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Abstract
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considered. External induction principle in nonstandard intuitionistic arithmetic were
derived. Non trivial application in number theory is considered.The Goldbach-Euler
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1.Introduction

In this paper intuitionistic set theory INC*, based on infinitary intuitionistic logic with
restricted modus ponens rule is considered [1]. External induction principle in
nonstandard intuitionistic arithmetic were derived. Non trivial application in number
theory is considered. The Goldbach-Euler theorem is obtained without any references to
Catalan conjecture.

2.Axiom of nonregularity and axiom of hyperinfinity

2.1.Axiom of nonregularity
Remind that a non-empty set u is called regular iff
VXX + J - (Ay € X)(XNY = D)]. (2.1

Let's investigate what it says: suppose there were a non-empty x such that
(Vy e x)(xNy + ). For any z; € x we would be able to get z; € z; N x. Since z; € X we
would be able to get zz € z N x. The process continues forever:
...€ Zn41 € Zn...€ 24 € Z3 € Zp € Z1 € X. Thus we wish to rule out such an infinite regress.

2.1.Axiom of hyper infinity.

Definition 2.1.(i) A non-empty transitive non regular set u is a well formed non regular
set iff:
(i) there is unique countable sequence {u,}_, such that

...€ U1 €E Up...€ Ug € U3 € Uz € U1 E U, (2.2
(i) for any n e Nand any Un1 € Up :
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Un = Uy, (2.3)

where a* = aU {a}.

(ii) we define a function a*Minductively by a* 1 = (a*kl)"

Definition 2.2. Let u and w are well formed non regular sets. We write w < u iff for any
neN

W € Up. (2.4

Definition 2.3. We say that an well formed non regular set u is infinite (or hyperfinite)
hypernatural nuber iff:

(I) For any member w € u one and only one of the following conditions are

satified:

() w e Nor

(i) w = u, for some n € N or

(i) w < u.

(I1) Let <u be a set ~u = {7z < u},then by relation (- < -) a set -u is densely ordered
with no first element.

(I N < u.

Axiom of hyper infinity

There exists unique set N* such that:

()N < N*

(ii) if u is infinite (hypernatural) number then u € NAN

(iii) if u is infinite (hypernatural) number then there exists infinite (hypernatural) number

such thatv < u
(iv) if uis infinite hypernatural number then there exists infinite (hypernatural) number
w
such thatu < w
(v) set N\N is patially ordered by relation (- < -) with no first and no last element.
In this paper we introduced a set N“\N of the infinite numbers axiomatically without any
references to non-standard model of arithmetic via canonical ultraproduct approach, see

[2]-[3].

3.Infinitary logic.

3.1.Classical infinitary logic.

By a vocabulary, we mean a set L of constant symbols, and relation and operation
symbols with finitely many argument places. As usual,by an L-structure M , we mean a
universe set M with an interpretation for each symbol of L. In cases where the
vocabulary L is clear, we may just say structure. For a given vocabulary L and infinite
cardinals pu < x, L., is the infinitary logic with x variables, conjunctions and disjunctions
over sets of formulas of size less than «, and existential and universal quantifiers over
sets of variables of size less than p. All logics that we consider also have equality, and
are closed under negation. The equality symbol is always available, but is not counted
as an element of the vocabulary L.

During last sentury canonical infinitary logic many developed, see for example [6]-[10].



3.2.Why we need infinitary logic.

It well known that some classes of mathematical structures, such as algebraically
closed fields of a given characteristic, are characterized by a set of axioms in L. Other
classes cannot be characterized in this way, but can be axiomatized by a single
sentence of L,

Remark 3.1.In the practice of the contemporary model theory, and in more general
mathematics as well, it often becomes necessary to consider structures satisfying
certain collections of sentences rather than just single sentences. This consideration
leads to the familiar notion of a theory in a logic. For example, in ordinary finitary logic,
L.e, If ¢n IS @ sentence which expresses that there are at least n elements, then the
theory {¢n|n € @} would express that there are infinitely many elements. Similarly, in the
theory of groups, if en is the sentence Vx[x" # 1], then {y, : n € w} expresses that a
group is torsion free.

Remark 3.2.Suppose we want to express the idea that a set is finite, or that a group is
torsion. A simple compactness argument would immediately reveal that neither of these
notions can be expressed by a theory in L,,. What we need to express in each case is
that a certain theory is not satisfied, that is, that at least one of the sentences is false.
While theories are able to simulate infinite conjunctions, there is no apparent way to
simulate infinite disjunctions—which is just what is needed in this case.

Example 3.1. The Abelian torsion groups are the models of a sentence obtained
by taking the conjunction of the usual axioms for Abelian groups (a finite set)
and the following infinite disjunction:

VX|:V X+ X +. . .A+X= o]. (3.1

neN n

Example 3.2. The Archimedean ordered fields are the models of a sentence obtained
by taking the conjunction of the usual axioms for ordered fields and the following
infinite disjunction:

VX 1+1+...+1>x | 3.2

n

Example 4.3. Let L be a countable vocabulary. Let T be an elementary first order

theory, and let I'(X) be a set of finitary formulas in a fixed tuple of variables x. The
models

of T that omit " are the models of the single L,,,,, sentence obtained by taking the

conjunction of the sentences of T and the following infinite disjunction:

v{\/ﬁy(x)} (3.3

yel’

Example 4.4. The non Archimedean ordered fields are the models of a sentence
obtained by taking the conjunction of the usual axioms for non Archimedean ordered
fields i.e., the following infinite conjunction:

E|x|:/\ 1+1+...+1< x:|. (3.4

neN
n



4.Hyper Infinitary logics.

4.1. Bivalent Hyper Infinitary first-order logic 2L”, with

restricted rules of conclusion.

Hyper infinitary language L”, are defined according to the length of hyper infinitary
conjunctions/disjunctions as well as quantification it allows. In that way, assuming a
supply of k < 8% = card(N*) variables to be interpreted as ranging over a nonempty
domain, one includes in the inductive definition of formulas an infinitary clause for
conjunctions and disjunctions, namely, whenever the hypernturals indexed
hypersequence {A;};.+ Of formulas has length less than «, one can form the hyperfinite
conjunction/disjunction of them to produce a formula. Analogously, whenever an
hypernaturals indexed sequence of variables has length less than A, one can introduce
one of the quantifiers V or 3 together with the sequence of variables in front of a formula
to produce a new formula. One also stipulates that the length of any well-formed formula
is less than N itself.

The syntax of bivalent hyperinfinitary first-order logics L%, consists of a (ordered) set
of sorts and a set of function and relation symbols, these latter together with the
corresponding type, which is a subset with less than X} = card(N*) many sorts.
Therefore, we assume that our signature may contain relation and function symbols on
y < X% many variables, and we suppose there is a supply of x < X3 many fresh
variables of each sort. Terms and atomic formulas are defined as usual, and general
formulas are defined inductively according to the following rules:If ¢,y,<{¢, : a < y} (for
each y < «) are formulas of L, ., the following are also formulas: /\m Do, \/m Do,
¢ - v, Vo Xed (also written VX, @ if X, = {Xo : a < ¥}), JayXop (alsO written 3x, ¢ if
Xy = {Xe T 00 < ¥}).

The axioms of hyperinfinitary first-order logic 2L, consist of the following schemata:

I. Logical axiom

1.A->[B-A]

[A-[B~C]~[[A-B]~>[A-C]]

. [-B - —A] - [A - B]

AAG[A > A S [A S A Ala e N

. [/\i<aAi] - Aj,a € N#

. [VX[A - B] - [A > VXB]]

provided no variable in x occurs free in A,

7. VXA > S(A)

where &(A) is a substitution based on a function f from x to the terms of the language;
Il.Restricted rules of conclusion.

R*1.RMP (Restricted Modus Ponens).

From Aand A - B, conclude Biff A ¢ A;and (A - B) ¢ Az,where A1,A2 & F s
We abbraviate by A,A - B rup B.

R*2.MT (Restricted Modus Tollens)

P - Q,—|Q Frutr =P iff P ¢ A’land (P - Q) & A’z,where All,A,Z & 3:Wff.
lll.Equality axioms:

o Ul A WN



@ t=t

(0) [Aiegti = t] = [$to, e ) = (o, th )]

(©) [Ai ti = ti] = [P(to, ... te,...) = P(to,... .t ...)]
for each a € N*, where t,t; are terms and ¢ is a function symbol of arity « and P a
relation symbol of arity a € N*,
IV.Distributivity axiom:

/\i<y Vj<y Vij =~ eryV /\i<y Vif() (4 1)
V.Dependent choice axiom:
Py sl = JucrXa o, Vi 4.2

provided the sets X, are pairwise disjoint and no variable in X, is free in y for
B <aeN,

4.2.Why we need hyper infinitary logic.
Definition 4.1.A set S c N¥is a hyper inductive if the following statement holds
N@eS=a"e9). 4.3

aeN#
Obviously a set N* is a hyper inductive. As we see later there is just one hyper
inductive
subset of N*, namely N¥itself.
In this paper we apply the following hyper inductive definitions of the sets

EIS‘v’ﬁ|:ﬁeS<:> /\(aeSza*eS):|, (4.4
0<a<p
see cection 7. Note that a statement
N (@eS=0a"€9) (4.5)
0<a<p

cannot be expressed in finitary set theoretical language. See also section 11,
subsect 11.1.

5.Intuitionistic hyper infinitary logic IL*, with restricted rules

of conclusion.

We will denote the class of hypernaturals by N*, the class of binary sequences of
hypernatural length by 2<%, and the class of sets of hypernatural numbers by Z(N*).

We fix a class of variables x; for each i € N*. Given an a € N*, a context of length « is
a sequence x = (X;, |j < a) of variables. In this paper we will use boldface letters,
X,¥,Z,..., to denote contexts and light-face letters, xi,yi,z,..., to denote the i-th variable
symbol of x,y, and z, respectively.

We will denote the length of a context x by I(x). The formulas of the hyperinfinitary
language £*, of set theory INC*, are defined to be the smallest class of formulas
closed under the following rules:

1.1 is a formula,

2.x; € x; is a formula for any variables x; and x;,

3.xi = X; is a formula for any variables x; and x;,

4. if ¢ and y are formulas, then ¢ - y are formulas,



5. if ¢, is a formula for every a : a < 8 € N#, then

1. \/aSﬂ ¢, is a gyperfinite formula, (5.1
6.if ¢, is a formula for every a : a < 8 € N#, then

/\agﬁ #.is a gyperfinite formula, (5.2

7. if x is a context of length a, then 3*x¢ is a formula, and,
8. if x is a context of length «, then V“x¢ is a formula.

By this definition, our language allows set-sized disjunctions and conjunctions as well
as quantification over set-many variables at once. However, note that infinite alternating
sequences of existential and universal quantifiers are excluded by this definition.

Remark 5.1.Whenever it is clear from the context, we will omit the superscripts from
the quantifiers and write 3 and V instead of 3% and V¢, respectively. In many situations it
will be useful to identify a variable x with the context x = (x) whose unique element is x
such that we can write, for example, “Ix¢” for “Ix¢” and “Vx¢” for “Vx¢”. A variable x; is
called a free variable of a formula ¢ whenever x; appears in ¢ but not in any
guantification of ¢. As usual, a formula without free variables is called a sentence. We
say that x is a context of the formula ¢ if all free variables of ¢ are among those in x. As
usual, we will write ¢(x) in case that ¢ is a formula and x is a context of ¢. Similarly,
given two contexts x and y with x; = y; for all j < ((x) and j" < ((y), we will write p(x,y) in
case that the sequence obtained by concatenating x and y is a context for ¢.

