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Abstracts

In this paper along with the previous studies on analyzing the binomial coefficients, we will
complete the proof of a theorem. The theorem states that for two positive integers n and k,
if n > (k —1), then there always exists at least a prime number p such that kn <p < (k + 1)n.
The Bertrand-Chebyshev’s theorem is a special case of this theorem when k =1.
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1. Introduction

The Bertrand-Chebyshev’s theorem States that for any positive integer n, there always exists a
prime number p such that n < p < 2n. Pafnuty Chebyshev proved this in 1850 [1]. In 2006, M. El
Bachraoui [2] extended the theorem and proved that for any positive integer n, there exists a
prime number p such that 2n < p < 3n. In 2011, Andy Loo [3] proved that when n > 2, there are
prime numbers in the interval (3n, 4n). In 2013, Vladimir Shevelev et al. [4] proved that when
the integer k < 100,000,000, only k =1,2,3,5,9,14, for all n 2 1, the interval (kn, (k + 1)n)
contains prime numbers. This raises the question: for all k > 1, under what conditions does the
interval (kn, (k + 1)n) contain prime numbers? Previously, the author partially answered this
question in the paper [5] by analyzing the binomial coefficients (’17?) where A is a positive integer.
In that paper, the author proved that when n > (4 —2) > 25, i.e., whenn > (4 —2) and 1> 27,
there exists at least a prime number p such that (1 —1)n < p < An. In this article, we will use the
same method to complete the entire work on this problem. We will prove that when n > (1 —2)
and A > 3, there exists at least a prime number p such that (1 —1)n < p < An. Then, by
converting A to k, we prove that for two positive integers n and k, when n > (k —1), there is
always at least a prime number p such that kn < p < (k + 1)n. The Bertrand-Chebyshev’s
theorem is a special case of this theorem when k =1.

We will use the same definition and concepts from [5] in this section and in section 2. In section
3, we will prove that for A from 3 to 26, when n > (4 —2), there exists at least a prime number p
such that (1 —1)n < p < An. In section 4, we will convert 4 to k, and complete this article.

Definition: Fa2p>b{()::)} denotes the prime number factorization operator of the integer

expression (’}1") It is the product of the prime numbers in the decomposition of (ZL) in the
range of a = p > b . Inthis operator, p is a prime number, a and b are real numbers, and
Mm=>az=p>b=1.

It has some properties:

It is always true that Fa2p>b{(/1:)} >1 (1.1)

If there is no prime number in ()Zl) within the range of a > p > b, then Fa2p>b{(l:)} =1,

or vice versa, if Fa2p>b{(l:)} = 1, then there is no prime number in (’Zl) within the range of
a=p>b. (1.2)
If there is at least one prime number in (’11:1) in the range of a = p > b, then Fa2p>b{(’r)} >1,
or vice versa, if Fa2p>b{(’1;)} > 1, then there is at least one prime number in (’:1) within the

range of a > p > b. (1.3)
Let v, (n) be the p-adic valuation of n, the exponent of the highest power of p that divides n.

We define R(p) by the inequalities pR®) < An < pR®+*1 and determine the p-adic valuation
yl
of (7).
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A-Dn

v, ((l;)) = v,((AN)!) — v, (A — D)) — v, (n!) = Yo P ([M‘J - —J - H) < R(p)
because for any real numbers a and b, the expression of |a + b| — |a] — |b] isOor 1.

Thus, if p divides (’17?), then v, ((lnn)) < R(p) < log,(An), or pvp((l;)) < pR® < in (1.4)
IfAn 2 p > |Van|, then 0 < v, ((*")) < R@) < 1. (1.5)

Let 7T(n) be the number of distinct prime numbers less than or equal to n. Among the first six
consecutive natural numbers are three prime numbers 2, 3, and 5. Then, for each additional
six consecutive natural numbers, at most one can add two prime numbers, p = 1 (MOD 6)

and p = 5 (MOD 6). Thus, T(n) < EJ +2< g + 2. (1.6)

From the prime number decomposition, when n > |vin|,
n\ _ (An)! ) (An)! (An)!
(n) = Dinzpon {n!-((l—l)n)!} Fnzps|vam] {n!-((/l—l)n)!} Fvamjep {n' ((A— 1)n)'}

y (An)! (An)!
Whenn < [Vin|, (r?) < Dinapon {n!-((A—nn)!} Tvanzp {n!-((l—l)n)!}
in (an)! (an)! (n)!
Thus, (n) < Dinapon {n!-((ﬂ—l)n)!} Dozps|vim] {n!-(()l—l)n)!} Lvamzp {n' (- 1)n)'}
r { (an)! } _ { (an)!
Anzp>n | ). ((A-D)n)! — Anzp>n ((A-D)n)!

range of An > p >n.

} since all prime numbers in n! do not appear in the

If n>A-2, and there is a prime number p in F/lnzp>n {%}, then

(An)!
p=n+1=.(n+2)n+1>Vin. From(L5), 0 < v, (FWM{((A 1)n),}) <Rp) < 1.
(An)!

m} has a power of 0 or 1. (1.7)

} < [In2p P - It has been proven [6] that forn > 3,

Thus, if n 2 1 -2, every prime number in Fln2p>n {

(An)!

