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Abstract

Bridge graphs are special type of graphs which are constructed by
connecting identical connected graphs with path graphs. We discuss
different type of bridge graphs lexxlk in this paper. In particular, we
discuss the following: complete-type bridge graphs, star-type bridge
graphs, and full binary tree bridge graphs. We also bound the second
eigenvalues of the graph Laplacian of these graphs using methods from
Spectral Graph Theory. In general, we prove that for general bridge
graphs, Bix ;» the second eigenvalue of the graph Laplacian should
between 0 and 2, inclusive. At the end, we talk about the future
work about infinite bridge graphs. We create definitions and found
the related theorems to support our future work about infinite bridge

graphs.
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1 Introduction

Spectral graph theory is the process of characterizing graphs by means of the eigen-
values and eigenvectors of the graph Laplacian. It connects graphs to matrices, and
allows us to understand properties of graph using more analytic means. Recently,
spectral graph theory has found application in machine learning and deep learning.
In particular, there are many clustering algorithms based on spectral methods, like
spectral clustering, that are more effective than tradition clustering methods like
K-means. Many theoretical properties of these algorithms rely on bounding eigen-
values of the graph Laplacian.

Research has already been done in extracting bounds of eigenvalues of special
graphs such as complete graphs, path graphs, the binary tree, and so on. In this
paper, we will be focusing on some special types of graphs which are constructed
by connecting some identical connected graphs by a path or multiple edges, which
we’ll call Bridge graphs. Bridge graphs are constructed by using path graphs, P,
with n > 2, and putting some identical graphs on each end of the path.

We will then bound the second eigenvalues of the graph Laplacians of the graphs
we discussed above. The second eigenvalues are the most important because the first
eigenvalue of the graph Laplacian is always 0. We’ll use test vectors and Loewner
partial ordering to approach this. At the end of this paper, we’ll discuss constructing
infinite bridge graphs, which are constructed by connecting a countably infinite
number of identical connected graphs using path graphs. We’ll also discuss the
general idea for bounding the spectrum of the generalized Laplacian operator.

2 Basic Definitions

The following definitions are from Dan Spielman[1]. Assume we have a graph G with
vertex set V' and edge set E. Assume that the number of vertices is |V| = n. We
can label vertices to be {1,2,3,...,n—1,n}.

Definition 1. The adjacency matrizc M of a weighted graph G = (V,E,w) is
defined as the matriz with the following entries

Wap (a,b) €FE

M(a,b) = {o (a,b) ¢ E

When the graph is unweighted, w(a) = 1 for all (a,b) € E.

Definition 2. The degree of a vertex a is the number of edges attached to it. For
a weighted graph, the degree d(a) of the vertex a is the sum of the weights of the
edges attached to it.



Definition 3. The degree matriz D of a graph G = (V, E) is a diagonal matriz

whose entries are given by
d =b
D(a,b) = (@) ¢
0 a#b
Definition 4. The graph laplacian L of a graph G is defined to be
L=M-D.

Definition 5. (Loewner partial order) Let G1 and G be graphs each with n ver-
tices. Then for the graph Laplacians of G1 and Ga, Lg, and Lg,, we write
Lg, = Lg, if and only if vI Av > vI'Bv for all vectors v. € R™. The relation
%= above is called Loewner partial order. In this case, the graphs G1 and Gs also
have relation G1 = Gs.

3 Basic Theorems

The following theorems are from Dan Spielman][1]

Theorem 3.1. Assume we have a weighted graph G = (V, E), for every edge
e = (a,b), let the weight be wq . For a function x : V. — R™, the quadratic form of
the graph Laplacian is

TLx= Y waslala) - 2())
(a,b)EE

Theorem 3.2. For a n X n symmetric matrix A with ordered eigenvalues \; <

Ao < - < A\, and corresponding eigenvectors ¢1, Po, . . ., ¢n we have
. xTLx
¢i= min ——
(x,¢1)=0, XX
1<k<i—1
with
xTLx

, = arg min .
Pi & (x,01)=0, XTx
1<k<i—1
Theorem 3.3. For a graph G = (V, E), with graph Laplacian L¢, ordered eigen-
values Ay < Ao < -+ < Ay, and corresponding eigenvectors ¢1, ¢a, ..., ¢n, we have

A1 =0 and ¢1 =1 where 1 = (1,...,1)T.

Theorem 3.4. For a unweigted graph G = (V, E) And L¢ is the graph Laplacian
with ordered eigenvalues 0 = Ay < Ao < --- < \,. Then G is connected if and only
if g >0

Theorem 3.5. Suppose Gy and Go are graphs with the relation G1 %= ¢Gy. Then
M (G1) = Ae(Ga)

Theorem 3.6. If G1 is a subgraph of G2 then G < cGs.



4 K, Type Bridge Graphs

Now we will discuss dumbbell-like graphs D;", which are formed by joining two

complete graphs with n vertices, K, 1 and K, 2, with a path graph P,,. For exam-
ple, if we connect two Kg’s together with P5, we have the following:

Notice that this is a simple example of a bridge graph.

Corollary 4.0.1. (The Path Inequality) A path graph P,y is a path from a to b,
and Gqp is a graph with a single edge (a,b), then the following path inequality holds:

|Pa,b|Pa,b = Ga,b~

Theorem 4.1. For the dumbbell-like graph we mentioned above, D", we know that
|Vpm| = 2n +m — 2, we have the following bound on the eigenvalues:

2 12

gy R S o 3 pr y e pr

Proof. Let K, 1 be the first complete graph and K, » be the second complete graph.
We label the vertices of K, 1 as {1,2,3,...,n — 1,n} and suppose that the vertex
shared by K, 1 and P,, is labeled as n. Then the next vertex on P,,, which is
attached to the vertex n is labeled as n+ 1. Repeat the same process until we label
the vertex which is on both P,, and K, » as n+m —1. Finally we label the vertices
of Kpotobe {n+m—1,n+m,...,2n+m—2}

To get the upper bound we construct test vector x to be

m—1 1<i<n
x(1))=<2n+m—1-2i n<i<n4+m-—1
1—m n+m-—1<:<2n+m—2

The vertices n and n+m — 1 are both on one of the complete graphs and the path
graphs, so we need to check their value on both graphs to make sure our construc-
tion of test vector x is consistent.