Remark 5.2. We extend the classical abbreviations as follows: Given a formula ¢ and
an hypernatural a € N* we introduce the bounded quantifiers as abbreviations, namely,

VX € y¢ for VxX(X € y - ¢), (5.3
and
3%x € y ¢ for 3*x(X € YA ¢). (5.4

Notation 5.1. A sequent ¢ xq ¥ IS however equivalent to the formula V*x(¢ - v).

The system of axioms and rules for hyperinfinitary intuitionistic first-order logic

consists of the following schemata:

I. Logical axiom

1.A->[B-A]

2.[A-[B~C]~[[A-B]~>[A-C]]

3. (A JA- ALl - [A-> A AlLa e N

4. [/\i<aAi] - Aj,a € N#

5. [VX[A - B] » [A > VxB]]

provided no variable in x occurs free in A.

7. VXA > S(A)

where &(A) is a substitution based on a function f from x to the terms of the language;

II.Restricted rules of conclusion.

R*1.RMP (Restricted Modus Ponens).

From Aand A - B, conclude Biff A ¢ A;and (A - B) ¢ Az,where A1,A2 & F st

We abbraviate by A,A - B rup B.

R*2.MT (Restricted Modus Tollens)

P - Q,—|Q Frutr =P iff P ¢ A’land (P - Q) & A’z,where All,A,Z & 3:Wff.

Ill.Weak distributivity axiom:



$AVi,vitx Vi, o Avi (5.5)
for each y e N,
IV.Frobenius axiom:
¢ Ayy Fx Y@ Ay) (5.6)
where no variable in y is in the context x.
V.Structural rules:

(a) ldentity axiom:
O Fxo @ (5.7)
(b) Substitution rule:
P Fxa Y
P15 -y pISK] ©9

where y is a string of variables including all variables occurring in the string of terms s.
(c) Restricted cut rule:

P Fxa Y Fxa 0
P (5.9
iff o ¢ Aqand (y Fxq 0) € As.
IV.Equality axioms:
(a)
Thx X=X (5.10
(b)
(X = yY) Aop[xiw] 2 ply/w] (5.11)

where X,y are contexts of the same length and type and z is any context containing X,y
and the free variables of ¢.
V.Conjunction axioms and rules:

(a)
A0 Fxa 9 (5.12)
i<y
foreachy e Nfandj <y
(b)
Fxa Vi i<
M (5.13)
¢ Fxa /\l//i

I<y
for each y e N*,
VI.Disjunction axioms and rules:

(@)

9 Fxa Vi, ® (5.14)



for each y e N*

(b)
91 e Oy (5.15)
Vi<y ¢i Fxa 0
for each y e N*,
VII. Implication rule:
¢ AV Fxa 0
pySp—: (5.16)
IX.Existential rule:
¢y ¥
— 1 5.1
V@ v &30
where no variable iny is free in y.
X.Universal rule:
Py (5.18)

¢ Fx Vyy
where no variable in y is free in ¢.

6.Set theory in hyper infinitary set theoretical languages.

6.1.Intuitionistic set theory INC*, in hyper infinitary set
theoretical language.

Axioms and basic definitions.

Intuitionistic set theory INC*, is formulated as a system of axioms in the same first
order language as its classical counterpart, only based on intuitionistic logic IL?, with
restricted modus ponens rule [1]. The language of set theory is a first-order language
L#, with equality =, which includes a binary symbol €. We write x # y for — (x = y) and
x ¢ yfor —(x € y). Individual variables Xx,y,z,...of L*, will be understood as ranging over
classical sets. The unique existential quantifier 3! is introduced by writing, for any
formula ¢(x),3!xe(x) as an abbreviation of the formula Ix[p(X) & Vy(p(y) = x = y)].L?,
will also allow the formation of terms of the form {x|p(x)}, for any formula ¢ containing
the free variable x. Such terms are called nonclassical sets; we shall use upper case
letters A,B, ... for such sets. For each nonclassical set A = {x|p(x)} and
A = {X|p(x,A) }the formulas
VXX € A = p(X)] (6.1)
and more general formulas
VXX € A = ¢o(X,A)] (6.2

is called the defining axioms for the nonclassical set A.
Remark 6.1.Remind that in intuitionistic logic IL?, with restricted modus ponens rule



the statement a A (¢ = f) does not always guarantee that

a,a = B Frup B (6.3
since for some a and S possible

a,a = f #rup P (6.4

even if the statement a A (¢ = f) holds [1].
Abbreviation 6.1.We often write for the sake of brevity instead (6.3) by

a=sf (6.5)
and we often write instead (6.4) by
a =w B. (6.6)

Remark 6.2.Let A be an nonclassical set.Note that in set theory INC# ,the following
true formula

JAVX[X € A < ¢(X,A)] (6.7)
does not always guarantee that
xe AXxe A= o(XA) Frvp ¢(X,A) (6.8
even if x € A holds and (or)
o(X,A),p(X,A) = X € Atrup X € A; (6.9
even ¢(x,A) holds, since for nonclassical set A for some y possible
ye A yeA= ol,A) trur ¢(Y,A) (6.10
and (or)
o(Y,A), p(Y,A) > yeArruwr Y € A (6.11
Remark 6.3.Note that in this paper the formulas
Javx[x € a = ¢p(X) AX € U] (6.12
and more general formulas
Javx[x € a < ¢(X,a)] (6.13

is considered as the defining axioms for the classical set a.
Remark 6.4.Let a be an classical set. Note that in INC* ,: (i) the following true formula

Javx[x € a < o(x,a) A X € U] (6.14)
always guarantee that
Xeaxea= ¢oa) Frwp @(X) (6.15
if x € a holds and
P(X),0(X) = X € @ Frup X € & (6.16)

if ¢(x) holds;

Remark 6.4.In order to emphasize this fact mentioned above in Remark 6.1-6.3,

we rewrite the defining axioms in general case for the nonclassical sets in the
following

form

JAVX{[X € A =s p(X,A)]V [X € A =w p(X,A)]} (6.17)
and similarly we rewrite the defining axioms in general case for the classical sets in



the
following form

VXX € a <s p(X,a) A (X € U)]. (6.18)
Abbreviation 6.2.We write instead (6.17) by
Vx{[x € A =sw 0(X,A)]} (6.19)

Definition 6.1. (1) Let A be a nonclassical set defined by formula (6.1) or by formula
(6.2).Assum that: (i) for some y statement ¢(y) and statement ¢(y) = y € A holds and
(i) (), o(y) =y Arrwr Y€ Ay e Ay e A= oY) #rup @(Y).

Then we say that y is a weak member of non-classical set A and abbreviate y €, A.
Abbreviation 6.3. Let A be a nonclassical set defined by formula (6.1) or by formula
(6.2). We abbreviate x s A if the following statement x s AV X €y A holds, i.e.

X e A gy (X €s AV X €y A). (6.20)

Definition 6.2.(1) Two nonclassical sets A,B are defined to be equal and we write
A = Bif VX[X esw A <5 X €sw B]. (2) Alis a subset of B, and we often write A cgy B, if
VXX esw A =5 X sy B].(3) We also write Cl. Set(A) for the formula

Juvx[x € A & X € u]. (4) We also write NCI. Set(A) for the formulas

VXX €sy A <=5y 0(X)] and VXX €sy A <5y 9(X,A)].

Remark 6.5.Cl. Set(A)) asserts that the set A is a classical set. For any classical set u,
it follows from the defining axiom for the classical set {x|x € u A ¢(X)} that
Cl.Set({x|x € uA @(X)}).

We shall identify {x|x € u} with u, so that sets may be considered as (special sorts of)
nonclassical sets and we may introduce assertions such asu < A,u £ A,u = A, etc.
Remark 6.6.If A is a nonclassical set, we write 3x € A p(Xx,A) for Ix[x € AA p(X,A)]
and Vx € Ap(x,A) for Vx[x € A = p(X,A)].

We define now the following sets:

1.{ug,Uz,...,Un} = XX =U1 VX=U2V...VX = Upn}.2. {A1,A2,...,An} =

= {XX=A1VX=AV...VX = An}.3.UA = {X]3y[ly € AAX € y]}.

4NA = {XVyly e A= xe y]}.5LAUB ={Xx € AV x € B}.

5ANB={xx e AAXxeB}.6,A-B=<{xxe AAX ¢ B}.7.u* = uU {u;}.

8.P(A) = {Xx € A}.9.{x € Alp(X,A)} = {XIx € AA p(X,A)}.10.V = {X|: X = X}..

11.0 = {X|X = X}.

The system INC¥, of set theory is based on the following axioms:

Extensionalityl: YUVV[VX(X € U< X € V) = U = V]

Extensionality2: VAVB[VX(X € A <=sw X € B) = A = B]

Universal Set: NCI. Set(V)

Empty Set: Cl. Set(2)

Pairingl: Yuvv CI. Set({u,v})

Pairing2: VAVB NCI. Set({A,B})

Union1: Vu Cl. Set(Uu)

Union2: VA NCI. Set(UA)

Powersetl: Vu Cl. Set(P(u))

Powerset2: VA NCI. Set(P(A))

Infinity 3a[& € aA VX € a(x™ € a)]

Separation1vu;Vuy,...Vu,vVaiCl. Set({X €s alp(X,u1,Uz,...,Un)})



Separation2Vu; Vua, ... VUu,NCI. Set({x esw Alp(X,A; U1,Uz,...,Un)})
Comprehensionlvu;Vuy,...VUy,dAVX[X € A <sw @(X;U1,Uz,...,Un)]
Comprehension 2 Yu;Vuy,...VUy,dAVX[X € A <sw @(X,A; Uz, Uz,...,Un)]
Comprehension 3 YuiVuy,...Vuy,davx[x € a <s ¢(X,&; U1, Uz,...,Un)]
Hyperinfinity: see subsection 2.1.

Remark 6.7.Note that the axiom of hyper infinity follows from the schemata
Comprehension 3.

Definition 6.3. The ordered pair of two sets u,v is defined as usual by

u,v) = {{u},{u,v}}. (6.21
Definition 6.4. We define the Cartesian product of two nonclassical sets A and B
as usual by

Axsw B = {X V)X €sw AAY Esw B} (6.22)

Definition 6.5. A binary relation between two nonclassical sets A,B is a subset
R Csw A xsw B. We also write aRsyb for < a,b >e5,v R. The doman dom(R) and the
range ran(R) of R are defined by

dom(R) = {X3y(xRswy)},ran(R) = {y : IX(xRswy)}. (6.23

Definition 6.6.A relation Fs,, is a function, or map, written Fun(Fs,), if for each

a sy dom(F) there is a unique b for which aFsyb. This unique b is written F(a) or Fa.

We write Fsy : A — B for the assertion that Fs,, s a function with dom(Fs,) = A and

ran(Fsw) = B.In this case we write a » Fsy(a) for Fsya.

Definition 6.7.The identity map 14 on Aisthe map A - Agivenby a ~ a. If X Sgw A,
the

map X ~» X : X - Ais called the insertion map of X into A.

Definition 6.8.1f Fsy : A > Band X S A, the restriction Fsy|X of Fsy to X is the map

X - Agiven by x » Fsw(X). If Y Ssw B, the inverse image of Y under Fy is the set

FellY] = X €sw A Fsu(X) €sw Y}. (6.249)

Given two functions Fsy, : A - B,Gsw : B » C, we define the composite function

Gsw ° Fsw : A - Cto be the function a » Gsw(Fsw(@)). If Fsw : A > A, we write F2,,

for Fsw o Fsw, F2y for Fsw o Fsw o Fsw €tc.

