
! "!

!!!!!"#$$%&#'(!)**+',#-./#'(&!$'+!0'%(/#(1!2%-34+!'$!5+#-4&!

!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!)3&/+.6/7!

!

!"#$%&'%$%()#*#+$#,&*-$"(%&./&0(#)%&*")1%(+2&'"%&$.&$3%&,.)04%5#$6&./&$3%&(%,"((%*$&7%*%(-$#*7&

-47.(#$3)+2&#+&)#)#,8#*7&9(-*'.)*%++:&-*'&+$#)"4-$%+&$.&-0046&+.)%&./&0(.1-1#4#+$#,&#*+$(")%*$+&

$.&-*-46;%&*")1%(<$3%.(%$#,&0(.14%)+=&>3%&8%6&#++"%&#*&$3%&0(.1-1#4#+$#,&-*-46+#+&#*&-&*")1%(<

$3%.(%$#,&/(-)%?.(8&(%)-#*+&-*&%*#7)-$#,&,.**%,$#.*&1%$?%%*&'%$%()#*#+$#,&*-$"(%&./&#*$%7%(&

+%@"%*,%+&(%4-$%'&$.&0(#)%&*")1%(+&-*'&$3%#(&-00-(%*$&,.)04#,-$%'&A9"*0(%'#,$-14%:&.(&9,3-.$#,:B&

1%3-C#.(&#*$%(0(%$%'&-+&9(-*'.)*%++:=&&D%&'%(#C%&)"4$#04#,-$#C%&-*'&-''#$#C%&).'%4+&?#$3&

(%,"((%*$&%@"-$#.*+&/.(&7%*%(-$#*7&+%@"%*,%+&./&0(#)%&*")1%(+&1-+%'&.*&$3%&(%'",%'&E#%C%&./&

F(-$.+$3%*%+&G47.(#$3)&-*'&-*-46;%&$3%#(&-+6)0$.$#,&1%3-C#.(&?#$3&$3%&3%40&./&H#%)-**&I%$-&

0(.1-1#4#$6&'#+$(#1"$#.*=&>3#+&-44.?+&$.&#*$%(0(%$&+",3&+%@"%*,%+&-+&(%-4#;-$#.*+&./&(-*'.)&?-48+&

.*&+%$& ./&*-$"(-4&*")1%(+&-*'&.*&)"4$#04#,-$#C%&+%)#7(."0+& &7%*%(-$%'&16&+%$&./&0(#)%&

*")1%(+& 2&(%0(%+%*$#*7&0-$3+&./&+$.,3-+$#,&'6*-)#,-4&+6+$%)+=&D%&-*-46;%&#*&$3#+&?.(8&-*&

-''#$#C%&,.*$#*"."+<$#)%&0(.1-1#4#+$#,&).'%4&./&,."*$#*7&/"*,$#.*&./&0(#)%+&πA*B&#*&$%()+&./&

'#//"+#.*&-00(.5#)-$#.*&./&*.*<J-(8.C&(-*'.)&?-48+=&D%&-++")%&$3-$&9"0'-$#*7:&$%()+&η&#*&$3%&

(%,"((%*$&%@"-$#.*&πA*A8KLBB&<&πA*A8BB&M&ηA*A8KLB&/.44.?&I%$-&0(.1-1#4#$6&'#+$(#1"$#.*&-*'&

,-4,"4-$%&#*/#*#$%+#)-4&,3-(-,$%(#+$#,+&./&$3%&(-*'.)&?-482&?3#,3&-00(.5#)-$%&,.%//#,#%*$+&./&$3%&

,.((%+0.*'#*7&+$.,3-+$#,&'#//%(%*$#-4&%@"-$#.*=&N.)0"$%(&).'%4#*7&#44"+$(-$%+&7(-03#,-446&-*&

#)0(%++#C%&/#$$#*7&./&$(-O%,$.(#%+&/.(&$3%&.(#7#*-4&,."*$#*7&/"*,$#.*2&$3%&,-4,"4-$%'&$(%*'&/"*,$#.*2&

-*'&$3%&P(.?*#-*&-00(.5#)-$#.*=&

&

!

!

!

!

!

ℕ S(P)

P

Gregory M. Sobko

Abstract



! #!

!"#$%&'()%*+,%-##'.+'#./*0'1-(.)$%.0',)0'#--,'#+,-23).'#/(4($#$%&'

5.'$#6'3+2-7-(6'+%-'+8'.3-'*--4-#.'1+%.($9/.$+%#'+8'+/('1-%./(0'.+'

,).3-,).$1#'$%'&-%-():')%*'.+'.3-'.3-+(0'+8'%/,9-(#'$%'4)(.$1/:)(;<'

!"#$%&'()*+*+,%-./(0123*&(0*+'45(6$%+2*/(=3-'>($,-'?/,9-(#')%*'

=3-$('@$#.($9/.$+%7(809/(:;;;<(

!

!

!