Referring to (1.5), I’y ) {m

anpp < 27773,
(an)! -
Whenn =2, [[,>pp = 2273 thenforn = 2, FTl>P>lmJ {m} < anpp < 22n=3,

Vin
Referring to (1.4) and (1.6), F[mjzp {%} < (An) 3 +2
Van
Thus, for 2> 3 andn =2, (™) < Typapon {%} L2273 L (Anys (1.8)
2. Lemmas
a-1\
2 (4)-(2)7)
(an)! 4 A-1
Lemmal:Ford =3andn = 2, Dipspen {((,1—1)n)!} > = = fg(n, 1) (2.1)

(An)T-'—g
Proof:

Page 3



202x-1)
x—1 '’

Let a real number x > 3, and f; (x) =

, 20— 2x—1) —2Qx—1)(x—1)’ -2
then, fi (x) = D)2 = ooz <0

Thus, f;(x) is a strictly decreasing function for x > 3.

Since f1(3) =5, and llm fl(x) =4, forx >3, wehave 5= fi(x) = % > 4,
Y / _ x x’_ x-In— ’_ x-n% )
Let () = () then £/ = ((75)°) = (¢7"7) =" (x-n %)
! _ x \* X X , _ x \* x 1 x 1-x
F=(5) (nE+x(n5)) =) - (nF+x 5 555)
’ _( x x X 1
Fo=(5) (n5-5) (2.1.1)
1 11 1 1 1 1
>3 —=-—4+—=—4+—=4+—+—=+—=
In (2.1.1), forx = 3, 1 +x2+x3+x4+x5+x6+
. x2 x3 x* x5 x6
Using the formula: In(1+x) = x — 5 + T~ 7 + = 5 + ---, we have
-1 1 1 1 1
= = 1+7_—ln(1+7)_;+2—xz+§+4—x4+ crt ot
Thus, for x > 3, ln—— L <o.
-1 x—1
. . . ’ X 1
Since (xle) is a positive number forx > 3, f, (x) = (ﬁ) . (lnﬁ— E) <0.
Thus f5(x) is a strictly deceasing function for x > 3. Since f,(3) = 3.375 and
X
lim f,(x) = e ~ 2718, forx 2 3, 3375 2 f,(x) = (=) =e (2.1.2)
X—00 -
Since for x > 3, f;(x) has alower bound of 4 and f,(x) has an upper bound of 3.375,
2(2x—1 X
i) =220 5 0 = ()
_ 2(21-1) Y%
When x =1 > 3, we have > (E) (2.1.3)
_ Any _ (224 _ 2A(2A-1)(2A-2)!
When 123 andn=2, (") = (%) = i = A2 D (2.1.4)
An—-2A+1 2A—-A+1 _ A
2 Al pl __ :A(’ll).(L) 2.15)
n(A—l)()‘ 1)n—A+1 2(/1_1)2(1 1)—-A+1 2 1-1
A(A-1 A(A-1
Since (4-1) is a positive number for A > 3, referring to (2.1.4) and (2.1.5), when %

multiplies both sides of (2.1.3), we have

(52) (252) =30~ 0 = () > () (&) =

in lln —A+1
Thus, (n) > YRR EE TR when A>3 and n=2. (2.1.6)
in Aln—l+1
By induction onn, when 4 > 3, if ( n) > =)D+ is true forn, thenforn + 1,
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(/’L(n+1)) _ (An+/1 _ (An+A)(An+A-1)--(An+2)(An+1) ) (An)

n+l n+1/ " An+A-n—-1)(An+A-n—-2)-(An-n+1)(n+1)
A(n+1) (An+D)(An+A-1)--(An+2)(An+1) AAn—A+1
n+1 (An+l—n—1)(ln+l_n_2)...(An_n+1)(n+1) n(/l_l)(/l—l)n—/1+1
A(n+1) (n+2) (An+A-1)-(An+2) ntd1 1 AAnmAtl
n+1 (An+l—n—1)(/1n+l—n—2)---(ln—n+1) n o (n+1) (—pADnA+l
. +1 An+)(An+1-1)-(An+2) (L)(A—l)
Notice > 4, and An+A1-n-1)(An+A-n-2)---(An-n+1) -1
b An+A _ A _ An+iA-1 A _ An+2 A Th
CCAUSe i An—1 A1’ AntA-n—z  A-1'  In-m+1 o A1 U
A(n+1) A4 1 A+l _ A -A41 217)
n+1 (1_1)(1—1) 1 (Tl+1) (/1_1)(/1—1)7’1—/'14-1 - (Tl+1)(ﬂ.—1)()‘_1)(n+1)—l+1 .d.
n AAn—A+1
From (2.1.6) and (2.1.7), we have for A > 3 andn > 2, (n) > RN
. An (An)! 2n—3 Vin o
Referring to (1.8), for A > 3 andn = 2, (n) < FAn2p>n {m} ) - (An)s T2
n)! _3 Vi, AAn—2+1
Then, Dinzpon {((/1—1)11)!} ' - (An) 3 n(A—1)0— DnAF T -

Van
Since when 1 = 3 andn > 2, then 22" 3 >0and (An) 3

2 2 2\t =D
(An)! } A+l 24 ((Z)(E) )

(A-1)n)! (/1) VIn o 22173 .y (h—1)-Dn-24 B (An)@

Thus, Lemma 1 is proven.

+2>0.

l—‘/1n>p>n {

+3

12, (( ) e)(n 1)

Van
(An) 3

respect to the product of An and with respect to n. (2.2)

Lemma 2: Whenn>(1-2)29, f3(n, 1) =

is an increasing function with
+

Proof:

1
Referring to (2.1.2), when 4 > 3, (ﬁ) >e. From(2.1), whenA >3 andn = 2,

3 3 (n=1) 2 (31, (n—1)
anz;»n{ (An)! } o ) 22 <( )5;1) ) N 21 (( 4\/1_ > _ fS(n,A) .