Definition 6.9.A function Fsy : A - B is said to be monic if for all

XY €sw A Fsw(X) = Fsw(y) implies x =y, epi if for any b €5y B there is a esy A for
which b = Fsw(a), and bijective, or a bijection, if it is both monic and epi. It is easily
shown that

Fsw is bijective if and only if Fsy has an inverse, that is, a map Gsw : B - A such that

st o GS,W =15 and Gsw o Fs,w = 1a.

Definition 6.10.Two sets X and Y are said to be equipollent, and we write X =gy Y, if

there is a bijection between them.

Definition 6.11.Suppose we are given two sets I,A and an epimap Fsy : | - A. Then

A = {Fsw()|i € I} and so, if, for each i esy |, we write a; for Fsy (i), then A can be

presented in the form of an indexed set {a; : i esw I}. If Ais presented as an indexed

set of sets {Xi|i esw I}, then we write | J,_, Xi and [),_, Xi for UA and NA, respectively.

Definition 6.12.The projection maps 71 : Axsw B - Aand 72 : Axsw B > Bare

defined to be the maps <a, b>~ a and <a, b> ~ b respectively.

Definition 6.13.For sets A, B, the exponential BA is defined to be the set of all



functions
from Ato B.

6.2.Set theory NC?”, in bivalent hyper infinitary set

theoretical language.

Set theory NC7, is formulated as a system of axioms in the same first order language
as its classical counterpart, only based on bivalent hyper infinitary logic 2L, with
restricted modus ponens rule [1]. The language of set theory is a first-order hyper
infinitary language L”, with equality =, which includes a binary symbol . We write
x +yfor— (x=y)and x ¢ yfor —~(x € y). Individual variables x,y,z,...of L?, will be
understood as ranging over classical sets. The unique existential quantifier 3! is
introduced by writing, for any formula ¢(x),3!xe(X) as an abbreviation of the formula
Ixe(X) & Vy(p(y) = x = y)].L*, will also allow the formation of terms of the form
{Xlp(x)}, for any formula ¢ containing the free variable x. Such terms are called
non-classical sets; we shall use upper case letters A, B, ... for such sets. For each
non-classical set A = {x|p(x)} the formulas Vx[x € A < ¢(X)] and VXX € A < ¢(X,A)]
is called the defining axioms for the non-classical set A.

Remark 6.8.Remind that in intuitionistic logic IL*, with restricted modus ponens rule

the statement a A (¢ = fB) does not always guarantee that

a, o0 = ﬂ FRVIP ﬂ (625)
since for some a and f possible
a,a = B #rup f (6.26)

even if the statement a A (¢ = f) holds [1].

The system NC?, of set theory is based on the following axioms:

Extensionalityl: YUVV[VX(X € U< X € V) = U = V]

Extensionality2: VAVB[VX(X € A <=sw X € B) = A = B]

Universal Set: NCI. Set(V)

Empty Set: Cl. Set(9)

Pairingl: Yuvyv CI. Set({u,v})

Pairing2: VAVB NCI. Set({A,B})

Union1: Vu ClI. Set(Uu)

Union2: VA NCI. Set(UA)

Powersetl: Vu Cl. Set(P(u))

Powerset2: VA NCI. Set(P(A))

Infinity 3a[& € aA VX € a(x™ € a)]

Separation1vu;Vuy,...Vu,vVaiCl. Set({X €s alp(X,u1,Uz,...,Un)})

Separation2VuiVuy,...VYupNCI. Set({X esw Alp(X,A; U1, U2, ...,Un)})

ComprehensionlVu;Vuy,...VU,dJAVXX € A <sw ¢(X;U1,Uz,...,Un)]

Comprehension 2 YuiVuy,...VU,JAVXX € A <sw ¢(X,A; U1, Uz,...,Un)]

Comprehension 3 YuiVuy,...Vuydavx[x € a <s ¢(X,&; U1, Uz,...,Un)]

Hyperinfinity: see subsection 2.1.

Remark 6.7.Note that the axiom of hyper infinity follows from the schemata

Comprehension 3.



7.External induction principle and hyper inductive
definitions.

7.1.External induction principle in nonstandard intuitionistic

arithmetic.
Axiom of infite w-induction

(i)
vVSSc N){[A(neSz n*eS):|28=N}. (7.1
(i) Let F(x) be a wif of the set theory INC*,, then
[/\(F(n) - F(n+))J — vn(n € o)F(n). (7.2)

Definition 7.1.Let B be a hypernatural such that g € N*\N. Let [0,8] < N*be a set
such that Vx[x € [0,8] < 0 < x < B] and [0,B) = [0,B]\{B}.

Definition 7.2.(i) Let F(x) be a wif of INC*with unique free variable x. We will say that
a wff F(x) is restricted on a set St such that S & N* iff the following conditions are
satisfied

Va(a € N)[F(a) = a € S] (7.3)

and
Va(a € N¥)[-F(a) = a € NAS]. (7.9
Definition 7.3. Let F(x) be a wff of INC* ,with unique free variable x.We will say that a

wff F(X) is unrestricted on variable x if wff F(x) is not restricted on any set Ssuch that
S ¢ N#.This definition meant

N\ (F(a) + a & N%). (7.5)

aeN#

Axiom of hyperfinite induction 1

V(B € NW)VS(Sc [0,8]) \,
{‘v’a(a € [O,ﬁ])|: N\ (@eS=a" e S):| = S= [O,ﬁ]}.

0<a<p

Axiom of hyper infinite induction 1
V(S c N#){Vﬁ(ﬂeN#)[ N\ (@eS= a*eS):| :S:N#}. (7.8)
O0<a<p

Remark 7.1.Note that from comprechesion shemata 2 (see subsection 6.1) follows
that

VBIAS(S < [0,B])VB(B € [0,ﬁ])|:[3 €eSe= A (@aeS=a"e S):|. (7.9
0<a<p

Therefore for any 8 € [0, ] from (7.9) it follows that
N@eS=a"€S+peS (7.10

0<a<p

(7.7)



Thus axiom of hyperfinite induction 1,i.e., (7.6) holds, since from (7.10) it follows that
VBB < [0,8] = P € S].

Remark 7.2.Note that from comprechesion shemata 2 (see subsection 6.1) it follows
that

IS c N#)‘v’ﬁ(ﬁeN#)[ﬁeS@ N\ (@eS= a*eS):|. (7.11)
0<a<p
Therefore for any g € N* from (7.11) it follows that
N@eS=a"e€SrpeS (7.12
0<a<p

Thus axiom of hyper infinite induction 1, i.e., (7.8) holds, since it follows from (7.12)
that VB[B e N* = B € §].

Axiom of hyperfinite induction 2

Let F(x) be a wff of the set theory INC*, restricted on a set [0, 3] then

|:V,B(ﬂ € N#\N)|: N\ (F(a) = F(a+)):|:| = Va(a € [0,8])F(a). (7.11)
O<a<p

Axiom of hyper infinite induction 2
Let F(x) be unrestricted wff of the set theory INC*, then

[Vﬁ(ﬂ S N#)LK/\ﬁ(lz(Ot) = F(d*))}} = VB(B € N )F(B). (7.12)

Remark 7.3.Note that from comprechesion shemata 2 (see subsection 6.1) follows
that

VBIS(S < [0,f1)VB(P € [O,ﬁ])[ﬁ €cS= A Fl)= F(Oﬂ)} (7.13
O<a<p
Therefore for any B € [0,] from (7.13) it follows that
N\ (F(a) = F(@*))+-peS (7.19
0<a<p

Thus axiom of hyperfinite induction 2,i.e., (7.13) holds, since it follows from (7.16)
that VB[B € [0,8] = B < S].

Remark 7.4.Note that from comprechesion shemata 2 (see subsection 6.1) follows
that

IS < N¥)VB(B € N#)|:B €eS= A (F(o)= F(a*)):|. (7.15
0<a<p
Therefore for any B € N* from (7.15) it follows that
N\ (F(a) = F(a")) + BeS (7.16)
0<a<p

Thus axiom of hyper infinite induction 2,i.e., (7.12) holds, since From (7.16) it follows
that VB[ e N* = B e S].

Axiom of hyperfinite induction 3

Let F(x) be a wff of the set theory INC¥, restricted on inductive set Wi,q such that

N € Wing & N* then



VW[(N < Wina & NF) A [ A (Fl@) = F(O!*))JJ = Va(a € Wing)F(a). (7.17)

a€Wing
Proposition 7.1. (a) For any natural or hypernatural number k € N*,
-V x=m e x<k (7.18

O<mek
(@') For any hypernatural number x and any wff B
= /\ B(mM) < Vx(X < k = B(X)). (7.19)
O<msk
(b) For any hypernatural number k € N* such that k > 0,

= \/(x:m—l):»x<k. (7.20)
1<m=k
(b") For any hypernatural number k € N* such that k > 0 and any wff B(x),
- /\ B(m) < Vx(x < k = B(X)). (7.21)
O<mek-1

) F(Wx(x<y=BX))A(WX(x>y= EX))) = Vx(B(X) V E(X)).
Proof. (a) We prove \/ (X = m) < x < k by hyperfinite induction in the
0<mek
metalanguage on k. The case for k = 0, x = 0 < x < 0, is obvious from the
definitions.
Assume as inductive hypothesis that
\/(x=m)<:>x§k. (7.22)

0<m=k

Now assume that

|:\/(x=m):|\/(x=k+1). (7.25)

O0=m=k

But+x = k+ 1= x < k+ 1 and, by the inductive hypothesis,

V(x=m). (7.26)
0<mek
Also+ X<k = x < k+ 1. Thus, x < k+ 1. So,
-V x=m) = x<k+l, (7.27)

0<m<k+1

Conversely, assume x < k+ 1. Thenx =k+1Vvx < k+ 1. If x =k+ 1, then

\/ (X =m). (7.28)
0<mck+1

If X < k+ 1, then we have x < k. By the inductive hypothesis,
V x=m (7.29
O<mek

and,therefore,
\/ (X =m). (7.30)

O<mck+1

Thus in either case,



\/ (X =m). (7.30)

O<mck+1

This proves

Fxsk+l= \/ (x=m). (7.32
0<m=k+1
From the inductive hypothesis, we have derived
V x=m = x<k+1 (7.33
O<mck+1

and this completes the proof. Note that this proof has been given in an informal manner
that we shall generally use from now on. In particular, the deduction theorem, the
replacement theorem, and various rules and tautologies will be applied without being
explicitly mentioned.

Parts (a'), (b), and (b’) follow easily from part (a). Part (c) follows almost immediately
from the statementt #r = (t < r) V (r < t), using obvious tautologies.

There are several stronger forms of the hyperinfinite induction principles that we can
prove at this point.

