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Abstract : We will show that it is possible to find a few parameters that describes several ”interesting”
R-Algebras of dimension 4 and 8 (we will recall the very easy and well known 1 and 2 cases).
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I Introduction

We will deal with finite dimensional hypercomplex numbers, that is to say, R-algebras whose elements can be
written (in dimension n) :
n—1
xr = Z a;€;
i=0

Where a; € R, and e; are elements of a basis of the underlying vector space in particular ey = 1; by bilinearity
of the multiplication, such an algebra is fully described by the multiplication table of a basis.

II Dimension 1

This case is very simple : there exists only one R-Algebra of dimension 1 : R itself, the natural basis is ( 1 ).

IIT Dimension 2

The dimension 2 is very well known, a basis of such an algebra is ( 1, e ), and the multiplication table is given
by :

1 e

1 e

e e?
R2

Where e? = a + b - e for some a and b two real numbers. This algebra depends only on the value of €2, and it
is well known that there exists only 3 different such algebras (up to isomorphism) according to the value of

e? € {—1,0,1}, when e = —1, it is usually noted i, when e = 0, it is usually noted &, when e = 1, it is usually
noted j :
1 7 1 € 1
1 1 i 1 1 € 1 1
il 1 -1 € € 0 J J 1
Complex Numbers : C Dual Numbers : Dy Perplex ' Numbers : &

IV  Dimension 4

Starting with dimension 4 there are too many possibilities to give a complete list of the R-algebras, so we add
some constraints? :

Elements of a R-algebra of dimension 4 can be written : 2 = ag + ay - €1 + as - e3 + as - e3, where a; € R. For
sake of simplicity we will not use the - symbol anymore.

1. The Perplex Numbers are sometimes called Split Complex (hence the symbol : &) or Hyperbolic Numbers.
2. I found here, in the hypercomplex group, the root of this idea but modified it a bit.



IV.1 Parametrization for Dimension 4

The following rules are very easy to encode in a spreadsheet, to experiment the different possibilities and to
create new algebras (particularly the algebras not mentionned here (a few), but beware of the existence of an
isomorphism with well known algebra.

® 1 is the unit

@ €3 = €1€9

® €2 €{-1,0,1} and €3 € {-1,0,1}

@ There exists o € {—1,1} (hence a? = 1) such that, for 1 <n,m < 3 : ey(enem) = a(e2)e, and (epem)em =
aen(e,)

® There exists v € {—1,1} (hence v* = 1)such that ejes = vese;.

We can prove that ejes = yege; (and ezes = vezes) :

eres 2 e1(eres) @ a(e?)es ® aes(e?) 9 a?(ezeq)e; ® ~v(erea)er 2 qezer

QED

This result will, also, be referred to as rule ®.
Such an algebra is fully described by the multiplication table of a basis, we will use ( 1,4, 7, k ), rather than
< 1,61,62,63 >

The cells with a blank background are obtained by a straigtforward application of the rules, the proofs for the
cells with a blue background are given there : Proofs, and the cells with an orange background are obtained
from the blue or blank ones applying only rule ®.

1
1 1
i i
J J
k k

Generic R*-algebra

We will note such an algebra R(12, 2, o, 7).
At first glance there are 3222 = 36 different algebras of this type but as i and j play the same role we can
impose i < 7 wich gives 24 possibilities, some of them being isomorphic as seen in the following table.

In the following table, CD(A, \) is the result of the Cayley-Dickson construction from an algebra A with
parameter A defined by :

Let B= A& A, so B is a vector space whose dimension is 2n, addition and scalar multiplication are naturally
defined, but the multiplication and the involution (Z is the conjugate of ) must be specified :

(z, 2") x (y, ¥) = (wy — NW/2', y/x + 2'7)




i? j2 e} vy Symbol | Name

-1 -1 -1 -1 . . .

