The number of primes
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Abstract

The prime-number-formula at any distance from the origin has a systematic error, proportional to the
square of the number of primes up to the square root of the distance. The proposed completion in the
present paper eliminates by a quickly converging recursive formula the systematic error. The remaining
error is reduced to a symmetric dispersion, with standard deviation proportional to the number of primes
at the square root of the distance.

1: Evaluation of the number of primes

The total number of the primes is the integral of the local logarithmic density of free positions, evaluated
by Riemann. The first approximation of the integral is the sum of the logarithmic density over all integers,
in the following used as sum over all integers:
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(1.1)

TIn_appr(c) = In(n)

This above sum may be written as summing up first over all integers within the sections of the length (/¢ ) and
then summing up over all the (/¢ ) sections of the length (+/¢). Taking the average value over each section and
summing up over the sections is an approximation, in the following used as sum over all sections.
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The well proven prime-number-formula PNF results as simplification of the above approximation taking
for all sections the largest value (j =+/¢):
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The difference between the approximation of the number of primes and the value resulting from the PNF is
proportional to the square of the number of primes present up to the distance ((c)
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The error of this approximation, of the PNF, at the distance (¢ ) is proportional to ( R(c)z), the square of the
number of primes covering positions at the distance (/). The factor of proportionality is evaluated in
annex 1. Itis (~¢:= 0.28298 ):

The relation between the error of the PNF at ( c) and the number of primes up to (+/¢) is invariant.
The constant factor of proportionality (~.), is an inherent propriety of the number of primes.

02/11/2021 1 Doroszlai The number of primes



ﬂoor(j~\/7c)
Replacing ( z by ( 7—5 in (1.2) originates an error ( Amerror(c))-
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It can be proved, that his error is proportional to the number of primes at (/¢ ), the number of the series of
multiples of primes, which are covering positions at ( ¢ ), because each of the series of multiples of primes
contributes its share to the error:

ceil(\/ﬁ) \m \/ﬁ ceil(\/ﬁ)
ATterror_(¢) = Ysec .Zl m ~ Asec n mm : Z 1R ~gec Ref(©) (15)

1= j=1
Herewith the error at the distance ( ¢ ), meaning the difference between the effective number of primes
(m(0) = msp.sp (k)) and the value resulting from the approximation (wsec_appr (o)), disregarding, respectively

eliminating the local dispersion by using the average value over the sections in (1.2) . The factor of
proportionality is evaluated in annex 2.2:
Amisec (©) = Tsec_appr () — 7(c) = Ysec'Reff(€) 5 Vsec:= -0.035513 (1 6)

Because the error of the approximation of the number of primes over the distance - evaluated as sum
over all sections (1.2) - is proportional to the number of primes at the square root of the distance, the
approximating function (1.2) may be corrected correspondingly. The corrected approximating function,
the corrected sum over all sections is instead of (1.2):
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But herewith for ( Ref{csp (kﬂ ) and for ( seﬁ{csp (k)}) it may be written recursively:
s i e [
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This allows to write for the complete-prime-number-formula (CPNF):
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The results of the CPNF are evaluated in annex 3 and compared with the effective number of primes.
There is no systematic error. The remaining error, the dispersion around the CPNF is proportional to the
number of primes (R(c)), the multiples of which are covering positions at ( ¢).

Therefore the dispersion relative to the CPNF has a constant width and symmetrical around zero:

™ CRECE _m (© - (/o
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The standard deviation of the relative dispersion is:
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It is evaluated in annex 4. It is found, that the standard deviation is constant over the distance. This constant
is evaluated in annex 4 as (Fsp arx = 0.162389), is again an inherent property of the prime numbers..
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2: Boundaries of the dispersion of the number of primes around the CPNF

Regarding figure 1.4, itis obvious, that the dispersion shows oscillations of different frequencies: there are
oscillations of relatively low frequencies and oscillations with short and even shorter frequencies observable.
The evaluation of the number of primes with the CPNF correct the error of the average on the long range, but
at the same time it is the origin of the oscillations due to the summing procedures over ( r(o), R(ﬁ), R(M) )
subsections. Each time ( r(c)) changes by unity, there is a discontinuity in the summation procedure. The
same is happening by each of the following summing, but with diminishing amplitude and higher frequency.
For the first and largest effect this is illustrated below for the original PNF:

At the distance (¢), with (R(¢)) being the number of the series of multiples of primes covering formerly free
positions, the summing of the local density values over (; ) is influenced only by (+/¢). If for the distance
succeeding primes were taken, as in the above evaluations, the size of the gaps between primes would
account for the long range fluctuations. If ( ®(c)) changes by unity, there is a jump: At the change of the distance
at certain number of primes ( P(n)) the summation limit changes from (Rr(c), ¢= P(n)) o (R(e) + 1, ¢= P(n+1))2

R(0)+1
frommz et z ) (2.1)
' R+l R(c) Lo e e LR
The difference makes (+/c Z ln_] Z e ﬁ o m— 5 ). (2.2)

J =
For illustration the discontinuity of the approxmatlng function is shown. For this purpose the values of
the approximating function are evaluated in (addition to its sparse values evaluated in (1.4)) at
distances corresponding to each prime (c¢= P (@ “appr_test(CD: Trappr_[P (qﬂ) in the range , (q= qlow -- high )-

from ( giow == 1909500 ) 1O ( gnigh = 1911600 , q:= qlow - dhigh )

7"appr7t4ast( 9 = "Tseciappri[P( Q)T (2-3)

The results are written to a file: ( WRITEPRN ("Nprime_appr_c.prn" ) = ﬂappr_test' ). They are read from these files
each time the present paper is evaluated: (mappr test:= READPRN("Nprime_appr_c.prn" ) The discontinuity of
the approximating function is shown in the next figure.

The size of the jumps (2.2) is the bandwidth of the dispersion due to the approximating function:
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Figure 2.1: Discontinuity of the approximating function

Thus, the dispersion of the effective number of the primes around the best estimate value - due to the
evaluation procedure of the best estimate value - is proportional to the number of primes, the series of
multiples of which primes covers positions at the distance ( ¢ ). Concerning the complete dispersion the
following lemma may be formulated:

Lemma 2.1:

The boundaries of the dispersion of the number of primes at any distance () is proportional to
(R(0)), the number of the series of multiples of primes, which are covering positions at (c).

Proof: The cover interval is defined as the interval of the size (/<) both side of the point at the distance
(¢)-Atthe origin all the series of multiples of the (r(c)) primes coincide and each series covers at least
two positions around the origin, within the cover interval. A complete coincidence occurs next times at
the distance equal to the product of all first ( r(c)) primes.
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In the following only the series of multiples of the primes in the range (p (n) R(ﬁ) < n < R(¢)) will be taken into

consideration. This does not influence the validity of the proof, since nearly all primes are in this range.

At any distance (¢ ), up to (02 ) most of the series of multiples of primes are shifted with reference to (¢ ).

All these shifted series liberate by the the shifting two positions within the cover interval. The series of

multiples of some primes, after the shifting may cover again two positions, which are liberated by the

shifting of the series of multiples of two other primes. This is only possible, if the corresponding prime is -

before the shifting - equidistant to two other primes. It can be proved, that the density of such three

equidistant primes at the distance (¢ ) is ( e ; 8= 1.3203236325), thus ( b ) times smaller, then
In(c) In(c)

the density of primes. Because of this fact, the effect of the multiple coverage after the shifting may

be neglected: On the average, each shifted series of multiples of primes liberates two positions within the

cover interval and covers only one.

Herewith the shifted series of multiples of the (r(c) - R((c)) primes leaves on the average (R(c) - R((c))
positions free within the cover interval. These free positions are for large distance about equally
distributed between the upper and the lower part of the cover interval. Therefore within the sections of the

length (/<) at the arbitrary distance ( ¢ ) there are, on the average ( %-(R(c) —r(yJ) = %-R(C)) positions left

Besides the effect of the multiple coverage there are some other effects, which may be the reason for
divergence from the average value ( %AR(C)). It can be shown, that all other effects may be neglected:
The effect of multiple coincidences between the series of multiples of primes: The number of coinciding

primes ( q = Q(o)) is limited by the fact, that their product has to be smaller, then the distance ( ¢ ). The largest
number of the series of multiples of primes are coinciding, if the the first ( q ) primes are coinciding:

q
Per(q) := H P(p) 7 Q)= Per(Qe) S ¢ < Per(Q(c) + 1)

n—1

The number ( (o)) is growing very slowly with the distance (¢). Its effect may be neglected against ( %-R(c)),
the average value of free positions remaining.