Theorem 7.1.(Complete hyperinfinite induction) Let B(x) be anrestricted wif of the set

theory INC?, then

vx(x € N)[Vz(z < x = B(2)) = B(X)] = Vx(x € N¥)B(x) (7.34)

In ordinary languagel consider a property B(x) such that, for any x, if B(x) holds for all
hypernatural numbers less than x, then B(x) holds for x also. Then B(x) holds for all
hypernatural numbers x € N¥,
Proof.Let E(X) be a wiff Vz(z < x = B(2)).
(i) 1.Assume that Vx(x € N¥)[Vz(z < X = B(2)) = B(x)],then
2.[Vz(z < 0 = B(2)) = B(0)] it follows from 1.
3.z« 0O,then
4.Vz2(z< 0 = B(2)) it follows from 1,
5. B(0) it follows from 2,4 by MP
6. Vz(z < 0 = B(2)) i.e.,E(0) holds it follows from Proposition7.1(a’)
7.Vx(x € NH)[Vz(z < x = B(2)) = B(X)] + E(0) it follows from 1,6 by MP
(i) 1.Assume that: Vx(x € N¥)[Vz(z < x = B(2)) = B(X)].
2.Assume that: E(x) = Vz(z < x = B(z)),then
3.Vz(z < x* = B(2)) it follows from 2 since z< x = z < x*.
4.Vx(x € NH)[Vz(z < x* = B(2)) = B(x")] it follows from 1 by
rule A4:if t is free for x in B(x), then ¥xB(x) + B(t).
5. B(x") it follows from 3,4 by unrestricted MP rule.
6.z< x" = z< x"Vvz=x"itfollows from definitions.
7.z < x* = B(2) it follows from 3 by rule A4.
8.z=x" = B(2) it follows from 5.
9. E(x") = Vz(z < x* = B(2)) it follows from 6,7,8,rule Gen.
10.Vx(x € NH)[Vz(z < X = B(2)) = B(X)] + VX(Xx € N¥)[E(X) = E(x")]
it follows from 1,9 by deduction theorem,rule Gen.



Now by (i), (ii) and the induction axiom, we obtain D + Vx(x € N*)E(x) that is
D - VX(x € N¥)[VZ(z < x = B(2))], where D = Vx(x € N¥)[Vz(z < x = B(2)) = B(X)].
Hence, by rule A4 twice, D + x < x = B(X). But + x < x. So,D + B(x) , and, by Gen
and
the deduction theorem, D + Vx(x € N*)B(X).
Theorem 7.2.(Complete hyperfinite induction) Let B(x) be wff of the set theory
INC?, strongly restricted on inductive set Wing such that N € Wing & N* then
VX(X € Wing)[VZ(z < X = B(2)) = B(X)] = VYX(X € Winq)B(X) (7.35)

Proof. Similarly as Theorem 7.1.
Remark 7.5.Remind that the following statement holds in standard bivalent
arithmetic [11]:Least-number principle (LNP)
IxB(X) = 3Y[B(y) A Vz(z <y = —B(2))]. (7.36)
In ordinary language:if a property expressed by wff B(x) holds for some natural
number n,
then there is a least number satisfying B(x).Obviously LNP (7.23) is not holds in
nonstandard arithmetic, since there is no a least number in a set NN,

Theorem 7.3.(Weak least-number principle) Let B(x) be a wff of the set theory
INC?, such that a wff —=B(x) restricted on inductive set Wing such that N € Wipg & N*

and We, = NA\Wiq then
EIx(x € V\/Fnd>B(x) =

(7.37)
—3y(y € Wag ) [BY) A VZZ <y = —B(2))] = YY(Y € Wina)[-B(Y)]

Proof.We assume now that
1.-3y(y € Wi ) [BY) A Y2z < y = —B(2))]
2.Vy<y € V\/Fnd>—.[B(y) AVZ(z <y = —B(2))] it follows from 1.
S.Vy<y € V\/Fnd>[VZ(z <y = —B(2)) = —B(y)]it follows from 2 by tautology.
4.¥y(y € Wing)[—B(y)] it follows from 3 by Theorem 7.2 with wff —=B(y) instead wff B(y)
5.ﬁE|y<y € WFnd)[B(y) AVZ(z <y = —B(2))] = Vy(y € Wing)[—B(y)] it follows from
1,4.
Remark 7.6.Note that: (i) the statement
(1) 1 3Y(Y € Win)[-—BY)] = ——3y(y € Why )[BY) A VZZ < y = —B(2))]

is unprovable in INC#, from the statement

(1) = =3y(y € Wao ) [BY) AVZZ <y = —B@))] = Yy € Wina)[-B(Y)]

(1) = =3y(y € Waa ) [BY) A VZZ < y = —B(2))] = —3Y(y € Wina)[~—B(Y)]

since the law of contraposition is not holds in intuitionistic hyperinfinitary logic L% ;

(ii) similarly it unprovable in NC*, by the restricted modus ponens rule.

Example 7.1. We set now Wing = N and B(y) < y € N%.The statement (I) reads
(1) Iy eN)ly ¢ Ni] = 3y(y e N)[BY) AVHzZ<y = z & NE)]

and the statement (Il) reads



(I*) - —3y(y e NE)[(ye NEYAVZ(z<y = z ¢ NE)] = Vy(y e N)[=(y ¢ N¥)].
Note that the statement | *is unprovable in INC*, from the statement |1 *since the law
of contraposition is not holds in intuitionistic hyperinfinitary logic L ,;

Hyper inductive definitions in general.

A function f : N* - A whose domain is the set N* is colled an hyper infinite sequence
and denoted by {f,} .+ or by {f(n)} .+ The set of all hyperinfinite sequences whose
terms belong to A is clearly AY’; the set of all hyperfinite sequences of n € NN terms
in Aiis A". The set of all hyperfinite sequences with terms in A can be defined as

{RcN*xA: Risafunction) A\/ ,(D:i(R) =n)}, (7.39

where D1(R) is domain of R. This definition implies the existence of the set of all
hyperfinite sequences with terms in A. The simplest case is the inductive definition of a
hyperinfinite sequence {p(n)} .+ (With terms belonging to a certain set Z) satisfying the
following conditions:

(a)

9(0) = z,o(n") = e(p(n),n), (7.39

where z € Z and eis a function mapping Z x N* into Z.

More generally, we consider a mapping f of the cartesian product Z x N* x A into Z and
seek a function ¢ € Z¥A satisfying the conditions :

(b)

¢(0,a) = g(@),9(n",a) = f(p(n,a),n,a), (7.40)

where g € ZA. This is a definition by induction with parameter a ranging over the set A.
Schemes (a) and (b) correspond to induction “from nto n* = n+ 1”,i.e. ¢(n*) or p(n*,a)
depends upon ¢(n) or ¢(n,a) respectively. More generally, ¢(n*) may depend upon all

values p(m) where m < n (i.e. me n*). In the case of induction with parameter, ¢(n*,a)
may depend upon all values ¢(m,a), where m < n; or even upon all values ¢(m,a), where

m < n* and b € A. In this way we obtain the following schemes of definitions by hyper
infinite induction:

©  ¢(0) =z9(n*) = h(pn*,n),

d 903 =9g@, ¢0",a)=H(|(n"xA),na.
In the scheme (c), z€ Zand h € Z&Y, where C is the set of hyperfinite sequences
whose terms belong to Z; in the scheme (d), g € Z* and H € Z"N"A where T is the set
of functions whose domains are included in N* x A and whose values belong to Z.

It is clear that the scheme (d) is the most general of all the schemes considered
above.

By coise of functions one obtains from (d) any of the schemes (a)-(d). For example,
taking the function defined by H(c,n,a) = f(c(n,a),n,a) fora € A.n € N*,c € ZV** as H in

(d), one obtain (b). We shall now show that, conversely, the scheme (d) can be
obtained from (a). Let g and H be functions belonging to ZA and Z™""*A respectively, and
let ¢ be a function satisfying (d). We shall show that the sequence ¥ = {¥} .+ With
¥, = ¢|(n*,A) can be defined by (a).Obviously, ¥, € T for every n € N*, The first term of
the sequence Y is equal to ¢|(0*,A), i.e. to the set: z* = {{(0,a),g(a))|a € A}.The relation
between ¥, and ¥, is given by the formula:¥n+ = ¥, U ¢|({n*} x A), where the second
component is



(n*,a), o(n*,a)a e Ay = {(n*,a),H(¥n,n,a)ja € Ab. (7.41)

Thus we see that the sequence ¥ can be defined by (a) if we substitute T for Z,z* for z
and let e(c,n) = cU {(n*,a),H(c,n,a)la € A} forc e T.

Now we shall prove the existence and uniqueness of the function satisfying (a). This
theorem shows that we are entitled to use definitions by induction of the type (a).
According to the remark made above, this will imply the existence of functions satisfying
the formulas (b), (c), and (d). Since the uniqueness of such functions can be proved in
the same manner as for (a), we shall use in the sequel definitions by induction of any of
the types (a)-(d).

Theorem 7.4.1f Zis any set z € Zand e € ZZV*, then there exists exactly one

hyper infinite sequence ¢ satisfying formulas (a).

Proof. Uniqueness. Suppose that {¢1(n)} .+ and {p2(n)} .+ Satisfy (a) and let

K = {nln € N* A p1(n) = p2(n)} (7.42)

Then (a) implies that K is hyperinductive. Hence N* < K and therefore ¢1(n) = ¢2(n).
Existence. Let ®(z n,t) be the formula e(z,n) = t and let ¥(w, z,Fy) be the following

formula:
(Fnis a function) A (D1(F) = n") A (F(0) = 2) A /\men O(Fr(m),m F,(m*)). (7.43

In other words, F is a function defined on the set of numbers < n € N* such that
F(0) = zand F(m*") = e(F(m),m) for all m < n € N*,
Remark 7.7.We assume now that predicate W¥(w,z F,) is unrestricted on variable
n € N*, see Definition 7.3.
We prove by induction that there exists exactly one function F, such that W¥(n,zFy).
The proof of uniqueness of this function is similar to that given in the first part of
Theorem 7.4. The existence of F, can be proved as follows: for n = 0 it suffices to
take {(0,2)} as Fy; if n e N* and F, satisfies ¥(n,zFy), then Fn=
Fn U {(n%, e(Fn(n),n))}
satisfies the condition ¥(n*,z F,+).
Now, we take as ¢ the set of pairs (n,s) such that n e N*,s € Zand
AF[¥Y(n,z, F) A (s= F(n))]. (7.44)
Since F is the unique function satisfying W¥(n,zF), it follows that ¢ is a function. For
n = 0 we have ¢(0) = Fo(0) = z if n € N, then ¢(n*) = Fn-(n*) = e(Fn(n),n) by the
definition of F; hence we obtain ¢(n*) = e(¢(0),n). Theorem 7.4 is thus proved.
We frequently define not one but several functions (with the same range Z) by a
simultaneous induction:
(P(O) =17 W(O) =1,
p(n*) = f(e(n),y(n),n), y(n*) = g(e(n),y(n),n)
where zt € Zand f,g € Z2ZV,
This kind of definition can be reduced to the previous one. It suffices to notice that the
hypersequence 9, = (p(n),y(n)) satisfies the formulas:3¢ = (zt), 3+ = €(In,n),where
we set

e(u,n) = (f(K(w), L(u), ), g(K(w), F(w),n)), (7.4
and K, L denote functions such that
K{x,y)) and L({x,y)) = y respectively. Thus the function 9 is defined by induction by



means of (a). We now define ¢ and v by ¢(n) = K(3n),y(n) = L(9n).

Remark 7.8.We assume now that predicate W¥(w,z F,) is restricted on variable

n € N¥,on a set [0, ], see Definition 7.2, then there exists exactly one hyperfinite
sequence ¢ satisfying formulas (a).

