number theory and promoted the
development of number theory.

Although in 1995, Wiles proved that the n > 2 theorem holds. But the proof
process is lengthy, and it is said that only a few world-class masters can understand it,
which is really puzzling.

Perfect cuboid, also known as perfect box, refers to the cube with long edges,
face diagonal and body diagonal are integers. Mathematician Euler has speculated that
a perfect cuboid may not exist. It is said that no one in mathematics has ever found a
perfect cuboid, nor can anyone prove that a perfect cuboid does not exist.

What is the Helen triangle? A Helen triangle is a triangle whose side length and
area are both rational numbers.

For thousands of years, triangles have been very thoroughly studied, almost
knowing the geometry of triangles. People's understanding of Helen triangle, basically
can find three high Helen triangles are integers, three angular bisection lines are
integer Helen triangles, but has not found three medians are integer Helen triangles.
The author found that the above three problems are all in common, which can be
demonstrated by the same-species method. The same algebraic structure is the key to
solving these three problems, such as:

The function y=x*+ax’+b*+cand y=(x+3)°*+a(x+3)°+b(x+3)+c are
algebraically isomorphism, and the two functions represent the same curves that are

indistinguishable in nature. With this property to solve the above three problems, you
can do easy, concise and powerful.
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Definition: If the solution set of two equations (group) has the same algebraic
operation structure based on equations (group), the two equations (group) are called
isomorphic equations (group), and the solution set of these two equations (group) is
the equivalent solution set.



Fermat's Last Theorem (Proof 1)
Fermat's great theorem: It is known that X, y, ze R", when the integer is n>3,
the equation Xx"+Yy" =z" has no rational number solution.
Proof: From the equation Xx"+Yy" =z

n

we can be obtained that

(1) (x/z)"+(ylz)" =1
Let a=x/z,b=y/z, thentheformula (1) can be transformed into
(2) a"+b"=1

When the integer is n>3, let the equation x"+y"=2z" has rational number
solution, then formula (2) must have rational number solution {a,b}, then any

isomorphic equation ()"+()"=1 must have a rational solution, otherwise it

contradicts the formula (2). Let ab=M, it is easy to know that when a and b are
both rational numbers, M is a rational number, so solve the equation (2) to get

_n1+\/1—4|\/I” a:nl—\/1—4M”
2 2

(when a >b) or (when a <b)

e Y

2 2

If (1—4M")=0, when the integer is n>3,it is impossible 1=%2a=42b. So
(1-4M") >0 and (1-4M") must be the square of a rational number. If (1-4M")

is not the square of a rational number, and then a and b are always irrational numbers,
which will contradict the assumption. Then let

(3) N1-4M" =¢"
(Any positive rational number can be written as a positive number raised to the nth power)
It can be obtained from formula (3)

(4) () +(¥2°m) =1

Since equation (4) is isomorphic to the equation ( )"+( )" =1, there must be a set of

() (M), | = faoie ]

which make formula (4) have a rational solution when n>3. Butwhen n>3,and a,

rational numbers

b are rational number, {(CZ)Q } from formula (4) iterates over all rational numbers

{a,.}, there has always been (Q/ZTM ) that does not belong to {b,, } , which means
Q+

that formula (4) does not exist in the set of rational numbers isomorphic to equation
(2), so this contradicts the rational numbers of equation (2).

So when n>3, the equation x"+y"=2z" hasno rational number solution.

+b" =1

When #=3, and ab are
Permutable rational numbers at the same
fime, they cannot be replaced

(Permutable becausge 01 algebraic 18 omolplu B



Fermat's Last Theorem (Proof 2)
Fermat's great theorem: It is known that x, y, ze R", when the integer is n>3,

the equation x"+y"=2z", has no rational number solution.
Proof: From the equation x"+y" =z" we can be obtained that

(1) (x/z)"+(ylz)" =1
Let a=x/z,b=y/z, thentheformula (1) can be transformed into
(2) a"+b" =1

When the integer is n>3, let the equation x"+y"=2z" has rational number
solution, then formula (2) must have rational number solution {a,b}, then any

isomorphic equation ( )"+( )" =1 must have a rational solution, otherwise it

contradicts the formula (2). Taking the square of both sides of Equation 2, we can get
a”" +2a"" +b*" =1
a”" —2a"h" +b*" =1-2%a"o"

