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Abstract

We deal with the image deblurring problem. We assume that the blur mask has
large dimensions. To restore the images, we propose a GNC-type technique, in which
a convex approximation of the energy function is first minimized. The computational
cost of the GNC algorithm depends strongly on the cost of such a first minimization.
So, we propose of approximating the Toeplitz symmetric matrices in the blur oper-
ator by means of suitable matrices. Such matrices are chosen in a class of matrices
which can be expressed as a direct sum between a circulant and a reverse circulant
matrix.

1 Introduction

The problem of restoring images consists of estimating the original image, starting from
the observed image and the supposed blur. In our model, we suppose to know the blur
mask. In general, this problem is ill-conditioned and/or ill-posed in the Hadamard sense
(see also [36]). Thanks to known regularization techniques (see, e.g., [3, 21, 27]), it is
possible to reduce this problem to a well-posed problem, whose solution is the minimum
of the so-called primal energy function, which consists of the sum of two terms. The
former indicates the faithfulness of the solution to the data, and the latter is in connection
with the regularity properties of the solution (see also [21, 31]). In order to obtain more



realistic restored images, the discontinuities in the intensity field is considered (see also
[31]). Indeed, in images of real scenes, there are some discontinuities in correspondence
with edges of several objects. To deal with such discontinuities, we consider some line
variables (see also [31]). It is possible to minimize a priori the primal energy function
in these variables, to determine a dual energy function (see, e.g., [10, 18, 27]), which
treats implicitly discontinuities. Indeed, minimizing the dual energy function is more
computationally efficient than minimizing directly the primal energy function. In general,
the dual energy function has a quadratic term, related to the faithfulness with the data, and
a not necessarily convex addend, the regularization term. In order to link these two kinds
of energy functions, some suitable duality theorems are used (see, e.g., [3,4, 6,7, 9, 10,
27]).

In order to improve the quality of the reconstructed images, it is possible to consider
a dual energy function which implicitly treats Boolean line variables. The proposed du-
ality theorems can be used even with such a function. However, the related dual energy
function is not necessarily convex. So, to minimize it, we use a GNC (Graduated Non-
Convexity)-type technique, which considers as first convex approximation the proposed
convex dual energy function (see also [4, 10, 39, 40, 41, 42, 45)).

It is possible to verify experimentally that the more expensive minimization is the first
one, because the other ones just start with a good approximation of the solution. Hence,
when we minimize the first convex approximation, we will approximate every block of
the blur operator by matrices whose product can be computed by a suitable fast discrete
transform. As every block is a symmetric Toeplitz matrix, we deal with determining a
class of matrices easy to handle from the computational point of view, which yield a good
approximation of the Toeplitz matrices.

Toeplitz-type linear systems arise from numerical approximation of differential equa-
tions. Moreover, in restoration of blurred images, it is often dealt with Toeplitz matrices
(see, e.g., [25]).

So we investigate a particular class, which is a sum of two families of simultaneously
diagonalizable real matrices, whose elements we call B-matrices. Such a class includes
both circulant and reverse circulant matrices. Symmetric circulant matrices have several
applications to ordinary and partial differential equations (see, e.g., [26, 28, 34, 35]), im-
ages and signal restoration (see, e.g., [14, 37]), graph theory (see, e.g., [19, 24, 31, 29, 32,
33]). Reverse circulant matrices have different applications, for instance in exponential
data fitting and signal processing (see, e.g., [1, 2, 23, 43, 44]).

In Section 2 we present the problem of image deblurring and the related regularization
technique; in Section 3 we present a GNC-type technique for the minimization of the en-
ergy function; in in Section 4 we investigate spectral properties of 3-matrices; in Section
5 we deal with structural properties; in Section 6 we study the properties of the multipli-
cations of our family of matrices; in Section 7 we determine some conditions in order that
a B-matrix is invertible; in Section 8 we deal with the problem of approximating a real
symmetric Toeplitz matrix by a B-matrix.

2 Regularization of the problem

The problem of image restoration consists of reconstructing the original image from an
image blurred and/or corrupted by noise. In the sequel we will assume that all intensities
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of our involved pixels are put into one column, with the rule that (i, j) < (¢, j') if and only
ifi <i ori=iand j < j'. The direct problem is formulated as follows:

y=Ax+n,

where the n?-dimensional vectors x, y are respectively the original and the observed im-
age. In particular, the elements of these vectors indicate the light intensity of pixels in the
corresponding image. The n?-dimensional vector n expresses the additive noise on the
image, which we assume to be independent and identically distributed (i.i.d.) Gaussian,
with zero mean and known variance. The n> x n”> matrix A is a linear operator, which rep-
resents the translation invariant blur acting on the image. To obtain a blurred image, each
pixel of original image turns to be equal to a weighted average of its neighbors. Given a
positive matrix M € R TDx(2h+1) called blur mask, the entries of matrix A are defined
by

Mp 14w h+14v) if [wl, [v] <h,

A(i, ), (i+wj+v) =

0, otherwise.
Here, in lexicographic notation, the generic index ((i, j), (h,/)) of matrix A is supposed to
be equal to ((j— 1)n+i,(I —1)n+h). The matrix A turns to be a block Toeplitz matrix
with Toeplitz blocks. If we assume that the blur operator is uniform on each direction and
is very wide (that is, & ~ n), then the matrix A is symmetric.

The image restoration problem consists of finding an estimation x of the unknown
original image given the blurred image y, the matrix A and the variance of the noise &2.
This is an ill-posed inverse problem in the Hadamard sense.

A cligue c of order k is the subset of points of a square grid on which the k—th order
finite difference is defined. We denote by Cj the set of all cliques of order k. More
precisely, we consider, for k =1,

Cy={c={G,J)),(l)}: i=hj=1+1or

i=h+1,j=1}
fork =2,

C2 — {C: {(i,j),(/’l,l),(l’,q)}i
i=h=rj=Il+1=¢g+2,0r
i=h+1=r+2,j=1=q};

and for k = 3,

G ={c=A{(,)),(h,1),(rq),(w,2)}:
i=h=r=w,j=1l4+1=qg+2=7z+3,0or
i=h+1l=r4+2=w+3,j=1=qg=1z}.

We denote by D¥x the k—th order finite difference operator of the vector x associated with
the clique ¢, that is, if ¢ = {(i, j), (h,l)} € C1, then

Dlx =X, j —th;
if ¢ ={(i,j), (h,1),(r,q)} € C2, then

2 .
Dex = xi,j = 2xp + Xrg}
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and if ¢ = {(i, ), (h,1), (. q), (w,2} € Cs, then
Dgx =Xjj— 3xh7l + er,q — Xy,g-

In [10] it has been shown that the use of second order difference operators allows to
obtain significantly better results than those obtained by first order difference operators.
On the other hand, in [10] it is noted that third order difference operators give slightly
better results than those obtained with second order difference operators to the detriment
of an excessive increase in computational costs. Therefore we will only use second order
difference operators, and hence we refer to C and D, as C, and Dg. We associate with each
clique ¢ a non—negative weight b, called line variable, which has the role of dropping the
regularity constraints, where discontinuities could appear. In particular, the zero value is
associated with a discontinuity of the considered image in correspondence with the clique
c. In our model, the original image is considered idealistically as a pair (x,b), where x,
b are the vectors of the grey intensity of pixels and of the set of all line components b,
¢ € C, respectively.

A regularized solution of the investigated problem is the minimizer of the following
function, called primal energy function, defined by

E(x,b) = Hy_AXH2+ Z [AZ(DCX)ZZ?C—f—ﬁ(bC)], (1)
ceC
where f is a suitable non-increasing function, called balancing function, and || - || is the

Euclidean norm. The first term in the right hand indicates the faithfulness of the solution
to the data and the last one is a regularization term, which is related to a smoothness
condition on x. The scalar parameter A2 is in connection with the confidence to the data
and the degree of regularization of the solutions. In particular, when A? is close to zero,
we represent a strong faithfulness to the data, while when A2 is very large we have a
confidence to the a priori information.