!"#$%&'#()(*+#,*#-."'&/*+#$%*#'*01*"-*# )'#)#+*)2&3)$&."#.4#)#+)"/.5#,)26'#

7*"*+)$*/#89#$%*#+*-1++*"$#*01)$&."#

##,%*+*# :# ###################;<=#

>*+*# #)+*#)''15*/#$.#8*#+)"/.5#?)+&)82*'#,&$%#@*$)#(+.8)8&2&$9#/&'$+&81$&."A#

B*-)22#$%)$#$.#/*4&"*#)#'$.-%)'$&-#(+.-*''# #,&$%#)#/&'-+*$*;#.+#)#-."$&"1.1'#'*$#

.4#?)21*'#,*#"**/#$.#%)?*#)#5*)'1+)82*#'()-*# :#,%*+*#.4$*"#

:##)#C.+*2## D)27*8+)# #.4#'18'*$'#."# :#)"/#)#'*$# #.4#

()+)5*$*+'# #'1-%#$%)$#4.+#*)-%# :## ###&'#)#+)"/.5#?)+&)82*#."#)#

(+.8)8&2&$9#'()-*# A#E%*":#$%*#4)5&29# #.4#+)"/.5#?)+&)82*'#&'#-)22*/#

)#!"#$%&!"'$()*#$+!!#&"#$%*#)%&!+(!)&$+# A#E%*#()+)5*$*+# #&'#1'1)229#

&"$*+(+*$*/#)'#F/&'-+*$*#$&5*G#4.+#)#-.1"$)82*#'*$# #.+#)'#F-."$&"1.1'#

$&5*G#4.+#$%*#-."$&"1.1'#&"$*+?)2# A##

E%*":#)## &'#-)22*/#)#!"#$%&!"'$()*#$+!!#,&$%#)#/&'-+*$*#.+#)#-."$&"1.1'#$&5*:#

+*'(*-$&?*29A#H.+#)"9#7&?*"#*2*5*"$)+9#*?*"$# :#)#41"-$&."# #'1-%#

$%)$# #&'#-)22*/#)#)&"%#;.+#)#"*&,+$"#*-=#.4#$%*#+)"/.5#(+.-*''A#

I2$*+")$&?*29:#)#'$.-%)'$&-#(+.-*''#-)"#8*##/*4&"*/#)'#)#-.22*-$&."#.4#()$%'#;*&./#0(

π (n){ }
n∈ℕ

π (n,ω ){ }
n∈W

π (n
k+1
)−π (n

k
) =η(n

k+1
) η(n

k
) = h min(

!
r (n

k
)( ) n

k
= ν

k
(ω )

v
k

{ }
k∈ℕ

ξ(t,ω )

X (X ,B)

X ⊆ ℕ  or  X ⊆ ℝ
d

σ B X T

t ∈T t ∈T ξ(t,⋅) :Ω→X

Ω,F ,P( ) ξ(t,⋅){ }
t∈T

(X ,B) t ∈T

T ⊆W = ℕ∪ 0{ }

T = t
0
,t
f


 )⊆ ℝ+

= 0,∞ )

ξ(t,ω )

ω ∈Ω x(⋅) :T→X

x(t) = ξ(t,ω )



! $!

+1+0+."!2# &"#)#41"-$&."#'()-*# #,%*+*# #$%)$#&/*"$&4&*'#

*)-%#()$%##&'#)"#*2*5*"$)+9#*?*"$#&"#(+.8)8&2&$9#'()-*# A##J2*5*"$'#;.+#

(.&"$'=# #)+*#-)22*/#F!"&"+!G#.4#$%*#(+.-*'':#)"/# #&$'*24#&'#-)22*/#)#(+.-*''#

,&$%#)#/&'-+*$*#.+#-."$&"1.1'#(%)'*#'()-*# #A#

H.22.,&"7#$%*#%&'$.+&-)2#$+)/&$&."'#.4#$%*#-2)''&-)2#K+.8)8&2&$9#E%*.+9#;)"/#$%*#

/*?*2.(5*"$#.4#L)2-121':#&"#7*"*+)2=:#,*#$+9#$.#)((29#2&5&$#$%*.+*5#)((+.)-%#$.#

)")293*#8*%)?&.+#.4#&"4&"&$*#/&'-+*$*#+)"/.5#'*01*"-*'#&"#$*+5'#.4#-."$&"1.1'D$&5*#

'$.-%)'$&-#(+.-*''*'A###

M*$## 8*#)#?*-$.+#.4#-."'*-1$&?*#(+&5*#"158*+'#'1-%#$%)$##

:# #A##!"/*N# #/*$*+5&"*'#%*+*#$%*#?)21*#.4#41"-$&."#

#$%)$#&'#$%*#"158*+#.4#(+&5*'#2*''#$%)"#.+#*01)2#$.# #'.#$%)$#

A#H.+#*)-%#-..+/&")$*# #.4#?*-$.+# ##,*#/*$*+5&"*#$%*#

+*'&/1)2#?)21*## ##)"/#-."'&/*+#$%*#-.++*'(."/&"7#

?*-$.+#.4#+*'&/1)2'# A##O.$&-*#$%)$:#/1*#$.#$%*#P&*?*#I27.+&$%5:#4.+#)"#

&"$*7*+# #$.#8*#(+&5*#&$#&'#"*-*'')+9#)"/#'144&-&*"$#$%)$#)22#-..+/&")$*'##

# ##.4#$%*#F+*/1-*/G#?*-$.+#.4#+*'&/1)2'# ##8*#

/&44*+*"$#4+.5#3*+.A#Q*)",%&2*:#&4#)#+)"/.5#&"$*7*+# 4.22.,'#@*$)#/&'$+&81$&.":#

$%*":#$%*#*?*"$'#$%)$# #/.*'#".$#/&?&/*#*)-%#.4#-."'*-1$&?*#(+&5*'# ##

)+*#&"/*(*"/*"$#)"/#-)"#8*#*N(+*''*/#)'#)#-."/&$&."R####

# A#####################;S=#

C9#1'&"7#$%*#>*)?&'&/*#41"-$&."## ##:#,*#-)"#,+&$*#$%*#+*-1++*"$#

*01)$&."#4.+# #&"#$%*#4.+5R###

x(⋅) = ξ(⋅,ω ) X
T
= x(t) | t ∈T{ } ω

Ω,F ,P( )

x ∈X ξ(t,ω )

(X ,B)

( )! "# $ % % % !" # " " "=
!