(3) (@"—b")*=1-2%a"n"
Taking both sides of Equation (3) at the same time, we can get
a"—-b"=+1-2%a"0" (a>b) or b"-a"=+1-2%a"" (a<h)

Whichis a"=b"++1-2%a"" (a>b) or b"=a"++1-2%a"" (a<bh)

If (1—22a"")=0, when the integer is n>3,it is impossible 1=%2a=%2b. So

(1-2%a"®")>0 and (1-2°a"") must be the square of a rational number. If

(L—2%a"") is not the square of a rational number, and then a and b are always

irrational numbers , which will contradict the assumption.
Then let

(4) V1-2%a"p" =c"
(Any positive rational number can be written as a positive number raised to the nth power)
It can be obtained from formula (4)

(5) (c? )n +(Q/2_2ab)n =1

Since equation (5) is isomorphic to the equation ()" +( )" =1, there must be a set of

rational numbers
{(CZ)Q+’(Q/?ab)Q+} - {agbo.f

which make formula (5) have a rational solution when n>3. But when n>3,and a,
b are rational number, {(CZ)Q } from formula (5) iterates over all rational numbers

a,, (, and there has always been Q/Z_Zab that does not belong toib,, { , which
Q Q

Q+
means that formula (5) does not exist in the set of rational numbers isomorphic to
equation (2), so this contradicts the rational numbers of equation (2).

So when n>3, the equation x"+y"=2z" has no rational number solution.
a’ +b" =1

=3, and a,b are
Permutable m al umb at the same
titme, they :annotbe replaced

{/2_ab =1
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Fermat's Last Theorem (Proof 3)
Fermat's great theorem: It is known that x, y, ze R", when the integer is n>3,

the equation x"+y"=2z", has no rational number solution.
Proof: From the equation x"+y" =z" we can be obtained that

(1) (x/z)"+(ylz)" =1
Let a=x/z,b=y/z, thentheformula (1) can be transformed into
(2) a"+b" =1

When the integer is n>3, let the equation x"+y"=2z" has rational number
solution, then formula (2) must have rational number solution {a,b}, then any

isomorphic equation ( )"+( )" =1 must have a rational solution, otherwise there is

a contradiction with the rational number solution of formula (2).
Without loss of generality, when a>b is set, the system of equations (3) holds

a"+b"=1 @
(3) n n n
a"-b"=c @
From system of equations (3) we can know that
2a"=1+c" ®
(4) ; ;
2b" =1-c @

From (3>@ we can get
2°a"" =1-¢c*
which is
(5) (c®)"+(27"ab)" =1
Since equation (5) is isomorphic to the equation ()" +( )" =1, there must be a set of

rational numbers
(), (VZ7ab) |~ fag.b)

which make formula (5) have a rational solution when n>3. Butwhen n>3,and a,
b are rational number, {(CZ)Q } from formula (5) iterates over all rational numbers
+

a,, (,» and there has always been Q/Z_Zab that does not belong toib,, { , which
Q Q

Q+
means that formula (5) does not exist in the set of rational numbers isomorphic to
equation (2), so this contradicts the rational numbers of equation (2).

So when n>3, the equation x"+y"=2z" has no rational number solution.
a +b" =1

=3, and a,b are
Permutable m al umb at the same
titme, they :annotbe replaced

{/2_ab =1

(Per mut'nble becaus e of algebraic 1z 0111011)111.\‘111)



There is no Heron's triangle that three sides are all integers
(Proof 1)
Heron's last theorem: It is known that the system of equations holds, where

a,b,c,m,,m,,m_,S eR", and when m_,, m ,m_ are rational numbers at the same time,
the equation (4) has no rational number solution.

2°m? +a’° = 2b® + 2¢? (1)
o 2°m? +b® = 2a® + 2¢? 2)
2°m? +c¢? = 2a’ + 2b? (3)
2'S*+(a’—c*+b*)*=2%a’c®  (4)

Proof: Assuming that when m,,m,,m_ are rational numbers at the same time, the
equation (4) has a rational number solution. We can know from equation (4)

(5) FS?+ (M2 +m? —m?)? =2°m’m?
Multiply both sides of equation (4) by S® to get

2*S* +(a® —c® +b?)*S* =2%a’%c’S®

Which is

(6) (2S)* +(a® —c* +b*)?*S* = (2acS )?
Multiply both sides of equation (5) by S? to get

3FS*+(m? +m? —m?)?S? = 2°’m’m?S?