To find the minimum of the primal energy function (1), we first minimize with respect
to b. So, the dual energy function E;(x) (see, e.g., [6, 7, 10, 27]) is given by

Ed(x) :bier;f\‘C\E(x’b% (2)

where |C| is the cardinality of the set C. Observe that, by [12, Theorem 1], E; is well-
defined. Observe that

Ey(x) =y —Ax|I*+ Y} g(Dcx), 3)
ceC
where
g(t) = inf(A%br* + B (b)), “)

is the potential function, which associates a cost with each value of the finite difference
operator and does not depend on the involved clique (see also [27]).

In general, to reduce computational costs, for reconstructing images, it is more advis-
able to use the dual energy rather the primal energy, because a lower number of variables
have to be determined. Thus, some versions of the duality theorem were given in [9, 10]
for energy functions which do not include the constraint of avoiding parallel lines. For
other versions existing in the literature see, e.g., [13, 18, 27].
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3 GNC algorithm

In general, a function g satisfying duality theorems is not convex. So, neither is the dual
energy function in 3. Thus, to minimize such a function, we use a GNC (Graduated Non-
Convexity) algorithm (see also [4, 10, 39, 40, 41, 42, 45]). The solution of the algorithms
for minimizing a non—convex function depends on the choice of the initial point. To
give an advisable choice of such a point, the GNC technique finds a finite family of
approximating functions {E[(lp )} p» Whose the first one is convex and the last one is the
original dual energy function. So, the following algorithm is applied:
initialize x;
while Ec(lp) #E; do

e find the minimum of the function Ec(ip)
starting from the initial point x;

* x= argminEc(ip);
* update the parameter p.

It is possible to verify experimentally that the more expensive minimization is the first
one, because the other ones just start with a good approximation of the solution. Hence, in
this thesis, when we minimize the first convex approximation, we propose to approximate
every block of the operator A by means of matrices whose product can be computed by
means a suitable fast discrete transform. Since every block of A is a symmetric Toeplitz
matrix, we now deal with determining a class of matrices easy to handle from the compu-
tational point of view, that give a good approximation of the Toeplitz matrices.

4 Spectral characterization of $-matrices

We begin with presenting a new class of simultaneously diagonalizable matrices, so we

define the following matrix. Let n be a fixed positive integer, and Q, = (q,((nj) ) kj k. j=0,
1,...,n—1, where /

2k j
o cos (7 ) it0<;j<|[n/2],
n
q) = N ©)
o sin( 7r (n—])> if [n/2|<j<n-—1,
n
. . e
—=a if j=0, or]:n/21fn1seven,
n
o = (©)
2 L .
— = o otherwise,
n



n n+1
0, = <q<o> ‘ q<1>‘ ‘q(b]) ‘qu%) ‘ ‘q<n—z> ‘q<n—1>>, %
where
1 T 1
0 _— —_— q
q \/ﬁ<11 1) 5, (8)
. T
g = \/2(1 COS(E) - cos (2”1”—1 >) \ﬁu
n n n
q(n ) - 2 (() Sin(zﬂ) msin<27t](n—1 )) zv 9)
n n n
j=1,2,..., L”;ZIJ Moreover, when 7 is even, set
1 T 1
(n/2) — ~ (1 _ 1. — e V)
q \/ﬁ<1 111 1) N (10)

In [38] it is proved that all columns of Q,, are orthonormal, and thus Q,, is an orthonormal

matrix.
Now we define the following function. Given A € C", A = (AgA;---4,_1)7, set

A 0 0 0 0

0 A 0 0 0

0 0 X 0 0
diag(A) =A=| . . . ,

0 0 0 Mz O

0 0 0 0 Aui

where A € C"" is a diagonal matrix.
Avector A € R", A = (AgA;---A,_1)7 is said to be symmetric (resp., asymmetric) iff

Aj=A—j@esp., Aj=—2A,—j) €R for every j=0,1,...,|n/2].
Let O, be as in (7), and ¢, be the space of the matrices simultaneously diagonalizable

by Q,, that is
G, = 5d(Qn) = {0xAQ), : A =diag(A), A € R"}.

A matrix belonging to ¢, n € N, is called y-matrix (see also [8]). Moreover, we define
the following classes by

G ={0,AQ" : A =diag(A), A € R", A is symmetric}, (11)
By = {Q.AQL : A = diag(A), A € R", A is asymmetric},

D, = {0.,AQF : A =diag(A), A €R", A is symmetric,
Ao =0,2,/, =0if niseven},

{0.AQ] : A =diag(1), A €R"A; =0, j=1,....,n—1,
J # n/2 when n is even}.
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Proposition 4.1. (see also [8])The class 9, is a matrix algebra of dimension n.
Proposition 4.2. (see also [8]) The class 6, is a subalgebra of 9, of dimension 5| + 1.

Proposition 4.3. (see also [8]) The class %, is a linear subspace of 4,, and has dimension
1554

Similarly as in Propositions 4.1 and 4.2, it is possible to prove that &, is a subalgebra

of ¥, of dimension L”;zlj and &, is a subalgebra of ¢, of dimension 1 when # is odd and

2 when n is even. Moreover, the following results hold.

Theorem 4.4. (see also [8]) One has

Gn = Cn D B, (12)
where @ is the orthogonal sum, and (-,-) denotes the Frobenius product, defined by

(G1,Gy) = r(GTGy),  G1,G, €9,

where tr(G) is the trace of the matrix G.
Theorem 4.5. (see also [8]) It is

Cn = Dn @ &, (13)
where & is the orthogonal sum with respect to the Frobenius product.

Now we give a consequence of 4.4 and 4.5.

Corollary 4.5.1. The following result holds:
Gy =B D Dp® Ep.

We recall the definition of the classical Hartley matrix (see also [S] and the references
therein). If n is odd, we have

Hn:_(u«n uD v a4y W) v u<1>—v<1>). (14)
When # is even we get

H, — % (uw) u® v G- £ y(5-1) g(3) g(G-1) _y(5-1) g _v<1>) (15)
n

It is not difficult to see that

H, = Qnan (16)



where

(1 ifk=j=0,
1 n—1
— ifk=jand 1 <k < ,
V2 g T2
m_) L ikt i—nandl <k<n—1
yk,j_ E 1t k+j=nan <k<n-—1,
1 1
C fk=jand P <k<n—1,
V2 2
0

otherwise

if n i1s odd, and

(1 ifk=j=0ork=j=_,
2
L itk jand1<k<™-1
— ifk=jan ——1,
V2 g -T2
W= L ey d1<k<n—1
ki —= 1 j=nand 1 <k<n-—1,
V2
L k= jand "1 <k<n—1
——— ifk=jand = n—1,
7 jand S 4+1<k<
L O otherwise

if n 1s even. Now, set
H, = sd(H,) = {H,AH! : A = diag(A), A € R"}.
It is not difficult to see that

Cn = {QnAQZ; : A =diag(A), A € R", A is symmetric} =
= {H,AH! : A = diag(A), A € R", A is symmetric}.

From (19) and (20) it follows that

where
Fn = {H,AH! : A = diag(A), A € R", A is asymmetric}.
Now we define the following class:

oy = {F,AF, : A =diag(4), A € (iR)", A is asymmetric}.

So we define the B-matrices as the matrices belonging to the following set:

8
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5 Structural characterizations of y-matrices

In this section we show that #;, coincides with the direct sum of the sets of all real sym-
metric circulant matrices and of all reverse circulant matrices.
We consider the set of families

Sk = {AER™": thereisa= (apaj ...a,—1)" € R" witha; ; = A(j+kd) mod n}»

Hnr = {AeR™": there is a symmetric a = (agaj ... a,_1)T eR"

)

with @; j = a(jq) mod n}>

Ik = {A € R™" . there is a symmetric a = (aga; ...an,l)T € R" with
n—1 n—1
Z a, =0, Z (—1)'a; = O when n is even, and a; j = a(jkl) modn},
=0 t=0

where k € {1,2,...,n—1}.

When k =n—1, ., ,— is the class of all real circulant matrices, that is the family
of those matrices C € R"*" such that every row, after the first, has the elements of the
previous one shifted cyclically one place right (see, e.g., [20]).

