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Description of the algorithm for finding the qk -th root of a.

1 Introduction

First, this sentence is created by machine translation.[1],[2] There may be some
strange sentences.

Primitive roots are not required for {(p − 1) = qL × m (L = 0)} and {k = L},
but are required for the other cases.

If the calculation requires a primitive root and the primitive root is not known,
use the Tonelli-Shanks algorithm.

2 Prerequisites

g = primitive root p = odd prime q = prime

p − 1 = qL × m

g(q
k×n) ≡ a (mod p) ( k ≦ L )

a ≡ x(q
k) (mod p)

a

(
p−1
qk

)
≡ 1 (mod p) ( L > 0 )

3 Function to find the qk-th root

3.1 k ≧ 1 L = 0

q < p

(p − 1) = qL × m = m ( L = 0 )

gn ≡ a (mod p)

s − f unction (1)
p ≡ x1 (modq)
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x1 × (q − 1) ≡ x2 (modq)

(x2 + 1)(q−2) ≡ s (modq)

r =
(p − 1)× s + qL

q(L+1)
=

(p − 1)× s + 1
q

ar ≡ y (mod p) a ≡ yq (mod p)

rk ≡ c (mod p − 1)

ac ≡ y (mod p) a ≡ y(q
k) (mod p)

3.2 k ≦ L

(p − 1) = qL × m (k ≦ L)

g(q
k×n) ≡ a (mod p) a

(
p−1
qk

)
≡ 1 (mod p)

s − f unction (2)
m ≡ x1 (modq)

x1 × (q − 1) ≡ x2 (modq)

x(q−2)
2 ≡ s (modq)

r =
(p − 1)× s + qL

q(L+1)

tk =
(p − 1)

qk tL =
(p − 1)

qL

Moving method

w =
(p − 1)

qt t = 1 mv = 0 ( moving distance )

aw ≡ x (mod p)


≡ 1 t = t + 1 w = (p−1)

qt

̸≡ 1

{
qm = q(t−1) a × g(qm) ≡ a (mod p)
mv = mv + q(t−1) (Move + q(t−1))

Repeat until { t = L ∧ aw ≡ 1 (mod p) }

2



a = x

{
= 1 mv = mv + qL

̸= 1 mv = mv

mv = ( moving distance )

Correction method
g(q

k×n) ≡ a (mod p)

a × gmv ≡ a1 (mod p)

rk ≡ c (modtL)

ac
1 ≡ a2 (mod p)

m = mv × 1
qk

g(p−2) ≡ h f (mod p)

a2 × hm
f ≡ y1 (mod p)

(qkth root)− f unction (3)

a ≡ y(q
k)

1 (mod p)

g(tk) ≡ hk (mod p)

hk × y1 ≡ y2 (mod p) . . . hk × yqk−1 ≡ yqk (mod p)

a ≡ y(q
k)

1 ≡ y(q
k)

2 . . . ≡ y(q
k)

qk (mod p) = qkth root

3.3 k = L

(p − 1) = qL × m (k = L)

g(q
L×n) ≡ a (mod p) a

(
p−1
qL

)
≡ 1 (mod p)

s − f unction (2)

r =
(p − 1)× s + qL

q(L+1)

tk = tL =
(p − 1)

qL

rL ≡ c (modtL)

ac ≡ y(q
L)

1 (mod p)

(qkth root)− f unction (3)
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4 Conclusion

We have created a calculation method, but unfortunately we do not have a theoretical
proof. So, in the case of huge prime numbers or special prime numbers, it may be
wrong.
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