Which is

(7) (V38)* +[(mZ +mZ —m)ST = (2m,m_S)?
Because when m_,m,,m. are rational numbers at the same time, the equation (4) has
a rational number solution, so there must be rational numbers
(29), [(a® +c*—b?)S] and (2acS) which make the formula have a rational number

solution, and then any equation isomorphic to ( )*+( )*=( )° must also have a

rational number solution, otherwise there is a contradiction with that formula (6) has
rational number solution.

Since equation (7) is isomorphic to the equation )4 +( )2 =( )2, there must be a set
of rational numbers

{(V38)q. [ +m? —m))S,,,2mMS)g, | ~ {(2S)q,.[(@" +¢* ~b*)S], (2ac8),, }
which make formula (7) have a rational solution. But when S is a rational number,
{[(mj+mf—m§)S]Q+,(2mamCS)Q+} from formula (7) iterates over all rational

numbers {[(a2 +¢%—b?)S],, . (2acS)Q+} , and there has always been (\/58) that does

not belong to{(2S),, |, which means that formula (7) does not exist in the set of
rational numbers isomorphic to equation (6), so this contradicts with that the equation
(6) has rational number solution.

So when m,,m,,m_ are rational numbers at the same time, the equation (4) has no

rational number solution.
It can be seen from the above that there is no Heron's triangle that three medians are
all integers. (28) +[(a’ =¢* +b)ST =QacS )’

Not permutable when
Sisarational number | Permutable Permutable

(\/§S)4 +[(m> +m? =m))ST = (2mm Sy

(Permutable because of algebraic 1somorphism)



There is no Heron's triangle that three sides are all integers
(Proof 2)
Heron's last theorem: It is known that the system of equations holds, where

a,b,c,m,,m,,m_,S eR", and when m_,, m ,m_ are rational numbers at the same time,
the equation (4) has no rational number solution.

2°m? +a’° = 2b® + 2¢? (1)
o 2°m? +b® = 2a® + 2¢? 2)
2°m? +c¢? = 2a’ + 2b? (3)
2'S*+(a’—c*+b*)*=2%a’c®  (4)

Proof: Assuming that when m,,m,,m_ are rational numbers at the same time, the
equation (4) has a rational number solution. We can know from equation (4)

(5) FS?+ (M2 +m? —m?)? =2°m’m?
Multiply both sides of equation (4) by S® to get

2'S* +(a® —c® +b?)*S* = 2*a’c*S?

Which is

(6) [(m3 +m; —m;)S]
Multiply both sides of equation (5) by S® to get

S+ (M2 +m? —m2)’S? =2°m’m?S?

Which is

(7) (V38)" +[(mZ +m? —m)ST = (2m,mS)?
Because when m_,m,,m. are rational numbers at the same time, the equation (4) has
a rational number solution, so there must be rational numbers
(2S), (2acS) and [(a® +c®—~b*)S] which make the equation @ have a rational
number solution

2’m?+a’=2b*+2c’
2°m? +b?* =2a’*+2c’
2°m? +c¢*=2a%+2b°
(2S)* +[(a® —c® +b*)ST = (2acS )? (6)

Therefore, any system of equations (3 isomorphic to the system of equations must
also have a rational number solution, otherwise it contradicts with that the system of
equations @ has the rational number solution.

Suppose the system of equations 3 holds



2 2 2 2 2
2°A, +m=2m~+2m,
2 2 2 2 2
2°B,"+m,” =2m" +2m,

@

2°C,2+m?=2m?+2m’

(v/38)* +[(mZ +m? —m?)S]* = (2m,m_S)’ (7)

Because equation @) is a system of equations isomorphic to equation (), there must
be a set of rational numbers

{(V/38)q. [ +m? —m2)S,,,2mMS)g, | ~ {(2S)q,.[(@" +¢* ~b*)S], (2acS),, |
which make formula (7) have a rational solution. But when S is a rational number,
{[(mj +m? —mj)S]Q+,(2mamCS)Q+} from formula (7) iterates over all rational
numbers {[(a2 +c° —bZ)S]Q+,(2acS)Q+} , and there has always been (\/§S) that does

not belong to{(ZS)Q+}, which means that equation @ does not exist in the set of

rational numbers isomorphic to equation (3, so this contradicts with that the equation
@ has rational number solution.
So when m,,m,,m_ are rational numbers at the same time, the equation (4) has no

rational number solution.
It can be seen from the above that there is no Heron's triangle that three medians are
all integers.