Given a vector ¢ € R", ¢ = (cocy -+ -cn_1)T, let us define

(&) C1 c2 ... Cp—2 Cp—-1
Cn—1 Co cl ... Ch—_3 Cp-2
_ Cn2 Cn-1 €O - Cnd Cn3
circ(e) =C = ) . ) A
o c3 ¢4 - o cl
C1 ) c3 ... Cp—1 Co

where C € £, 1.
.. . . . 2mi
If i is the imaginary unit and ®, = e , then the n-th roots of 1 are

‘ , : i
w,{:eT:cos<—]>+isin<—]), j=0,1,....n—1.
n n
The Fourier matrix of dimension n X n is defined by F, = ( fk(';)) k1> Where
n 1
= @M kI=0,1,...,n— 1.

Note that F;, is symmetric, and Fn’1 = F; (see, e.g., [20]).
Let #,, be the space of all real matrices simultaneously diagonalizable by F,, that is
W, =sd(F,) = {F,AF, e R"": A =diag(A),A € C"}.
It is not difficult to see that %, is a commutative matrix algebra.

Theorem 5.1. ([20, Theorems 3.2.2 and 3.2.3]) The following result holds:
%%%::;Z%n—l-
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As a consequence of this theorem, we get that the n eigenvectors of every circulant
matrix C € R"*" are given by

Y

and the eigenvalues of a matrix C =circ(c) € .%, are expressed by
. nil .
Ai=c'w =Y qof,  j=01,...n-1
k=0

Now we present some results about symmetric circulant real matrices. Observe that,
if C =circ(c), with ¢ € R”, then C is symmetric if and only if ¢ is symmetric. Thus, the
class of all real symmetric circulant matrices coincides with %, ,_; and has dimension
|5+ 1 over R.

Theorem 5.2. (see, e.g., [19, §4], [38, Lemma 3]) Let C € %, ,_1. Then, the set of
all eigenvectors of C can be expressed as {q(o), q(l), e q("_l)}, where q(j), j=0,
1,....,n—1, is as in (8), (9) and (10).

Note that from Theorem 5.2 it follows that the set of all real symmetric circulant
matrices is contained in %,. The nest result holds.

Theorem 5.3. (see, e.g., [11, §1.2], [19, §4], [47, Theorem 1]) Let C = circ(c) € Jp p—1.
Then, the eigenvalues A; of C, j =0, 1,...,[5], are given by

Aj=clul), (23)
Moreover, for j=1,2,..., L%J it is
Aj=dn-j.

From Theorem 5.3 it follows that, if C is a real symmetric circulant matrix and 2©
is the set of its eigenvalues, then ).(C) is symmetric, thanks to (23). Hence,

t%/n,nfl C an (24)

Now we prove that %), is contained in the class of all real symmetric circulant matrices
o n—1. First, we give the following

Theorem 5.4. (see [8]) Every matrix C € 6, is circulant, that is
A consequence of Theorem 5.4 is the following

Corollary 5.4.1. (see [8]) The class 6, is the set of all real symmetric circulant matrices,
that is

an = %z,nfl- (26)
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If k =1, then .Z, ; is the set of all real reverse circulant (or real anti-circulant) ma-
trices, that is the class of all matrices B € R"*" such that every row, after the first, has
the elements of the previous one shifted cyclically one place left (see, e.g., [20]). Given a
vector b = (bgby---b,_1)T € R, set

by by by ... by_» b,_;
by by by ... b1 by
b b by ... b b
rcirc(b) =B = ,2 _3 _4 _O _1
by by1 by ... by4 by 3
bu-1 by by ... byp3 by

withB € %, 1.

Observe that every matrix B € %, is symmetric, and the set .}, | is a linear space
over R, but not an algebra. Note that, if By, B, € %, 1, then B1 By, Bo By € £, ,—1 (see
[20, Theorem 5.1.2]).

Now we give the next results.

Theorem 5.5. (see [8]) The following inclusion holds:
%n C gml'
Theorem 5.6. (see [8]) One has

e@n C%J.

Theorem 5.7. (see [8]) Let B =rcirc(b) € %,. Then, the eigenvalues AJ(B) of B, j =
0,1,...,|5], can be expressed as

AP =pTull), 27)
Moreover, for j=1,2,... L";ZIJ, we get
B) _ 4(B)
ln_j = —7Lj )
Furthermore, it is 7L(§B) =0, and 7%572) =01ifnis even.

For the general computation of the eigenvalues of reverse circulant matrices, see, e.g.,
[11, §1.3 and Theorem 1.4.1], [46, Lemma 4.1].
Now we give the following

Theorem 5.8. (see [8]) The following result holds:

33" = /n,l-

Theorem 5.9. (see [8]) The next result holds:
-@n - / nn—1-
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Theorem 5.10. (see [8]) The next result holds:
éan = r@n - gn,n—l mgﬂ,])

where

ki ifi+ jiseven

nxn: . L . .
. {CER therearekl,kzwzthc,,]—{k2 ifi+ jis odd } if nis even,

n =

{C e R there is k with ¢; j =k forall i,j=0,1,....n—1}  ifnis odd.

Theorem 5.11. (see [8]) The following result holds:

Hn) = Bn D &y
We note that
Fn=1{A € 2, : thereis an asymmetric a € R" with A = rcirc(a)} (28)
(see also [5]). Now we prove the following
Proposition 5.12. [t is
oy ={A € Ly n_1: there is an asymmetric a € R" with A = circ(a)}.

Proof. We begin with the inclusion D. Let A € 47,, A =circ(a), with a asymmetric. Since
A € £, n—1, its eigenvectors are given by

)

and the eigenvalues of A are expressed by
Ai=alwl)  j=01,....n—1.
Note that

wl) =al) iyl (29)

wi=D) = uU) — iy, (30)
if j=0,1,... L%J From (29) and (30) it follows that
A;=a’ (@) +ivV)) =ialvl) iR

forj:O,l,...,(%Land

for j=0,1,..., %5 ].
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Now we turn to the converse inclusion. Suppose that A = F, AF,’, where A = diag(4),
A € (iR)" and A is asymmetric. The element ay; is given by

_ lnzl wk]l wlj l L(n—zl)/2j 2. (wk] wlj wk(”*J') w“"*])) _
ag; = ' =~ j ) " —

For/=0,1,...,n—1, we get

. [(n—1)/2] .
a071:—% Z 7Ljsin (271'][) eR.

j=1 "

Now we claim that the first row of A is asymmetric. Indeed, we have

21l a1
rs = Y (2220
j=1
2 L(n—1)/2] 2l
= — AJ 1n( >:—a01,
n n
j=1
getting the claim. 0
From Proposition 5.12 it follows that
Lnn1 = Co® . (31)

Moreover, note that %, © %, ® &, = £, 1. Since &, = £ 1, then €, ® ), = L, 1.
Hence, we obtain

7/n:an@f@n@yn@%:vgn,lugn,n—b

6 Multiplication between 3-matrices

It is not difficult to see that ¥}, is closed under the operations of sum between matrices.
Now we recall that the eigenvalues QLJ(C) of C =circ(e) € 6, j=0,1,...,|5], are given
by

QL;C) —cTul),

Moreover, for j =1, 2,... L%J we have

— 29

€ _
AZi =4
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Furthermore, the eigenvalues AJ(B) of B =rcirc(b) € %, j=0,1,...,|5], can be ex-
pressed as

/'LJ(B) =b"u,

and for j = 1,2,...| 5|, we have

2B,

) (B)
n—j A
Now we give the following

Proposition 6.1. Let a = (aga; -+~ a,— 1) b = (boby ---b,_1)T € R" be such that a is
symmetric and b is asymmetric. Then, a’ b = 0.