The effect of the shifting outside of the cover interval: Each series of multiples considered may cover
two positions within the cover interval after the shifting. By the shifting, the covering capability of some of the
series of multiples of primes may be reduced because shifting outside of the limits of the cover interval one
of the covered positions. The number of covered positions within the cover interval may only be reduced by
this effect, rising the remaining free positions. The number of the primes, which may participate in this effect

is limited and the effect may be neglected against ( %-R(c)), the average value of free positions remaining.
Therefore the total dispersion is proportional to ( r(¢)), as stated in the lemma and concluding the proof.

With this lemma the divergence of the number of primes within each section of the length (/¢ ) at the

distance (j-/¢) is certainly smaller, then the average number of free positions left ( éR(c)). Therefore the

difference between the effective value of primes up to this distance (= (c)) and its approximation ( mapp:(C)) i
limited to the number of the series of multiples of primes covering positions at this distance:

7Tbounds_eﬂ(c) = i \/70 » Tbounds(¢) = ‘Rbounds_appr(c) + “Tbounds_efl(c) = i \/; = i R(0) (25)
2-In(c) In \/70
Lemma 2.1 is in accordance with the fact - demonstrated in (1.13) - that the standard deviation of the
dispersion around the best estimate approximation of the number of primes - resulting from the CPNF - is
constant over the distance to the origin. The constancy of the standard deviation of the dispersion
around the best estimate approximation of the number of primes - resulting from the CPNF - is an
inherent property of the prime numbers.

From this lemma 2.1 follows, that the boundary of the dispersion of the effective number of primes
around the value resulting from its best estimate expression is proportional to the number of primes,
which are covering position at any distance from the origin (k-Rr(¢)), with (K ) being any constant factor):

lim  mgisp(c) =  lim (Kmbounds_eﬂ(c)) = lim (KR(c) = o (2.6)
Cc —> 00 Cc —> o0 Cc —> 00
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With this boundary growing to infinity, the upper limit of the gap between consecutive primes is
unlimited. On the other hand it follows, that the width of the boundaries of the dispersion of the number
of primes, relative to the value resulting from its best estimate expression, is approaching zero with the
distance growing without limit:

Ve
K-
~ K- . )
L LG, ( ﬂbounds—eﬂ(c)] = KRO - Wb oo Koo (2.7)
¢ TO c— o () Tappr(©) c— o ¢ ¢ - 0o RO

In(c)
Therefore the series of primes approaches a continuum for large distances.
Lemma 2.2:

For any distance from the origin (¢ ) large enough, the difference between the values resulting from
the complete-prime-number-formula (CPNF) and from the prime-number-formula (PNF) is larger then
the width of the dispersion of the number of primes (Rr(c)) multiplied by any constant factor (x > 1) ).

Proof: The difference between the value of the (CPNF) and the (PNF) is with (1.3) growing proportional to

(R(c)z), with the factor of proportionality (~. = 0.28298 ). The width of the dispersion of the number of
primes is growing with lemma 2.1 only proportional to ( R(c)).

For any sufficiently large distance ( cjimit(+c) < ¢ ) the difference between the value of the (CPNF) and the
(PNF) outgrows (K -R(c)) for any (K ):

™~y 1 ~
fim —— 19 = T =
e oo KR K

as stated in the lemma and concluding the proof.

From this lemma 2.2 follows, that the CPNF is the low limit of the number of primes. Because the number of
primes has a low limit function growing to infinity, it is infinite itself: an additional proof.