(@=bm: (n) 3 T (An)Tn+3

(2.2.1)
Let x 2 2 and y > 4 both be real numbers. When x =y -2,
2(x+2)% (("Z—l) : e)(x_l) 2(x+2)% (("“) e)(x_l)

fs(x,y) = —=> fi(x) = % >0 (2.2.2)
((r+2)-x) 5 ((c+2)x)
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! +1 4 2 1 10
ﬁl- (.X') :ﬁl-(x) '(—+ln(T)+§—m—§ln((x+2) X _5_3(x+2)) f4_(x) fS(x)
x+1 4 2 1 10 8
Wherefs(x)——+l ( )+§—x—+1—§ln((x+2)-x v v
fs'(x) = dxto | _x42x—z 10 > 0 when x > 2.

(x+1)2%-(x+2)2  3x(x+1)(x+2) 3x2 3(x +2)2

Thus, f5(x) is a strictly increasing function for x > 2.

When x =9, fy(x) = ==+ In(22) + 3 = 2= = ZIn(9) — $In(9+2) — 3~ — 3> 0. Thus,

forx 29, fs(x)>0.Then, f,'(x) = f(x) - fs(x) > 0.
Thus, f,(x) is a strictly increasing function for x > 9.

From (2.2.2), when x =y =2, f3(x,y) > fi(x) > 0. Thus, when x = (y —2) 29 and xy > 99, then
f3(x,y) is an increasing function respect to the product of xy. (2.2.3)

LIV = fiey) - (In(5) +1- 2% i) - 22 -1 = 0y - fi (6 y) (2.2.4)
where fy(x,y) = In (2= )+1—% zn<yx)-__3;
When x =y - 2, then f5(x,y) = f,(x) = In (=) +

vx+2 (L _) ln(x+2)+ln(x)+2 3
6x+/x(x+2) x2

x+2 X

When x 22, f,'(x )—m— o

f r( ) _ 1 vx+2  X+x+2 In(x+2)+In(x)+2 3
7 T X+l 6vx  x(x+2) 6 /X (x+2) x2

_ 1 1 . x+1 + 2 +ln(x+2)+ln(x)+_
x+1  3Vx  xVx+2  6xyx(x+2) 6x+/x(x+2) x2
_ 1 x +ln(x+2)+ln(x)+3_ (2.2.5)

x+1  3x/x(x+2) 6x+/x(x+2) x2
Whenx 22, then3/x(x+2)+ (x+1) >0

(3,/x(x+2)+(x+1))-<3 x(x+2)—(x+1)>=(3 x(x+2))2—(x+1)2 =8x2+16x—1>0
Thus, (3,/x(x T2 4 (x4 1)) : (3,/x(x T2 - (x + 1)) >0

3yx(x+2)—(x+1)>0

1 1
3yx(x+2)>(x+1) thenm>

3/x(x+2)

L ! )) > 0, and from (2.2.5),

In(x+2)+in(x) + 3 >0,
x+1 3/x(x+2

62,/ x(x+2) x2
’ _ 1_ _ 1 In(x+2)+In(x) 3_
Then f7'(x) = <x+1 3‘/x(x+2)> 6x,/x(x+2) t x2 >0.

Thus, when x > 2, f5(x) is a strictly increasing function.

When x 2 2, (

When x = (y —2) 2 2, since f¢(x,y) = f;(x), f¢(x,y) is an increasing function respect to xy.

11-1 Vi1 Vi1 3
Whenx = (y=2) =9, fo(x,y) = In (=) + 1= 3= In9) —3=-2>0.



ofs(xy) Ay Yy Vy |3
ax 12\/— \/§+6x\/}+x2>0'

Thus, whenx > (y-2) 29, fs(x,y) >0, and itis an mcreasing function with respect to x and to

IR = f (x,9)  fo(6y) > 0.

Thus, when x > (y—2) 29, f3(x,y) is an increasing function with respect to x. (2.2.6)

Whenx 2(y-2)22,

the product of xy, then, from (2.2.4),

Referring to (2.2.3) and (2.2.6), when x > (y — 2) 2 9, then xy 2 99, f5(x, ) is an increasing
function with respect to the product of xy and with respect to x.

Letx =nand y = A. Then whenn = (4 —2) 29, f;(n, 1) is an increasing function with respect to
the product of An and with respect to n.

Thus, Lemma 2 is proven.

(n-1)
2 2 \A1
2 ((3): (2)7)
Lemma3: Whenn>24and 26 > 1 >3, fg(n,A) = = is a strictly
().Tl)T+3
increasing function respect to n. (2.3)
Proof:

272 <(
Referring to (2.2.1), when A = 3andn = 2, fg(n, 1) =

= > fz(n,1) >0
().Tl)T+3
(x-1)
1 1 A-1
2 () (2)7)
Let a real number x =n > 2. When A > 3, then fg(x, 1) = = >0 (2.3.1)
(Ax)T+3

When A is an integer constant in the range of 10 > 1 > 3,

(e (P (@) o)

dfg(x,A) — 212 . .
0x VaAx
=
afs(x,1) (x,2) ()+l (l)A_l_ﬁ(ln(x)+ln(l)+2)_3_ — D) fo(x ) wh
oD gy n( SN _3) = £y, ) fo(w,A) where
AN\ Vaa m(D)+2) 3
falod) = In () +In(35) — R -2

Ofo(x,A) VZ In(D)+V2 In(x)
ax 12xvx
function respect to x.

+ j—z > 0 forx>1andA>2;then, fo(x, 4) is a strictly increasing

When x =24 and 10 > 1 = 3, fy(x,A) > 0. The calculations are below.