Proof. First of all, we observe that by = b,/ = 0. So, we have
n/2—1

alb = Zaj Zaj Z ajbj+a,nb,n+ Z ajb;

j=n/2+1
n/2—l n/2—1 n/2—1 n/2—1
= Z ajbj+ Z a,,,jbn,j: Z ajbj— Z ajijO.
=1 =1 =1 =1
[

Proposition 6.2. The eigenvalues ZJ(F) of F =rcirc(f) € F,, j=0,1,...,|5], are given
by

andfor j=1,2,... L%j we get

A —

)
J
Proof. We consider the following set of eigenvectors, whose first component is 1.
4y j=0,1,... %5
ul) —v | j=1,2,. 25
Hence, by Proposition 6.1, we obtain

;L;F) :fT(u(j) +v(f>) =Ty, j=0,1,..., (%1;

)

=17 @) ) = 730, j=1.2, 151,
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Proposition 6.3. The eigenvalues l ofA =circ(a) € o, j=0,1,...,|5], are given by
AN =ialv0), (32)
andfor j=1,2,... L%j, we get

A=

) _
J
Proof. We consider the following set of eigenvectors, whose first component is 1.
ul)ivl), j=0,1,.. T2
ul) —ivl), =12, 25

Hence, by Proposition 6.1, we obtain

A(A):aT(u(j)+lV(])):laTV(J)7 .]_0717 ”7 71—|;

Now we recall the following
Proposition 6.4. (see also [8]) Given two y-matrices Gy, Gy, we get:
6.4.1) If Gi, G € 6, then G| Gy € 6,;
6.4.2) If Gi, Gy € B, then G Gy € 6,

6.4.3) IfG] € 6, and G, € B, then G1 G, = G2 G| € B,

It is not difficult to see that, given C € 6, and V € 7}, the eigenvalues of CV are equal
to those of VC and are given by

j=0,1,....n—1.
Now we prove the following

Theorem 6.5. Let B € %, B =rcirc(b), and F € .%,, F =rcirc(b). Then, BF € <, and
the eigenvalues of BF are expressed by

(BF) _ .5 (B) 4 (F) . _ o1,
AP =P =01, 51

. —1
n—j i 5 ]:1,2,I_nTJ
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Proof. Let A = BF. Since B,F € ., then A € .Z,, ,_ (see, e.g., [20]). So, to prove
that A € o7, it is enough to show that the first row of the matrix A is asymmetric, that is
agn—j=—apj, j=0,1,... [”;211 Indeed, if n is odd, we get

(n-1)/2
aon—j = bofa—j+ Z bi (fin—j+1) (modn) T f2n—j=1) (modn)) =

(n— 1/2
= —bofj— Z bi(f(j+1) (mod n) t fintj=1) (mod n)) = —00.j

and when 7 is even, we have

aon—j = bofa—j+bu2fn2—j) (modn)+
n/2—1

+ Z bi (fin—j+1) (mod n) Ff2n—j=1) (mod n)) =

= _bij n/2fn/2—] (mod n) —
n/2—1

- Z bl (j+1) (mod n) +f(n+jfl) (mod n)) = —4ao,j-

Thus, A € 7.
We consider the following set of eigenvectors, whose first component is 1:

ul) +ivl) j=0,1,...,[1].

Hence, by Proposition 6.1, we obtain

W) _ v Trm) vy — (L1 Wil Ny —
;Lj — b F(u(1)+1v(f)) — <T) b F<u(l)_V(J)+1(u(J)_|_V(J))) —

- %) (AP i) =iaP )
for j=0,1,...,["5];
A) A A (B (F)
Z,n_j =—-A = —M,j QLJ
forj=1,2,... L%j , since the eigenvalues of A € o7, are asymmetric. [l

Now we demonstrate the following

Theorem 6.6. Let B € A, B =rcirc(b), and F € %#,, F =rcirc(f). Then, FB € <, and
the eigenvalues of F B are expressed by

(FB) _ .2 (B)4(F) . _ i,
A =Pl =01, 50



Proof. LetA=FB. As B,F € £, 1,then A € £, ,_ (see, e.g., [20]). So, to prove that
A € g7, it is sufficient to show that the first row of the matrix A is asymmetric, that is
agn—j=—apj, j=0,1,... [”;211 Indeed, we have

L(n—1)/2]
aon—; = Z fl( (n—j+1) (mod n) _b(Zn—j—l) (mod n)) =

n1/2

- Z fl( (j+1) (mod n) _b(nJrjfl) (mod n)) = —ao,j

for j=1,2,...[ "5} |. Therefore, A € o7,
We consider the following set of eigenvectors, whose first component is 1:

ul) +ivl) j=0,1,..., [,

Hence, by Proposition 6.1, we obtain

AN = 1B +iv)) = (AP ) —i2 P y0)) =
= 2P v =22 P

AN = W —ia P
n—j j
forj=1,2,... L%J, because the eigenvalues of A € .7, are asymmetric. O

Observe that, given B € %, and F € .%,, we get that AJ(FB) = —/’L](BF). Therefore,
FB = —BF.
Now we prove the following

Theorem 6.7. Let A € <7,, A =circ(a) and B € %, B =rcirc(b). Then, AB € %, and the
eigenvalues of AB are expressed by

ARE) — i@ =01, 55

J J J
A A : e
A = A, J=12,. %5

Proof. Let F = AB. Since A € £, ,_1 and B€ ., 1, then F € £, (see, e.g., [20]). So,
to prove that F € .%, it is enough to show that the first row of the matrix F' is asymmetric,
thatis fo,—j=—fo,, i =0,1,... (’%1} Indeed, we have
L(n—1)/2]
fon—j = Z a1 (B(n—j41) (mod n) — D(2n—j—1) (mod n)) =

= - Z a (b(j—i-l) (mod n) — b(n+j—l) (mod n)) = —fo,j
I=1
for j=1,2,...[ %} |. Therefore, F € .Z,.
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We consider the following set of eigenvectors, whose first component is 1:
ul) v j=0,1,..., [%11
Hence, by Proposition 6.1, we obtain
A = a’ Bu) +v\)) =al (4
= AP @) =iV aP

A=A = —ia WP
for j=1,2,... L%J , because the eigenvalues of F € .%, are asymmetric. O

Theorem 6.8. Let B € A, B =rcirc(b), and A € <7,, A =circ(b). Then, BA € .7, and the
eigenvalues of BA are given by

AP = aPAN =01, 1050

(BA) (BA) . -1
An—j __A‘] 5 ]—1,2,|_HTJ
Proof. Let F = BA. Since A€ %, ,—1 and B € £, 1, then F € ., (see, e.g., [20]). So,

to prove that F € .%,, it is enough to show that the first row of the matrix F is asymmetric,
namely fo,—;j = —fo,, j=0,1,.. [%1 Indeed, if n is odd, we get

(n—1)/2
fO,n—j = boay- it Z bl A(1—n+j) (modn)+a(l—j) (modn)):
(n—1) /2
= _bOaj Z bl - modn)+a(fjfl) (modn)):_fO,ja

and when 7 is even, we have

Jon—j = boan—j+bu2a42-j) (modn)t
n/2—1
+ Z bi(a—n+j) (modn) T AU—j) (modn)) =

= —boa/ buj2a(m2—j) (mod n) —
n/2—1

— Y a1y (modn) FA—j—1) (modn) = —Soj-
=1

Thus, F € .%,.
We consider the following set of eigenvectors, whose first component is 1:

ul)+ v, j=0,1,., 5.
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By Proposition 6.1, we have

(F) _ 4 (F) _ 9 (B)y(4)
Apj=—A;  =iA; A,
for j=1,2,... L%J , since the eigenvalues of F € .%,, are asymmetric. O

Note that, given A € o7, and B € %, we have that A J(AB) =-A J(BA). Hence, AB = —BA.
Now we give the following

Theorem 6.9. Let A € <7, A =circ(a) and F € %#,, F =rcirc(b). Then, AF € %, and the

eigenvalues of AF are expressed by

(AF) .4 (A) 5 (F) . n—117.
)Lj =—id; A, J=0,1,... [

A = 10, J=1,2,. 51,

Proof. Let B=AF. Since A € £, ,—1 and F € %1, then B € £, (see, e.g., [20]).
Thus, to prove that B € 4, it is sufficient to demonstrate that the first row of the matrix B
is asymmetric, that is by ,—; = —bo j, j=0,1,... (%1 Indeed, it is
[(n—1)/2]
bon—j = a; (fin—j1) (mod n) = J2n—j—1) (mod n)) = (33)