When i = n we plug into x(i) = m — 1 gets x(i) = m — 1. Also, if substitute
i =mninto z(i) = 2n+n — 2i, we get (i) = 2n+m —1—2n = m — 1. This matches
with the other graph. When i = n+m —1 we substitute into z(i) = 2n+m —1— 24,
which yields z(i) = 2n+m — 1 —2(n+m — 1) = —m + 1. Also if we substitute
¢t =n into z(i) = 1 —m, we get x(i) = 1 — m, This also matches with the other
graph. Hence we have verified the consistency of our test vector.

Now we need to calculate the inner product of test vector x and the vector
1=(1,...,1)T. We have

(x.1) = 3 (i)

eV
2n+m—2
= Y =)
=1
n—1 n+m—1 2n+m—2
=1 i=n i=n—+m
n—1 n+m—1 2n+m—2
=Y (m-1+ > @n4+m-1-2)+ > (1-m)
i=1 i=n i=n+m

We now deal with the three terms separately. For the first term,

n—1

Y (m=1)=(m-1)(n-1).

i=1
For the second second term, we get

n+m—1
Y @n+m—-1-2)=0n+m—-1)n+m+1-n—1)—-2-

1=n

n+m-—1+n
5 .

Lastly, , ,
n+m—

> 1-m)=(1-m)(n-1).

i=n+m

Adding the terms up, we get
(x,1) =0.

From the calculation above, we know that we can use x to get the upper bound



of Aa(DI™). From Theorem 4 we have

xTLx

xTx

Z(a b)eE( z(a) — x(b))Q
Y ali)?

A2(Dy') <

n

_ Pi<ijen (@) — 2(5))?
B Dorcicn T2+ cicnim1 T+ 2 1<icontm_1 T(9)?
Zn<z J<nt+m— 1(33() - x(]))2
Dor<icn T2+ cicnim1 T2 + 2 1<iconim—1 (0)?
i Zn-}-m 1<4,j<2n+m— 1( x(i) — x(]))2
Dor<icn T2+ cicnim1 T2 + 2 1<icontm-1 x(i)?

The first and last term of the sum are zero, so this means that
B 0+ 2 (2(i) — 2(i +1))2 40

(m —1)(n — 1) + 2D (1) (n — 1)
B 12
C6(m—1D(n—1)+m(m—1)

To get the lower bound, we use the Loewner partial order.

For every pair of edge (a,b) € Epm let the path graph P,; be a path from a
to b, and G, be a graph with a single edge (a, b), then from the corollary we have
|Pab| Pap = Gap. We know that if 1 < a < n, then this means a is a vertex of the
K, 1. Thus, a is connected to vertex n. If n +m — 1 < a < 2n+ m — 2 then this
means a is a vertex of the K, o and a is connected to vertex n+m—1. If a and b are
in the same complete graph then the length of P, ; is 1; if a and b are in the different
complete graphs, then the length of P, will be 1 + m — 141 =m+ 1. If either
of a or b are in the path graph, then the length of P, ; shorter than the case when
a and b are in different complete graphs. Hence, we conclude that |P, 3| < m + 1.

It follows that
b = | Pap|Pap < (m+1)Pp < (m+1)D]?

Also, we notice that complete graph Ko, 1.2 is constructed by connecting all
edges together. It has (2"+;n_2) single edges.Thus

2n+m—2 2n+m—2 "
Kopym—2 < > Gap< < 5 )Ga,b < < 5 )(m+1)Dm.
(a’b)eEK2ﬂ,+m,—2

Thus,

+ HA(Dy).

2 -2
2n+m—2=ANKoptm—2) < ( n—l—;n )(m
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From the above, we get that \(D?) > m O

We notice that when m = 1 then D} is a graph constructed by connecting two
complete graphs with a single edges. For a bridge graph D2** with k < n which
is constructed by two identical complete graphs K, ; and K, 2 k different edges
e1,...,er with the edge length of them are all 2, and for every edge e; = (v; 1, v;2)
where v; 1 is in K, ; and v; 2 is in K, 5. A picture is given below in the case where
n =38 with k =2 and e; = (8,9),e2 = (7,16):

We can generalize our results from before to the following theorem.

Theorem 4.2. For the graph we mentioned above, D>*X  we know that |VD3sz| =
2n 4+ 1. We also have the following bound on the second eigenvalue of the graph
laplacian:

2
— = < \(D¥PRY <
3(2n—1) = 2(Dn™7) <

S|

Proof. From D2 is a subgraph of D2** we can get D? < D2**. Thus ﬁ =

A2(D?) < \o(D2XF). For the other half of the inequality we can label vertices the
same way as the graph D,Ql. We know vertices v;,; and v; 2 are adjacent to each other
for 1 <7 < k such that v;; € K, 1 and v; 2 € K, . Then we have 1 < wv;; <n and
n+1<wv; 9 <2n. Also, we can use the same test vector x as the graph D] too.



Let

We can easily verify that (x,1) = 0.

Now we can estimate the upper bound of \y(D2*?):

xTLx
xTx
Z(a,b)eED2X2 (z(a) — x(b))Q
< ST—

D i x(i)?
Z1gi,j<n(93(i) - x(j))Q

Ao (Dp7?) <

B 219‘91 x(i)* + Zn+1§i§2n (i)
L i) — (i)’
Doi<icn T2+ 221 1<icon (D)2
Zn+2§i7j§2n(z(i) — ()

+ - 5 -
Doi<icn T2+ 221 1<ican (D)2

The first and last term of the sum are zero, so this means that

0+4k+0

n-+n
4k
2n
2k
o

A2 (D)

So we have finished bounding D?**.