3: Conclusions

For large distances the CPNF gives a result for the number of primes as good as Riemann's formula: There is
no systematic error involved. The explication for this fact is, that Riemann's equation uses the integral of the
local density given by the inverse of the logarithm, while equation (1.0) uses the summation of the same
values, applied over the sections of the length (+/¢ ), with recurring correction. This allows to formulate the
following lemma:

Lemma 3.1:

The complete-prime-number-formula (CPNF) gives the number of primes with increasing
efficiency for all distances from the origin.

Proof: The approximating formula (1.10) is based on the recurring application of the correction of the
replacement of the Riemann integral:

Lo W ol
2 W) WSCCZI wlifvd ,Zl mljfd

j=1 j= j=

For large distances ( ¢ ) each of the components of the correction goes over into the integral of the
inverse of the logarithm of the distance (¢ ):

ceilly/¢) [C Je [fc
| e T A T O o N R
Clinoo 'Zl inlj/o) JO In(e) 7 e 'Zl nli//3) A'S“JO o) &
j=

j=

For the distance (¢ ) growing to infinity, the contribution of the successive components - relative to the
effective number of primes approaches zero, leaving the first component, which results the Riemann integral
as stated in the lemma, and concluding the proof.

It has to be noted, that the evaluation of the factor (~sc.) in (1.6) and (1.7) is somewhat heuristic, since the

convergence is not strongly proved, but the application of this factor in the CPNF results a converging
approximation of the effective number of primes and this fact justifies the evaluation procedure of the factor
(~sec ) @nd proofs the validity of its value.
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ANNEX 0: General data, vectors and functions

In the following all formula are checked with numeric results. The set of primes and the listed known
formula below is used for this checking. Some vectors of the results of the known formula, which are
often used, are evaluated and the results are saved.

The set of primes is read from a file: (p = READPRN("Primes_large.prn" )). The number of primes in the set and
their numbering are: (Np := rows(P) - 1 = 5003713, n:= 1,24.Np).

The number of primes up to (¢ ) is approximated with the prime-number-formula. At ( ¢ ) only the multiples of the
primes up to (+/c) are covering free integral positions. The numbers of these primes are:

Ps@ = Pse+1) C PRy SV ey 41) (A0.1)
> — _° . > — \/70 ~ \/70
Te(c) A%\c) R ﬂoor( ln(c)] PR(c) ) ﬂc(\/z) A1}/(0) : ﬂoor(mj m
For the evaluation of the number of free positions up to the distance ( ¢ ) the routine ( nyext(c. niast)) resulting
the index (n) of the prime next to any integer is needed (p @ < c< p( 1)). The evaluation starts either at the
n+
last evaluated index ( njast), OF at the index resulting from the prime-number-formula. This, in order to shorten
some of the evaluation processes. Further functions are the indexes of the closest primes to any distance,
and to the square root of any distance:
nnext(C,ﬂlast) = |if c=0 * Reff(c) = nnext(ﬁs 1) Seff(c) == Dnext<ca 1) (A0.2)
n « S(c) if npast =1
n < njggt otherwise
while P(n) <c
n<n+1
Res <~ n— 1
Res < 0 otherwise
In the following all functions, which are evaluated for illustration, are evaluated at sparse distances, equal
to multiples of the square root of the largest distance considered ( =k P(NP) ):
Acgp = [P y Klimit = ﬂ00r|:P(NP)} -1=9277 ; k:=1,2. Kimit ; c = k-Acg (A0.3)
p - (NP) s imit * s ’ . >4 Klimit  » sp(k) B P .

The vectors of the indexes of the primes corresponding to these sparse distances, respectively to the next

< Csp <P ) are evaluated for ( mgy(o), (msply/o, (nsp(M)) and (ﬁsp(\/ﬁ)).
9] O [Pspginy]

They are evaluated once and written to files. They are read from these files:

7Tsp(k) = nnext[csp(k), 1:|. ; “sqr_sp(k) = nneXII: Csp(k)a 1:|l (A04)

7qur_sqr_sp(k) = nnext|: Csp(k>, IT ; ‘"sqr_sqr_sqr_sp(k) = nnext|: | Csp(k) > 1:|.