"

p
1
= 2

!
"#$%%! !" # " #

+
≤ > !

! "! "π = n

( )! " # $# $ % % %
!

" ! " " "
π

=
!

" !
" ! "! "

!

!"#$ % &% '%(% % $ &%
! !
" # $ ! #π= = !

(r
1
,r
2
,…,r

π (n)
)

!! >

!
" 1≤ i ≤ π (n)( )

!
r (n) = r

1
,r
2
,…r

π (n)( )
ν

!ν = ! " # $
% % %

!
" " "

π
!

( ){ }
! " #

$%& '! ( )*+,-./%012-&324+ (
! !

! "

# ! " #

π

π
≤ ≤

≤ ≤ > >∏

h(x) =
1  if x > 0

0 if x ≤ 0





! "!π



! %!

## # # # #

.+:#*01&?)2*"$29:#########

## # # #####;T=#

,%&-%#-."$+.2'#$%*#.--1++*"-*#.4#(+&5*#"158*+'#&"#$%*#'*01*"-*#.4#)22#&"$*7*+'#

R# &4#)"/#."29#&4# #&'#)#(+&5*#"158*+#)"/# #

.$%*+,&'*A# #

L."'&/*+#)#'$.-%)'$&-#(+.-*''#)((+.N&5)$&."#.4#"."DQ)+6.?#+)"/.5#,)26'#

#'1-%#$%)$# :#,&$%# #+*'$+&-$*/#$.#$%*#

&"$*+?)2#.4#/&'-+*$*#F$&5*'G# R# ##

########################## A# # # ##############;U=#

V*".$*## ##)#()+$&$&."#.4#)"#&"$*+?)2# #&"$. #

'18&"$*+?)2':#'1-%#$%)$# A#

W*#-)"#5)(#$%*#-2.'*/#&"$*+?)2#.4#+*)2#"158*+'# #$.#$%*#&"$*+?)2##

,&$%#)"#&"-+*)'&"7#-."$&"1.1'29#/&44*+*"$&)82*#41"-$&."# #'1-%#$%)$#

A#

!"#$%*#-."$*N$#.4#.1+#'$1/9:#)#'1&$)82*#-%.&-*#.4#41"-$&."# #$)6*'#$%*#4.+5R##

# # # # # # ### # # ##;X=#

,%*+*# #'$)"/'#4.+#$%*#341+*'&.(1#5&*'"%0'$('."+5*&1# A ##

E%*":# #)"/#4.+ #;$%*#&"?*+'*#.4# =#,*#%)?*# # A##

π (n+1) = π (n)+ h min
p≤ n

mod(n, p) | p∈P{ }





π (n+1) = π (n)+ h min
i≤ n+1

r
i
| r
i
= mod(n, p

i
){ }( ) = π (n)+ h min(!r (n)( )

n ≥ 3 h min(
!
r (n)( ) = 1 n h min(

!
r (n)( ) = 0

π (n,ω ){ }
n∈W

π (n,ω ) = π n( )  π :ℕ ×Ω→ ℕ∪ 0{ }

N
min

= n
0
< n

1
<⋯< n

K
= N

max

π
∆ (t

k
) = π (n

k
,ω ) | N

min
≤ n

k
≤ N

max{ }

∆ = 0 = t
0
< t

1
<…< t

K
= 1( ) 0,1  K

K

ln N
max

( )
→ 0 as N

max
→∞

N
min
,N

max
  ⊂ ℝ

0,1  ⊂ ℝ τ (x)

τ (N
min
) = 0, τ (N

max
) = 1

τ

τ (x) =

dt

ln t
N
min

x

∫

dt

ln t
N
min

N
max

∫

=
Li(x)− Li(N

min
)

Li(N
max
)− Li(N

min
)

Li(x) Li(x) =
2

x

∫
dt

ln t

t
k
= τ (n

k
) τ

−1
τ n

k
= τ

−1(t
k
) (k = 1,2,…,K )



! &!

V*".$*# #A##I''15*#$%)$# #)"/#4.+#*)-%#-%.&-*#.4## #)#(.'&$&?*#

&"$*7*+ #-)"#8*#$)6*"#'1-%#$%)$# #A##>*+*#)#'*01*"-*#.4#+)"/.5#

?)+&)82*'# ###&'#&"$*+(+*$*/#)'#)#()$%#.4#)#,)26&"7#(.&"$# #$%)$#

8*2."7'#$.#)#5*)'1+)82*#'()-*# #)$#*)-%#F&"'$)"$#.4#+*7&'$+)$&."G# A##

K+.8)8&2&$9#/&'$+&81$&."#."#$%*#(+.8)8&2&$9#'()-*# ##7*"*+)$*/#89#$%*#()$%#

'()-*# #.4###+)"/.5#,)26'# #&'#/*$*+5&"*/#89#

$+)"'&$&."#(+.8)8&2&$&*'## ##,%*+*# :