=1

L(n—1)/2]

- Z a <f(j+l) (mod n) _f(n+j—l) (mod n)) = _bO,j
=1

for j=1,2,... L%J Therefore, B € 4,.
We consider the following set of eigenvectors, whose first component is 1:

), j=0,1,..., /%51

Hence, by Proposition 6.1, we obtain

2B~ aTpal) = LT pl) 4 vy - LaTp ) — g0y =
2

! 2
- %ar A (@) v — %ar A (@ — vy = —ia W2 (F)
for j=0,1,..., [%1,
B) _ 4 (B) _ 4 (A)4(F)
lnfj = —lj = 17Lj 7L].
for j=1,2,... L%j , because the eigenvalues of B € %, are asymmetric. O
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Now we prove the following

Theorem 6.10. Let A € <7, A =circ(a) and F € .#,, F =rcirc(b). Then, FA € %, and
the eigenvalues of FA are given by

A = iAW =01, 1050

FA FA : .
WA = A J=1,2, %5

Proof. Let B=FA. SinceA € %, ,_1and F € ., 1, then B € £, 1 (see, e.g., [20]). Thus,
to prove that B € %, it is sufficient to demonstrate that the first row of the matrix B is
asymmetric, that is by, ; = —bo j, j = 0,1,...["5~]. Indeed, we get

L(n—1)/2]
bon-j = Z Ji(@-ntj) (modn) —4(—j) (modn)) = (34)

= = Z fl (a(jfl) (mod n) — @4(—j—I) (mod n)) = _bO,j
=1

for j=1,2,... L%j Hence, B € %,,.
We consider the following set of eigenvectors, whose first component is 1:

), j=0,1,...,[2%5.

Hence, by Proposition 6.1, we obtain

A = fTAu(j):%fTA( U) iyl ))+;fTA( ) —jvl)y =

_ L@ T 5 (4) L (F) 5 (4)
= Ef Y (<>+1v<>)+ AT (@) —ivl)) =ia [ 2

(8 (B) _ 707 @)
R R VIYY

) _
i
forj=1,2,... L%J, since the eigenvalues of B € %, are asymmetric. O

Observe that, if A € &7, and F € .%,, then QLJ(AF) = —AJ(FA). Hence, AF = —FA.
Moreover note that, if By, B, € %, Fi, > € .%,, A, A, € &, then B B>, Fi P>,
A1Ay € C,.
7 Invertible 3-matrices

In this section we present some results about invertibility of B-matrices. We prove the
following
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Theorem 7.1. Given 'V, € ¥, Vi =C1 + B+ F, + Ay, with C| € 6, B| € $,, F\ € %,
A| € 9, set GJ(.AI) = —il}Al), j=0,1,..., [”;211 If the matrices

)L](Cl) A](Bl) )L](Fl) _G](Al)

2B 4 () GJ(AI) _ ()

o) Al

oA _%(Fl) 2B 4 ()

j=0,1,..., [%L are invertible, then there exists Vo € ¥, such that ViV, = I,.

Proof. First of all note that, if V, € %}, then V, = C, + By + F, + Ay, with C; € 65, B, €
B, Fr € F,, Ay € ),
Observe that V|V, = C3 + B3 + F3 + Az, where
C3 = CiCy+B1By+FiF,+A1Ay € 6y,
By = C1By+B\Cy+FlAy+AF, € %,
s, = CiFh+FC+BjAy+A 1By € %,
A3 = ClAy+A G +BR+FiB) €,

By imposing C3 = I,,, we get

(C1) 4 (C2) | 5 (B1) 4 (B2) | 4 (F1) 5 (F2) (A1) 5 (A2) _
ljlljz—l—/lj‘7Lj2+/ljllj2+7tjllj2—1
forj=0,1,...,[%1.
Moreover, by imposing B3 = O,,, by virtue of Theorems 6.9 and 6.10 it follows that
(B1) 4 (C2) (C1) 4 (B2) <9 (A1) 4 (F2) | 2 g (F1) 5 (A2) _
ATV A ‘/'L-Z—l/lj'ﬂt.2+1itj‘lj2—0

J J J J J

for j=0,1,..., (%1
Furthermore, we impose F3 = O,,. Then, from Theorems 6.7 and 6.8, it follows that
(F1) 4 (C2) | 5 (A1) 4 (B2) (C1) 4 (F2) |+ 9 (B1) 4 (A2)
lj )Lj +1lj 7Lj +lj )Lj —1—111- 7Lj =0
for j=0,1,..., (”%11
Finally, by imposing A3z = O,,, from Theorems 6.5 and 6.6 we obtain

A}Al) )LJ(CZ) - il}Fl) 11(32) —l—i)L](Bl) AJ(FZ) _|_A](C1) )L](Az) -0

Now, put GjAZ) = —i/l](AZ), j=0,1,..., [”;211, ﬁjT = (/'L](CZ) A}BZ) A;FZ) G](AZ)). Since
® is invertible, then the system ®;9%; = (100 0)7 has a unique solution. This ends the

proof. ]

Thus, it is not difficult to show that in most cases it is possible to compute the inverse
of a B-matrix by means of DFFT and Hartley-type transforms.
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8 Toeplitz matrix preconditioning

For each n € N, let us consider the following class:
={T, e R"" : T, = (tx j).js th,j = ti—j)» k> J €{0,1,...,n—1} }. (35)

Observe that the class defined in (35) coincides with the family of all real symmetric
Toeplitz matrices.

Now we consider the following problem.
Given T,, € .7, find

Vu(T,) = min ||V —T,||F,
(1) = min |V =Tl
where || - || denotes the Frobenius norm.

It is not difficult to see that, since T}, is symmetric, then we can assume that V,(7,,) is
symmetric. Therefore, V,,(T,) = C,(T,) + B, (T,,) + F,(T,), where C,(T,,) € 6y, B,(T,,) €
By, and F,(T,) € F,.

Theorem 8.1. Let E?An =S+ 96,1 Given T, € Ty, one has

Gu(Ty) = Co(Ty) + Bu(T,) = min |G —T|lFr = mln HG T\ F, (36)
Ge9, GeY,

where C,(T,,) =circ(c), with

n—j)ti+ jty—;
C]:( ])il Jn], ]6{1,2,,71—1},

co = I,

and B, (T,) =rcirc(b), where: for n even and j € {1,2,...,n—1}\ {n/2},

1 (4j—2n U322k 41
bj - % < n (t] _tn—j) +4 kgl n (l2k+] _tn—2k—1)+
(=J=3)/2 9k 41
+ 4 (k1 —ta2k—1) |, Jodd;
k=1
1 (4j—2n 21
bj = ﬂ( n (tj —tn—j) +4 Z tzk—fn 2%)+

(n—j)/2—1 2k
+ 4 ) 7(t2k —tp2k) |, Jeven;
k=1

for n even,

k=1

) n/2— 12k
by = ;( Y . — (tok — tn— 2k)> (37
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k=1

4 n/4—1 2k
by = Z( Y 7(t2k_tn2k)); (38)

fornoddand je{1,2,...,.n—1},

1 (4j—2n U322k +1
bj = E( - (tj—ta—j)+4 & (241 = ta—2k—1)+
("—j)/2—12k
+ 4 Z 7(l2k_tn—2k) , Jodd; (39)
k=1
1 (4j—2n 2ok
bj = ﬁ( " (fj—fn1)+4k; 7(f2k—fn—2k)+
(”—j—3)/22k+1
+ 4 (tae1 —th—2k—1) |, Jeven; (40)
k=0
for n odd,
2 (322K 41
by = - (take1 — th—2k—1) | - (41)
n\ =0