. . ] . .
WRITEPRN("mdex_dlstance_sp.prn” ):: Tsp > Tspi= READPRN("1ndex_dlstance_sp.prn" )* ; length(‘rrsp) =9278

. ] .
WRITEPRN | "n_sqr_sp_primes.prn" ):: Tesqr_sp » Tsqr_sp = READPRN("n_sqr_sp_prlmes.prn" ); length(ﬂsqr_sp) =9278

. ] .
WRITEPRN("n_sqr_sqr_sp_prlmes.prn" ):: Tesqr_sqr_sp > Tsqr_sqr_sp = READPRN("n_sqr_sqr_sp_prlrnes.prn" )

n,

smaller primes ( P|:

. ]
WRITEPRN|"n_sqr_sqr_sqr_sp_primes.prn" ):: Tsqr_sqr_sqr_sp

Tisqr_sqr_sqr_sp = READPRN("n_sqr_sqr_sqr_sp_primes.prn" )
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ANNEX 1: Evaluation of the approximation

The approximation of the number of primes is with (1.2):

ﬂoor(\/?:) \/70

Tsec_appr (€)= z m * (A1 A )
i=1
With (1.3) the error of this approximation, of the PNF, at the distance ( ¢) is proportional to ( R(c)z), the
square of the number of primes covering positions at the distance (/¢ ), The factor of proportionality is
evaluated as follows:
. _ Tsec_appr (©) — S(¢)
Tsec_appr () = S(¢) =, ~c_appr (0~ % ( A1 2)
R(¢)
ceil |egp
=] 5 ol of o] 1
PP ™ Rre . (k)
sp(k):| ic1 1n|: J- | csp (k)]
They are evaluated once and written to files. Th(iy are read from these files:
( WRITEPRN ("gamma_c_appr_sp.prn” ) = c_appr_ > “c_appr = READPRN(" gamma_c_appr_sp.prn" )
Nc_appr = H{c*appr*(klimit) =0.28312
I I
0.4 T
"fc_appr_(k)oj__ |
“c_appr 0.2 N
T 0.1 T
0 1 1
0 410° 810°
k
Figure A1.1: Relation of the error ofthe prime-number-formula to the square of the number of
series of multiples of primes, which are covering positions, over the distance
The approximating function is evaluated at sparse distances, respectively at the next smaller prime to
these distances ( p < Csp <P ) with (1.2). They are evaluated similarly as well at the square
[rspa] P00 e
root and at the square root of the square root of these sparse distances. The evaluation at the next smaller
prime corresponding to each distance assures, that the evaluated numbers of the primes correspond
exactly to the distances considered:
L]
ﬂseciappr(k) = ﬁseciappri[P[ﬂSp(k):[r ﬂsqrﬁseciappr(k) = “seciappr{P[ﬂsqr_sp(kﬂ] ( A1 '3)

n
sqr_sqr_sp (k):|:|

They are evaluated once and written to files. Ther are read from these files:

(WRITEPRN("pr_sec_appr_sp_t.prn" ):: Ttsec_appr 5 Tisec_appri= READPRN("pr_sec_appr_sp_t.prn" ) ;
]
(WRITEPRN("pr_sqr_sec_appr_sp_t.prn" ):: Ttsqr_sec_appr 5 TEsqr_sec_appri= READPRN("pr_sqr_sec_appr_sp_t.prn" ) ;
]

ﬂsqrﬁsqrﬁseciappr( K) = 7Tsec7app1r7|:P|:,‘.r

WRITEPRN ("prﬁsqrﬁsqrﬁseciapprispit.prn" ) = Tsqr_sqr_sec_appr

Tsqr_sqr_sec_appri= READPRN("pr_sqr_sqr_sec_appr_sp_t.prn" ))

ANNEX A2: Evaluation of the factor of correction of the approximating formula

Assuming the factor of correction (~s. ) is constant over the distance ( ¢ ), it may be evaluated as relation
of the average of the dispersion of the effective number of primes ((c) =g (k)) around the value of the

approximation (1.2), meaning the sum over all sections (msec appr (¢))- The average is:

1 k
A“Tsec(k) = 7Tsec_appr(k) - “sp(k) ; A“"sec_av(k) = X z [Aﬂsec(jﬂ (A21)
ji=1
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The value of the factor is herewith:

2.Am
ATsec_av(©) [ SeC_aV(k)

= = ; =— = =-0.035513 A2.2
Ysec(©) W 'Ysec_(k> ‘"sqr_sec_appr(k) JRRRA 'Ysec_(klimit) ( )

The figure below shows the independence of the factor (~sc. ) from the distance. The averaging process to
evaluate the correction is therefore justified. This factor (~s.) is invariant, an inherent property of the
prime numbers:

1 T T T T
0.4 T

0.5 L .
A"Tsec(k) ’Ysec_(k)*’Ysec
———sec 0
Trsqr_sec_appr(k) 0
I - I -0.21 n
-0.5 :
-04 7]
1 1 1 1 1
TSP(k) TSP(k)

Figure A2.1: Convergence of the relation of the average number of the dispersion of primes to the
number of primes at the square root of the distance, to the constant (~..)

ANNEX A3: Evaluation of the CPNF

The CPNF (1.9) is evaluated with the following routine:
1

m+1
c exp(c,m):=c Tappr (€)= |m « 1 « (A31)
ﬂoor(ﬁ) \/?:
S
< Z ln( ] ﬁ)
i=1

while m < ﬁ
floor(c_exp(c, m))

A ) <« (’Ysec)m

(m

c_exp(c, m)

In(j-c_exp(c, m))
i=1

break if A <2
(m)

S« S- (—l)mAﬂoor[A(mﬂ

mem+ 1

S

The results of the CPNF are evaluated once at sparse values of the distance ( cg, ® ), for (¢), (/c¢)and (+/1/¢).

The results are written to files. They are read from these files:

L] i L]
TP (o) "appf—[P[ﬂsp(k)ﬂ TISAr_APP(j) ﬂappr{P[ﬂsqr_sp(k):H TISQr_SAT_appr (i) “appf{P[ﬂsqr_sqr_sp(@ﬂ (A3.2)

(WRITEPRN ("Pi_appr_sp.prn" )= ﬂappr.), (mappr = READPRN("Pi_appr_sp.prn" ).),
(WRITEPRN("Pi_sqr_appr_sp.prn" )= nsqriapprl), (msqr appr= READPRN("Pi_sqr_appr_sp.prn" )e),
(WRITEPRN("Pifsqrﬁsqrﬁapprﬁsp.prn” ) = Tsqr_sqr_appr ), (nsqr_sqr_appr = READPRN("Piisqrisqriapprisp.prn" )*)

There is no systematic error of the approximation of the number of primes with the CPNF. The relative error,
the relative dispersion of the evaluated value around the effective number of primes at (+/¢) is constant;

"Tappr(k) - 7Tsp(k) . qurﬁappr(k) - "qurisp(k)

Rlepg)] asaic RUTP(M]

7Tsqrﬁsqrﬁappr(k) - qurﬁsqrﬁsp(k)

{l

A“Tappr_rel( K) = (A33)

A‘"sqrﬁsqrﬁapprﬁrel(k) =
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Figure A3.1: The rehtive dspersion of the difference between the effective number of primes
and its value evaluated with the complete-prime-number-formula (CPNF)

With the results of the CPNF the factor of the proportionality (~. ppr ) between the error of the PNF and the

square of the number of primes present up to (+/¢) evaluated in (A1.2) with (1.4), is reevaluated with the more
exact difference as follows:

mappr o) ~ 5[ espgo

Tappr_cpnf () — S(¢) =, "{cpnf_(k) = —2 (A34)
R
Yepnf = Yepnf (1. ) = 0.28279 ~e = 0.28298
I I
0.4 .
Tern .3 .
Yepnf 0.2 N
T 0.1 1
0 1 1
0 410° 810
k

Figure A3.2: Relation of the error ofthe PNF to the square of the number of series

of multiples of primes (Rr(¢) 2), which are covering positions, over the distance

ANNEX A4: Evaluation of the of the standard deviation of the dispersion of
the number of primes around the CPNF