_ _ 3 3 \371  VBn@o+n@)+2) 3
When 1=3, fo(x, 1) = In (Z) +In (;) - e — 2 ~0.0283 > 0.
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_ _ 4 4\ VEnea+m@+2) 3

When 1=4, fo(x, 1) = In (Z) +In (E)5 - e — 2 ~02814>0.
_ _ 5 5 \>71  VEn@o)+in(s)+2) 3

When A=5, fo(x,A1) = In (Z) +In (E) "ori i 0.4744 > 0.
_ _ 6 6 \*°1 Ve(n@o+ine)+2) 3 _

When 1=6, fo(x, 1) = In (Z) +In (a) - e — 2~ 06113 > 0.
_ _ 7 7\ V7 (n@o+in(m+2) 3

When1=7, fo(x, 1) = In (Z) +In (;)8 - e — 2 ~07183 > 0.
_ _ 8 8\ V8 (In(2H)+In(8)+2) 3

When 1=8, fo(x,1) = In (4) +In (8_1) S 2~ 0.8044 > 0.

9-1
When1=9, fo(x, 1) = In G) +in (%) - @(l"(ﬁ;"@)“) — 2 ~ 08755 > 0.

=

10-1

10-1
0) " ln( 10 ) _ V10 (In(24)+In(10)+2) 3

When =10, fy(x, 2) = In (% e 2 ~ 09347 > 0.

From (2.3.1), whenx = 2and A = 3, fg(x,4) >0.
Since % = fag(x, 1) - fo(x,4), whenx = 24and 10 = 1 = 3, —afsa(:/u > 0.

Thus, when x > 24 and 10 > A > 3, f3(x, A) is a strictly increasing function respect to x.
letx=n > 24and 10 > A > 3, fg(n, 1) is a strictly increasing function respect to n. (2.3.2)

From (2.2.1), when A = 3 andn = 2, fz(n, 1) = f3(n, 1) > 0. Referring to (2.2), when 1 > 11
andn = (1 — 2), f3(n, 1) is an increasing function with respect to the product of An and with
respect to n.

Whenn = 24 and 26 > 1 > 11, sincen = (1 — 2) and fzg(n, 1) = f3(n, 1), fg(n,A)isan
increasing function with respect to the product of An and with respect to n. (2.3.3)

From (2.3.2) and (2.3.3), whenn > 24 and 26 > 1 > 3, f3(n, 1) is an increasing function with
respect to n.
Thus, Lemma 3 is proven.

y ()

Van
(AH)T+3

there exists at least a prime number p such that (1 — 1)n<p < An. (2.4)

212-<(
Lemma 4: Whenn > n, = 24 and 26 > 1 > 3,if fg(n, 1) = > 1, then

Proof:
From (2.3), whenn = ny = 24 and 26 > 1 = 3, fz(n, 1) is an increasing function respect to n.
Let integers m > n > n, > 24.

When 26 > A > 3, if fg(ng, 1) > 1, then fz(n, 1) > 1, and thus, fg(m, 1) > 1; then from (2.1),

(An)! (am)!
Fln2p>n {(()l—l)n)!} > fs(n,A) > 1, and F/lmzp>m {m} > fa(m, 1) > 1. (2.4.1)

Notethatm>n=>n, >24> 1 —2since26 > 1 = 3.

From (1.7), whenn 2 A - 2, every prime number in [};,5p.n {((/1(:1;1))1!1)'} has a power of 0 or 1;
. . (am)!
when m 2 1 -2, every prime number in [};;5p.m {m} has a power of 0 or 1. (2.4.2)

Page 8



(Am)! _
DGimzpsm {((,1 1)m)'} -

_ (Am)! ) i=1-2 (Am)! ) (Am)!
= Damep>a-1ym {((,1—1)m)!} i=1 (F(’l'i”m {((/1 1)m)'} Lam, G=1m {((,1 l)m)'})

l+1 +1 i+1

A
In H (F(z O {(—m)'}) for every distinct prime number p in these ranges, the
Z l+1 ((A‘ 1)m)l
numerator (xlm)! has the product of p - 2p - 3p -+ ip = (i)! - p*. The denominator ((1 — 1)m)!
. Am)!
also has the same product of (i)! - p*. Thus, they cancel each other in _m) .
((A-1)m)!
(Am)!
Referring to (1.2), Hl 1 (F(/l ym,, A m {m}) =1
(am)! } _ { (am)! } Ti=A-2 ( { (Am)! })
Thus, l—‘)Lm2p>m {((A—l)m)! = l—‘)Lm2p>()L—1)m ((A—1ym)! Hi:l Fii-_ﬂi>p (/11-:1)m (A—1)m)!
@Am)! ) _ ypi=a-1 (Am)!
Dimzpsm {m} = 1li=1 (Flenzp>(/1—L})m {m}) (2.4.3)
52/11—1 (FATmZp>(/1—i1)m {%}) is the product of (A —1) sectors fromi =1to i = (1-1).
Each of these sectors is the prime number factorization of the product of the consecutive
. A-1)m Am
integers between — and -

. Am)! P9 Am)!
Referring to (2.4.3), when I5pom {ﬁ} > 1, then ]’H;’l1 1 (F’l—.m s ps O 1)m {%}) > 1.

Referring to (1.1), Fsz s psmim 1)m {%} > 1.Thus, whenm = n > 1- 2, at least one of the
. i=1—1 (Am)!
sectors in [[iZ7 (FATmZp>(A—i1)m {—(()L—l)m)!}) > 1.
Let Ia 2— {M} > 1 be such asectorandletm = ni where(1-1)=>i=>1 from
Aap>ED (2= Dm)! ==
(2.4.3). Thus, when m=ni=2n=1-2,
_ (). } _ { (Ani)! }

F)%Zzb(l—il)nl {—((A—l)ni)! = F)lnzp>(/1—1)n —((A—l)ni)! > 1. (2.4.4)

Gnid)! _ (And)-(ni—1) --(Ani—i) - @Ani—2i)-Ani—(n—1)i) - Ani—ni+1)-(A—1ni)!
(A-Dni)! ((A=1)ni)!

