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Abstract: This paper presents new binomial series and its summations of the optimized 

combinations relating to the combinatorics. These series and summations will be useful for the 

researchers who are involving to solve the scientific problems. 
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I. Introduction to Optimized Combination  

The optimized combination [1, 2] of combinatorics is expressed as follows: 
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(𝑛 + 1)(𝑛 + 2)) ⋯ ⋯ (𝑛 + 𝑟)

𝑟!
= 𝑉𝑛

𝑟 , 

𝑖. 𝑒., 𝑉𝑟
𝑛 = ∏

𝑟 + 𝑖

𝑛!

𝑛

𝑖=1

= ∏
𝑛 + 𝑖

𝑟!

𝑟

𝑖=1

=  𝑉𝑛
𝑟   (𝑛, 𝑟 ≥ 1 &  𝑛, 𝑟 ∈ 𝑁), 

where 𝑁 = {0, 1, 2,3, ⋯ ⋯ }, 𝑉𝑟
𝑛 is a binomial coefficient, 𝑎𝑛𝑑 𝑛! is the  factorial of n. 

 

Some results [1, 2] of the optimized combination are provided below: 

i).       𝑉𝑛
0 = 𝑉0

𝑛 = 1 (𝑛 ≥ 1   &    𝑛 ∈ 𝑁), 

         where 𝑉𝑛
0 alaway implies 𝑉0

𝑛 , 𝑖. 𝑒. , 𝑉𝑛
0 ⟹ 𝑉0

𝑛. 

ii).     𝑉𝑟
𝑛 = 𝑉𝑛

𝑟  (𝑛, 𝑟 ≥ 1 &  𝑛, 𝑟 ∈ 𝑁) &   𝑉𝑛
0 = 𝑉0

𝑛. 

iii):    𝑉0
𝑛 + 𝑉1

𝑛 + 𝑉2
𝑛 + 𝑉3

𝑛 + ⋯ + 𝑉𝑟
𝑛 = 𝑉𝑟

𝑛+1  ⟹ ∑ 𝑉𝑖
𝑛

𝑛

𝑖=0

= 𝑉𝑟
𝑛+1   (𝑛, 𝑟 ∈ 𝑁). 

 

II. Novel Series of Optimized Combination  

From the result (iii) in this paper, the following series and its summations are expressed:   

 

1 + 𝑉1
𝑛 + 𝑉2

𝑛 + 𝑉3
𝑛 + ⋯ + 𝑉𝑟

𝑛 = 𝑉𝑟
𝑛+1  ⟺   1 + 𝑉𝑛

1 + 𝑉𝑛
2 + 𝑉𝑛

3 + ⋯ +𝑉𝑛
𝑟 = 𝑉𝑛+1

𝑟  

  

This result was newly constituted by Chinnaraji Annamalai[1, 2], Indian Institute of Technology 

Kharagpur.  By using this result, the new series and summations shown below are derived:  
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(1).       ∑
(𝑖 + 1)

1!

𝑛

𝑖=0

= 1 + 2 + 3 + ⋯ + 𝑛 + (𝑛 + 1) =
(𝑛 + 1)(𝑛 + 2)

2!
. 

 

(2).     ∑
(𝑖 + 1)(𝑖 + 2)

2!

𝑛

𝑖=0

= 1 + 3 + 6 + ⋯ +
(𝑛 + 1)(𝑛 + 2)

2!
=

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)

3!
. 

 

 

(3).       ∑
(𝑖 + 1)(𝑖 + 2)(𝑖 + 3)

3!

𝑛

𝑖=0

=  
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)(𝑛 + 4)

4!
. 

 

 

(4).       ∑
(𝑖 + 1)(𝑖 + 2)(𝑖 + 3)(𝑖 + 4)

4!

𝑛

𝑖=0

=  
(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)(𝑛 + 4)(𝑛 + 5)

5!
. 

 

Similarly, the series are continued upto r times. The r
th

 series and its summation are:   

 

(𝑟).       ∑
(𝑖 + 1)(𝑖 + 2)(𝑖 + 3) ⋯ (𝑖 + 𝑟)

𝑟!

𝑛

𝑖=0

=  
(𝑛 + 1)(𝑛 + 2) ⋯ (𝑛 + 𝑟)(𝑛 + 𝑟 + 1)

(𝑟 + 1)!
 

 

𝑖. 𝑒. , ∑  ∏
𝑖 + 𝑗

𝑟!

𝑟

𝑗=1

𝑛

𝑖=0

  =   ∏
𝑛 + 𝑖

(𝑟 + 1)!

𝑟+1

𝑖=1

. 

 

This general expression is novel binomial series and its summation constituted by Chinnaraji 

Annamalai[1,2].  

 

III. Conclusion  

In this paper, the novel binomial series and summations have been derived using the results [1, 2] 

of the optimized combination in the field of combinatorics. These series and summations will be 

useful for the researchers who are involving to solve the scientific problems and meet today’s 

challenges. 
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