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Abstract

In this paper, I talk about some integrals and Melzak’s product in
terms of Barnes function but there are mistakes and so I give the real
formulas.In total, there are three integrals and in the same time, I give
more general formulas.

We find two papers:

-Contributions to the theory for the Barnes function for one inte-
gral. (1)

-Multiple Gamma Function and Its Application to Computation of
Series and Products for two integrals and the Melzak’s product. (2)

1 Definition

The Barnes function is defined as the following Weierstrass product:

G (1 + z) = (2π)
z
2 e−

z(1+z)
2 − γ z2

2

∞∏
k=1

(
1 +

z

k

)k

e−z+ z2

2 k (3)

where gamma is the Euler-Mascheroni constant.

The following properties of G are well-known.
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2 Properties

G(1) = 1 (4)

G (1 + z) = G (z) Γ (z) (5)

log (G (1 + z)) =
z log (2π)

2
− z (1 + z)

2
+ z log (Γ (1 + z))−

∫ z

0

log (Γ (t+ 1)) dt (6)

∫ z

0

log (Γ (t+ 1)) dt =
z log (2π)

2
− z (1 + z)

2
+ z log (Γ (1 + z))− log (G (z))− log (Γ (z)) (7)

3 The first integral∫ ∞

0

x2

e2π x − 1
arctan

(x
z

)
dx

Let A be the Glaisher–Kinkelin’s constant (8),K be the Catalan’s con-
stant (9).

Consider the integral
∫∞
0

x2

e2π x−1 arctan
(
x
z

)
dx

z is a positiv number.

So in the paper Contributions to the theory for the Barnes function
page 12:

2log (Γ3 (z + 1)) = − z3(log(z)−H3 )
2 + log (G (1 + z)) + z2ζ (1, 0) −

2 zζ (1,−1) + ζ (1,−2) + 2
∫∞
0

x2

e2π x−1 arctan
(
x
z

)
dx

There are 2 mistakes, it’s difficult to explain and the real identity
is:

-2log (Γ3 (z + 1)) = − z3(log(z)−H3 )
3 + log (G (1 + z)) + z2ζ (1, 0) −

2 zζ (1,−1) + ζ (1,−2) + 2
∫∞
0

x2

e2π x−1 arctan
(
x
z

)
dx

Where H3 is a harmonic number and we know that H3 = 11/6 and
Γ3 (z) is the triple gamma function.

It’s possible to give the triple gamma function in terms of ζ (1,−2, z)
where ζ (1,−2, z) is the derivative of the Hurwitz Zeta function at z.

So I have the formula of the integral
∫∞
0

x2

e2π x−1 arctan
(
x
z

)
dx
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− 11 z3

36 + z
12 − ζ(1,−2,z)

2 + z2 log(2π)
4 + log(Γ(z))z2

2 − log (Γ (z)) z −
z log (G (z))− z log (A) + z3 log(z)
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It’s possible to obtain a more general formula for
∫∞
0

x2

eaπ x−1 arctan
(
x
z

)
dx

Where a and z both positiv number.

− 11 z3

36 + z
3 a2−4

ζ(1,−2, az
2 )

a3 + z2 log(2π)
2 a + z2

a log
(
Γ
(
az
2

))
−4

log(Γ( az
2 ))z

a2 −

4
z log(G( az

2 ))
a2 − 4 z log(A)

a2 + z3

6 log
(
az
2

)

4 The second integral∫ ∞

0

x2 + z2

e2π x − 1
arctan

(x
z

)
cos

(
2 arctan

(x
z

))
dx

z is a positiv number.

We find this integral in the paper Multiple Gamma Function and
Its Application to Computation of Series and Products page 5.

There are a connection with the first integral.

Using the relationship, we have the formula of the integral:

29 z3

36 − z
12−

2 z3 log(z)
3 + z2 log(z)

4 − z2 log(2π)
2 +log (Γ (z)) z+z log (G (z))+

z log (A) + ζ(1,−2,z)
2

It’s possible to obtain a more general formula for
∫∞
0

x2+z2

eaπ x−1 arctan
(
x
z

)
cos

(
2 arctan

(
x
z

))
dx

Where a and z both positiv number.

29 z3

36 − z
3 a2 − 2 z3

3 log
(
az
2

)
+ z2

2 a log
(
az
2

)
− z2 log(2π)

a +4
z log(Γ( az

2 ))
a2 +

4
z log(G( az

2 ))
a2 + 4 z log(A)

a2 + 4
ζ(1,−2, az

2 )
a3
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5 The third integral∫ ∞

0

1

e2π x − 1
log

(
x2 + z2

)
sin (2 arctan (x/z))

(
x2 + z2

)
dx

z is a positiv number.

We find this integral in the paper Multiple Gamma Function and
Its Application to Computation of Series and Products page 5.

Using the relationship page 5, we have the formula of the integral:

− 3 z3

2 + z
6 +z3 log (z)+z2 log (2π)−2 log (Γ (z)) z−2 z log (G (z))−

2 z log (A)

It’s possible to obtain a more general formula for
∫∞
0

log(x2+z2)
ea π x−1 sin

(
2 arctan

(
x
z )
)(

x2 + z2) dx

Where a and z both positiv number.

