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ABSTRACT.  There are the closed-form representations of the Euler’s Zeta 

function at odd positive integers in this article. 

 

The work to write down formulae for Euler’s Zeta function at odd integers is still being 

sorted out and going to take some time, because the workload is huge, so the style of 

their expressions is first released on this commemorative day. 

Euler’s Zeta function is defined as  

𝜁(𝑚) = ∑
1

 𝑛𝑚

∞

𝑛=1

 ,             
𝑛 = 1, 2, 3, ⋯ 
𝑚 = 2, 3, ⋯    

}  ∈ ℕ. 

For odd positive integers, their closed-form expressions or formulae should be, 

𝜁(2𝑘 + 1) = 𝜋2𝑘  ln(2𝑟1𝑒𝑟23𝑟2𝜋𝑟4) , 

where, 1) 𝑘 = 1, 2, 3, ⋯  ∈ ℕ; 

      2) 𝑟1, 𝑟2, 𝑟3 and 𝑟4 are rational numbers which depend on (2𝑘 + 1) and will be 

determined. 

Although their closed-forms do not behave in the same way as Euler’s zeta functions 

at even positive integers, from what little information we know, perhaps they are like 

this. They cannot help being born mysterious. 

In addition, similar to the results of 𝜁(2𝑘 + 1), the following are formulas of Dirichlet 

Beta functions for even positive integers,  

𝛽(2𝑘) = 𝜋2𝑘−1  ln(2𝑟1𝑒𝑟23𝑟2𝜋𝑟4) . 
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