The theorem 7.4 on hyper inductive definitions can be generalized to the case of
operations. We shall discuss only one special case. Let ®(z n,t) be a formula such
that

vzvn(n € N¥)Vt Vi [®(z n,t1) A D(z N, t2) = t1 = t2]. (7.46)

Theorem 7.5. For any set Sthere exists exactly one hyperinfinite sequence ¢n,n € N*
such that ¢ = Sand

vn(n € N*)D(@n, N, @n:). (7.47)

Proof. Uniqueness can be proved as in Theorem 7.4 above.
To prove the existence of ¢y, let us consider the following formula W(n,S F):

(Fis a function)(D1(F) = n*) A (F(0) = S A Vm(m € n)®(F(m),m F(m")), (7.48

where D;(F) is domain of F.

As in the proof of Theorem 7.4, it can be shown that there exists exactly one function

Fn such that W(n,S Fn). To proceed further we must make certain that there exists a

set containing all the elements of the form F,(n) where n € N*. (In the case considered

in Theorem 7.4 this set is Z for the domain of the last variable of the formula @ which

we used in the proof of Theorem 7.4 was limited to the set Z.) In the case under

consideration, the existence of the required set Z follows from the axiom of
replacement.

In fact, the uniqueness of F, implies that the formula

AFa[Y(N,SFn) A (y = Fn(n))] (7.49

satisfies the assumption of axiom of replacement. Hence by means of axiom of

replacement the image of N* obtained by this formula exists. This image is the
required

set Z containing all the elements F,(n).

The remainder of the proof is analogous to that of Theorem 7.4.

Example 7.1. Let ®(St) be the formulat = P(S). Thus for any set Sthere exists

exactly one hyper infinite sequence {¢n} ..+ such that po = Sand ¢n- = P(¢n) for
every

number n e N¥,

8.Useful examples of the hyper inductive definitions.

1.Addition operation of hypernatural numbers

The function +(m,n) 2 m+n : N* x N¥ » N* is defined by
Mm+0=mm+n*=(m+n)".

This definition is obtained from (b) by seting Z = A = N* g(a) = a,f(p,n,a) = p*.
This function satisfies all properties of addition such as: for all m,n, k € N*

@M m+0=m(@i)m+n=n+m(i) m+(n+k) = (m+n) +k

2.Multiplicattion operation of gypernatural numbers

The function x(m,n) 2 mx n : N* x N¥ » N* is defined by
mxl=1mxnt=mxn+m



()mxl=21(Gi))mxn=nxm{(i) mx (nxk) = (mxn) xk
4 .Distributivity with respect to multiplication over addition.
mx (n+K) =mxn+mxKk.

5.Let Z= A= XX g(a) = Ix,f(u,n,a) = uoain (b). Then (b) takes on the following form

¢(0,a) = Ix,p(n%,a) = p(n,a) o a.
The function ¢(n,a) is denoted by a" and is colled n-th iteration of the function a :
a’(x) = x,a"(x) = a"(a(x)),x € X,a € XX,n e N*,
6.Let A= (N#)N#,g(a) = ap,f(u,n,a) = u+ ay+-. Then (b) takes on the following form
¢(0,a) = ag,p(n*,a) = p(n,a) +an
The function is defined by the Eqgs.(8.3) is denoted by
Xn:ai
i=0
7.LetA = (N#)N#,g(a) = ap,f(u,n,a) = ux ay+-. Then (b) takes on the following form
¢(0,a) = a0, p(n",a) = p(n,a) x an
The function is defined by the Eqgs.(8.5) is denoted by

n
[1a
i=0

8. Similarly we define max<n(ai), mini«h(ai),n € N*,
Theorem 8.1. The following equalities holds for any n,ki,l; € N* :
(1) using distributivity

n n
bx> a =) bxa
i—0 i-0
(2) using commutativity and associativity
n n n
Zai iZbi = Z(ai +bi)
i—0 i—0 i-0
(3) splitting a sum, using associativity

n i n
Zai = Zai + Z a;
i=0 i=0

i=+1

(4) using commutativity and associativity, again

ki |1 l1 kg
PIDIETEDIDILT
i=ko j=lo j=loi=ko

(5) using distributivity

(izn;ag X (_Zn:bJ) = znzzn:ai x by

(ilﬂgai> X (fgbi> = ilﬂgai x b

(6)

(7)

(8.1)

(8.2

(8.3)

(8.4)

(8.5)

(8.6)

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)



(ﬁai>m = lﬂla{“ (8.13
i=0 i=0

Proof. Imediately from Theorem 7.4 and hyperinfinite induction principle.

Definition 8.1.A non-empty non regular sequence <{un},_, is a blok corresponding to

gyperfinite number u = up € NN iff there is gyperfinite number u such that

...€ U(ni1) € Upn...€ U4 € U3 € U2 € U1 € Uand the following conditions are
satisfied

...€U () €EUn...€EUg4€EU3EU2EULEUEUL EUE...€ Uy € Un1 E... (8.14)

where for any n € N : U_(n11) € U, Where U_n = Ul,,4.

Thus beginning with an infinite integer u € N*\N we obtain a block (8.20) of infinite
integers.However, given a “block,” there is another block consisting of even larger infinite
integers. For example, there is the integer u+ u, where u+ k < u+ ufor each k € N. And
vV = u+ uis itself part of the block:

L.<V=3<Vv-2<v-1l<v<v+l<v-2«<... (8.15

Of course, v < v+u < v+V, and so forth. There are even infinite integers u x u and uY,
and so forth.Proceeding in the opposite direction, if u € N*\N, either u or u+ 1 is of the
form v+ v. Here v must be infinite. So there is no first block, since v < u. In fact, the
ordering of the blocks is dense. For let the block containing v precede the one containing
u, that is,

V-2<v-l<v<v+l<.<.<U-2<u-l<u<u+lx... (8.16) Eitheru+

voru+vVv+1can be written z+ zwhere v+ k < z< u—1 for all k,| € N.

To conclude our consideration: N consists of N as an initial segment followed by an
ordered set of blocks. These blocks are densely ordered with no first or last element.
Each block is itself order-isomorphic to the integers

~3,-2,-1,0,1,2,3, (8.17)

Although N*\N is a nonempty subset of N¥, as we have just seen it has no least
element and likewise for any block.

9.Analisys on nonarchimedian field Q¥

9.1.Basic properties of the hyperrationals Q%

Now that we have the hypernatural numbers, defining hyperintegers and hyperrational
numbers is well within reach.

Definition 9.1. Let Z' = N* x N, We can define an equivalence relation ~ on Z'

by (a,b) ~ (c,d) if and only if a+ d = b+ c. Then we denote the set of all hyperintegers

by 7% = Z'| =~ (The set of all equivalence classes of Z' modulo =).

Definition 9.2. Let Q' = 7# x (z# - {0}) = {(a,b) € Z# x 7¥#|b + 0}. We can define an

equivalence relation ~ on Q' by (a,b) ~ (c,d) if and only if ax d = b x c. Then we
denote

the set of all hyperrational numbers by Q* = Q'/ ~ (The set of all equivalence classes
of

Q'modulo =).



Definition 9.3. A linearly ordered set (P,<) is called dense if for any a,b € P such that

a < b, there exists ze Psuchthata< z< b.

Lemma 9.1. (Q* <) is dense.

Proof. Let x = (a,b),y = (c,d) € @* be such that x < y.Consider z = (ad + bc, 2bd) e
Q*.

It is easily shown thatx < z<y.

Remark 9.1.Consider the ring B of all limited (i.e. finite) elements in @Q*. Then B has a

unique maximal ideal |-, the infinitesimal numbers. The quotient ring B/l . gives the
field

R of the classical real numbers.

lLetA= (Q#)Q#,g(a) = ap,f(u,n,a) = u+ ay+-. Then (b) takes on the following form

¢(0,a) = ag,p(n*,a) = p(n,a) +an 9.1
The function is defined by the Eqgs.(9.1) is denoted by
n
> ai. (9.2
i=0
2.LetA= (Q#)Q#,g(a) = ap,f(u,n,a) = ux ay+-. Then (b) takes on the following form
¢(0,a) = ag,p(n*,a) = p(n,a) x an+ 9.3
The function is defined by the Eqgs.(9.3) is denoted by.
n
[]ai. 9.3
i~0

9.2.Countable summation from hyperfinite sum.

Definition 9.1. Let {an} ., be Q*-valued countable sequence. Let {a,}' be any
hyperfinite sequence with m e N\N and such that a, = 0if n € N\N. Then we define
summation of the countable sequence {an} ., by the following hyperfinite sum

m
D> an € Q* (9.4
n=k

and denote such sum by the symbol
> an. (9.5)
n=k

Remark 9.2. Let {an} ., be Q-valued countable sequence. Note that: (i) for canonical
summation we always apply standard notation

3" an. (9.6)
n=k

(ii) the countable sum (w-sum ) (9.5) in contrast with (9.6) abviously always exists

even if a series (9.6) diverges absolutely i.e., D Jan| = .

n=k
Example 9.1. The o-summ ) % € Q* exists by Theorem 8.1, however ) %
n=1 n=1

Theorem 9.3. Let Y a, = Aand ) b, = B,where A,B,C € Q*.Then
n=k n=k

= 00,



ZCXan:CXZan (96)
n=k n=k
and
S (antby) = A£B. (9.7)
n=k

Proof. It follows from Theorem 8.2.
Example 9.2. Consider the countable sum

Se(r) =X r"-1<r<1 (9.5
n=0
It follows from (9.5)
So(r) =1+ r"=1+r) r"=1+rS,(r) (9.6)
n=1 n=0
Thus
__1
Su(r) = 17 9.7)
Remark 9.3. Note that
Su(r) =2 r"=2>r" (9.8)
n=0 n=0
since as we know
n [¢'s}
So(r) = limpow X0 =3 n = -1 (9.9)
n=0 n=0 1-r

Definition 9.2.An element x € @ is called finite if [x| < r for some r € Q,r > 0.
Abbreviation 9.1.For x € Q* we abbreviate x € Qf, if x is finite.

Remark 9.4. Let x € Q* be finite. Let D1, be the set of r € Q such that r < x and D
the set of r' € @ such that x < r'. The pair (D1,D;) forms a Dedekind cut in R4, hence
determines a unique ro € Rq. A simple argument shows that |x — ro| is infinitesimal,
i.e., [x—ro| = 0.

Definition 9.3.This unique ro is called the standard part of x and is denoted by °x.
Theorem 9.4. If x € Ry, then °x = x; if x,y € Q* are both finite, then

X+y) =) (), (X=y) = (X) = (). (9.10
Definition 9.4.Let {a;};", be countable Qf,-valued sequence. We say that a sequence
{ai}i-, converges to standard limit a € Rq and abbreviate a = st-lim;.. & if for every
€ > 0,e # Othere is an integer N € N such that |a —a| < e ifi > N.
Theorem 9.5. Let {ai},, n € N*\N be a hyperfinite Qf,-valued sequence such that:

m
(i) "ai = & forany i < nand (i) forany m < n : Ext-) |ai| < u € Qf,, then
i=0

n n
°(Ext-2ai) = Ext-)_a. (9.11
i=0 i=0
Proof. From Eq.(9.10) by the condition (ii) and hyper infinite induction we get
n n
°(Ext-2ai) = Ext- Z"ai. (9.12
i—0 i-0

From EQq.(9.12) by the condition (i) we obtain Eq.(9.11).



Theorem 9.6. Let {a; },_, be a countable Q-valued sequence, i.e. “a; = a; € Q for any

0 m
i <nand ) Jai| < o, thus there exists st-limm. Y_a;, then

i=0 i=0

°(Ext-§ai) Ext-éai = gai.