(ni)! _ i-(An)-(ni—1) ~i-(An—1) -i-(An—2)-i-(An—n+1) - Ani—ni+1)-(A—1)ni)!
(A-Dni)! ((A—1)ni)!
Thus, —222_ contains all the factors of (n), (An-1), (An-2),...(An-n+1) in—2mt_

((A-1)ni)! (A-Dn)!

These factors make up all the consecutive integers in the rangeof in>p > (1-1)n in

(An)! (Ani)! (An)!
————— . Thus, ————— contains ————.
(A-Dn)! ((A-Dni)! (A-Dn)! i

1)!
Referring to the definition, all prime numbers in ﬁ in the ranges of Ani > p > An and
(Ani)!

(A -1)n > p do not contribute to F,—anp>(,1_1)n{ }, nor doesifor (A-1) =i > 1.0nly

(A-D)ni)!
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(Ani)!

. . . N ni
the prime numbers in the prime factorization of (G=Dni),

intherangeof in=p>(A-1)n

. (And)! . An)! . .
present in [}ns5.(1-1)n {((A—1)m’)!}' Since G- is the product of all the consecutive
. . . (Ani)! _ An)!
Integers in this range, Fln2p>(l—1)n {m} = Fln2p>(/1—1)n {m} .
. (Ani)! _ (An)!
Referrlng to (2.4.4), F/lnzp>(/1—1)n {m} = F/lnzp>(l—1)n {m} (2.4.5)
Referring to (2.4.1), (2.4.3), (2.4.4), and (2.4.5), when 26 > 1 = 3 and n > n, = 24,
. (Am)!
if fg(n, /1) > 1, then fg(m, /1) > 1and F/’Lmzp>m {ﬁ} >1;
(Am)! (An)! }
when Tynspom {—(()l—l)m)!} > 1, then I'jpspe—1)n {—((1—1)11)! > 1
. (An)!
Thus, when 26 = 1 = 3and n > ny = 24, if f3(n, 1) > 1, then ['jpopsa-1yn {m} ,
referring to (1.3), there exists at least a prime number p such that (1 —1)n<p < An.
Thus, Lemma 4 is proven.
Lemma 5: When n > (1 — 2) > 25, there exists at least a prime number p such that
A=Dn<p<in (2.5)

Proof:

Gl (o O

Referring to (2.2), whenn > (1 —-2) 29, f3(n, 1) =

is an increasing function

Van
(An)Tn+3
with respect to the product of An and with respect to n.
(25-1)
2:27% ((#) ' e) 1.2495E+33
Let integers ny= 25, and A;=27. Then f3(ny,4,) = ” 27)@” R s

Whenm=n=n=(1—-2)=(1; —2) =25, 5(mA) = f5(n, 1) = f3(n,4;) > 1.

From (2.2), whenm =n=(1—2) 225, fz3(n,A) >1and f5(m, 1) > 1since f5(n, 1) is an
increasing function with respect to the product of An. When m > n > (4 — 2) > 25, then
fz(n,A) >1and f3(m, A) > 1since f3(n, 1) is also an increasing function with respect to n.

()1 } '
((A=Dn)! >f3(n,/1) 2f3(7’l1,11) >1;
am)!
and [ypmspom {ﬁ} > fa(m,A) 2 fz3(n, A1) > 1. (2.5.1)
(An)!
(A-1D)n)!
} has a power of O or 1. (2.5.2)

Referring to (2.2.1), whenm 2n 2 (1 -2) 225, [j5p.p {

Referring to (2.4.2), when m 2n > (1 —2) 2 25, every prime number in F/Inzp>n{ } andin

(Am)!
Dimepsm {m

Referring to (2.5.1), (2.4.3), (2.4.4), and (2.4.5), whenm 2n > (4 —2) 2 25,
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7

(An)! (Am)! (An)! }
Dinzpon {((l—l)n)!} > 1, and Dmzpom {((/1—1)m)!} > 1, then Danap- -1 {((,1—1)n)!

referring to (1.3), there exists at least a prime number p such that (1 —1)n <p < An.

Thus, Lemma 5 is proven. It was proven in [5, pp 1324-1329] with more details.

3. A Prime Number Between (A-1)n and Anwhen 26 2423 andn 2 4-2

Proposition 1: For 1 =3, when n 2 1 —2, there exists at least a prime number p such that
(A—-1)n<p<in. (3.1)
Proof:

Referring to (2.3) for A = 3, when n 2 ny > 24, fg(n, A) is a strictly increasing function on n.

Let ng =83. When A =3 andn >n, =83,

222 (G) . (%)A_lyno_l)

_ 18-(1.6875)®3"1D 7.7493E+19

fe(no, ) = [Aro - V249 ~ 620006419
(ng)y 3 +3 (249) 3 °°

Thus, for A =3, whenn 283, n> 1 -2 and fg(n, 1) 2 fg(ny, 1) > 1; then, referring to (2.4),
there exists at least a prime number p such that (1 —1)n<p < An.
ForA=3,when822>n2>1=1 -2, Table 1 shows that there exists a prime number p such that

(A—=1n<p<in.
Thus, (3.1) is proven.