O

Consider a general bridge graph B2** which is constructed by two arbitrary
identical graphs G,, 1 and G,, 2 with k different edges ey, ..., e; and £ < n. We also
assume that there are k distinct edges connecting the two graphs. An example is

given in the figure:

//®
® e
//
/
/]
@y
®;\ ~
T~
®




For every edge e; = (v;1,v;,2), where v; 1 is in Gy, 1 and v; 2 is in G, 2, we have the
following theorem.

Theorem 4.3. For a bridge graph B2** we have

2k

0 < \p(B2*k) < -

Proof. The proof of the lower bound follows from the fact that B2X* is a connected
graph. Thus the second eigenvalue should be positive . The upper bound is a
straight forward consequence of Theorem 4.2. We see that B2** is a subgraph of
B2*k: hence B2*F 5 DXk Tt follows that Ao (B2*F) < \p(D2*F) < 2k, O

- n

5 S, Type Bridge Graphs

The star graph, S,,, is another graph we will consider. The star graph is special
because it is a complete bipartite graph, K;,_1. Now we can construct star-type
bridge graphs, 57", by connecting two identical star graph S, and S, > with a
path graph P,,.

Theorem 5.1. For the star-like graphs S]* we mentioned above, we have the fol-
lowing bound on the eigenvalues:

2 4n + 2
< A (ST <
2n+m—3)(m+3) ~ 2(5%")

"= 4+ m—4

Proof. Since S, 1 is also a bipartite graph ,we can separate it to different set V{y i)
and V(; 2) where V(1) only has one vertex which is internal vertex for the tree S, 1.
And the remaining vertices are all leaves of tree and they are in V{; 3). Notice that
no edges has both vertices in the same sets, and every edges that connect vertices
in different set is part of the graph. We label the only vertex in V(; ;) as 1 and
remaining as 2,...,n.

We know that there is a vertex v! in Sp,1 is also on the graph P,,. Then we
label the vertex which is attached to v! but not in graph S, 1 as n + 1, repeat the
same process until we label the vertex n+m —2.We can also separate it to different
set V(2,1 and V{2 2) where V(3 2y only has one vertex which is internal vertex for the
tree Sy, 2. And the remaining vertices are all leaves of tree and they are in V(3 2).
Also notice that no edges has both vertices in the same sets, and every edges that
connect vertices in different set is part of the graph. We label the only vertex in
Vi1,1) as n+m —1 and remaining as n+m, ..., 2n. We notice that there is a vertex
v? in Sp,2 is also on the graph P,,,. Thusn+m —1< v2 < 2n.

Now we can set the test vector. Now we need to discuss different cases based
on whether n is odd or even and based on the value of v! and v2.

10



Case 1: nis odd, v! = 1 and v? = n+m — 1, the figure below is the case when
n=9m=3

® ®

® 1f ® @ \1 ®
7

19
@) @
We choose the test vector
1 i=1,n+m-—1
0 i=nori=2norn+1<i<n+m-—2
-1
1 2<i<
x(@)=9 9 "Hl_,,
Im —
1 n+m<z<3n+2m 3
2m — 1
-1 3n+2m <i1<2n-1
2
Notice that
2n+m—2
(x,1) = Z (i)
=1
n+m—2 ";1 n—1
=z +am+m—1+ Y w@)+D x@)+> ()
i=n+1 =2 %
.3n+;n—3 on
+ > a+ Y ()
i=n+m 3ntm—1
1
1+1+0+<2+1><n1”+ +1>
3 2m — 3 3 2m — 1
("+2m —(n—|—m)—|—1>—<2n—1— ”+2m 1)

11



Hence it’s possible to use our test vector to get the upper bound.

Xa(TT)
xTLx
xTx
E(a,b)GET:Ln (z(a) — x(b))?
T EET ey
B El<i j<n( (i) — x(j))z
B Doi<icn T@)?+ D0 icicnima T+ D 1<icontm_o T(1)?
onti<ij<nim—2(@(@) —2(5)* + (2(1) —2(n +1))* + (z(n + m — 2) —z(n +m — 1))°
Zlgign z(i)? + Zn+1gi§n+m—2 z(i)? + Zn-‘,—m—lSiSQn-‘,—m—Q x(i)?
Zn+m71§i,j§2n(x(i) - x(j))Q
Zlgign x(i)? + Zn+1§i§n+m—2 z(i)? + Zn+m_1gi§2n x(i)? '

Notice that the first term is equal to

22§j§n<x(1) — (7))
Zlgz‘gn z(i)? + Zn+1§i§n+mf2 z(i)? + En+m71§i§2n+m72 (i)?
_Zzgjgn(l'(l) - w(]))Z
n—14+4m-2+n-1

ZE( (1) = 2())” + T/ u (2(1) = 2()) + (2(1) = 2(n))?

+

2n+m74
4nl
2n—|—m—4
. 2n-3
C2n+m—4
The second term is equal to
0+1+1 2

m+m—4 2m+m-—4

From symmetry, the third term and the second term are the same, so the third

term is 231;3_ 1- Add all terms together, and we get
dn — 6

T < ———.

2157 < 2n+m —4

Case 2: nis odd, v! = 1 and v?> # n+m — 1 or n is odd, v! # 1 and
v¥=n+m-—1

12
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We will only discuss when n is odd, v' = 1 and v2 # n+m — 1, or n is odd
because the other case will get us the same result from symmetry. When we label
our vertices, we can make v> = n + m now. Then we can still use the same test
vector as case 1. So the text vector is well defined. The upper bound process will
be the same as case 1. Thus we will get the same bound as case 1.

Case 3: nisodd, v! #1and v? #n+m —1

® @
g
® 1 ©® 40 47 & E)
® \Bj 19
@ @®

When we label the vertices, we can make v' = 2 and v?> = n + m now. Then we
can still use the same test vector as case 1. So the text vector is well defined. The

upper bound process will be the same as case 1 thus we will get the same bound as
case 1.