#:## #:# ##A##JN&'$*"-*#)"/#

1"&01*"*''#.4#$%*#(+.8)8&2&$9#()$%#'()-*# #4.22.,'#4+.5#$%*#$%*.+*5#.4#

!."*'-1#E12-*)#YU<ZA##O.$&-*#$%)$# #)"/#$%*+*4.+*:#,*#'*$#

A#E.#(+.?*#$%*#,*)6#-."?*+7*"-*#.4#$+)"'&$&."#(+.8)8&2&$&*'#4.+#

$%*#'*01*"-*#.4#+)"/.5#,)26'#$.#$%*#/&441'&."#(+.-*''# ."#$%*#$&5*#&"$*+?)2#

:#-."'&/*+#'.#-)22*/#'.6'.'"+!'0&1($%&*&$"+*'!"'$!#.4#$%*#+)"/.5#,)26'R#####

:# # # # # # #

### # # ;[=# #

# A# # #

>*+*### #

:# :

∆t
k
= t

k
− t

k−1
N
min

→∞ N
min

K ∆ = max
1≤k≤K

∆t
k
→ 0

π
∆ (t

k
) = π (n

k
) ! "

!
"π

∆

X
k
,B

k
( ) t

k

Ω,F ,P( )

X
∞
,F

∞( ) = X
k
,⊗
k∈ℕ
B
k

k∈ℕ
∏




π (k,ω ){ }
k∈W

P π
∆ (t

k+1
)∈E |π ∆ (

!
t
0

k ) =
!
x
0

k{ }
!
t
0

k
= t

0
,t
1
,…,t

k
( )

!
x
0

k
= x

0
,x
1
,…,x

k
( )∈X0

k
= X

i

i=0

k

∏ x
i
∈X

i
(i = 0,1,…) E ∈B

k+1

Ω,F ,P( )

π :ℕ→W = ℕ∪ 0{ }

X
k
=W for all  k ∈ℕ

∗

π̂ (t)

[0,1]

m
∆ (t

k
,
!
x
1

k ) =
1

∆t
k

E ∆π (t
k+1
) |π ∆ (

!
t
1

k ) =
!
x
1

k{ }

σ
∆ (t

k
,
!
x
1

k ) 
2

=
1

2 ⋅ ∆t
k

E ∆π (t
k+1
) 
2

|π ∆ (
!
t
1

k ) =
!
x
1

k{ }

g∆ t
k
,
!
x
1

k ;Γ
k+1( ) =

1

∆t
k

E I
Γ
k+1

(∆π ∆ (t
k+1
) |π ∆ (

!
t
1

k ) =
!
x
1

k{ }

∆π (t
k+1
) = π ∆ (t

k+1
)−π ∆ (t

k
) =η∆ (t

k+1
) = π (n

k+1
)−π (n

k
) =η(n

k+1
)

∆π (t
k+1
) = π ∆ (t

k+1
)−π ∆ (t

k
) = π (n

k+1
)−π (n

k
) =η∆ (t

k+1
) =η(n

k+1
)
!
t
1

k
= t

1
,t
2
,…,t

k
( )



! '!

:# #:#

A#

C9#'*$$&"7# :##,*#%)?*R

#

#

:#,%*+*##

# # # # ###########

#W*#%)?*#$%*":###

# ### ###########;\=#

P&5&2)+:#'&"-*# :#,*#%)?*##

# ###########;]=##

C9#)((29&"7#$%*#4&+'$#Q*+$*"G'#$%*.+*5#$.#;\=#)"/#;]=:#,*#%)?*#

# ## ###########;^=#

84--.!97!

H.+#)"9#&"$*+?)2## #,&$%#&"$*7*+ #'1-%#$%)$# #:#,*#%)?*#

!! ! ! !!!!!!!!!!!!!!!###########;<_=#

5+''$7!

π
∆ (
!
t
1

k ) = π
∆ (t

1
),π ∆ (t

2
),…,π ∆ (t

k
)( ) = x

1
,x
2
,…,x

k
( ) =

!
x
1

k
I
Γ
(x) =

1 if  x ∈Γ

0 otherwise





Γ
k+1

⊂X
k+1
\ x

k
{ } ∈B

k+1

n
k
= n

0
+ k  for all k = 0,1,…,K

∆π
∆ (t

k+1
) = π (n

k+1
)−π (n

k
) =η(n

k
+1) =η∆ (t

k+1
)

∆π
∆ (t

k+1
) = π (n

k+1
)−π (n

k
) = π (n

k
+1)−π (n

k
) =η(n

k+1
) =η∆ (t

k+1
)

∆π
∆ (t

k+1
) = π (n

k+1
)−π (n

k
) = π (n

k
+1)−π (n

k
) =η(n

k
+1) =η∆ (t

k+1
)

  P η
∆ (t

k+1
) = 1{ } = rn

k+1

=

p≤ n
k+1

∏ 1−
1

p







,  

  P η
∆ (t

k+1
) = 0{ } = 1− r

n
k+1

m∆ (t
k
,
!
x
k
) ==

1

∆t
k

⋅E η(n
k+1
){ } =

1

∆t
k

⋅
p≤ n

k+1

∏ 1−
1

p







η(n
k+1
) = η(n

k+1
) 
2

σ
∆ (t

k
,
!
x
k
) 
2

=
1

∆t
k

⋅E η(n
k+1
) 
2{ } = 1

∆t
k

⋅
p≤ n

k+1

∏ 1−
1

p







m
∆ (t

k
,x
n
k

) =
1

∆t
k

⋅
c

ln(n
k
+1)

⋅ 1+O
1

ln(n
k
+1)



















σ
∆ (t

k
,x
n
k

)




2

=
1

∆t
k

⋅
c

ln(n
k
+1)

⋅ 1+O
1

ln(n
k
+1)



















[a,b] a and b 0 < a < b

1

lnn
−

dt

ln t
a

b

∫
a<n≤b

∑ ≤
dt

t ⋅(ln t)2
a

b

∫ ≤
b− a

a ⋅(lna)2



! (!