Proof. Let us define
¢(c,b) = ||T;, — circ(e) — circ(b) || %
for any two symmetric vectors ¢, b € R". If j € {1,2,...,n— 1}, then we get

d¢(c,b) ol

a—:—4(n—j)tj—4jtn_j+4zbj—|-4ncj. (42)
¢j j=0
Furthermore, one has

a b n—1
#:—2nt0+22bj+2nco. (43)

co =0

If niseven and jis odd, j € {1,...,n—1}, then, since ¢, ; = c, we have
d0(c,b (j=3)/2 (n—j—3)/2
¢8(b ) _ 2| 2tj4+4 Y, w1426 j+4 Y, iugi—
J k=0 k=0

n/4—1
—4 Z c2k+1—2nbj> =
k=0

(j-3)/2
= -2 <2(tj—0j)+4 Y, (k1 —coer) +2(ta—j —cuj)+  (44)

k=0
(n—j—3)/2

+4 Y (togg1—coq1) —2nbj | .
k=0
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If both n and j are even, j € {1,2,...,n—1}\ {n/2}, then, by arguing analogously as
in the previous case, we deduce

a0 (c,b 21
(Pa(b ' ) _ ) (Z(tj —cj)+4 Y (ta— o) +2(tn—j— Cnj)+
J k=1
(n—j)/2—1
+4(to—co)+4 ). (ta—cu) —2nbj |. (45)
k=1
Moreover, if n is even, then one has
a c’ b n/271
(P&(b ) =-2 <l0—60+2 Y, (to—cox) —nbo |, (40)
0 k=1
getting (37). Furthermore, for n even, we have
p) ¢, b n/4—1
gl() )~ (2(fn/z —Cppp) T4 Y, (ta—cox) —nby) | (47)
n/2 k=1

Now, if both n and j are odd, j € {0,1,...,n— 1}, then, taking into account (55), we
obtain

o) b (j=3)/2
¢a(c’ L 20tj—ci)+4 Y, (ke —courr) +2(tnj—caj)+
b; k=0
(n—j)/2—-1
+4 Y (tk—co) +2(to—co) —2nbyj | . (48)
k=1

If nis odd and j is even, j € {0,1,...,n— 1}, then we have

a b j/2—1
o(ch) 2(t;—cj)+4 Y (tox— o) +2(tuej— o))+ (49)
abj k=1
(n—j—3)/2
+4 Z (t2k+1—Czk+1)—|-2(t()—60)—2nbj .
k=1

Finally, for n odd, one has

9 b (n—3)/2
olc, ):—2 to—co+2 Y, (tak1—cos1) —nbo |- (50)
ab() k=0

It is not difficult to see that the function ¢ is convex. By [22, Theorem 2.2], ¢ has
exactly one point of minimum. From this it follows that ¢ admits exactly one stationary
point. Now we claim that this point satisfies

n/4—1

Y bup1=0 (51)
k=0
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and

n/4—1
bo+2 Y by+b,n=0 (52)
k=1
when 7 is even, and
(n—1)/2
bo+2 Y bj=0 (53)
j=1

if n is odd, that is B, (T,,) € %,. From (51)-(53) and (42)-(43) we get (55)-(55). Further-
more, from (55)-(55) and (44)-(50) we obtain (55)-(41). Finally, (51)-(52) follow from
(55)-(38), while (53) is a consequence of (39)-(41). ]

Theorem 8.2. Given T,, € .7, one has

Vn(Tn) = Cn(Tn) +Bn(Tn) +Fn(Tn) = ‘I;Ilin HV - TnHF, (54)

n

where Cy,(T,) =circ(c), with

(n_j)tj+jtn—j

ic{1,2,....n—1}
p jed n—1}

Cj=

co = o,

and B, (T,) =rcirc(b), where: for n even and j € {1,2,...,n—1}\ {n/2},

1 (4j—2n U322k +1
b, = E( - (tj—ty—j)+4 P> (t2k1 — tn—2k—1)+
(=32 9k 41
+ 4 (tok+1 —th—2k—1) |, Jodd; (55)
k=1
1 (4j—2n 2o
b] - E( n (tj_tn])+4k;1 7<t2k_tn—2k)+
("—j)/2—12k
+ 4 —(tok —ty—2k) |, Jeven; (56)
=1 N
for n even,

by = — — (o — t— ,
0 . ( ) . (tax 2%)

k=1

4 (MET 2k
by = Z( Y 7(t2k_tn2k))a

k=1
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fornoddand j e {1,2,...,.n—1},

1 (4j—2n U322k 41
bj = E( . (tj—tnfj)+4 P (t2k+l_tn72k71)+
("—j)/2—12k
+ 4 ) 7(t2k_tn72k) , Jodd; (57)
k=1
L(4j=2n, e
by = — | 4 t —t
J 2n< n + Z 2k n— 2k)+
=320k 1
+ 4 (st —ta2k—1) |, Jeven; (58)
k=0
for n odd,
2 ("3 2k +1
by = —< Y (st —ta2k—1) | 3 (59)
n =0 n
lji=th-j . :
fi=t= ez n-1) (60)
fo=0. (61)
Proof. Set

¢ (c,b,f) = ||T;, — circ(e) — rcirc(b) — reire(f) ||

for each symmetric vector ¢ € R", b € R" and for every asymmetric vector f € R". By
proceeding analogously as in (42)-(50) and taking into account the asymmetry of f, we
get that the derivatives
d¢(c,b,f)  3¢(c,b,f)
aC j ’ 819 j

have the same expressions as the respective derivatives
dg(c,b)  do(c,b)
dcj db;
in (42)-(50), j =0, 1,...,n— 1. Furthermore, for any n € Nand j € {1,2,...,n— 1} we
get

d¢(c,b,f)
df;

Proceeding similarly as we dealt with the function ¢ in Theorem 8.1, it is not difficult to
prove the convexity of the function ¢ From this and [22, Theorem 2.2] again, it follows
that ¢ has exactly one point of minimum, and hence q) admits exactly one stationary point.
By arguing analogously as in Theorem 8.1, it is possible to show that the same conditions
as in (51)-(53) are satisfied, and the assertion of the theorem follows. ]

=4(nf;j—th+1tn—j). (62)
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Now we show how the approximation found in $-matrices allows to obtain also pre-
conditioned linear systems with eigenvalues clustered around 1. For every n € N, set

too
{t € J, : there is a function f(z) = Z ti7, (63)
jzfoo
~+oo
with z € C,[z| =1, and such that ) |tj| < +oo}.
jzfoo

Observe that any function defined by a power series as in the first line of (63) is real-
valued, and the set of such functions satisfying the condition

o0
Y Il < oo
j:—oo
is called Wiener class (see, e.g., [5], [16, §3]).

Given a function f belonging to the Wiener class and a matrix 7;, € /97,, T.(f) =
~+o0
(tr )k thj = tk—j)» k, j €40, 1,...,n—1}, and f(z) Z t;z/, then we say that T,,(f)

]_—DO
is generated by f.
We will often use the following property of absolutely convergent series (see, e.g.,
[S, 15]).

Lemma 8.3. Let Z tj be an absolutely convergent series. Then, we get

j=1
HOXIEES:
lim k|tk|+ (n—k) |l‘k‘ =0.
AR V= k=[(n+1)/2]
Proof. LetS = Z |tj]. Choose arbitrarily £ > 0. By hypothesis, there is a positive integer
j=1
ng with
- £
Y lul< 7 (64)
k=no+1

2noS
Let n; = max { %, 2n0}. Taking into account (64), for every n > nj it is

n

1 n
0 < —(Zk]tk]+ Z (n—k)\tk]>:
n\k=1 k=[(n+1)/2]

— —Zk|tk|—|—— Z kltk|+— Y, (-Rul<

M k=no+1 k:[(n—i—l)/ﬂ
&
< —n02|fk!+2 Z ] < 5 "05+2Z=8~
k=np+1
So, the assertion follows. O]
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Theorem 8.4. Forn € N, given T, (f) € Ty, let Cu(f) = Cn(Tn(f)) w(f)
F.(f) = Fu(Tu(f)) be as in Theorem 8.2, and set V,(f) = Cu(f) + Bn(f) +
the following statements hold.

= Bu(Tu(f)),
F,(f). Then,

8.4.1) For every € > 0 there is a positive integer nq, such that for each n > no and for
every eigenvalue l;v"(f)) of Vu(f), it is

A € [ foin— &, fon + €], j€{0,1,.n—1}, 65)

where fmin and fmax denote the minimum and the maximum value of f, respectively.