(9.13)

Proof. It follows directly from Theorem 9.5 for the case if for any i € NN : a; = 0.

Theorem 9.7. Let {b;},, be a countable Q-valued sequence such that

lim .. D" [0i] exists. Then
Zbi = EXt-Zbi.
i-0 i-0

Proof. It follows directly from Theorem 9.6 and Eq.(9.13).

(9.14)

10.Euler’s proof of the Goldbach-Euler theorem revisited.
Theorem 10.1. (Goldbach-Euler theorem 1738)[12]-[13]. This infinite series, continued

to infinity,

1,1,1_ 1,1, 1 _ 1
3 7 8 15 24 26 31

1,1,1,1 .1 .1 ,1,1
t St EtiE T AT T A T

(10.1)

the denominators of which are all numbers which are one less than powers of degree
two or higher of whole numbers, that is, terms which can be expressed with the formula
(m"— 1), where mand n are integers greater than one, then the sum of this series is

=1.
10.1.How Euler did it.

Euler’s proof begins with an 18% century step that treats any infinite sum as a real

number which may be infinite large. Such steps became unpopular among rigorous

mathematicians about a hundred years later.
Euler takes X to be the sum of the harmonic series

1.1,.1 1
3 4 5 6

2=Z%=1+%+—+—+—+—+%+%+
n=1

Next, Euler subtracts from Eq.(10.2) the geometric series

1
9

1222_];]:%4_ 1+ 1+L+i+_._
n=1

478" 16 32

leaving
1-1+41,1, 1, 1,1, 1
)y 1—1+3+5+6+7+9+10

Subtract from Eq.(10.4) geometric series

1 _1.1.1_ 1 _ 1
2 37 9t 27t8r T 2a3

leaving

Z_l_l:1+l 1 1 1 1

St =+ttt

2 5 6 7 10 11
Subtract from Eq.(10.6) geometric series

1a_1_ 1 _ 1
4~ 5725 125

+....

(10.2)

(10.3)

(10.4)

(10.5)

(10.6)

(10.7)



leaving

~1-41_1_ 1.1, 1
>-1 5~ 1+6+7+1O+... (10.8)
Remark 10.1.Note that Euler had to skip subtracting the geometric series
i1_1.1.1,..1 (10.9

3 4 16 64 256
because the series of powers of 1/4 on the right is already a subseries of the series of
powers of 1/2, so those terms have already been subtracted. This happens because 3 is
one less than a power, 4.1t happens again every time we reach a term one less than a
power. He will have to skip 7,because that is one less than the cube 8,and 8 because it
is one less than the square 9, 15because it is one less than the square 16, etc.
Continuing  formally in this way to infinity, we see that all of the terms on the right

except the term 1 can be eliminated, leaving
z-1-1_-1_31_1_1_"_4 (10.10

Thus

1,1 .1 . 1.1 1 -

-1 [2+4+5+6+9+10+"'} 1 (10.1)
SO

2_1:1+i+l+i+l+i+i+_” (1012)

2 4 5 6 9 10
Remark 10.2.Note that it gets just a little bit tricky. Since X is sum of the harmonic
series, Euler believes that the 1 on the left must equal the terms of the harmonic series
that are missing on the right. Those missing terms are exactly the ones with
denominators one less than powers, so finally Euler concludes that

- 1.1.,1. 1 1 _ 1,1 _ 1
1_3+7+8+15+24+26+31+35+”' (10.13

where the terms on the right have denominators one less than powers.

10.2. Proof of the Goldbach-Euler theorem using canonical

analysis.
We reproduce the proof here for the sake of completeness.

Lemma 1. For any positive integers nand k with 2 < n < k
In-1=1/(n-2)n+1n(n+1)+ - +1/(k— 1)k + 1/k
Lemma 2. For any positive integers n and k with n > 2
1n-1=1n+1M?+ - +1/n*+ 1nk(n-1)
We let denote the n-th harmonic number by Hj, :
Hy=1+1/2+1/3+...+1/n, (10.149

but we now think of n as either a finite natural number or an infinite nonstandard
natural number. Let k, be defined by 2% < n < 2%2*1, The existence and uniqueness of k
is clear either if we think of n as a finite natural number or as a nonstandard natural
number: remember the transfer principle. Using Lemma 2, we can write
1=1/2+1/22 + 123 +.. 41/2K2 4 1/2k2.7
and subtracting this series from (9.14), we obtain



Ho—1=1+1/3+1/5+1/6+1/7+1/9+ ---+ 1/In— 1/2%.1. (10.15

Hence, all powers of two, including two itself, disappear from the denominators, leaving
the rest of integers up to n.If from (10.15) we subtract

1/2=1/3+13% + 1/ + .-+ 1/3 + 1/3s.2, (10.16
again obtained from Lemma 2 with ks defined by 3% < n < 3*s*1| the result will be
Hn—1-1/2=1+1/5+1/6+1/7+ 1/10+ ---+ 1In— [1/2%2-1 + 1/3%-2]. (10.17)
Proceeding similarly we end up by deleting all the terms that remain,arriving finally at
H,-1-1/2-1/4-1/5-1/6-1/7-1/10-----1/In =
(10.18

=1-[1/2%-1+1/3¢-2+ ---+ 1In-(n- 1)].

Notice that ko > k3 >---.In fact,whenm > ,/n we get k,, = 1.This last expression has
been obtained assuming that n is a nonpower. If nis a power, then 1/n will have
disappeared at some stage of this process,and the last fraction to beremoved
from(10.17) will be 1/(n- 1), whose denominator is a nonpower unless n = 9. (This is
Catalan’s conjecture that 8 and 9 are the only consecutive powers that exist. The
conjecture was recently proved by Mihailescu [14]. In fact, it does not matter here
whether there are more consecutive powers or not.) The corresponding expression will
thus be

Hn-1-1/2-1/4-1/5-1/6-1/7-1/10-----1n-1

(10.19
=1-[1/2%1+1/36:2+ -+ 1(n-1)-(n-2)].
Consequently, if we subtract (10.18) from (10.14) we obtain
1-[1/2%1+1/3%-2+ -+ 1In(n-1)] = (10.20
1/3+ 1/7+ 1/8+ 1/15+ 1/24+ 1/26+ ---+ 1/In—1
or, correspondingly subtracting (10.19) from (10.14),
1-[12k2-1+ 13k3:2+ .-+ 1/(n-1)(n-2)] = (10.21)

1/3+ 1/7+ 1/8+ 1/15+ 1/24+ 1/26+ ---+ 1/n,

sums that containin their denominators,increased by one,all the power so fthe integers
up to n. We must now take care of the “remainder,” that is, the expression between
parentheses above or on the right-hand side of (10.17) (respectively, (10.19)).
Since for each m > 2 we know by the definition of kn, that n < mm1 < m?m it follows
that /n < mkm and

U[mkm-(m-1)] < 1//A(m-1). (10.22
This implies that

1/2%.1+1/3¢-2+ ---+ 1In-(n— 1) < Hpa/yn (10.23
or, if nis a power,

1/2%.1+1/36.24+ ...+ 1/(n-1)-(n—2) < Hpo/yn-1. (10.29

If we have chosen to regard n as a finite integer then we can pass to the limit and use
Euler’'s asymptotic value for Hp : limp. Hn-1/ /N = limp.[log(n—1) + y]//n = 0. The



proof is now complete.

10.3.Euler proof revisited using elementary analysis on

nonarchimedian field Q*.
We replace Eq.(10.2) by

[0)

Zw:z%é[l"rl-i-l—}-l—{—

1,1.,1.1 1 #
2 R Rk R R R R (10.29

where we write symbolically for convenience
|:1+%+%+%+%+%+%+%+%+....]#instead o-sum Y7 +.

Remark 10.3.Remind that -sum Y + is defined as hyperfinite sum >~ a,
where a, = n“lif n € Q and a, = 0if n € Q*\Q.

Remark 10.4.Note that =, € Q"\Q.

Subtract from Eq.(10.22) the o-sum

@

-5 1 _[r12,1_1_1_ 1 #
1_n=12”_[2+4+8+16+32+"'] (10.23
using Theorem 9.3 we obtain
1= 1F.,1.,1. 1,1, 1,1 1 L
2o 1—[1+2+3+4+5+6+7+8+9+...}
Jr,1 1.1 1 "
[2+ 7t8t 16t 3 +} = (10.249
1,1.1.1_. 1, 1 #
[1+3+ 25+ 50 )

l_S>1_72,212,1 .1, 1 #
2 T (353 srr 23] (10.29
using Theorem 9.3 we obtain
O 1,1, 1,1,1,1 -
PP 2—[1+3+5+6+7+9+10+...]
#
R R S +} = (10.26

Subtract from Eq.(10.26) the o-sum

i_71,1 ., 1 #
4—[5+25+125+...} (10.27
using Theorem 9.3 we obtain
#
Ew—l—%—%=[1+%+%+%+...} (10.28

Remark 10.5.Note that in calculation above we had skip subtracting the o-sum
(see Remark 9.1)

1_[4,1 .1, .1 #
3_[4+16+64+256+"'} (10.29

because the series of powers of 1/4 on the right is already a subseries of the w-sum
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(10.23) of powers of 1/2, so those terms have already been subtracted. This happens
because 3 is one less than a power, 4.1t happens again every time we reach a term one
less than a power. He will have to skip 7,because that is one less than the cube 8,and 8
because it is one less than the square 9, 15because it is one less than the square 16,
etc. Continuing in this way to gyperfinite number m € Q*\Q by using gyperfinite induction
principle, we see that all of the terms on the right except the term 1 can be eliminated.
Thus by Theorem 9.3 and Remark 10.5 we obtain

1,121,111, 1,1 "
Yo—1 [2+4+5+6+9+10+"'} =
f4,1.,1,.1.1,1.1. 1 "
Yo [2+3+4+5+6+7+8+9+....] (10.30
_ -1
=%,- Y + =1
n=2
From EQq.(10.30) we obtain
#
To-1-[$+d+d+l b b ] -0 (10.31)
Finally we get
[+, 2.1 1 _ 1 _ 1 _ 1 _ 1 #
1=[§+3+§+ 15+ 3r 3] (10.32

where the terms on the right have denominators one less than powers. From Eq.(10.32)
by Theorem 9.7 we obtain
- 1,1 1.1 _ 1 _ 1 1 _ 1
1_3+7+8+15+24+26+31+35+"" (10.33
where the terms on the right have denominators one less than powers.
Note that Eq.(10.33) now is obtained without any references to Catalan conjecture

[13],[14].
11.External induction principle and hyper inductive
definitions in nonstandard analysis.

11.1.Internal induction principle in Robinson nonstandard

analysis.

Remind that in Robinson nonstandard analysis [2]-[5] each member of *P(N) is colled
to be an internal subset of *N;any other subset of *N is colled an external subset of *N.

The importance of internal sets versus external sets rests on the theorem which says
that each statement which is true for N is true for *Nif and only if its quantifiers are
restricted on internal subset of *N.Thus the induction postulate reads

vSSe *P(N)]{l e SAVXXxe S= x+1e S| = S= *N}. (11.1)

Remind that a set Sis inductive if 1 € SA VXx[x € S= x+ 1 € S]. The induction postulate
(11.1) is not holds for inductive set Swhich is not internal. For example the induction
postulate (11.1) is not holds for inductive set S= N since N # *N.

We emphasize that in contrast with ZFC in set theory INC*, notion of internal subset
of *Nis not important since the induction postulate (11.1) holds for any hyper inductive
set Swhich is not initially defined as internal.