V1*#$.#$%*#341+*7!(!400&"'#.(6#*041&:#4.+#(.'&$&?*#&"$*7*+#"158*+'# #)"/#)#

41"-$&."# #,&$%#)#-."$&"1.1'#/*+&?)$&?*# #:#,*#%)?*#

:,%*+*## #/*".$*'#)"#&"$*7*+#()+$#.4# #A###

## ##

:7;7"7!

L."'&/*+#$%*#341+*'&.(1#5&*'"%0'$('."+5*&1# #$.#*?)21)$*# A##

!84--.!<7!

#!

5+''$7!

W*#%)?*##

C9#1'&"7#)((+.N&5)$&."#Y\ZR## #:####

,*#%)?*R### A##

E%&'#&5(2&*'## #A#

:7;7"7!

#

#

#

L."'&/*+#".,#)#/&441'&."#(+.-*''# #7&?*"#89#'$.-%)'$&-#&"$*7+)2R#

# # # ################;<<=#

a and b

f ′f   on [a,b]

f (n) = f (t)dt +
a

b

∫
a<n≤b

∑ t − [t]( ) ′f (t)dt
a

b

∫ [t] t

a<n≤b

∑
1

lnn
−
a

b

∫
dt

ln t
= t − [t]( ) ′f (t)dt

a

b

∫ ≤ ′f (t)
a

b

∫ dt ≤
b− a

a ⋅(lna)2

Li(x) =
2

x

∫
dt

ln t
i=n

k
+1

n
k+1

∑ r
ki

∑
i=n

k
+1

n
k+1

r
ki
=

dt

ln t
n
k

n
k+1

∫ = Li(n
k+1
)− Li(n

k
)+O

n
k+1

ln2(n
k+1
)







=
n
k+1

lnn
k+1

−
n
k

lnn
k

+O
n
k+1

ln
2
n
k+1








li(x) =
dt

ln t
0

x

∫ =
x

ln x
+O

1

ln2 x







Li(x) = li(x)− li(2),  where li(x) =
dt

ln t
0

x

∫ =
x

ln x
+O

x

ln2
x







Li(n
k+1
)− Li(n

k
) =

n
k+1

lnn
k+1

−
n
k

lnn
k

+O
n
k+1

ln2 n
k+1








π̂ (t)

π̂ (t) = m(s)ds+
0

t

∫ σ (s)dw(s)
0

t

∫



! )!

,%*+*## #A#

,&$%#$%*#$+)"'&$&."#(+.8)8&2&$9# A###

>*+*# #&'#)#(+.-*''#.4#C+.,"&)"#5.$&."#." A##

E%*#'*5&7+.1(#.4#2&"*)+#.(*+)$.+'# #&'#/*4&"*/#."#$%*#'()-*#.4#8.1"/*/#

5*)'1+)82*#41"-$&."'#89# A##

W*#%)?*#$%*#'.6'.'"+!'0&1(5+.+*&"#*(#6("%+(!+0'5*#4)# #7&?*"#89#$%*#4.+512)R#####

#A##

`"#$%*#'*$#.4#$,&-*#-."$&"1.1'29#/&44*+*"$&)82*#41"-$&."'# #$%*#7*"*+)$.+# #

$)6*'#)#4.+5#.4#)#/&44*+*"$&)2#.(*+)$.+# A#

E%*#41"-$&."# #')$&'4&*'#$%*#

*01)$&."#

### # # # #######;<S=#

,&$%#$%*#&"&$&)2#-."/&$&."# A#E)6&"7#)'#)"#&"&$&)2#-."/&$&."# D41"-$&.":##

,*#%)?*# #:##-)22*/#)#64./&0+."&1(!#14"'#.#$.#;<S=A##

E%&'#5*)"'#$%)$#$%*#$+)"'&$&."#(+.8)8&2&$9#%)'#)#/*"'&$9# :#'.#$%)$###

# # # #### A############################################################################################################################

C9#)((29&"7#$%*#7*"*+)2&3*/#2&5&$#$%*.+*5#YSS:#STZ#)8.1$#-."?*+7*"-*#.4#+)"/.5#

,)26'# #)'# #$.#/&441'&."#(+.-*''*'#;[A^=:#,*#.8$)&"#)"#

)((+.N&5)$&."#.4## #&"#$*+5'#.4#/&441'&."#(+.-*''*':#/*4&"*/#4.+#

*N()"/&"7#&"$*+?)2'# #.4#)((+.N&5)$&."#."# A#

m(t) =
c

ln τ
−1(t)( )

,σ (t) =
1

2
⋅m(t) ⋅ 1−m(t( ), c =

2

e
γ
, 0 ≤ t ≤1; τ −1(t) = x

u(t,x,A) = P π̂ (t)∈A | π̂ (t
0
) = 0{ }

! "! " 0 ≤ t ≤1

!
"

( )! " ! " ! # # "!" # $ # % & ! $ '%= ∫

!
"

( )
( )

!

" # " #
" # $%&

! !

!

" # $ # $
%# $

!

+∆

∆ →

−
=

∆

C
2(ℝ) !

( )
!

!

!

"
# $ # $ # $

!

! !
"! # $ # #

# #
σ

∂ ∂
= +

∂ ∂

( ) [ ]!" # $ " $ " $ % " $ " $ " # # $!" ! # $ % # & ' ! ' ! # % ( ) ! # *(= = = = ∫

!
!