Table 1. For 82 >n>1and A4 = 3, there is a prime number p such that 2n<p <3n

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14
4] 3 5 7 11 13 17 19 19 23 23 29 29 31 31
n 15 16 17 18 19 20 21 22 23 24 25 26 27 28
14 37 37 41 41 43 43 47 47 53 53 59 59 61 61
n 29 30 31 32 33 34 35 36 37 38 39 40 41 42
14 67 67 71 71 73 73 79 79 83 83 89 89 97 97
n 43 44 45 46 47 48 49 50 51 52 53 54 55 56
14 101 101 103 103 107 107 109 109 113 113 127 127 131 131
n 57 58 59 60 61 62 63 64 65 66 67 68 69 70
14 139 139 149 149 151 151 157 157 163 163 167 167 173 173
71 72 73 74 75 76 77 78 79 80 81 82
14 179 179 181 181 191 191 193 193 197 197 119 199

Proposition 2: For 5> 1 >4, when n > A —2, there exists at least a prime number p such that
(A—=1)n<p<in. (3.2)

Proof:
From (2.3), for 5> 1 > 4, when n 2 n, 2 24, fg(n, A) is a strictly increasing function on n.
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Let ny =40. Whenn 2ny=40and 521 24, fg(n, 1) 2 fg(ny, A) > 1. The calculations are below.

(no-1)
3). (L)’H
4/ \1-1 __32-(23703)*0"1)  13258E+16

212-<
When A =4, fg(ny,A) =

(lno)@+3 (160)%4-3 8.0503E+15
(no-1)
A-1
2 A A
When A =5, fg(ng, 1) = i <(Z) | (ﬁ) ) __50-(3.0518)*0"1)  7.8968E+18
=39, J8 0 - —VAnO+3 ~ (200)¥+3 - 5.6253E+17
(Angy) 3

Thus, for5212>4, whenn240,n > 1 —2 and fg(n, 1) > 1; then, referring to (2.4), there exists

at least a prime number p such that (1 —1)n<p < An.
For5>124,when392>n2>A —2, Table 2 shows that there exists a prime number p such that

(A—=1)n<p<in.
Thus, (3.2) is proven.

Table 2. For5>A2>4and 39 >n > A —2, there is a prime number p such that (A —1)n<p < An.

n 2 3 4 5 6 7 8 9 10 11 12 13 14
3n 6 9 12 15 18 21 24 27 30 33 36 39 42
P 7 11 13 17 19 23 29 31 31 37 37 41 43
4n 8 12 16 20 24 28 32 36 40 44 48 52 56
P 13 17 23 29 31 37 41 43 47 53 59 61
5n 15 20 25 30 35 40 45 50 55 60 65 70
n 15 16 17 18 19 20 21 22 23 24 25 26 27
3n 45 48 51 54 57 60 63 66 69 72 75 78 81
P 47 53 59 59 61 61 67 67 71 73 79 79 83
4n 60 64 68 72 76 80 84 88 92 96 100 104 108
P 67 71 73 79 79 83 89 97 101 103 107 109 113

5n 75 80 85 90 95 100 105 110 115 120 125 130 135

n 28 29 30 31 32 33 34 35 36 37 38 39
3n 84 87 90 93 96 99 102 105 108 111 114 117
4] 89 89 97 97 101 101 103 107 109 113 127 131

4n 112 116 120 124 128 132 136 140 144 148 152 156

P 113 127 131 137 139 149 151 157 163 173 179 191

5n 140 145 150 155 160 165 170 175 180 185 190 195

Proposition 3: For 11 > 1> 6, when n > 1 —2, there exists at least a prime number p such that
(A—=1)n<p<in. (3.3)

Proof:
Referring to (2.3) for 11 > 1 > 6, when n 2 n, > 24, fg(n, 1) is a strictly increasing function on n.

Let ny =28. Whenn 2 ny=28 and 11 2 1 2 6, fg(n, 1) = fzg(ny, A) > 1. The calculations are below.
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A-1
() (2)7)
4/ \A-1 . (28-1)
72 - (3.7325 2.0014E+17
When 1=6, fg(ng, 1) = g =2 \/16)8 ~ 1o5156+16 1.
(Ang) 3 3 (168) 5 '
(no-1)
A-1
2 (A [ 2
When 1= 7 1 24 <(Z) =) ) 98- (44128)28-1)  2.5033E+19
end=7, fg(ng, ) = JAng = V196 ~ 3.7501E+17
(Ano)—S +3 (196) 3 +3
(no-1)
A-1
2. ([ (4. (&2
When 1 < 8 = 24 ((4) (/1-1) ) _128-(5.0930)28"1)  1.5686E+21
enl1=8, fg(ng,4) = Ao = V224 . 5.9689E+18
(Any) 3 2 (224) 3
(no-1)
A-1
2 (A (2
When 1= 9 1 < 24 <(Z) =) ) _162-(5.7730)8D)  58527E+22
enl=9, fg(ng,A) = JAng - V352 B1510E+19
(Ang)y 3 °° (252) 3
(no-1)
A-1
2 [ (&), (A
When 4 < 10 = 24 ((4) (71-1) ) _200-(6.4529)25"D)  1.4602E+24
en A =10, fg(ng, 1) = [Ano = V80, 9.7946E+20
@ngy 3+ (280) 3
(no-1)
A-1
2 [ (&), (A
When A = 11, f, (g, 1) = 2 ((4) (71-1) ) _242-(7.1328)28"1)  2.6414E+25 o1
=11, 78(ng, 4) = Zng = V308 . T 1.0560E+22

(Ang) 3 12 (308) 3
Thus, for 112126, whenn 228, n> 1 -2 and fg(n, 1) 2 fg(ny, A) > 1; then, referring to (2.4),
there exists at least a prime number p such that (1 —1)n <p < An.
For 11> 126, when 27 >n > A1 —2, Table 3 shows that there exists a prime number p such that
(A—=1)n<p<in.
Thus, (3.3) is proven.