User
Подсветка

User
Подсветка

User
Подсветка


Definition 11.1.A set S ¢ *Nis a hyper inductive if the following statement holds
N(@eS=a"€9). (11.2

ace*N
Obviously a set *N is a hyper inductive. As we see later there is just one hyper

inductive
subset of *N,namely *Nitself.

11.2.External induction principle in nonstandard analysis
based on set theory INC?%,.

Definition 11.2.Let B be a hypernatural such that § € *N\W. Let [0,] < *Nbe a set
such that Vx[x € [0,8] < 0 < x < B] and [0,B) = [0,B]\{B}.
Definition 11.3.(i) Let F(x) be a wiff of INC*with unique free variable x. We will say that
a wff F(x) is restricted on a set St such that S¢ & *N iff the following conditions are
satisfied
Va(a € *N)[F(a) = a € &] (11.3

and

Va(a € *N)[-F(a) = a € *N\S]. (11.4
Definition 11.4. Let F(x) be a wff of INC* ,with unique free variable x. We will say that

wff F(X) is unrestricted on variable x if wff F(x) is not restricted on any set Ssuch that
S ¢ *N.This definition meant

N\ (F(a) + a & N%). (11.5

aeN#

Axiom of hyperfinite induction 1
VB(B € "NW)VSS < [0,8]) \,
(11.6)
{‘v’a(a € [O,ﬁ])|: N\ (@eS=a' e S):| = S= [O,ﬁ]}.

0<a<p

Axiom of hyper infinite induction 1
VS(SC*N){V,B(ﬂe *N)|: N\ (@ e S= a*eS):| :>S=*N}. (11.6)
O0<a<p

Remark 11.1.Note that from comprechesion shemata 2 (see subsection 6.1) follows
that

VBIS(S < [0,B)VB(B e [0,ﬁ])|:[3 €S A (@aeS=a"e S):|. (11.7
0<a<p
Therefore for any B € [0, ] from (11.7) it follows that
N@eS=a"€S+peS (11.8)
0<a<p

Thus axiom of hyperfinite induction 1,i.e., (11.5) holds, since from (11.8) it follows that
VP[B € [0,] = P € S].

Remark 11.2.Note that from comprechesion shemata 2 (see subsection 6.1) follows
that



EIS(SC*N)V,B(/}e*N)[,BeS@ N\ (@eS= a*eS):|. (11.9

O<a<p
Therefore for any g € *N from (11.9) it follows that
N@eS=a"eSFpPeS (11.10

O<a<p
Thus axiom of hyperinfinite induction 1, i.e., (7.6) holds, since it follows from (7.10)
that VB[ € *N = B € S].
Axiom of hyperfinite induction 2
Let F(x) be a wff of the set theory INC?, restricted on a set [0, ] then

|:‘v’ﬁ(ﬁ € *N\N)|:O</\ﬁ(F(a) = F(a*)):|:| = Va(a € [0,])F(a). (11.1)

Axiom of hyper infinite induction 2
Let F(x) be unrestricted wff of the set theory INC¥, then

[Vﬁ(ﬁ S *N)L!\ﬁ(F(a) = F(O!*))JJ = VB(B € "N)F(B). (11.12

Remark 11.3.Note that from comprechesion shemata 2 (see subsection 6.1) follows
that

VBIS(S < [0,f)VB(P € [O,ﬁ])[ﬁ €S= A (Flo)= F(a*))} (11.13
O<a<p
Therefore for any B € [0,8] from (11.13) it follows that
A\ (F(a) = F(@")+-peS (11.14
0<a<p

Thus axiom of hyperfinite induction 2,i.e., (11.12) holds, since it follows from (11.14)
that VB[B € [0,8] = B € 3.

12.Hyper inductive definitions corresponding to Robinson
hyperreals *R.

12.1.Hyper inductive definitions corresponding to

Robinson hyperreals *R in general.

A function f : *N > A whose domain is the set *N is colled an hyper infinite sequence
and denoted by {f,} .. or by {f(n)} .., The set of all hyper infinite sequences whose

terms belong to A is clearly A™; the set of all hyperfinite sequences of n € *N\N terms
in Ais A". The set of all hyperfinite sequences with terms in A can be defined as

{R < *NxA: (Risafunction) A\/ . (Di(R) = n)}, (12.1)

where D1(R) is domain of R. This definition implies the existence of the set of all
hyperfinite sequences with terms in A. The simplest case is the hyper inductive definition
of a hyperinfinite sequence {p(n)} .., (with terms belonging to a certain set Z) satisfying

the following conditions:

(@)



9(0) = z,9(n") = e(p(n),n), (12.2)

where z € Zand eis a function mapping Z x *N into Z.

More generally, we consider a mapping f of the cartesian product Z x *N x A into Z and
seek a function ¢ € Z"VA satisfying the conditions :

(b)

¢(0,a) = g(a),p(n",a) = f(p(n,a),n,a), (12.3

where g € ZA. This is a definition by induction with parameter a ranging over the set A.
Schemes (a) and (b) correspond to induction “from nto n* = n+ 1”,i.e. p(n*) or ¢(n*,a)
depends upon ¢(n) or ¢(n,a) respectively. More generally, ¢(n*) may depend upon all

values ¢(m) where m < n (i.e. me n*). In the case of induction with parameter, ¢(n*,a)
may depend upon all values ¢(m,a), where m < n; or even upon all values ¢(m,a), where

m < n* and b € A. In this way we obtain the following schemes of definitions by
induction:

©) (0 = zep(n") = h(pn*,n),

d) ¢0.@)=9@, o0, a) =H(|n"xA),na).
In the scheme (c), ze Zand h € Z'N, where C is the set of hyperfinite sequences
whose terms belong to Z; in the scheme (d), g € Z* and H € Z™"™A where T is the set
of functions whose domains are included in *N x A and whose values belong to Z.

It is clear that the scheme (d) is the most general of all the schemes considered
above.

By coise of functions one obtains from (d) any of the schemes (a)-(d). For example,
taking the function defined by H(c,n,a) = f(c(n,a),n,a) fora e A,n € *N,c € ZMAas H in

(d), one obtain (b). We shall now show that, conversely, the scheme (d) can be
obtained from (a). Let g and H be functions belonging to ZA and Z™"NA respectively, and
let ¢ be a function satisfying (d). We shall show that the sequence ¥ = {¥} ., With

¥, = ¢|(n*,A) can be defined by (a).Obviously, ¥, € T for every n € N*, The first term of
the sequence Y is equal to ¢|(0*,A), i.e. to the set: z* = {{(0,a),g(a))|a € A}.The relation
between ¥, and ¥, is given by the formula:¥n+ = ¥, U ¢|({n*} x A), where the second
component is

{{n*,a),p(n*,a))la € A} = {(n*,a),,H(¥n,n,a)la c A}. (12.4)

Thus we see that the sequence ¥ can be defined by (a) if we substitute T for Z,z* for z
and let e(c,n) = cU {(n*,a),H(c,n,a)la € A} forc e T.

Now we shall prove the existence and uniqueness of the function satisfying (a). This
theorem shows that we are entitled to use definitions by induction of the type (a).
According to the remark made above, this will imply the existence of functions satisfying
the formulas (b), (c), and (d). Since the uniqueness of such functions can be proved in
the same manner as for (a), we shall use in the sequel definitions by induction of any of
the types (a)-(d).

Theorem 12.1. If Zis any set z € Zand e € Z?'N, then there exists exactly one

hyper infinite sequence ¢ satisfying formulas (a).

Proof. Uniqueness. Suppose that {¢1(n)}, ., and {p2(n)} ., satisfy (a) and let

K'=<{nin € "N A p1(n) = p2(n)} (12.5
Then (a) implies that K is hyperinductive. Hence *N < K and therefore ¢1(n) = ¢2(n).
Existence. Let ®(z n,t) be the formula e(z,n) = t and let ¥(w, z,F) be the following



formula:
(Fis a function) A (D1(F) = n*) A (F(0) = 2) A /\men(F(m),m,F(mﬂ). (12.6)

In other words, F is a function defined on the set of numbers < n € *N such that

F(0) = zand F(m*) = e(F(m),m) forall m< n € *N.

Remark 11.4.We assume now that predicate W(w, z F,) is unrestricted on variable n,

see Definition 11.4.

We prove by hyper infinite induction that there exists exactly one function F, such that
Y(n,z Fn). The proof of uniqueness of this function is similar to that given in the first part
of Theorem 12.1. The existence of F, can be proved as follows: for n = 0 it suffices to
take {(0,2)} as Fy; if n € *N and F, satisfies W¥(n,z Fy), then Fn=F, U {(n*,e(Fn(Nn),n))}
satisfies the condition ¥(n*,z F,+).

Now, we take as ¢ the set of pairs (n,s) such thatn € *N,s e Zand

AFMY(N,ZF) A (s = F(n))]. (12.7)

Since F is the unique function satisfying W¥(n,zF), it follows that ¢ is a function. For
n = 0 we have ¢(0) = Fo(0) = z if n € *N, then ¢(n*) = Fy+(n*) = e(Fn(n),n) by the
definition of Fn; hence we obtain p(n*) = e(¢(0),n). Theorem 12.1 is thus proved.

We frequently define not one but several functions (with the same range Z) by a
simultaneous induction:

»(0) =z, v(0) =t

p(n*) = f(e(n),y(n),n), y(n*) = gle(n),y(n),n)

where zt € Zand f,g € Z#%N,

This kind of definition can be reduced to the previous one. It suffices to notice that the
hypersequence 3, = (p(n),y(n)) satisfies the formulas:3¢ = (zt), 3+ = €(In,n),where
we set

e(u,n) = (f(K(w), L(u),n), g(K(w), F(w),n)), (12.8
and K, L denote functions such that K({x,y)) and L({X,y)) = y respectively. Thus the
function 9 is defined by induction by means of (a). We now define ¢ and y by

o(n) = K(9n),y(n) = L(n).
12.2.Summation of the hyperfinite external *R-valued

seguences.

1.Addition operation of Robinson hypernatural numbers.

The function +(m,n) 2 m+n: *N x *N > *N is defined hyper inductively by

m+0=mm+n*=(m+n)".

This definition is obtained from conditions (12.3) by seting
Z=A="*"N,g@) = af(p,na)=p,p-=p+1

This function satisfies all properties of addition such as: for all m,n,k € *N

@ m+0=m(i) m+n=n+m(i) m+ (n+k) = (m+n) + k

2.Multiplicattion operation of Robinson hypernatural numbers.

The function x(m,n) £ mxn: *N x *N - *N is defined by

mxl=1mxn*=mxn+m

(Mmx1l=21(i)mxn=nxm{(iii) mx (nxk) = (mxn) x k.