. 1 . 1 M Split Hyperbolic Quaternions

-1 -1 1 -1 H Quaternions (~ CD(C,1) ~ C/(0, 2) )

-1 -1 1 1

. . . . Cy BiComplex Numbers (~ C® C ~ & @ C)

-1 0 1 -1 | ¢D(C,0) | ”Anticommutative” Dual Complex (~ CD(Dy, 1))

-1 0 1 1 Do Dual Complex (~ C ® Dy)

-1 1 1 -1 H CoQuaternions

1 1 1 -1 (~ C(1,1) ~ Cl(2,0) ~CD(C,—-1) ~CD(E, —1) ~ CD(E, 1))
a1 A

8 8 . . A, Grassmann Numbers on 2 generators (~ CD(DDy,0))
-1 1

0 0 R, Hyper Dual Numbers (~D; ® D)

0 0 1 1

0 1 1 -1 | CD(&,0) | ”Anticommutative” Dual Perplex (~ CD(Dy, —1))

0 1 1 1 | €ExD Dual Perplex Numbers

1 1 -1 -1 M Hyperbolic Quaternions

1 1 1 1 L BiPerplex Numbers (~ € @ &)

IV.2 Proofs for Dimension 4

The sign = alone means that the proof uses a previous result, or o2 = 2 = 1, or the fact that real numbers
commute with every element.
The sign = with a circled number above means that the proof uses the rule bearing that same number.

ik 2 (i) 2 a(i?)j
ki 2 ik = ay(i?) j
ji 2 yij 2 vk
gk 2 jG5) 2 i) 2 an(P)i
kji £ qjk = qayli = aj?i
()i 2 ak(ki) = ky(i®)j = ~aj*®i
= K = yaj%i?
IV.3 Multiplication tables for Dimension 4
1 i k 1 i J k
1 1 i k 1 1 i k
i i 1 k j i i 1 k _j
j j -k -1 S j j k 1 i
k k _j i 1 k k j i 1
Split Hyperbolic Quaternions Quaternions
R4(-1,+1,-1,-1) R4(-1,-1,1,-1)



BiComplexes
R*(-1,£1,1,1)

Dual Complex
R4(_17 O’ ]-7 1)

2-Grassmann
R*(0,0,+1,-1)

Anticommutative Dual Perplex
R%(0,1,1,-1)

Hyperbolic Quaternions
R*(1,1,-1,-1)

Anticommutative Dual Complex
R4(-1,0,1,-1)

J
k
1

i

CoQuaternions
R*(£1,1,1,-1)

2-Hyper-Dual Numbers
R*(0,0,+1,1)

Dual Perplex Numbers
R*(0,1,1,1)

BiPerplex Numbers
R*(1,1,1,1)



V  Dimension 8

With dimension 8 we will need more parameters ...

Elements of a R-algebra of dimension 8 can be written : z = ag+a1-e1+as-es+as-e3+ayq-es+as-e5+ag-eg+az-er,
where a; € R. For sake of simplicity we will not use the - symbol anymore.

V.1 Parametrization for Dimension 8

The following rules are also very easy to encode in a spreadsheet, to experiment the different possibilities and

to create new algebras (particularly the algebras not mentionned here (there are many of them)), but beware

of the existence of an isomorphism with well known algebra.

@ 1 is the unit

) €3 = €169

® e? €{-1,0,1} and €3 € {-1,0,1}

@ There exists o € {—1,1} (hence o = 1) such that, for 1 <n,m < 7: ep(enem) = a(e2)ey, and (epem)em =
aeq(er,)

® There exists v € {—1,1} (hence v = 1) such that ejes = vyese;.

® e5 =ejeq, eg = €9€4, €7 = €364.

@ ee{-1,0,1}

There exists 3 € {—1,1} (hence 82 = 1) such that, for 1 <n <2 : e, eq = Begen.

® There exists § € {—1,1} (hence 6% = 1) such that, for 1 < n,m < 3,n # m : ey(emes) = d(enem)ea,
(esen)em = deq(enem), (enes)em = den(esen,) and, (epeq)(emes) = dey(es(emes)).