!

"
# $ # $

!

! ! !
" # "

$ " "
σ

∂ ∂ ∂
= +

∂ ∂ ∂

!" # $ " $! " # $ #= δ

! " # ! " " #! " # $ " # %=

! " " #! " # $

P Y (t)∈A |Y
0
(t) = x{ } = u(t,x, y)dy

A

∫

( )!"π
∆

∆ = max
1≤k≤K

∆t
k
→ 0, N

min
→∞

π (n,ω ){ }
n∈W

[N
min
,N

max
] ℕ



! *!

=>4'+4-!97!

E+)"'&$&."#(+.8)8&2&$&*'##

:#,%*+*## :##

#.4#$%*#/*4&"*/#)8.?*#"."DQ)+6.?#+)"/.5#,)26'# ##$#.8+*5+(

9+&:1-#$.#$%*#$+)"'&$&."#(+.8)8&2&$&*'#.4#$%*#/&441'&."#(+.-*''# #7&?*"#89#$%*#

'$.-%)'$&-#&"$*7+)2#

:###############################################;<T=#

#,%*+*# #

:# #

:##

#)'# A###

5+''$7!

?&"-*# :##$.#/1*#$.#M*55)#TA<A<:#,*#%)?*R!

############### :#,%&2*# !

E%*":#4.+512)'#;TA<A\=:#/1*#$.#$%*#'*-."/#Q*+$*"G'#$%*.+*5#;$%*#;+*"+.7!(6#*041&=#

Y#T:#<^Z:#&5(29R#

{ }! ! ! " "# $ % # $ & # $ & & # $
! ! ! ! !

" # $ # % # % # %π π π π
∆ ∆ ∆ ∆

+ − −
∈ = = =!

!
x
k
= (x

1
,…,x

k
)∈ℕk

{ }!"# !$%& ' (
!
" # ! #π

∆ < <

π̂ (t)

π̂ (t) = m̂(s)ds+
0

t

∫ σ̂ (s)dw(s)
0

t

∫

m̂(t) =
c

ln τ
−1(t)( )

, σ̂ (t) =
1

2
⋅ m̂(t) ⋅ 1− m̂(t)( ), c =

2

e
γ
, 0 ≤ t ≤1,

τ
−1(t) = x , N

min
≤ n ≤ N

max
, τ (N

min
) = 0, τ (N

max
) = 1 c =

2

e
γ
≈1.122918968

 with  the Euler's constant γ =
1

m
m≤n
∑ − lnn+O

1

n







,γ ≈ 0.577215664

∆ = max
1≤k≤K

∆t
k
→ 0, N

min
→∞

∆t
k

k=1

K

∑ = 1

k=1

K

∑
1

lnn
k

≤
K

ln(N
min
)
⋅ 1+O

1

ln(N
min
)















 → 0

K

N
max

→ 0



! "+!

!

H.+# #:#,*#%)?*# :#'.#$%)$#)22#-."/&$&."'#

)+*#')$&'4&*/#$.#)((29#$%*#2&5&$#$%*.+*5'#4.+#+)"/.5#,)26'#(+.?*/#&"#YSS#:ST:#SUZA#

:7;7"7!

!

E%*#4&71+*'#8*2.,#&221'$+)$*#7+)(%&-)229#$%*#/&441'&."#)((+.N&5)$&."#.4#/&'$+&81$&."#

.4#(+&5*'#&"#$*+5'#.4# #."#/&44*+*"$#&"$*+?)2'#.4#$%*#)+715*"$A#

M*7*"/#4.+#$%*#7+)(%'#."#$%*#4.22.,&"7#4&71+*'R#

/)$)<R# ##

/)$)SR##C+.,"&)"#)((+.N&5)$&."# #.4# ##

/)$)#TR###E+*"/#41"-$&."# #.4# ## #

I((+.N&5)$&."#.4# #4.+# #

#

############## #

|m∆ (t
k
,
!
x
k
)−m(t

k
) |+ | σ ∆ (t

k
,
!
x
k
)( )

2

− σ (t
k
,
!
x
k
)( )

2

|





k=1

K

∑ ⋅ ∆t
k

= 2 ⋅
1

ln(n
k
)
−

1

ln(n
k
)
⋅ ∆t

k
+

1

ln(n
k
)
⋅O

1

ln(n
k
)

















k=1

K

∑ ≤ 2 ⋅
1

ln(n
k
)

1− ∆t
k
+O

1

ln(n
k
)



























k=1

K

∑

≤ 2 ⋅max
1≤k≤K

1− ∆t
k
+O

1

ln(n
k
)







⋅

1

lnn
kk=1

K

∑ → 0,  as N
min

→∞

g(k) = π (k +1)−π (k) ≤1 { }! " # $ %&'()**! " "η∆ > =

! "!π

! " #$%&'()*+,#-(./(0-1+#2( )!π = ≤

! " ! "
! !
" ! !µ ξ σ= + ⋅ ! "!π

! "!µ !
"

! "!π ! "## "###! !≤ ≤

100 200 300 400 500 600 700 800 900 1000
20

40

60

80

100

120

140

160

180

data1: Pi(n) = number of primes <= n;  data2: x(n) =brownian approximation of Pi(n);  data3: mu(n) = trend function of x(n)

natural n: 100<= n <= 1000

n
u
m

b
e
r 

o
f 

p
ri
m

e
s
 <

=
 n

 

 

data1

data2

data3



""

I((+.N&5)$&."#.4# 4.+#

##############

#########################I((+.N&5)$&."#.4# 4.+#

`"#4&71+*'#8*2.,#$%*+*#)+* $%*#7+)(%'#.4#()$%'#/*'-+&8*/#*?.21$&."#.4#$%*#F,)26G

.4#)#-.1"$'# .4#-."'*-1$&?*#(+&5*'#+*'$+&-$*/#$.#$%*#&"$*+?)2'#

)"/#)((+.N&5)$&"7#/&441'&."#(+.-*''*'#R#######

##############

! "!π
!