Case 4: niseven,v' =land > =n+m—1

13



We define the test vector as

i=1,n+m-—1
0 n+1<:1<n+m-—2
n—1
1 2< i< —=
Sts B)
3 2m — 3
1 n+m_1§i§7ﬂ-+
oy SnE2mol o
2
Notice that
2n+m—2
x1)== > (i
i=1
n+m72 n;l
=z()+ant+m-1)+ >  a(i)+ > (i)
i=n4+1 i=2
n—1 3n+;n73 n
IS SEURED SIEURES SIG
"T-H i=n4+m 3ntm—1

14



Now we get

AT
xTLx
xTx
Z(a,b)eEm (z(a) — x(b))?
ST (i)
B i< jen (@) — z(5))?
B Pi<icn T2+ 2 i<icntm—2 T T 2 fmo1<icontm—a T(1)?
Y onii<ijenim_o(@(@) —2(§))? + (z(1) = 2(n +1))* + (z(n +m —2) —z(n +m — 1))

+ - ;
Zlgign SE( ) + Zn+1§i§n+m—2 x(Z)Q + Zn+m—1§i§2n+m—2 1’(2)2

Zn+m—1§i7j§2n(‘r(i) - l’(j))Q

Doicicn T2+ cicnima T + 2 1<icon (0

Notice that the first term is equal to

Z2§j§n(m(1) —z(4))?
Z1§i§n x(i)? + Zn+1§i§n+m72 x(i)? + Zn+m71§i§2n+m72 (i)
722§j§n(‘r(1) —z(4))?
n—14+m—-2+n-—1

0% (@) = 2(7)? + T (1) - 2 ()?

2n+m—4
2n+m—4
_ 2n
T 2n+4+m—4

and from the symmetry, the
. Adding

From case 1 we know that the second term is W?n—él’
third term and the second term are the same, so the third term is 5

2
n+:717,—4
three terms together gets us

an + 2
(T < ——— .
2137 < 2n+m —4

Case 5: nis even, v! =1 and v2 # n+m — 1 or n is even, v' # 1 and
v¥=n+m-1

15



We will only discuss when n is odd,v* = 1 and v? # n +m — 1 or n is odd because
the other case will get us the same result from symmetry. When we label it we can
make v2 = n+m now. Then we can still use the same test vector as case 4. So the
text vector is well defined.And the upper bound process will be the same as case 1
thus we will get the same bound as case 1.

Case 6: nis even, v! Z1land v? #n+m — 1

When we label it we can make v' = 2 and v?2 = n + m now. Then we can still use
the same test vector as case 4. So the text vector is well defined.And the upper
bound process will be the same as case 1 thus we will get the same bound as case
1.

Hence we have finished upper bound since we have exhausted all possible cases.

For the lower bound, we can compare our graphs to complete graphs. For every
pair of edge (a,b) € Esm,let the path graph P, 3 be a path from a to b, and G4 be
a graph with a single edge (a,b). From the lemma we have | Py | Py = Gap. We
know that if a and b are both in the same star graph, without loss of generality, we
can assume they are both in Sy, 1, Thus, the length from vertex a to b is at most 2.

If @ and b are in different star graphs, without loss of generality, we suppose a is
in S, 1 and b is in S;, 2. Then the length of the path P, is at most 24+ m—1+2 =
m+ 3.Hence, the length of the path P, ; is at most 2+m —142 = m+3. It follows
that

Ga,b < ‘Pa,b|Pa,b (

< (m
< (m

16



2n+;7172)

Also we know that complete graph Ko, 4.2 has ( single edges. Thus

2n+m —2
Koptm—2 < Z Gap < ( 9 )Ga’b
(a’b)eEKZ'n#»'anZ

2 -2
<<”+§’ ym+®ﬂ;
Hence,
2 -2
2n+m—2=)\2(K2n+m,2) < ( n—i—;n )(m+3))\2(577;)

Finally, we arrive at

n 2
Aa( (2n+m —3)(m+3)

m

) >

6 7T, Type Bridge Graphs

Now we will discuss binary tree-like graphs 7", which are formed by by joining

two full binary trees with n vertices, T;,1 and T}, 2, with a path graph P,,. Notice
that this is also a simple example of a bridge graph.

Theorem 6.1. For the binary tree-like graphs T, we mentioned above we have the
following bound on the eigenvalues:

2 5
< (T <
(2n+m —1)(2logy(n+ 1) +m —3) — (1)

"= 2(n—1)

Proof. Now we need to label T*. We label T,, ; the following way. We label the
vertex which is ancestor of T, ; all other vertices as 1. Then 1 has two children.
We label them as 2 and 3,then we label children of 2 as 4 and 5, the children of 3
as 6 and 7 and so on until n.

Then we label the path P,,. We know one end of P, is 7 where 1 < i < n, then
we label the vertex which is on the path P, and attached to 0 as n + 1 repeat the
process until the vertex n 4+ m — 2, then the next vertex which in P, and attach to
n+m — 2 is on the graph T, 5.

Then we label the graph T;, ». We label the vertex which is ancestor of all other
vertices of T, 2 as n +m — 1. Then n + m — 1 has two children. We label them as
n +m and n + m + 1,then we label children of n +m asn +m + 1 and n +m + 2,
the children of n+m + 1 as n+m + 3 and n +m + 4 and so on until 2n +m — 2.
Now we need to break into 3 cases depends on where the ends of P, locate at. We

17



know that one end is between 1 and n and the other is between n +m — 1 and
2n +m — 2.

Case 1: One end of P,, is 1 and the other end of P,, is n + m — 2. Figure 2
demonstrates the case of T3:

SN0 N
VAN VANVAN
AA AN ANAA

9 10 11 12 13 14 24 2526 2728 2930 31

We can set the test vector to be:

0 i=1n+m-—1
n+1<:<n+m-—2
1=2,n+m

2 <1 <n and i is a descendant of 2

—_ = = O

n+m<i1<2n+m— 2 and 7 is a descendant of n +m

-1 otherwise

We notice that for elements of 7}, ; the number of 1 is % and the number of —1
is 25=. For elements of T}, ; the number of 1is "T and the number of —1 is "T_l
Hence we have

2n+m—2

(x1)= > (i)
=1

n 2n+m—2

=z()+ant+m—1)+> 2@+ > (i)
=2 i=n+m

n—1 n—-1 n—-1 n-1
B R 2 2
= 0.