Table 3. For11>A>6and 27 >n > A —2, there is a prime number p such that (A —1)n<p < An.

n 4 5 6 7 8 9 10 11 12 13 14 15

5n 20 25 30 35 40 45 50 55 60 65 70 75

=6 4] 23 29 31 37 41 47 53 59 61 67 71 79
6n 24 30 36 42 48 54 60 66 72 78 84 90

A=7 4] 31 37 47 53 59 61 67 79 83 89 97
n 35 42 49 56 63 70 77 84 91 98 105

=8 P 47 53 59 67 79 83 89 97 101 109
8n 48 56 64 72 80 88 96 104 112 120

=9 14 59 67 79 83 89 97 107 113 127
9n 63 72 81 90 99 108 117 126 135

=10 14 79 83 97 107 113 127 137 139
10n 80 90 100 110 120 130 140 150
=11 14 97 107 113 127 137 149 157
11n 99 110 121 132 143 154 165
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n 16 17 18 19 20 21 22 23 24 25 26 27

5n 80 85 90 95 100 105 110 115 120 125 130 135

=6 4] 83 89 97 101 103 107 113 127 131 137 139 149

6n 96 102 108 114 120 126 132 138 144 150 156 162

=7 4] 101 107 113 127 131 137 139 149 151 157 163 167

n 112 119 126 133 140 147 154 161 168 175 182 189

=8 P 113 127 131 137 149 149 151 163 173 179 191 199

8n 128 136 144 152 160 168 176 184 192 200 208 216

=9 P 139 137 149 163 173 179 191 199 211 223 227 229

9n 144 153 162 171 180 189 198 207 216 225 234 243

A=10 P 157 163 173 179 191 199 211 223 227 229 239 251

10n 160 170 180 190 200 210 220 230 240 250 260 270

=11 4] 163 179 191 199 211 223 227 239 251 257 269 281

11n 176 187 198 209 220 231 242 253 264 275 286 297

Proposition 4: For 26 > 1 > 12, when n > A —2, there exists at least a prime number p such that
(A —1)n<p<in. (3.4)

Proof:
Referring to (2.3) for 26 2 A > 12, when n 2 n, 2 24, fz(n, A) is a strictly increasing function on n.

Let ng =25. Whenn 2n, =25 and A =12, then

(no—-1)
A-1
2 2
4) (/1—1) ) - 288 - (7.8126)25-1) __ 7.7000E+23

2/12-<(
fe(m,2) = fg(ng, ) =

/ ~ /300 ~
(Ano)@ﬂ (300) 3+ 5.4078E+21

Forn>n, =25and 26 21 > 13, then fg(n, 1) 2 fg(ny, 1). It can be seen from Table 4 that the
values of fg(ng, A) as well as fg(n, A) are all greater than 1.
(Detailed calculations are in Appendix.)

Table 4. When n 2 ny =25 and 26 > 1 > 13, then f3g(n, 1) = fg(ny, 4) > 1.

A 13 14 15 16 17 18 19 20 21 22 23 24 25 26

fg(ny) | 156 | 157 | 145 | 125 | 102 | 78.7 | 58.5 | 41.9 | 29.1 | 19.7 | 13.0 | 8.35 | 5.29 | 3.29

Thus, for 26 21> 12, whenn 225> A =2, fg(n, 1) 2 fg(ny, A) > 1; then, referring to (2.4),
there exists at least a prime number p such that (1 —1)n <p < An.

For 13>12>12and 24 2n > A —2, Table 5 shows that there exists a prime number p such that
(A=1)n<p<in.
For26>1>14 and 24 >n > A —2, Table 6 shows that there exists a prime number p such that
(A=1)n<p<in.

Thus, (3.4) is proven.
Combining (3.1), (3.2), (3.3), and (3.4), when 26 2 A1 >3 and n > A —2, there exists at least a
prime number p such that (1 —1)n <p < An. (3.5)
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Table 5. For 1321212 and 24 2n > A —2, there is a prime number p such that (A —1)n <p < An.

n 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
11n | 110 | 121 | 132 | 143 | 154 | 165 | 176 | 187 | 198 | 209 | 220 | 231 | 242 | 253 | 264
A=12 P 113 | 127 | 137 | 149 | 157 | 167 | 179 | 191 | 199 | 211 | 223 | 241 | 251 | 269 | 277
12n | 120 | 132 | 144 | 156 | 168 | 180 | 192 | 204 | 216 | 228 | 240 | 252 | 264 | 276 | 288
A=13 P 137 | 149 | 157 | 179 | 191 | 199 | 211 | 223 | 241 | 251 | 269 | 277 | 283 | 293
13n 143 | 156 | 169 | 182 | 195 | 208 | 221 | 234 | 247 | 260 | 273 | 286 | 299 | 312
Table 6. For 26 2 A > 14 and 24 >n > 1 —2, there is a prime number p such that (A —1)n <p < An.
n 12 13 14 15 16 17 18 19 20 21 22 23 24
13n 156 169 182 195 208 221 234 247 260 273 286 299 312
A=14 P 157 179 191 199 211 223 241 251 269 277 293 307 317
14n 168 182 196 210 224 238 252 266 280 294 308 322 336
A=15 14 191 199 211 227 241 269 277 293 307 317 331 347
15n 195 210 225 240 255 270 285 300 315 330 345 360
A=16 14 211 227 241 269 277 293 307 317 331 347 373
16n 224 240 256 272 288 304 320 336 352 368 384
A=17 14 241 269 277 293 307 331 347 373 389 401
17n 255 272 289 306 323 340 357 374 391 408
A=18 14 277 293 307 331 347 373 389 401 419
18n 288 306 324 342 360 378 396 414 432
A=19 14 307 331 347 373 389 401 419 449
19n 323 342 361 380 399 418 437 456
A=20 P 347 373 389 401 419 449 461
20n 360 380 400 420 440 460 480
A=21 P 389 419 433 461 467 491
21n 399 420 441 462 483 504
A=22 P 433 461 467 491 521
22n 440 462 484 506 528
A=23 14 467 491 521 541
23n 483 506 529 552
=24 | p 521 | 541 | 563
24n 528 552 576
=25 | p 563 | 587
25n 575 600
=26 | p 613
26n 624
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4. A Prime Number Between kn and (k + 1)n whenn = (k — 1)