From rule @, we can prove for 1 <n < 3, (epeq)(emed) = afdel(enem) :

(eneq)(emed) 2 Sen(ea(emes)) Béen(es(esen)) 2L Boaen(elen) 2 aBded (enem)
QED

This result will, also, be referred to as rule @.

Such an algebra is fully described by the multiplication table of a basis, we will use { 1,14, j, k, eq, €5, €g, €7 ),
rather than ( 1,e1, ea, €3, €4, €5, €6, €7 ).

The cells with a blank background are obtained by a straigtforward application of the rules, or the previous
results in dimension 4 ; the proofs for the cells with a blue background are given there : Proofs, and the cells
with an orange background are obtained from the blue or blank ones applying only rule ®.

1 ) k €4 €5 €6 €7
1|1 i j k eq es €6 er
7 ) i es
j J ) €6
k k €7

€4 €yq
€5 | €5
€6 | €6
€7 | €7

Generic R8-algebra

We will note such an algebra R8(i2, j2, €2, a, 3,7, 6).

At first glance there are 332* = 432 different algebras of this type but as 7, j and e4 play the same role we can
impose i < j2 < e3. which gives 160 possibilities, some (many) of them being isomorphic.



2| 2] e |a | B | v | § | Symbol | Name

-1 -1 | -1 1 ]-1]-1 -1 O Octonions

o B A A | 1 1 |-1 1 B BiQuaternions

S N I A | 1 1 1 1 Cs TriComplex Numbers
-1 -1 0 1 1 ]-1 1 Dy Dual Quaternions

-1 -1 1|1 (-1 ]-1 -1 [} Split Octonions

-1 -1 1|1 1 |-1 1 ® Split BiQuaternions
-1 1 0|1 1 ]-1 1 By Dual Split Quaternions
0 0 0 1 -1 |-1 1 A3 Grassmann Numbers
0 0 0|1 1 1 1 Eg Hyper Dual Numbers
1 1]-1 (1 ]-1 -1 1 | C(2,1) | Clifford Algebra

1 1 111 -1 |-1 1 | C¢(3,0) | Clifford Algebra

1 1 1 |1 1 1 1 s TriPerplex Numbers *

All the R-algebra of dimension 8 that I know of can be described with these 7 parameters, but the Moreno
Octonions (which would need an 8" parameter to split the incidence of ).

3. The TriPerplex Numbers are also called ”Proto-octonions”.



V.2 Proofs for Dimension 8

As in the case of dimension 4 :

The sign = alone means that the proof uses a previous result, or ®> = ¥2 = 1, or the fact that real numbers
commute with every element.

The sign = with a circled number above it means that the proof uses the rule bearing that same number.

