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Abstract

This time, I talk about some integrals in the continuity of my prece-
dent paper Corrections about V. S. Adamchik’s papers (1).Now we can
deduce from the three integrals, six new integrals and I give the general
formulas in terms of Barnes function.

1 Definition

The Barnes function is defined as the following Weierstrass product:
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where gamma is the Euler-Mascheroni constant.

The following properties of G are well-known.

2 Properties
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3 Identity and rules

1 1 _ 172 1/2
We knOW tha‘t e27ra:_17(eww_l)(eww+1)7e7rw_1_e7r1'+1

And in general in terms of a: cawlw+1:caﬂ%v71‘c2 afz,l

So we need this identity for the general formula.

And now several rules for calculation:
C(1,-2.4)=—-24=2

Sousi ¢ (Ls, F) = (k% = 1)C (1, 5) + k¢ (s) log (k) with s=-2

C (13 727 1 + t):t2 log (t) + C (13 727 t)

4 The first integral

g2 T
/ ————arctan (—) dx
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Let A be the Glaisher-Kinkelin’s constant (7).
a and z are both positiv number.

I use the identity and the general formula of fooo % arctan (f) dz

r2

So I deduce the general formula of fooom arctan (f) dx

2% log(2 az 23 2 22 az log(T'(az))z? log(T'(%))=
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5 The second integral
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a and z are both positiv number.

I use the identity and the general formula of fooo % arctan (f) cos (2 arctan (g)) dx

So I deduce the general formula of fo ﬁ arctan (f) cos (2 arctan (f)) dx

22%log(2za) 2928 P 2% log(2) +4 zlog(f‘( %)) +4 zlog(G( i)) +
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6 The third integral

> 1
/ e 1 log (2% + 2°) sin (2 arctan (z/z)) (2* + 2°) da
0 eaﬂ'ﬂ:

a and z are both positiv number.

Iuse the identity and the general formula of [ bega(f%zl) sin (2 arctan (£)) (22 + 22) dx

oolog 2242z )
“eamE I

So I deduce the general formula of [ sin (2 arctan (£)) (22 + 22) d
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7 Integrals in terms of hyperbolic sine

We know the identity: pt—=cr—g-mrr

T2
sinh(amz) ~ eam®—1 e2amz_1

Now in terms of a:

I use the same principle and we have three general formulas.



8 The fourth integral
00 2
/ x— arctan (E> dx
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a and z are both positiv number.

The general formula is:

_loa() 4o loa(P(5))=* _ log(T(az)z® | = log(2) _ g log(I (%))
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9 The fifth integral
00 2 2
/ & arctan <£> COS <2 arctan (f)) dzx
o sinh (am z) 2 z

a and z are both positiv number.

The general formula is:

42%log(2)  2’log(m) o 2%log(2) | z2log(az) | o log(T(%))z | ¢ zlog(G(%))
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10 The sixth integral

/OOOIOg (3;2 il 22) (xQ il 22) sin (2 arctan (£)> dx
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a and z are both positiv number.
The general formula is:

16 o8(C(2))= 1 2108(G(F)) | loa(C(ez))z | 4 2lo8(Glaz))
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11 Applications

First example

Consider and calculate the closed form

> z? arctan (2
/ x? arctan ( x)dx
0

e37rac +1

So we see a=3 and z=1/2

We obtain

10%(11(%)) __log(m) 21log(2) log(3) K

35
it 57 27

Where K is the Catalan’s constant

Second example

187

log(A) | 4¢(1,—2,1/4)
- Og::sa + 27

(8)

Consider and calculate the closed form

9

/ arctan (3 x) Zos( arctan (3x)) (x2—|— ) Az
o elmr 41

So we see z=1/3 and a=4

We obtain

223 18(P(5)) | log(m) | 25log(2) _

T 7776 9 1 216
log(A) _ 5¢(1,-2,1/3)  ¢(1,—2)
72 64 18

Or if you prefer,

223 log(T(5)) | loa(m) | 25 los(2) _

1 log(3) _ xy3 | v(1,3)v3
1296 132 2887

1 log(3) _ xy3 | v(1,3)v3
1296 132 2887

T 7776 9 18 216
log(4) _ 5¢(1,—2,1/3) + ¢(3)
72 64 72 72

Where ¢ (3) is the Apery’s constant (9) and I use the relation

C(1,-2)=—33
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And W (1, 1) is the trigamma function at 1/3. (10)

Third example

Consider and calculate the closed form

> 1
/ ————— log (2 + 25) sin (2 arctan (z/5)) (z° + 25) dz
0o €277 +1

So we see z=5 and a=1/2
We obtain

185900 log (T' (1/4))+100 log (r)+212182) 4 80 log (3)—125 log (5)+
40 & — 20 log (A)

Fourth example

Consider and calculate the closed form
o z? x
—————arct —)d
/0 sinh (27 x) arctatt (3) .

So we see z=3 and a=2

We obtain

3 9 log(m) 19 log(2) 9 log(3) log(5) 9 log(A) 7¢(1,-2)
g+ —1  — 4 T T T2 ~ 8

Or if you prefer

3, 9log(m) _ 191log(2) | 9log(3) , log(5) _ 9log(A) , 7¢(3)
st 047T_ ig + Osg +O8 - O2 + 5o

Fifth example

Consider and calculate the closed form

o 2
4
/0 m arctan (g) cos (2 arctan (z/2)) dx

So we see z=2 and a=3

We obtain



4 log(m 182 log(2 37 log(b 4 log(A 7¢(1,—2
L Alosn) | 182108(2) 1o (g) _ STox(®) 4 Alostd) | TCU2)

Or if you prefer

4 log(m 182 log(2 37 log(5 4 log(A 7¢(3
_%_ §<>+ 27g()_10g(3)_ 27g()+ §( )_10%(77)2

Sixth example

Consider and calculate the closed form

/ # log (z* + 9) sin (2 arctan (z/3)) (z* + 9) dz
o sinh

(%5°)
So we see z=3 and a=1/2

We obtain

144 log (T' (1/4)) — 72 log () — 108 log (2) — 48 &£
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