(28) +[(a" -¢ +b)ST = (2acS )

Not pernwtable when
Sigarational number | Permutable Permutable

(\ﬁSf +[(m>+m>=m})ST = (2m,m_S)

(Pernmtable because of algebraic 1somorphism)



There is no perfect cuboid (Proof 1)
Euler's Last Theorem: It is known that the system of equations (O is established,
where a,b,c,d,l,l,,I,eR". When 1,1, and |, are rational numbers, the equation (4)
has no rational number solution.

a2 +b? =12 )

b? 1 c? =17 )

W c?+a’ =1} (3)
-3

a’+b’+c?=d? (4)

Proof: Assuming that when 1,1, and |, are rational numbers at the same time, the
equation (4) has a rational number solution. We can know from the system of
equations

2
(5) 17 +1,7+ 1,7= (V2d
Because when 1,1, and I, are rational numbers at the same time, the equation (4) has

a rational number solution, so any equation isomorphic to ( )2+( )2+( )2 =( )2

must also have a rational number solution, otherwise there is a contradiction with that
formula (4) has rational number solution.

Since equation (7) is isomorphic to the equation ( )*+( )" +( )*=( ), there must
be a set of rational numbers

{10 (1o, (), (V20), |~ {qubourCo.ide)

which make formula (5) have a rational solution. But when d is a rational number,
{(II)Q+,(I2)Q+,(I3)Q+} from formula (5) iterates over all rational numbers

{2g..bq,,Co. |, and there has always been (\/Ed) that does not belong to{d, |,

which means that formula (5) does not exist in the set of rational numbers isomorphic
to equation (4), so this contradicts with that the equation (4) has rational number
solution.

So when 1,1, and l,are rational numbers at the same time, the equation (4) has no

rational number solution.
It can be seen from the above that a perfect cuboid does not exist.

2 2 2 2
a +b +c =d
Not permutable when

dig arational number

rerntable

Permutable ‘erutable

2
1P+12+12= (2d

(Permutable because of algebraic 1somorphism)



There is no perfect cuboid (Proof 2)
Euler's Last Theorem: It is known that the system of equations (O is established,
where a,b,c,d,l,l,,I,eR". When 1,1, and |, are rational numbers, the equation (4)
has no rational number solution.

a2 +b? =12 )

b? 1 c? =17 )

W c?+a’ =1} (3)
-3

a’+b’+c?=d? (4)

Proof: Assuming that when 1,1, and |, are rational numbers at the same time, the
equation (4) has a rational number solution. We can know from the system of
equations

&) Lelil= (Vad)

Because when 1,1, and I, are rational numbers at the same time, the equation (4) has

a rational number solution, so equation set (O must have a rational number solution,
and then any equation set isomorphic to @ must also have a rational number
solution, otherwise there is a contradiction with that formula set O has rational
number solution.

()a+()y =C),
® ( )b +( )c =( )|2
() +C0) =),
( )a2+( )b2+( )CZZ( )d2

2 +1,2 417 =(V2d)

Let equation set (3 holds, because the system of equations 3 is isomorphic to the
equation set (2), so there must be a set of positive rational numbers

{(Il)Q+ ’(IZ)Q+ '(|3)Q+ ’(kl)Q+ ’(kZ )Q+ ’(k3)Q+ ’(\/Ed )Q+} N {aQ+'bQ+’CQ+’(I1)Q+ '(|2)Q+ ’(|3)Q

which make formula set 3 have a rational solution that is isomorphic to the equation
set 2. But when d is a rational number, {(Il)Q+,(IZ)Q+,(I3)Q+,(kl)Q+,(k2)Q+,(k3)Q+}
from  formula set ® iterates  over  all rational numbers

{aQ+,bQ+,cQ+,(Il)Q+,(IZ)Q+,(I3)Q+}, and there has always been (ﬁd) that does not

|



belong to {dm}, which means that formula set &) does not exist in the set of

rational numbers isomorphic to equation set @), so this contradicts with that the
equation set (U has rational number solution.
So when 1,1, and l,are rational numbers at the same time, the equation (4) has no

rational number solution.
It can be seen from the above that a perfect cuboid does not exist.

2 2 2 2
a +b +c =d
Not permutable when

dig arational number

rermutable

Permutable ‘erutable

2
1P+12+12= (2d

(Pernmutable because of algebraic 1somorphism)
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