8.4.2) For every € > 0 there are k, n1 € N such that for each n > n| the number of
eigenvalues l;(v”(f))il T of V.Y () T (f) such that MJ((V”(f))ilT”(f)) —1|>e¢is
less than k, namely the spectrum of (V,(f)) ™! T,(f) is clustered around 1.

Proof. We begin with proving 8.4.1). Let G,(f) = Cn(f) + Bn(f). Choose arbitrarily

€ > 0. We denote by /’LJ(C”(f ) (resp., A}B"(f ) A J(F”(f ) ), )LJ(G” f ))) the generic j-th eigenvalue

of C,(f) (resp., Bu(f), Fu(f), Go(f)) in the order given by Theorem 5.3 (resp., Theorem

5.7, Proposition 6.2). First, we claim that

MO € foin— /2, frax +8/2], J€{0,1,...,n—1}. (66)

To prove (66) it is enough to show that this property holds (in correspondence with €/4)
for each l}c”('f)), j=0,1,...,n—1, and that

2P0 € [—e/4,e/4] forevery n > ng and j € {0,1,...,n—1}. 67)

Indeed, since C,(f), By(f) € ¥,, we have

(Gn(f) _ 5 (Calf)) 5 Bu(S)) ;
Aj =4, +2, forall j € {0,1,...,n—1},

getting the claim.
Now we consider the case n odd. For every j € {0,1,...,n—1}, since ¢; = ¢,—; and
thanks to (55), one has

c n—1 (n—1)/2
’A{J( ﬂ(f))‘ — Zchcos 27‘[]1]) g C0—|—2 Z ChCOS(27rh_])
h=0 h=1
(n—1)/2
= |to+2 ) tycos(2mhj) -
(n—1)/2 (n-1)/2
— hZ’l ;thcos(Zﬂhj)—F Z ;n_hcos(Znhj) < (68)
(n—1)/2 21 (n—1) /2 (n—1) /2
< Y (e n) + ¥ Yo+ Ll <
h=—(n—1)/2
< Y |th|<eln> + Z \thy+ Z tal-
h=—o0 n+l
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Choosel arbitrarily € > 0. Note that the first addend of the last term in (68) tends to
f (e = ) as n tends to +oo, and hence, without loss of generality, we can suppose that it

belongs to the interval [fiin — €/12, fimax + €/12] for n sufficiently large. By Lemma 8.3,
it is

RV =1 . h
Jim Y |th|+ Z " tn] | =

h=1 =(n+1)/

When r is even, we get

1 n/2—1
‘/lj(cn(f))‘ _ Zchcos 27hj)| = |co+2 Z chcos(znh])+(—1)n/2cn/z —
h=0 h=1
n/2—1
= [0—|—2 Z COS(Z%hj)th‘i‘(_l)n/ztn/Z_
h=1

n/2—1 n/2—1
_ }; Zthcos(27rhj)+ Z ;tn_hcos(Znhj) <
n/2 2nj n/2— 1 n/2— 1
< Y () )y Yo+ )y %l
h=—n/2+1
) n/2— 1
< Z (e SR r ")+ y !

h=n2+1

Thus, it is possible to repeat the same argument used in the previous case, getting 8.4.1).
Now we turn to 8.4.2). From Theorem 5.7 we obtain

( n—1 2 .

Z bhcos( Zjh) if j<n/2,

A _ ) "
j
n—1
2 h

—thcos( 2 (n—J) ) if j>n/2

\ 7=0 n

So, without loss of generality, it is enough to prove 8.4.2) for j <n/2.
We first consider the case when n is even. We get

( ) <Z|bh\—

‘A}Bn(f))‘ <

n/4—1 n/2—1 n/2—1

= |bol+ Y., b+ Y, [|bonl+|bypl + Z |bopg1| = (69)
h=1 h=n/4+1

= 11+12+13+I4+15.

So, in order to obtain 8.4.2), it is enough to prove that each addend of the last line of (69)
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tends to 0 as n tends to 4. We get:

n/2— 1 n/2— l4k
L = |bo| < Z 2Itzk!+ Z -2k = (70)
n/2—1 n/2—1 o
4k 2n— 4k 8 4
= Z 2\f2k| Z |tk | < Z|th|§—
k=1 k=1 h=1

where § = Z |tn|. From (70) it follows that I} = |bg| tends to O as n tends to +oo. Analo-
h=1
gously it is possible to check that Iy = |b, | tends to 0 as n tends to +oo.
Now we estimate the term I, 4 I3. We first observe that

1 /A1 | n2-t
— Y @Gh=n)(|tnl +te-nl)+ = Y, @h—n)(|tap] + |ta—20]) <
"=l " penjat1
< 2 Z (4h—n)(ltan| + [tn—2n]) < (1)
h=1
< 5 Y Ahloal+— Y Gh—n)lho] =
o= Ly
= 3 4hltop|+— Y (2n—4h)|typ].
Ly = Ly

Arguing analogously as in (70), it is possible to see that the quantities at the first hand of
(71) tend to 0 as n tends to +oo.
Furthermore, we have

n/2 1 /h Lo n/2— 24k n/2— 22k
- Z <Z—|l2k|) ) ?(5_2 k) 1tk | < Z —|l2k| (72)

k=1

h—1 2% n/2— 24]( n/2— 12k
(Z 7|tn—2k|) =) ?<§—2 k) |th—ok| < Z —|f2k| (73)

k=1 k=1

n/2—h— 12]( n/2— 22k
( ) —lrzk|> ) e, (74)

k=1 k=1

and

n/2 1 /n/2—h— 12k n/2724k n—2k_2
) ( Lo 2k|> Y () eal -

k=1 n?
"/2‘1 n—2k)(2k—2 21y
= ) ( zlg >|2k|< Z —Itzkl (75)

k=2
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Summing up (71)-(75), from (56) we obtain

n/4—1 n/2—1 1 n/2—1 1 n/2—1
L+l = Y |bul+ ) |bzh|<— Z 4h|l2h|+— Z 4 hlty_op| +
h=1 h=n]4+1
n/2— 2 n/2— 1
+ Z _’tZkH‘ Z —!fzk| (76)

Thus, taking into account Lemma 8.3, it is possible to check that the terms at the right
hand of (76) tend to O as n tends to —+co.
Now we estimate the term /5. One has

_”/ZZI thz"“p |_’§2k+1|t -
n 2k+11 ) — n 2k+11 —

=0 k=0
n/2 n/2
2k 1
= Z—|f2k+1|+z =l 1] = J1 + Ja.
k=0

Thanks to Lemma 8.3, it is possible to check that J; tends to 0 as » tends to 4. Moreover,
we have

0<h <

S |

(77)

and hence /; tends to 0 as n tends to +oo. Analogously as in the previous case, it is possible
to prove that

n/2—1 n/2—1
I = Y byl <= Y 22k+1)|tpp |+

k=0 =0
222 2k+1

+ =) <——1—k> (—) |th—2k—1] < (78)
n o= \2 n
n/2-2 n/2—1

2(2k+1 2(2k+1

< ) ¥|t2k+1|+ Y (—)’t2k+1’-

k=1 k=2

By virtue of Lemma 8.3 and (77), we get that /5 tends to O as n tends to 4-co. Therefore,
all addends of the right hand of (69) tend to 0 as n tends to +oo. Thus, (67) follows from
(69), (70), (76) and (78).

When 7 is odd, it is possible to proceed analogously as in previous case. This proves
(66).

Now we claim that the eigenvalues of F,(f) lie between —¢/2 and €/2 for n large
enough. We have:

n—1
= i sin( 71'k]>
=0

Since f belongs to the Wiener class, we get the claim.

n—1

Z il <= ZV}H‘ Z|ln il (79)
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Moreover, we observe that

Gu(f) + Fu(f) = Qu (NG 1y, AU y Ty oI
where
AG()  — A(Gn(.f)) _ (léG"(f))ll(G”(f)) N 'A;E?f(f)))T=
AE) = )’(Fn(f)) _ (AéE’(f))),l(El(f)) ) ‘_A’rgfnlf)))T

Thus, the matrix G,(f) + F,(f) is similar to A(G(") 1y, AG() ¥y Note that

0 L0 AR

Y, AUn(9) YnT _ :
0 12(Fn(f)) 0 0
;l,l(Fn(f>) 0 0 0

Therefore, 8.4.1) follows from the Gerschgorin theorem (see, e.g., [30]).