18



We have finished verifying (x,1) = 0. Now we estimate the upper bound of Ao (7}"):

xTLx
X (TT) <
Q(n)— xTx

_ Z(a,b)GETﬁL (z(a) — 2(b))?
YT (i)

_ 21gi,jgn(l’(i) - x(j))z
B Di<i<n T2+ 2 i<icnim—2 T(0)? + 2 L 1<i<ontm—2 (1)
n Yonti<ij<ntm—2(@(0) — z(j))* + (z(1) — z(n+m — 1))?
Di<icn T@)?+ D0 icicnim—a T+ 1<icontm_n T(1)? .
i D onmo1<i j<on (@(0) — 2(5))?
Yi<icn T+ Xniicicnim—2 T + Xim_1<icon T(0)?

2

Notice that the first term is
_ (z(1) = 2(2))* + (z(2) — 2(3))*
Di<icn T@)? + D icicnim_a T + 2 1<icontm_1 Z(0)
_ 2
T n—140+4n-1
1

n—1

2

The second term is 0, and the third term is

_ (n+m—1)—z(n+m))* + (x(n+m—1) —z(n+m+1))?
Dicicn T@)?+ D0 icicnima T + 2 1<iconim_1 2(0)?
_ 2
T n—140+n-1
1
n—1

Adding all the three terms, we get

Case 2: One end of P, is 1, and the other end of P,, is J where n +m < J < 2n
or one end of P, is n +m — 1 and the other end of P,, is K where 1 < K < n.
Without loss of generality we only discuss when one end of P,, is 1 and the other
end of P, is J because the other case follows by an identical argument. Figure 3
demonstrates 7% in this case:
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We can set the test vector to be same as case 1. Since we already know from
case 1 that (x,1) =0,

T
A1) < XXTI;cx

Z(mb)EET:Ln (z(a) — 2(b))?
DS
- Z1§i,jgn(x(i) - I(J))2
B Pi<icn T2+ 2 i<icnim—2 T2+ 2 m1<i<ontm—2 T(0)?
I Zn+1<1,j<n+m 24 (z(1)— L(J))2( (i) *I(]))z

Pi<icn TP+ 21 <icntm—2 T(0)* + X fmo1<i<ontm—2 T(1)?

Zn+m71§i,j§2n+m72(x(7;) - x(j))2
Elgign z(i)? + Zn+1§i§n+m72 z(i)? + Zn+m71§i§2n+m72 x(i)?
Notice that that the second term is

0+1 1
n—1+n—-1 2(n-1)

We have calculated the first term and the third term in case 1. Hence

1 1 1 5
A (TT) < - .
2(")_n—1+2(n—1)+n—1 2(n—1)

Case 3: One end of P, is J where 2 < J < n and the other end of P,, is K where
n+m < K < 2n. Figure 4 demonstrates T? in this case:

VAN N
JANVAN VANAN
AWAWAWAY AN A A

9 10 11 12 13 14 24 25 26 27 28 29 30 31
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Similar to before, we can set the test vector to be

0 i=1ln+m-—1
0 n+l1<:1<n+m-—2
1 i1=J,K
. 1 2 <1 <n and ¢ is a descendant of J

x(i) = 1 2 <1 <n and 7 1is a ancestor of J
1 i <n+m<n and i is a descendant of K
1 i< n-+m<nandiis a ancestor of K
-1 otherwise

We notice that for elements of 7}, 1, the number of 1’s in x is "T_l and the number

of —1’s in x is ”T_l For elements of T}, ; the number of 1’s in x is "T_l and the
number of —1’s in x is ”Tfl Hence we have
2n+m—2
(x1)= Y (i)
i=1
n 2n+m—2
=z()+z(n+m-—1) —I—Zx(z) + Z x (%)
=2 i=n+m
n—1 n—-1 n—-1 n-1
=040 — —
O 2 2 + 2 2
=0.

Now we can estimate the upper bound of second eigenvalue

xTLx
xT'x

B Z(a,b)GETﬁL (z(a) — 2(b))?
I OR

A(T7) <

n

_ i< jen(@(i) — x(5))?

Di<icn T2+ 3 ticicnima T+ 20 1 1<iconim—2 T(1)?
n Zn+1§i,j§n+m—2(]"(i) —x(5))* + (x(J) — 2(K)?)

Doi<icn T@)?+ D0 icicnima T+ D 1<icontm_a T(1)?
+ En+m—1§i,j§2n(x(i) - x(j))z

Doi<icn T@)?+ D0 icicnima T+ D 1<iconim_o T(1)?

Notice that the second term is

0 J—
n—1+n—-1
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The first term and the second term calculation is basically the same as case 1, and
the result is the same too. It follows that
1 1 2

Ao(TM) < —— S
2( ")*n—1+0+n— (n—1)’

which gives us our upper bound estimation.

For the lower bound, we can compare our graphs to complete graphs. For every
pair of edge (a,b) € Erm let the path graph P, 3 be a path from a to b, and G4 be
a graph with a single edge (a,b), then from the lemma we have | P, 4| Py = Gab-
We know that if ¢ and b are both in the same binary tree, without loss of generality
we assume they are both in P, ;,from the definition of full binary tree we know that
the length from the vertex 1 to the vertices which have no children is log, (n + 1)—1,
so the length from vertex a to b is at most 2logs(n + 1) — 2.

If @ and b are in different binary trees, without loss of generality, we suppose a
is in T},,1 and b is in 7T}, 2 then the length of the path P, 4 is the longest when a and
b are the vertices which have no descendants. Hence the length of the path P, is
at most 2log, (n+ 1) +m — 3. That is, |P, 3| < 2logy(n + 1) +m — 3. It follows
that

Gab < |PaplPap < ((2logg(n+1) +m —3)P,
< (2loge(n +1) +m — 3)T,".

Also we know that complete graph Ko, 1,2 t has (27”;” -2

2n+m —2
K2n+m72 < Z Ga,b =< ( 9 )Ga,b
(a’b)eEKQTL#»m.fZ

) single edges. Thus

<2n—|—m—2
#

5 )(2logg(n—|—1)+m—3)T;‘l.