The standard deviation SD of the relative dispersion (1.13) is evaluated as follows:

2
1 X [marerg) ~ ong
SDATr_appr_rel(k) = ; z -~ (A41)
J

2
-1 Retfes;)|

The results are evaluated once and written to a file: (WRITEPRN("SD_Aprime_sqr_appr_rel.prn" ) = SD Aﬂ_appr_rell )-
They are read from this file: (SDAx appr rel:= READPRN("SD_Aprime_sqr_appr_rel.pm" )).
The average of the relation of the standard deviation converges to a final value, to the factor of
proportionality (Fsp ar ). This factor is evaluated as follows:
1 & )
SDAﬂ'fapprﬁrelfav(k) = T Z SDA’rriapprirel(j) (A42)
i=1
The results are evaluated once and written to a file. They are read from this file:
WRITEPRN("SD_Aprime_sqr_appr_rel_av.prn" ) = SDAT_appr_rel_av :
SDAm appr_rel_avi= READPRN( "SD Aprime sqr appr rel av.prn" )*

The constant factor is equal to the final average value of the standard deviation at large distances. The
figure below illustrates that the standard deviation is about constant over the distance. This fact rectifies
taking the average over the whole distance for the evaluation:

m= SDA’n'iapprireliav(klimit_l) =0.162389 SDpe(c) = SDAﬂ_sp_rel_aV(k)'R(C) ~FSp Ar (A42)

The figures below indicate, that the standard deviation of the dispersion of the effective number of primes
around its approximation is rising proportionally to (r(c)), the number of the series of multiples of primes,
which are covering integer positions at this distance ( ¢ ). The factor of proportionality (Fsp ax = 0.162389 )

is again an inherent property of the prime numbers.
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Figure A4.1: Dispersion of the standard deviation of the dispersion of the number of primes
around its average, a constant value (Fsp Ar sec)

ANNEX A5: Evaluation of the boundaries of the dispersion

At the distance (¢), with (R(c)) being the number of the series of multiples of primes covering formerly free
positions, the summing of the local density values over (; ) is influenced only by (+/¢). If for the distance
succeeding primes were taken, as in the above evaluations, the size of the gaps between primes would
account for the long range fluctuations. If ( ®(c)) changes by unity, there is a jump: At the change of the distance
at certain number of primes ( P(n)) the summation limit changes from (Rr(c), ¢= P(n)) o (R(e) + 1, ¢c= P(n+1))2

R(¢) R(c)+1

1 1
from(ﬁ.z ——)to (Ve Z —) (A5.1)
o ln(]\/;) T ln(]-\/::)
R(c)+1 R(c)
The difference makes (+/¢ 3 ! I ox e o e = Ry, (A5.2)

inj+/<) _ﬁZl n(/d @ 2ml/d 2
iz

j=1

For illustration the discontinuity of the approximating function is shown. For this purpose the values of
the approximating function are evaluated in (addition to its sparse values evaluated in (1.4)) at
distances corresponding to each prime (c¢= P (@ ﬁappr_test(qf ‘ITappr_|:P (qﬂ) in the range , (q= qlow - high )-

from (/%QW\/: 1909500 , P(Ql ): 30887083 ) to (m: 1911600 , P(Qh' h) =30923341,q:= QIow--OIhigh)
ow ig

7"appr7t4ast( 9 = T'sec_appr. P( Q)T (A5-3)

The results are written to a file: ( WRITEPRN (”Nprime_appr_c.prn" ) = ﬂappr_test' ). They are read from these files
each time the present paper is evaluated:  rrapor jest:= READPRN("Nprime_appr_c.prn" ). The discontinuity of
the approximating function is shown in the next figure.

The size of the jumps (2.2) is the bandwidth of the dispersion due to the approximating function:

Thounds_appr(c) = + R;C) ) (A54)

1.912<10° | |
q 1.911x10%F —

Tapprtestg) 1 91,10% e -

1.909<10°
6 6 6 6
1.909<10 1.91x10 1.911x10 1912410

q
Figure A5.1: Discontinuity due to the approximating function
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