ies 2 i(iey) 2 a(i?) ey
ics 2 i(jeq) 9 5(ig)eq 2 Skey © S ey
ier 2 i(key) 9© 5(ik)ey = dai’jey © adi? eg
jes 2 j(ies) Q 5(ji)ey = dvkey © ~0 er
jes 2 j(jea) 2 a(j?) e
jer £ j(key) Q 5(jk)eq = dyajliey ®  ayij? es
kes £ k(ies) 9 §(ki)ey = dayi’je, ®  a6i? eg
kes £ k(jes) 9© 5(kj)eq = dajliey & i es
ker 2 k(key) D a(k?)ey = ayai’j’e, = yi%j2 ey
eak 2 ey(iy) 9 5(eqi)j §B(ies)i 2 Pies)) i(jeq)
2 5(ij)ey 2 Skey ® der
eses 2 eylieq) Bes(est) ® afed i
€466 o 64(j64) 564(€4j) S 04/56221 J
eqer 2 es(key) = deq(eqk) 9 adel k
esi 2 (iey)i B(eqt)i 2 aBi’e
esi 2 (ieq)j B(eai)] Q Boes(ij) & Bdesk = Bkey © B er
esk £ (ieq)k Bleqi)k O Bles(ik) = PBoaileyj daijey © adi? eg
eses 2 (ieq)ey ® ae? i
(e2)i £ aes(esi) = Pileses = afi’edi = e2 = afi’es
eses 2 (ies)(jes) 2 aBdel(if) 2 apsetk
eser 2 (ieg)(kes) 2 di(es(kes)) 2L di(eser) = di(adelk) = ae2(a(i?)j) = e2i? j
eoi 2 (jey)i Blesj)i QO Bdes(ji) = PBovesk = By ey
cej 2 (jea)j Bless)i L aBjfe
eck 2 (jes)k Bleaj)k 92 Bles(jk) = avyBéileqi avydjie, ® vy es
eoes 2 (jes)ey @ ael j
eoes 2 (jea)(ies) 2 aBdel(ji) = afdeiv k
(€2)i 2 aeglesj) = Bjleses = Bjlaelj = e2 = apje?
coer 2 (jea)(kes) 2 dj(ea(kes)) 2 djleser) = dj(adeik) = yjleii
eri 2 (key)i = d(eqk)i 9 eq(ki) = avilesj = ayBijes 2 aByi® e
erj 2 (keq)j = J(eqk)j 9@ ey(ky) = aj’eyi = afj’iey ®  apj?es
erk £ (keq)j = d(esk)k 9 adesk? = ~35%% ey
eres 2 (key)ey ® aed k
eres £ (key)(ies) 2 Ok(es(ies)) £ Ok(eses) = Ok(afBe?i) = afdeki = [ydi*el j
eres 2 (kes)(jea) 2 Ok(es(jes)) £ Ok(eses) = Ok(aBelj) = aBdelks = Bée2j?i
(€2)k 2 aerlerk) = adyj*ileres = Ovj%i%elk = ez = ~j%i%e]




V.3 Multiplication tables for Dimension 8

1 i J k ey es e er

1 1 ) j k ey es e er
i i -1 k -J es -ey -er7 €6
7J j -k -1 i €6 er -e4 -es
k k Jj -7 -1 er -eg es -e4
ey ey -es -eg -e7 -1 ) J k
es es ey -er7 e -7 -1 -k J
e e er es -e5 -7 k -1 -7
e7 er -€g es ey -k -J 1 -1

Octonions
R8(-1, -1, -1, 1, -1, -1, -1)

1 i k es es e er

1 1 ) k ey es e er
7 ) -1 k -J es -e4 er -€6
J j -k -1 i €6 -er7 -e4 es
k k J -7 -1 er €6 -e5 -e4
ey ey es €6 er -1 -1 -J -k
es es -e4 er -€6 -7 1 -k J
e e -er -e4 es -J k 1 -7
er er €6 -e5 -ey -k -j 1 1

BiQuaternions
R8(-1,-1,-1,1,1,-1, 1)

1 i k ey es e er

1 1 7 k ey es eg er
i i -1 k -J es -e4 er -€6
J J k -1 -7 €6 er -e4 -e5
k k -7 -1 1 er -eg -ex eq
ey ey es eg er -1 -7 -J -k
es es -e4 er -€6 -7 1 -k J
€6 €6 er -e4 -e5 -7 -k 1 i
er er -eg -e5 ey -k J ) -1

Tricomplex Numbers
R8(-1,-1,-1,1,1, 1, 1)




1 i k €4 es €6 er
1 1 i 7 k €4 es €6 er
i 1 -1 k - es -e4 er -€6
9 J -k -1 i €6 -e7 -ey es
k k J -7 -1 er eg -ex -e4
eq ey es €6 er 0 0 0 0
es es -e4 er -€6 0 0 0 0
e e -e7 -€y4 es 0 0 0 0
e7 er €6 -e5 -e4 0 0 0 0

Dual Quaternions
R8(-1,-1,0, 1, 1,-1, 1)