Hence,

2 -2
2n+m — 2= ANKzptm—2) < ( n+;n )

(2loga(n+ 1) +m — 3)AN(T,).

2 O

From the above, we conclude \o(T) > GTEET T TPy Crey

We notice that when m = 2 the graph T2 is connected by a single edge. Now
we are doing the same thing as we did for the complete graphs. When graphs T, ;
and T;, o are connected by k different single edges e;, ez, ...e; we get the graph
T2%k. An example for k = 3 is given below:
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We now have following theorem.

Theorem 6.2. For the graph T>** described above, we have the following bound:

2
(2n +1)(2logy(n — 1) + 1)

2m+2+ —3m+3n—3
—p TRl LT

< M(T2FF) <

where x denotes the characteristic function.
Proof. We know that T2 is a subgraph of T2** so we have T2 < T2** Hence

2
(2n+1)(2logy(n —1)+1) —

< Xa(T2) < M (T4
Thus we finished the lower bound.

For the upper bound we still use test vector. Now we notice the graph T, ;
contains three different sets of vertices. One set, V7 1, only contain the vertex 1, the
second set, V2, contains vertex 2 and all of it’s descendants. The third set, V; 3,
contains vertex 3 and its descendants. The graph T, o also contains three different
vertices sets. Ome set, V5 1, only contains the vertex n + 1, the second set, V32,
contains vertex n+2 and all of it’s descendants. The third set, V3 3, contains vertex
n + 3 and all of its descendants.

We know that edges e1, es,. .. e, contain k vertices in 7}, 1 and k different ver-
tices in T}, ». For those k vertices in 7T}, ; we know that they might be in vertex set
Vi1 or Vi or Vi a. We also know that there are at most one vertex in V; ;. Hence
when k£ > 2 there are one or more vertices in either V; o or Vi 3.

Without loss of generality, assume there are more vertices in set V5. And for
graph T;, » we also assume there are more vertices in V52 We set the test vector to
be

0 i=1,n+1
x(i) =41 ieVigorie Vo,
-1 otherwise

We notice that the test vector here is basically the same when we define the test
vector for the graph 7). For elements of T;, 1, the number of occurrences of 1 is
"?*1 and the number of occurrences of —1 is ”51. For elements of 7}, ; the number
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of occurrences of 1 is "7_1 and the number of occurrences of —1 is "T_l Hence we
have
2n
(x,1) = (i)
i=1
=z(1)+z(n+2)+ Z x() + Z (1) + Z x(7) + Z z(7)

=0.
We have finished verifying (x,1) = 0. Now we can try to bound Az(T)):

xTLx
xTx
Z(a,b)eETsxk (z(a) — 2(D))?
Y (i)
- Zlgi,jgn(x(i) —x(j))?
B Doi<icn T2+ 20 1<icon T(1)?
i Z(i,j)e{el,eg,...ek}(‘r(i) —x(4))?
Zlgign x(l)Q + En+m71gig2n x(i)?
" Zn+m71§i7j§2n(m(i) - l’(j))Q .
Zlgign x(i)? + En+m71gi§2n x(i)?

Notice that the first term is

Z1§i,jgn($(i) —z(j))?
219‘9 x(i)? + Zn-‘,—nL—lSiSQn (i)?
_ (z(1) — 2(2))* + (x(2) — 2(3))?
Pi<icn T2+ 2 1<icntr (0% + 20, 11<icon T(8)?
2
:n —14+n-1
1

n—1

Ao (T2¥F) <
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The second term is
Ciseterennet @@ =20 Ticw, or jeva, @(0) — 2())?
Dicicn T2+ D0 o 1<icon T(1)? B Di<icn T2+ D0 1<icon T(1)?
N 2ieVi 0,i€ Vs (@) —2(3))?
Di<icn T()? + 2 pmo1<icon £(1)?
n Z:ievl,2,jeVQ,a(m(i)—ﬂC(j))2
Di<i<n T + X mo1<i<on ©(0)?
N 2 ieVa g€ Ve (a(i)—a(7))?
Zlﬁiﬁn 9:(1)2 + Zn+m—lii§2n x(z)2
N 2ieVis jeVas((i)—2(3))?
2r<icn T2 + X m1<icon (1)

We know that there are at most an vertices which have nonzero value connected

to vertex 1 and at most "T_l vertices which have nonzero value connected to vertex
n + 1. Hence we have

Zievm or j€V2,1(x(7;) —x(5))? < 2n—1)(0—-1)%
Poi<icn ®@)? D0 icicon T()? T 2(n—1 B
The second term in the sum above is 0. We know that ¢ = 5 < ”7_17 where ¢ €
Vi2,j € Va,3. Thus, the third term in the sum above obeys
DoieVia,jevss (@(E) = (5)) (n—1)(1+1)* 9
2a<icn ()2 + 20 m1<icon ©(1)? 2(n—1) 7

We know that ¢+ = j < "T_l where ¢ € V1 3,j € Voo, Thus, the fourth term in the
sum above satisfies

Dievi jeve, (@) — 2(4))? D12
D i<icn T2+ D0 o 1<icon T(1)? 2(n—1) -

Lastly, the fifth term in the sum above is 0.

1.