− 3 z3

2 + 2 z
3 a2+z3 log

(
az
2

)
+log (2)

(
2 z2

a + 2 z
3 a2

)
− 2 log(a)z

3 a2 +2 z2 log(π)
a −

8
log(Γ( az

2 ))z
a2 − 8

z log(G( az
2 ))

a2 − 8 z log(A)
a2

6 The Melzak’s product

We find the Melzak’s product in the paper Multiple Gamma Function
and Its Application to Computation of Series and Products page 19.

We see

limN→∞

(∏2N
k=1

(
1− 4 x2

k2

)−k2(−1)k
)
=

Γ3( 3
2−x)

8
Γ3( 3

2+x)
8
cos(π x)(G(1−x))4(G(1+x))4

Γ3(1−x)8Γ3(x+1)8π
e2 x2+

7 ζ(3)

2π2

There are a mistake about the power and the real formula is:

limN→∞

(∏2N
k=1

(
1− 4 x2

k2

)−k2(−1)k
)
=

Γ3( 3
2−x)

−8
Γ3( 3

2+x)
−8

cos(π x)(G(1−x))4(G(1+x))4

Γ3(1−x)−8Γ3(x+1)−8π
e2 x2+

7 ζ(3)

2π2

I see on a other paper the notation G3 (z) but nevermind because
G3 (z)=Γ3 (z) and consequently we have the same mistake.
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7 Applications

First example

Consider and calculate the closed form∫ ∞

0

x2

e3π x − 1
arctan

(x
2

)
dx

So we see a=3 and z=2

We obtain

− 64
27 + 2 log(π)

3 + 14 log(2)
27 + 4 log(3)

3 − 8 log(A)
9 − 4 ζ(1,−2)

27

Or if you prefer, using the relationship ζ (1,−2) = − ζ(3)
4π2

Where ζ (3) is the Apery’s constant (10)

− 64
27 + 2 log(π)

3 + 14 log(2)
27 + 4 log(3)

3 − 8 log(A)
9 + ζ(3)

27π2

Second example

Consider and calculate the closed form∫ ∞

0

1

e4π x − 1
arctan

(
3x

2

)
cos

(
2 arctan

(
3x

2

))(
x2 +

4

9

)
dx

So we see z=2/3 and a=4

We obtain

473
1944 +

2 log(Γ(1/3))
9 − log(π)

9 − 32 log(2)
81 − 19 log(3)

648 + π
√
3

324 − Ψ(1, 13 )
√
3

216π −
log(A)

18 +
ζ(1,−2, 13 )

16

Where Ψ
(
1, 1

3

)
is the trigamma function at 1/3 (11)

I use the relation ζ (1,−2, 1 + t)=t2 log (t)+ ζ (1,−2, t) with t=1/3

Third example
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Consider and calculate the closed form∫ ∞

0

1

e
1
2 π x − 1

log
(
x2 + 9

)
sin (2 arctan (x/3))

(
x2 + 9

)
dx

So we see z=3 and a=1/2

We obtain

− 83
2 +72 log (Γ (1/4))−36 log (π)−38 log (2)+27 log (3)−24 K

π +
12 log (A)

Fourth example

Consider and calculate the closed form limN→∞

(∏2N
k=1

(
1− 9

4 k2

)−k2(−1)k
)

So we see x=3/4

Γ3

(
3
4

)
= e−

3K
16π− 9

128+
27 log(A)

32 −
ζ(1,−2, 1

4 )
2 +

19 ζ(3)

128π2 +
5 log(π)

32 +
5 log(2)

64 − 5 log(Γ(1/4))
32

Γ3

(
9
4

)
= e−

3K
16π+ 9

128−
27 log(A)

32 +
ζ(1,−2, 1

4 )
2 +

ζ(3)

8π2 +
5 log(Γ(1/4))

32

Γ3

(
1
4

)
= e

5K
16π− 15

128+
45 log(A)

32 +
ζ(1,−2, 1

4 )
2 +

ζ(3)

8π2 +
21 log(Γ(1/4))

32

Γ3

(
7
4

)
= e−

3 log(2)
64 + K

16π+ 3
128−

9 log(A)
32 −

ζ(1,−2, 1
4 )

2 +
19 ζ(3)

128π2 − 3 log(π)
32 +

3 log(Γ(1/4))
32

Γ3( 3
4 )

−8
Γ3( 9

4 )
−8

Γ3( 1
4 )

−8
Γ3( 7

4 )
−8 =

(Γ( 1
4 ))

6

2π2 e−
3
4+6 K

π +9 log(A)

(
G
(
1
4

))4 (
G
(
7
4

))4
= π3

(Γ( 1
4 ))

6 2
3
2 e

3
4−9 log(A)

Finally we obtain

−e
9
8+

7 ζ(3)

2π2 +6 K
π
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