" # $#! !≤ ≤

0 1 2 3 4 5 6 7 8 9 10

x 10
4

0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

natural n:  0 <= n <= 105

N
u
m

b
e
r 

o
f 

p
ri
m

e
s
 <

=
 n

data1: Pi(n) = number of primes <= n;  data2: x(n) =brownian approximation of Pi(n);  data3: mu(n) = trend function of x(n) 

data1

data2

data3

! "!π
! "

# ! $% $%! !× ≤ ≤

π (n) | n∈ℕ{ }

N
min
,N

max
  ⊂ ℕ

Y (t) = π̂ ∆ (t) and their expectations EY (t) for t ∈[0,1]⊂ ℝ.



"#

########E%*#'*01*"-*#.4#?*-$.+'# -+*)$*/#89#-."'*-1$&?*#

(+&5*'#)"/#$%*#+*'&/1)2#?)21*'# :#)22.,'#)"#&"$*+*'$&"7#TV#

(+*'*"$)$&."A#!"#*)-%#()&+# ?*-$.+#.4#(+&5*'# +*(+*'*"$'#)#

F+)/&)2G#-.5(."*"$:#,%&2*#$%*#?*-$.+#.4#+*'&/1)2'# : /1*#$.#&$'#")$1+)2#

(*+&./&-&$9:#+*(+*'*"$'#)#F-&+-12)+G#-.5(."*"$A

V*".$*## D )#'*01*"-*#.4#-.5(2*N#

"158*+'#)"/#$%*#?*-$.+# A#E%*"#4.+#)"9# ?*-$.+# $)6*'#)#

'%)(*#.4#)#'(&+)2#%*2&N#)'#&"#$%*#(&-$1+*'#8*2.,A

################ ##########

( ) ( )! "# ! " # $#%#! " # " " =
! !

" n

!"#$ % &! " #=
! !

!
p(n),

!
r (n)( )

!
p(n)

!
r (n)

!"# $ % &'() % * % ) +%$%,% *
+

!
! ! ! !

!

"
# $ % " & $ !

$
π

 
= ⋅ ⋅ = = 

− 
!

( )!" # $ $
!

" ! " "=
!

" !! > ! "! "
!

#



! "$!

# # # # # @;A;@;20;?!

#(

<A! #a+)"?&22*:#IA:#<&*&1/(=*&0>*(&./("%+(/'!"*'?4"'#.(#6()*'0+(.40?+*!:#

P-)"/&")?&)"###I-$1)+&)2#b.1+")2:#<R<SDS]A#<^^XZ#

SA!Q)+6#c)-:#@"&"'!"'$&1(A./+)+./+.$+('.(B*#?&?'1'"-C(D.&1-!'!(&./(

E40?+*(F%+#*-:#E%*#Q)$%*5)$&-)2#I''.-&)$&."#.4#I5*+&-):#b.%"#

W&2*9#)"/#P."':#!"-A:<^\SA#

TA! E.5#QA#I(.'$.2:#A."*#/4$"'#.("#(D.&1-"'$(E40?+*(F%+#*-:#P(+&"7*+:#####

####S___A#

#############UA#J/,)+/#C*2$+)5&:#G%&"('!(H&./#0I(=%&.$+(&./(J*/+*('.(;&"%+0&"'$!(((((#

((((&./(K'6+L#P(+&"7*+Dd*+2)7#O*,#e.+6:#!"-A#:#<^^^A#

###XL#P."7#eA#e)":#E40?+*(F%+#*-(6#*(=#0)4"'.5:#P(+&"7*+:#P(+&"7*+D##########

######d*+2)7:#S___A##

###[A#IAOA#P%&+9)*?:#B*#?&?'1'"-:#S!"#*/&$&.":#P(+&"7*+:#<^^[A##

###\A#af+)2/#E*"*"8)15:#!"$+./1-$&."#$.#I")29$&-#)"/#K+.8)8&2&'$&-#O158*+###

#E%*.+9:#T#"#J/&$&.":#IQP:#S_<XA#

## ####]A#af+)2/#E*"*"8)15#)"/#Q&-%)*2#Q*"/g'#:#F%+(B*'0+(E40?+*!(&./(((#

(((((((((((((((((F%+'*(M'!"*'?4"'#.C#IQP:#S___A#(

#########^A#a,.#V."7#M&"#)"/#L%&"De1)"#>1:#F%+(H'+0&..(N+"&(/'!"*'?4"'#.:##

&&&&&&&&&&&&&P%(*."44#&QARB2&STTL2&00=&ULQ<USU=&

#############<_A#P.2.5."#WA#a.2.58:#D(=1&!!(#6(B*#?&?'1'"-(M'!"*'?4"'#.!(#.("%+((

A."+5+*!A#b.1+")2#.4#O158*+#E%*.+9#S:#<^\_:#(A#<]^D<^SA#

##############<<A#Q&-%*2#M.g?:#K+.8)8&2&$9#E%*.+9:#E%&+/#J/&$&."A#V.?*+#K182&-)$&."':#######

######!"-A:#Q&"*.2):#O*,#e.+6:#S_<\A#

##<SA#aAQA#P.86.:#F%+(O'*!"(M'664!'#.(B*#?1+0(#.(M'66+*+."'&?1+(;&.'6#1/!:#######

########E%*.+9#.4#K+.8)8&2&$9#)"/#&$'#I((2&-)$&."':#?A#hd!!:#"AT:#<^\S:##

##((A#XS<#i#XS]A####



! "%!