2

We can also see that
Zn+m—1gi,jg2n(3«"(i) —z(j))
Di<icn (02 + 20 pmo1<icon ©(0)?
(xn+1)—x(n+2))2+ (z(n+1) —z(n+3))?
Dor<icn T2+ 22, 1 1<icon (D)2
2

:n—1+n—1
1

n—1

2
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But we don’t need to add above terms when k is relatively small. We can make
the inequality tighter depending on the value of k. We notice that when k <n —1
the Ao (T2**) takes the greatest value when i € Vi 3,5 € Vap ori € Vio,j € Vas.
Hence, we actually have

-1-1)? 2 2m + 2
A T2><k <m( —
2170 = 2n—1) n—-1 n-1

when & > n — 1. Also, Apzxk takes the greatest value when i € Vi3,j € Va5 or
1€Via,j€Vas. It's follows that

(m—(n—1))(0+ —1)2 2

A xk) < 2
Ty(exn) S 24 2n—1) A
~m+3n+1
2(n—1)
_2m+2  -3m+3n-—3
on—1 2(n — 1)
From the above we get that
2m+ 2 —-3m+3n—3
Agzxe < n—l—m
T S T T P X

O

Now we can construct a graph T2, , which is connected by [ identical full binary
graphs T}, 1,...T,, using single edge. For every graph T;, ; where 1 < 7 <[ —1,
there is a vertex v’ which is ancestor of all other vertices in T}, j, we connect that
with /71, As an example, we display 77, 5:

ey N ZN
A A VAN ANRYANRAN

1 5 6 7 19 2 20 36 37

AN / AWAVAYAYA

8 9 l[l) i] 12 13 14 15 23 24 25 ‘26 28 29 {(l 38 39 40 i1 42 43 44 -.")

We have following theorem.

Theorem 6.3. For the graphs T?,, which we described above we have following
bound of the second eigenvalues:

2 <72 < l
(nl —1)(1-logy(n—1)—1) = ™ = p -1
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Proof. For the vertex v’ which is ancestor of all other vertices in T, we label it as
(j—1)n+1. Then (j —1)n+ 1 has two children. We label them as (j —1)n+2 and
(j —1)n+3. Then we label children of (j —1)n+2as (j—1)n+4 and (j —1)n+5,
the children of (j —1)n+3 as (j —1)n+6 and (j — 1)n+ 7, and so on until jn. To
get the upper bound we still need to use a test vector. We can set the test vector
to be:

0 jell,.. G —1Dn+1
‘ 1 je{l,.. (G- 1)n+2
x(i) = 1 je{l,...1},(j —1)n+2<i<jnand i descendant of (j — 1)n +2
-1 otherwise

We notice that for elements of T), ; where j € {1,...1}, the number of occurrences
of I’s in x is =1 and the number of occurrences of —1’s in x is ”7’1 Hence we

2
have

We have finished verifying (x,1) = 0. Now we estimate the upper bound of A (7))

xTLx
xTx

Z(a,b)eETle (z(a) — l’(b))2
N S a(i)? '

/\2(T'3><l) <

We notice that only when a = (j—1)n+1withb=(j—1)n+2o0rb= (j—1)n+3,
then the term (x(a) — x(b))? is not zero. There are n — 1 vertices in each T}, ; such
that ra? = 1. Hence the above equation has the following form:

S Y <aben; (@(@) — 2(b))?

l
Zj:l Zlgagnj z(a)?
21

Now we need to find the lower bound. We still compare our graphs to complete
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graphs. For every pair of edge (a,b) € Erm, let the path graph P,; be a path
from a to b, and G, be a graph with a single edge (a,b); then from the lemma,
we have |P, 4|Pap = Gap. We notice that length of the path P, is the longest
when a and b where a € T,,; and b € T;,;, and a and b have no descendants.
Hence the length of the path P, is at most [ - log, (n — 1) — 1, which means that
|Pas| < 2log;(n —1) — 1. Now,

Gap < |PaplPay
< (I-logy(n —1) = 1) Py
< (U-logy(n — 1) — )T,

Also, we know that complete graph K,,; has (Zl) edges, so
nl nl n
Ku< Y, Gap< (2>Ga,b < <2>(”092(n —1) - )T
(a7b)6EKnl

Hence,

= Xa() < (7 ) 0+ Tomy(n = 1) = DATE.)

From the above, we get that \y(T}%) > CER 10g22(n_1)_1).

O

We have finished discussing the graph TELX ;- Now we will discuss a more general
case when a graph B2, which is connected by [ identical graphs Gy, 1, ... G, using
a single edge. Graphs G, 1,...Gp, are all identical, but they can be any arbitrary
graph. We have following theorem.

Theorem 6.4. For graphs of the form B2, which we described above, we have
following bound on the second eigenvalue:

0</\2(B2 )SQ

nxl

Proof. Now we need to label graph B2, first. For graph G,, 1, we know that there

is a vertex which is attached to another vertex in graph G, 2; we label this vertex
as n. All other vertices in the graph G, 1 can be labeled from 1 to n — 1 without
repeating. For graph G, ;, we know that there is a vertex which is attached to an-
other vertex in graph G, ;_1; we label this vertex as n(l — 1) + 1. All other vertices
in the graph G,, ; can be labeled from n(l—1)+2 to nl without repeating. For every
graph G, ; where 2 <7 <1 —1, we know that there is a vertex which is attached to
another vertex in graph G, ;_1. We label this vertex as n(i — 1) + 1, and there is
a vertex which is attached to another vertex in graph G,, ;+1. We label that vertex
as ni. All other vertices in the graph G, ; can be labeled from n(i —1)+2 to ni —1
without repeating.
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‘We notice that Bix ; is connected. Hence we have

Ao(B2,)) > 0.

2
nxl»

B2, \ (n,n — 1), which is not connected. Thus, we have

Also, we notice that if we take away an edge (n,n + 1) from graph B then we

2 —
nxl —

get a new graph B

)‘Q(Bixl) =0
From Theorem 3.2, we know that
xTLgz x
0=X\(B2,) = min < ——2X

(x,1)=0,z€R  XIx

and
_, XTL]~32 X
Mo (B = min —_—
2(Buxi) (x,1)=0,zeR  XI'x
Notice that
x'Lgz x
Mo(Blo)=  min DR

(x,1)=0,2€R  XIx

. 1
= B 2 @@ —a®)
TR (a,b)eB2

nxl

>y (z(a) —x(0))? | (z(n) —a(n+1))*

+
xT'x X

< min
(x,1)=0,z€R

(a,b)eB?