Proposition 5: For two positive integers n and k, when n > (k —1), there exists at least a prime
number p such that kn<p < (k + 1)n. (4.1)

Proof:

Referring to (2.5), when n > (4 —2) > 25, there exists at least a prime number p such that

(A — Dn < p £ An. This statement is the same as that when 4 227 and n 2 1 —2, there exists
at least a prime number p such that (1 — 1)n<p < An.

Referring to (3.5), when 26 > 1 > 3 and n 2 1 —2, there exists at least a prime number p such
that (1 —1)n<p < An.

Thus, when A 23 and n 2 A —2, there is at least a prime number p such that (1 —1)n <p < An.

Let integer k = (A — 1), thenforn 21 and k > 2, when n > (k —1), there exists at least a prime

number p such that kn<p < (k + 1)n. (4.2)
The Bertrand-Chebyshev’s theorem points out that for n > 1 and k = 1, there exists at least a
prime number p such that kn<p < (k + 1)n. (4.3)

From (4.2) and (4.3), we can conclude that forn 21 and k 21, when n > (k —1), there exists at
least a prime number p such that kn < p < (k + 1)n. Thus, Proposition 5 becomes a theorem,
Theorem 4.1, and Bertrand-Chebyshev’s theorem is a special case of this theorem.
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6. Appendix

Calculation of fg(ny, A1) when ny =25 and 26 2 A > 13.

(np-1)
&).(L)’H
4/ \1-1 _ 338-(8.4924)?5"D)  6.6934E+24

222, <(
When 1 =13, fg(ng, A) =

Vano = V325 4.2676E+22 ~ 156> 1.
(Ang) 3 (325) 3
(no—-1)
A-1
2% (G) ' (ﬁ) ) 392-(9.1721)25-1  4.9265E+25
When A =14, fg(ng, A) = NS ~ G~ 31aarizs 157 > 1.
(Ang) 3 3 (350) 3
(no-1)
A-1
2% (G) ' (’1%1) ) 450 -(9.8518)(25~1  3.1448E+26
When A = 15, fg(no, A) = Nz ~ @+3 =~ 2 1746E 124 ~ 145> 1.
(Ang) 3 3 (375) 3
(no-1)
A-1
2% (G) ' (’1%1) ) 512-(10.5315)25"D  1.7743E+27
When A = 16, fg(no, A) = Nz ~ @+3 ~ 1.4234E425 ~ 125> 1.
(Ang) 3 3 (400) 3
(no-1)
A-1
222 <(%) ' (ﬁ) ) 578 -(11.2112)(25"1)  8.9862E+27
When 1 =17, f3(no, 4) = Vg - Vazs . T 8.8497E+25 102>1.
(Ang) 3 13 (425) 3
(no-1)
222, ((&) . (L)“)
4/ M=1 648 - (11.8909)(25-1  4.1374E+28
When 1=18, f5(1o, 1) = Jang - V450, . T 5.2574E+26 787> 1.
(Ang) 3 3 (450) 3
(no-1)
A-1
2% (G) ' (’1%1) ) 722 -(12.5705)25-1)  1,7498E+29
When A = 19, fg(no, A) = g =~ @+3 =~ 2.9904E427 =~ 585 > 1.
(Ang) 3 3 (475) 3
(no-1)
A-1
2 (G) ' (ﬁ) ) 800 - (13.2502)25-1)  6.8616E+29
When 4 =20, fg(ng, 1) = — ~ Vw,.  ~ Teseerrar 419> 1.
(Ang) 3 °° (500) 3
(no-1)
A-1
2 (G) ' (ﬁ) ) 882 - (13.9298)(25-1)  25127E+30
When 4 =21, fg(ng, 1) = — ~ V..~ sezotrras 29.1>1.
(Ang) 3 3 (525) 3
(no-1)
-1
2% (G) - (%) ) 968 - (14.6094)(25-1)  86507E+30
When A =22, fg(ng, A) = — ~ .~ sao1sEezs 19.7 > 1.
(Ang) 3 3 (550) 3

1058 - (15.2891)?5~D) 2.8161E+31

Whend =23 f8 (noj /1) ) (Ano)@+3 N (575)@% = 21742E+30 ~13.0>1.
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When 1 =24, fz(ngy, 1) =

/1_1>(n0—1)

2 (3)-(2)

1152 - (15.9687)5-1

8.7081E+31

~ ~ ~ 835> 1.
3 vyAno . (600)_%30%3 1.0425E+31 8.35>1
(Ang) 3
(no—-1)
A-1
2 [ (2 A
When 1 = 25, f5(ng, A) = i <(Z)(ﬂ) ) - 1250 - (16.6483)(25-1) _ 2.5691E+32 5291
=25, Jg(ng, 4) = N )MH ~ (625)%325"3 T 4.8599E+31 '
Ng 3
(no—-1)
A-1
2 [ (2 A
When 1 = 26, f3(ng, 1) = i <(Z)(ﬂ) ) __ 1352 (17.3279)25-1 _ 72594E+32 _ 3291
=26, Jg(ng, 4) = N )MH ~ (650)\/63504'3 = 22080E+32 '
Ng 3
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