Now we turn to 8.4.2), that is we prove that the spectrum of (V,,(f))~! T,,(f) is clus-
tered around 1. Since (V,,(f)) "N (Tu(f) — Vi (£)) = Vu(f)) " T (f) — I, where I, is the
identity matrix, it is enough to check that the eigenvalues of (V,,(f)) (T (f) — Vu(f))
are clustered around 0.

Choose arbitrarily € > 0. Since f belongs to the Wiener class, there exists a positive
integer ny = ng(€) such that

o)

Y l<e

j:n0+1

Proceeding similarly as in the proof of [5, Theorem 3 (ii)], we get
Tu(f) = Valf) = Tu(f) = Calf) = Balf) = Ful£) = W™+ + B},

where W,,("O), Z,(,nO), E,(an) are suitable matrices such that Wn(n()) and Z,S”O) agree with the
(n—ngp) x (n—ng) leading principal submatrices of T,,(f) — C,(f) and B,(f) + F,(f),
respectively. We have:

rank(E,(an)) < 2nyg;
(o) 2n no—1
n
”Wn 0 Hl < Z k‘tn k_tk‘< Zk‘tk’—l-él- Z ‘tk‘ (80)
k=ng+1
(n0) v
n
1Z"" 1 < ) (bal + [ fa]),
h=0
where the symbol || -||; denotes the 1-norm of the involved matrix. Let n; > ng be a
positive integer with
1 o n—1
— Y kln| <& and Y (ba]+|fi]) <e. 81)
=1 h=0
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Note that such an n; does exist, thanks to Lemma 8.3 and since all terms of (69) and (79)
tend to O as n tends to +oo. From (80) and (81) it follows that

WA W1 < W14+ 1125 < 8e. (82)

From (82) and the Cauchy interlace theorem (see, e.g., [48]) we deduce that the eigenval-
ues of T,,(f) — Vi (f) are clustered around 0, with the exception of at most k = 2 ng of them.
By the Courant-Fisher minimax characterization of the matrix (V;,(f))~! (T,(f) — Vu(f))
(see, e.g., [48]), we obtain
i 2 Tn(H=Va(f))
/ N f min
for n large enough. From (83) we deduce that the spectrum of (V;,(f)) ™! (T,(f) — Vu(f))

is clustered around O, namely for every € > O there are k, n; € N with the property that for

A}Vﬂ(f»il Tn(f) Such that A‘/(Vn(f))il Tn(f) _ 1 > & iS

at most equal to k. 0

each € > 0 the number of eigenvalues

Note that a similar result can be obtained by approximating G,(f) = C,(f) + Bn(f)
(see [8]).

9 Experimental results

In order to test the goodness of the proposed approximations, we have proceeded as fol-
lows: fixed the dimension n and the range of values which the involved Toeplitz matrices
can assume, we have created 10000 different instances of Toeplitz symmetric matrices
T,, whose values have been randomly and uniformly chosen in the interior of the pre-
fixed range. Moreover, we have computed the approximation C,(7;,) given in [17], the
approximation H,(T,) presented in [5] and the approximations G,(7},) and V,(7T,) given
in (36) and (54), respectively. Furthermore, we have computed the mean error in terms of
difference between the matrix 7, and the preconditioning matrix evaluated with respect
to the Frobenius norm. In Table 1 the considered range is [0, 1]. In this case, as expected,
V,(T,) turns to be the best approximation, while G,(7;) is the second best approxima-
tion in mean. In Table 2, the considered interval is [—1, 1], and the obtained results are
analogous to the previous ones. In Table 3, to generate the first row of the Toeplitz sym-
metric matrix, we have proceeded as follows. We have taken the value of the first entry
equal to 1. To determinate the value of the i-th entry, we have multiplied the value of the
i — 1-th entry by a random constant chosen uniformly in [0.9, 1]. Such a choice allows to
better simulate the Toeplitz matrices present in the blur operators. The behavior of the
errors is similar to that of the prevous cases. Moreover, from Tables 1-3 it is possible to
see that, for large numbers, the approximations C,(7,) and H,(7,) give similar results,
while the approximations G,(7,) and V,,(T,). Furthermore, as seen in Table 4, for large
numbers the approximation G, (T,,) is always better than the approximation H,(7,,). Since
the multiplication of V,(T,) by a vector needs three fast discrete transforms, while the
multiplication of V,,(T},) by a vector requires only one fast discrete transform. Thus we
deduce that, for n very large, G,(T,) is the better solution in terms both of approximation
and in computational costs.
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[T = Ca(T)llF | T = Ha(To)|[F | [|Tn = Gu(Ta)llF | |75 — Va(To) |
n=20 3.1389 3.1156 3.0770 3.0532
n=25 4.1076 4.0885 3.9591 3.9392
n =30 4.8062 4.7903 4.7369 4.7207
n=35 5.7528 5.7390 5.5989 5.5847
n =40 6.4536 6.4416 6.3811 6.3689
n=45 7.4243 7.4135 7.2649 7.2538
n =50 8.1211 8.1114 8.0471 8.0373
n= 100 16.46786 16.46293 16.38939 16.38444
n = 1000 166.48101 166.48051 166.39821 166.39771

Table 1: Mean error obtained by the various approximations with respect to 10000 instances of

randomly generated Toeplitz matrices 7, with entries in [0, 1].

[T — Co(To) || | 1Tn — Ha(Tu) |7 | 1 Tn = Ga(T)llF | [ Tn = Va(Ta)llF

n=>5 0.73470 0.65623 0.65593 0.56618
n=10 1.44816 1.40540 1.40531 1.36116
n=15 2.42566 2.39475 2.28953 2.25668
n=20 6.2564 6.2098 6.1313 6.0838
n=25 8.2016 8.1633 7.8982 7.8584
n =30 9.6160 9.5842 94776 9.4453
n=35 11.517 11.489 11.210 11.182
n =40 12.915 12.891 12.771 12.747
n=45 14.835 14.813 14.521 14.499
n=>50 16.292 16.272 16.141 16.121
n= 100 32.92819 32.91833 32.76966 32.75976
n = 1000 332.72496 332.72396 332.56154 332.56054

Table 2: Mean error obtained by the various approximations with respect to 10000 instances of

randomly generated Toeplitz matrices 7, with entries in [—1,1].
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[T = Co(To)lF | |To = Ha(T)|lF | 1Tn = Ga(To)|lF | 170 = Va(To)lF
n=>5 0.18725 0.16362 0.18190 0.15743
n=10 0.71534 0.68775 0.67302 0.64363
n=15 1.43778 1.41100 1.33331 1.30439
n=20 2.28601 2.26095 2.10745 2.08025
n=25 3.17788 3.15482 2.92053 2.89542
n =30 4.07270 4.05158 3.73644 3.71341
n=35 4.95798 4.93865 4.54353 4.52243
n=40 5.79877 5.78109 5.31037 5.29105
n=45 6.59117 6.57494 6.03320 6.01547
n=>50 7.30809 7.29317 6.68763 6.67133
n=100 11.56697 11.55943 10.60308 10.59485
n = 1000 13.68293 13.68225 13.43137 13.43068

Table 3: Mean error obtained by the various approximations with respect to 10000 instances of
randomly generated Toeplitz matrices 7, with entries in [0, 1] in decreasing way.

range = [—1,1] | range = [—1,1],decreasing

n=>5 4994 0

n=10 5019 9992
n=15 8989 10000
n=20 8727 10000
n=25 9794 10000
n =30 9765 10000
n =35 9973 10000
n =40 9943 10000
n=45 9993 10000
n =150 9990 10000
n =100 10000 10000
n = 1000 10000 10000

Table 4: Number of times in which the first proposed approximation gives better results than that
in [5] with respect to 10000 instances of randomly generated Toeplitz matrices 7;, with entries in
[0,1] in decreasing way.
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