1 i k €4 es €6 er
1 1 i j k €4 es €6 er
7 7 -1 k -J es -e4 -e7 €6
J j -k -1 i €6 er -e4 -es
k k Jj -7 -1 er -eg es -eq
ey ey -es -eg -e7 1 -7 -J -k
es es ey -e7 e ) 1 k -7
e e er €4 -ex J -k 1 i
er er -€6 es ey k J -1 1

Split Octonions
R8(-1,-1,1, 1, -1, -1, -1)

1 7 j k €4 es e er
1 1 i j k eq es eg er
i i -1 k -J es -e4 er -€6
J j -k -1 ) €6 -e7 -e4 es
k k J -7 -1 er €6 -e5 -e4
ey ey es €6 er 1 ) J k
es es -e4 er -€6 ) -1 k -7
e e -er -e4 es J -k -1 )
e7 er €6 -e5 -e4 k J -1 -1

Split BiQuaternions
R8(-1,-1,1,1,1,-1, 1)

10




1 i j k €4 es €6 er
1 1 i j k €4 es €6 er
i 1 -1 k - es -e4 er -€6
9 J -k 1 -1 €6 -e7 ey -es
k k J i 1 er €6 es €4
eq ey es €6 er 0 0 0 0
es es -e4 er -€6 0 0 0 0
e e -e7 ey -€5 0 0 0 0
er er €6 €5 N 0 0 0 0
Dual Split Quaternions
R8(-1,1,0, 1, 1,-1, 1)
1 i j k €4 es €6 er
1 1 i J k €4 es €6 er
i i 0 k 0 es 0 er 0
J J -k 0 0 €6 -e7 0 0
k k 0 0 0 er 0 0 0
ey ey -e5 -€g er 0 0 0 0
€5 es 0 -e7 0 0 0 0 0
€6 €6 er 0 0 0 0 0 0
er er 0 0 0 0 0 0 0
3-Grassmann Numbers
R8(0, 0,0, 1, -1, -1, 1)
1 7 J k €4 es e er
1 1 i j k eq es eg er
7 ) 0 k 0 es 0 er 0
J J k 0 0 €6 er 0 0
k k 0 0 0 er 0 0 0
ey ey es €6 er 0 0 0 0
es es 0 er 0 0 0 0 0
€6 €6 er 0 0 0 0 0 0
er er 0 0 0 0 0 0

3-Hyper Dual Numbers
R8(0,0,0,1,1,1, 1)

11



1 i j k €4 es €6 er
1 1 i j k €4 es €6 er
i i 1 k j es €4 er €6
9 J -k 1 -1 €6 -e7 ey -es
k k -J ) -1 er -eg es -e4
ey ey -e5 -€6 er -1 ) J -k
es es -€4 -er7 €6 -0 1 k -J
€ € er -e4 -e5 -7 -k 1 i
e7 er €6 -e5 -e4 -k -J 7 1

Clifford Algebra C¥¢(2,1)

R8(1, 1, -1, 1, -1, -1, 1)
1 i j k €4 es €6 er
1 1 i J k €4 es €6 er
i i 1 k 7 es €4 er €6
J j -k 1 -1 €6 -er7 ey -es
k k -7 ) -1 er -eg es -eq
ey ey -es -eg er 1 -1 -J k
€5 €5 €4 -7 €6 { -1 -k J
e e er -e4 -ex J k -1 -1
er er €6 -e5 -e4 k J -1 -1

Clifford Algebra C{(3,0)

R8(1,1,1,1,-1,-1, 1)
1 7 J k €4 es e er
1 1 i j k €4 es €6 er
i i 1 k J es €4 er €6
J J k 1 ) €6 er ey es
k k J i 1 er €6 es ey
ey ey es €6 er 1 ) J k
es es ey er €6 ) 1 k J
e e er €4 es J k 1 7
e7 er €6 es ey k J 1 1

Proto-Octonions

R8(1,1,1,1,1,1, 1)
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