_(a,b#(nﬁfﬁi) ]
. z(a) — z(b))? z(n) —z(n+1))3?
C o |y E@—e®) | ) st )

(x,1)=0,z€R xTx X

(a,b)e B2

nxl

C |y @) | ) s+ 1)

+
(x,1)=0,z€R xT T

X X

nxl

(a,b)e B2

= min (Il + IQ)
(x,1)=0,z€R

where

he Y G2 ) st
(a,b)eG2 X

nxl

Notice that I is the same as

7Y, -~
0= o(B2.)= min - e L S (wla) - 2(b)?
— 21 Pnxi  (x1)=0wer xTx = xTx '

(a,b)e B2

nxl
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We have the following bound for the denominator of I5:

XTX =

Y

Y

a=nl

> Gal@)?

(o) + (ol 1))

L))+ g aln+ D)+ 3 (a(m))? + 3 (aln+ 1)? — a()(n + 1) + a(n)e(n + 1)
%((az(n))z + (z(n+1))? + 2z(n)z(n + 1)) + %((:ﬂ(n))z + (z(n +1))? — 2z(n)x(n + 1))
S () + (n+ 1) + 2 (w(n) — 20+ 1))

S (aln) —(n+ 1))

We now use this to bound the second term.

(z(n) —z(n+1))* _ (z(n) —z(n+1))*
xTx

Adding two terms together gets us

Ao(B2,,) < 2.

nxl

Thus, the result is proven. O

Remark 1. The upper bound in the inequality above cannot be improved. We notice
that when G%,5 = Pa, we know that the graph P is constructed by connecting
two identical graphs G1.1 together, where G1,1 is a single vertex. Then we have
Ao(G35) =2, so equality is achieved.

7 Conclusion and future work

Our work from section 4 to section 6 went through various different graphs. We

noticed that for the K, type of graphs D

m_ we have the approximate bound

n

A2(D) ~ % We also observe that when n and m increase the second eigen-
values decrease. Similarly, for D2** we have Ao(D2**) ~ L and when n increases
the second eigenvalues decrease too.

We noticed that for S,, type graphs, S

we still have A2(S2") ~ L. This is

n

expected because star graph is a type of complete bipartite graph K ,,—1, and com-
plete graphs can also be complete bipartite graphs depending on the choice of n.
But the T, type of bridge graph is different from the first two types of graphs. We
noticed the lower bound of the second eigenvalues of T™ and T2** and T!,, are all
dependent on log(n + 1). Also, the upper bound is still asymptotically dependent

1

on —.
n
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From the above proofs, we noticed that the test vector method is a very good
technique for upper bound of the eigenvalues. This is because theorem 3.2 enables
us to find a test vector which is orthogonal to the first eigenvector, and from theo-
rem 3.3 we know that the first eigenvector is 1. It’s also important to use theorem
6.4, which bounded general bridge graphs Bix ;- Now we are curious what will hap-
pen if we construct a bridge graph like B2, . It will not be the same as the case
when [ is finite because we can’t count the vertices one by one anymore. However,
we still want to know if the results are somewhat similar.

Our future work will be constructing infinite bridge graphs. Now we can start
from some basic definition and related theorems.

Definition 6. An infinite graph G = (V, E) is a graph which has a countably
infinite number of vertices. Infinite Bridge graphs G . are constructed by using
path graphs, P, with n > 2, and gluing together a countably infinite number of
identical finite graphs on each end of the paths. Usually we can find an invertible

map from vertex set V to Q. We only discuss unweighted graphs.

For infinite graphs we cannot use adjacency matrices anymore. Now we are
seeking a substitution of matrices to associate our graph with an operator. Defi-
nitions of operators related to infinite graphs are mentioned by other authors like
Bojann Mohar[4] and Dragos M. Cvetokvic[3], and Ayadi Hela[5] also defined the
Laplacian Operator. But since we are only interested in infinite bridge graphs,
we will use a different definition than other authors. The following is an example
formed by attaching a countably infinite number of Kg graphs together:

) ®) e}
{ {

a * O—C0 X O—=C0Q X O— e

O O O O O O

O—CQ
G
Q

O o— oA D— e

G O @] O G O

O O O

Definition 7. The space (*(N x N) is defined as the space of sequences {x; ;}i jen

such that
>l
NxN

2<oo.
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Definition 8. The adjacency operator M of a weighted graph G = (V, E) is defined
as operator with the following entries

M(a,b):{

Notice that {M(a,b)}apen forms a sequence.

Definition 9. The degree operator D of a graph G = (V, E) is a diagonal matrix
whose entries are given by

D(a,b) = {;l(a) Z ; i
Like before, {D(a,b)}apen forms a sequence.
Definition 10. The graph laplacian operator L of a graph G is defined to be
L=M-D,

where the subtraction operation is subtracting corresponding elements in each se-
quence.

Theorem 7.1. The adjacency operator, degree operator and laplacian operator are
all linear operators.

Proof. The proof is straightforward from the definition of the operators. O

Theorem 7.2. For the laplacian operator Lg : X — Y with X,y C (*(N), where
G is a bridge graph, L is a well defined mapping.

Proof. We notice that for a € Vi, we have

La() = Y (¢(a) - 2(0)).

beEN(a)

Since we assume that = € ¢?(N), we know there is an M such that (3 0c lall2)z <
M for some M > 0. Since G is a bridge graph, then we know that for every vertex
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a, then a has a finite number of vertices in its neighborhood. Hence we have

[Lxlo

Yo Y (w(a)—a®)?

a=1beN(a)

2 2
§ m ma, all2, ||b
(a_l beN(),(l){H ”2 ” Hz}

1

> 2

(Zm%u%)
a=1

=m| Lz|2
< mM.

lyll2

Nl

IN I

N——
[N

IA

Hence from the second last line of the above equations we get that Laplacian oper-
ator Lg is a bounded operator and y € ¢3(N). O

The following definitions are from Elias M. Stein and Rami Shakarchi[2].
Definition 11. For a graph operator T, if we have
T = Ao,

then we call \ the eigenvalue and ¢ the eigenvector corresponding to eigenvalue X
for operator T.

Definition 12. We say A € R is in the spectrum of A if A — X has no bounded
inverse. The spectrum is denoted by o(A) where o(A) C R, and the resolvent set
for A is p(A) =R\ o(9).

Our future work will be about the spectrum of Laplacian operator.
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