<TA#aA#QA#P.86.:(D(M'664!'#.(D))*#P'0&"'#.(#6(.#.Q;&*:#8(H&./#0(((((

#########G&1:!(#.(M'66+*+."'&?1+(;&.'6#1/!:#E%*.+9#.4#K+.8)8&2&$9#)"/(&$'###

(((((((((I((2&-)$&."':#?A#hd!!!:#"A<:#<^\T:#((A#U<#D#XT##

<UA!###jAkA#lmnom:#RSTUTVWXYT(ZT[ST\Y(UV](^V_`abXYc(dV_eUaXfb(#

Xa(UfggTSTXhfS_T\YP(\X[i[[dSajf]cA#

kpqrstomDurvpurvtwpxoty#zro{|}vpv:#kj~:#<^\TA#kaA#QA#P.86.C(K'0'"(

F%+#*+0!( 6#*(H&./#0(G&1:!( #.(M'66+*+."'&?1+(;&.'6#1/!A#V&''*+$)$&."A#

V*()+$5*"$# .4#Q)$%*5)$&-'# )"/#Q*-%)"&-'A#Q.'-.,# P$)$*# �"&?*+'&$9:#

<^\T:#((A#<D<U]A#

<XA!#�A�A# �m|um�m�m�:# l^X[mXYT( n[X]Zf]( ZT[Sff( mTS[]ZX[^ZTbA#

kmxo�r:#��r{or�:#<^\UA#

<[A!#IAOA#P%&+9)*?:#B*#?&?'1'"-:#S!"#*/&$&.":#P(+&"7*+:#<^^[A#

<\A!#PABAP#d)+)/%)":#B*#?&?'1'"-(F%+#*-A#L.1+)"$# !"'$&$1$*#.4#Q)$%*5)$&-)2#

P$1/&*':#I5*+&-)"#Q)$%*5)$&-)2#P.-&*$9A#S__<A#

<]A!#PABAP#d)+)/%)":#@"#$%&!"'$(B*#$+!!+!A#L.1+)"$#!"'$&$1$*#.4#Q)$%*5)$&-)2#

P$1/&*':#I5*+&-)"#Q)$%*5)$&-)2#P.-&*$9A#S__\A#

<^A!#Q)+6#CA#d&22)+&".#V*($.:#;+*"+.!7(B*##6(#6(;+*"+.!7(F%+#*+0L(M+)"#(/+(

;&"+0o"'$&C(p.'8+*!'/&/(/+(=#!"&(H'$&C(qrsr(@&.(t#!+7C#L.'$)#B&-)#I(+&2#

S]:#S__X#

S_A!#Q)+*6#W.24:#H&./#0(9&1:(#.("%+()*'0+(.40?+*!:#K%9'&-)#I#SX_#;<^^]=A#

#####!"'$&$1$*#.4#E%*.+*$&-)2#K%9'&-':#�"&?*+'&$9#.4#W+.-2),:#K.2)"/A#

S<A!#b)-01*#O*?*1:#u&!+!(;&"%>0&"'v4+!(/4(=&1$41(/+!(B*#?&?'1'">!:#Q)''."#

*$#L&*:#K)+&':#<^[UA###

#

#

#

#



! "&!

###)3'%/!/>4!.%/>'+!

!

a+*7.+9#QA#P.86.#&'#)#+*$&+*/#(+.4*''.+#.4#5)$%*5)$&-'#)$#O)$&.")2#�"&?*+'&$9:#

P)"#V&*7.:#)"/#)$#�L#P)"#V&*7.#JN$*"'&."A#>*#.8$)&"*/#%&'#QP#/*7+**#&"#<^[\#

)"/#K%V#&"#Q)$%*5)$&-'#&"#<^\T#4+.5#Q.'-.,#P$)$*#�"&?*+'&$9:#B1''&)A#>&'#

,.+6'#)+*#&"#K+.8)8&2&$9#E%*.+9#;M&5&$#E%*.+*5'#4.+#+)"/.5#,)26'#."#M&*#7+.1('#

)"/#/&44*+*"$&)82*#5)"&4.2/'=#)"/#)((2&-)$&."'#;B)"/.5#H&*2/':#P$.-%)'$&-#

V&44*+*"$&)2#J01)$&."'=:#O158*+#E%*.+9A#

#

#

:;=;(0%>3*.%>125(9-,?*2>(@&%551A12%>1B+(

C$1.%$D(==EFF/(==E;G/(==8H=/==8;I/(==8:G/(==8G=/((

==EJ;/(==EKI/(==CK:/(==0FF/(==0;J/(==L;GM((

9*2B+'%$DN(==EKJ/(==L=J/(J;OFF/(J;6FF/(J;PJG/(J;"G;/((

J;QFF/(J;Q=G(

(

@BRD$1S3>((T(:;:;("$*SB$D(07(9B,UB(

*.%1&N((S,*3B&'*$VS.%1&72B.(!"$*SB$D(9B,UB<(

(

(

#

#

#

#

#

#