4 Distributivity with respect to multiplication over addition.

mx (n+K) =mxn+mxk



5.Let Z= A= XX g@a) = Ixf(un,a) = uoain (b). Then (12.3) takes on the following
form

»(0,a) = Ix,p(n*,a) = p(n,a) o a. (12.9
The external function ¢(n,a) is denoted by a" and is colled n-th iteration of the function

a’(x) = x,a"(x) = a"(a(x)),x € X,a € X*,n € *N. (12.10
6.Let A= (*N)V',g(a) = ap,f(u,n,a) = u+ a,+. Then (12.3) takes on the following form
¢(0,a) = ag,p(n*,a) = p(n,a) + an+ (12.1)

The external function is defined by the Egs.(12.11) is denoted by
n
Ext-3a (12.12
i—0
7.Let A= (*N)V',g(a) = ao,f(u,n,a) = ux ay-. Then (12.3) takes on the following form
p(0,a) = ap,p(n*,a) = p(n,a) x an+ (12.13
The external function is defined by the Egs.(12.13) is denoted by

Ext- 1‘[ a (12.14)
i=0

8. Similarly we define max<n(ai), mini<n(a;),n € N*,

Theorem 12.2. For any hyperfinite *N-valued sequences <{a;};, {bi}",, {Ci}{;,n € N*
the following equalities holds for any n,ks,l1 € N* :

(1) distributivity

bx(Ext-zn]ai> :Ext-zn]bxai (12.15
i=0 i=0
2)
Ext-Xn:ai + EXt-En:bi = Ext- i(ai +b) (12.16
i=0 i=0 i=0
(3) splitting a sum
Ext-zn:ai =Ext-ZJ:ai+Ext-Zn:ai (12.17)
i—0 i=0 i1
4)
k1 I I Ky
Ext- (EXt-Z&ij> = EXt-Z(EXt-Z&ij> (12.1&
i=ko i=lo i=lo i=ko
(5)
(Ext-znlai) X (Ext-Zn:bJ) :Expi(Ext-zn:aixbj) (12.19)
i=0 =0 i=0 i=0
(6)

(Ext-]ﬂ[ai) x (Ext-]ﬂ[bi> _ Bxt-[a x b (12.20
i=0 i=0

i=0

(7)



(Ext-]ﬂ[ai)m - Ext-]ﬂ[aim (12.21)
i=0 i=0

Proof. Imediately from Theorem 11.1 and hyperinfinite induction principle.
9.Let A= (*Q)V,g(a) = ap,f(u,n,a) = u+ an-. Then (12.3) takes on the following
form

¢(0,a) = ao,p(n*,a) = p(n,a) + an- (12.22
The external function is defined by the Egs.(12.22) is denoted by

Ext-f%ai (12.23
i

10.Let A = (*Q)V',g(a) = ap,f(u,n,a) = ux an-.Then (12.3) takes on the following
form

¢(0,a) = ap,p(n*,a) = p(n,a) x an+ (12.24)
The external function is defined by the Egs.(12.24) is denoted by

Ext- 1‘[ a (12.25
i=0

11. Similarly we define max<n(a;i), mini<n(a;),n € N*.

Theorem 12.3. For any *Q-valued hyperfinite sequences {a;}{,, {bi}{,{ci},,
n e N*

the following equalities holds for any n,ks,l1 € N* :

(1) distributivity

bx(Ext-zn]ai> :Ext-zn]bxai (12.26)
i=0 i=0
2)
Ext-Xn:ai + EXt-En:bi = Ext- i(ai +b) (12.27)
i=0 i=0 i=0
(3) splitting a sum
Ext-zn:ai =Ext-ZJ:ai+Ext-Zn:ai (12.2&
i—0 i=0 i1
4)
k1 I I Ky
EXt-Z(EXt-Z&ij> = Ext- (EXt-Z&ij> (12.29)
i=ko i=lo i=lo i=ko
(5)
(Ext-znlai) X (Ext-Zn:bJ) :Expi(Ext-zn:aixbj) (12.3@
i=0 =0 i=0 i=0
(6)
(Ext-]ﬂ[ai> x (Ext-]ﬂ[bi> - Ext-]ﬂ[ai x by (12.31)
i=0 i=0 i=0
(7)

(Ext-f[ai)m - Ext-f[aim (12.32



Proof. Imediately from Theorem 12.1 and hyperinfinite induction principle.
12.Let A= (*R)Y",g(a) = ao,f(u,n,a) = u+ ay-. Then (12.3) takes on the following
form
¢(0,a) = ao,p(n",a) = ¢(n,a) + an (12.33
The external function is defined by the Egs.(12.33) is denoted by
n
Ext-Y_aj (12.34
i—0
13.Let A = (*R)Y",g(a) = ao,f(u,n,a) = u x ay-. Then (7.40) takes on the following
form
¢(0,a) = ap,p(n*,a) = p(n,a) x an+ (12.3H5
The external function is defined by the Egs.(12.35) is denoted by
n
Ext-[]a (12.36
i-0
14. Similarly we define max<n(a;i), mini<n(a;),n € N*.
Theorem 12.4. For any *R-valued hyperfinite sequences {a;}!,, <bi}";,{ci} .
ne N*
the following equalities holds for any n,ki,l1 € N* :
(1) distributivity

bx(Ext-zn]ai> :Ext-zn]bxai (12.37)
i=0 i=0
2)
Ext-Xn:ai + EXt-En:bi = EXt-i(ai +b) (12.38
i=0 i=0 i=0
(3) splitting a sum
Ext-zn:ai =Ext-ZJ:ai+Ext-Zn:ai (12.39)
i—0 i=0 i5+1
4)
Ext-fj(Ext-ia”) = EXt'i(EXt'iaO (12.40
i=ko i=lo i=lo i=ko
(5)
(Ext-znlai) X (Ext-Zn:bJ) = Ext-i(Ext-zn:ai X bj) (12.41)
i=0 i=0 i=0 i=0
(6)
(Ext-]ﬂ[ai> x (Ext-]ﬂ[bi> _ Bxt-[a x b (12.42)
i=0 i=0 i=0
(7)
(Ext-]ﬂ[ai) - Ext-]ﬂ[aim (12.43
i=0 i=0

Proof. Imediately from Theorem 21.1 and hyper infinite induction principle.
Remark 12.1.Note that in general case



n n
EXt-Z&i + Ext- Z(azk + A1), (12.44)
i=0 k=0

where n € *N\N.
Remark 12.2.We remind that there exists an natural embedding [5]:
4] 1 R - *R. (12.45

For any real number r € R let T denote the constant function with value r in RV, i.e.,
r(n) = r,for all n e N. We then have embedding (11.30).We denote *[-]-image of R in
*R by *[R] = *Rg.
Remark 12.3.We remind that the following statement holds [5].
EXTENSION PRINCIPLE: *R is a proper extension of R and *r = r for all r € R. This
means that we identify R with its *-image *R« in *R.
Remark 12.4.We remind that [5]:(i) an element x € *R is called finite if [x| < *r
for some r > 0,(ii) every finite x € *R is infinitely close to some (unique) *r € *Rg«
in the sense that [x — *r|is either O or positively infinitesimal in *R.This unique *r is
called the standard part of x and is denoted by °x.If *r € *Rg, then °(*r) = r; if
X,y € *R are both finite, then

"X+Y) =0 +°(Y), (x=y) = (%) —°(¥). (12.46
Definition 12.1.Let {a;};_, be a countable R-valued sequence and let {*a;};, be
corresponding countable *R-valued sequence, where *a; = *[a;]. A sequence
{*ai},", converges to standard limit a € *Rgand abbraviate a = st-lim;..,*a; if for every
€ > 0,e # Othere is an integer N € N such that |*a —a| < € if i > N.Note that
a = *a,where a = limi_. a;.
Theorem 12.4. (i) Let {ai},, n € N be a countable R-valued sequence such that a

limit
a = limi., a;,a € R exists.Then a countable *R«-valued sequence converges to
standard

limit *a : *a = st-limi_.*a;.
Proof. (i) Immediately from defininition12.1.

. ; -1 nn.2n+1 .
Example 12.1.limi. Z;:o m = sm(%) = 1.Then by Theorem 11.4

et lim. D
we get St'||m|_,oc (Zn=0 m = *1.
Theorem 12.5. Let {a},, n € N*\N be a hyperfinite sequence such that:

m
() *ai = @ forany i < nand (ii) foranym<n: Ext->_a < u € *Rg, then
i-0

n n
°(Ext-2ai) = EXt-Z&i. (12.47
i—0 i—0
Proof. From Eq.(12.46) by the condition (ii) and hyper infinite induction we get
n n
°(Ext-2ai) = Ext-) °a. (12.48
i=0 i=0

From Eq.(12.48) by the condition (i) we obtain Eq.(12.47).

12.3.Summation of the cauntable *R-valued sequences.



Definition 12.2. Let {an} ., be *R-valued countable sequence. Let {a,},' be any
hyperfinite sequence with m € *N\N and such that a, = 0if n € *NW.Then we define
summation of the countable sequence {an} ., by the following hyperfinite sum

Ext-flj(an € *R (12.49
-
and denote such sum by the symbol
Extf:k an. (12.50)
=
Remark 12.5. Let {an} ., be R-valued countable sequence. Note that: (i) for canonical
summation we always apply standard notation

3 an. (12.51)
n=k

(ii) the countable external sum (w-summ ) (12.50) in contrast with countable external
sum
(12.51) obviously always exists even if a series (12.51) diverges absolutely i.e.,

Z:O:klan I = 00,

Example 12.2. The o-sum Extz% € *R\R exists by Theorem 12.1, however
n=1
pIE I (12.52
n=1
Theorem 12.6. Let Ext-)_a, = Aand Ext-)_b, = B,where A,B,C € *R.Then
n=k n=k
Ext-ZCxan=Cx(Ext-Zan> (12.53
n=k n=k
and
Ext-Y (antbn) = A+B. (12.59
n=k

Proof. It follows directly from Theorem 12.4.
Theorem 12.7. Let {a },, n € N be a countable R-valued sequence such that a siries
2 ., ai converges absolutely. Assum that: st-limm.., (Ext-zi‘imﬁai |> = 0. Then

St-liMm.o D *ai = Ext->7 *a (12.55

Proof. Note that

>0 e —Ext-207 tai| = |Bxt-X00 | < Bxt-7[Mail. (12.56)
From (12.56) we get

St-liMmao | 27 @ — Ext- 257 *ai | < st-limm.o (Ext-27  ["ai[) = 0. (12.57)
Eq.(12.55) follows directly from Eq.(12.57).
Example 12.2. Consider the countable sum

Se(*r) = Ext-zw%)*r”,—*l < *r < *1. (12.58
o

it follows from (12.55)



So(*r) = *L+BExt-D_r" = *1+*r> *r" = *1+*rS,(*r) (12.59
n=1 n=0

Thus
. 1
So("1) = s (12.60
Remark 12.6. Note that
[0) m 0
So(*r) = Bxt-D_r" = st-limpe 2" 2 > %" (12.61)
n=0 n=0 n=0
since as we know
n 00
So(r) = limpw X0 =3 n = =1 (12.62
n=0 n=0 1-r

Theorem 12.8. Let {a; },., be a countable *Rg-valued sequence, i.e. “a; = a; for any

m
i <nand st-Iimmw(Eﬂ-Zai> =0, then

i—0
°(Ext-2ai) = EXt-Z&i. (12.63
i—0 i—0
Proof. It follows directly from Theorem 12.5 for the case if for any i € N\ : a; = 0.

Theorem 12.9. Let {b;}",, be a countable R-valued sequence such that a limit
s = liMm... Y bi exists.Then

s = Ext- "D (12.64)

i=0

Proof. It follows directly from Theorem 12.7 and Eq.(12.63).
13.e° is transcendental number

13.1.eis #-transcendental number
Definition 13.1. Let g(x) : R - R be any real analytic function such that: (i)

ga(X) = D_anx", x| < r,vn[a, € QJ, (13.1)
n=0
and where (ii) the sequence {an} . IS recursive.
We will call any function given by Eq.(13.1) constructive Q-analytic function and
denoted
such function by go(X).
Definition 13.2. A transcendental number z € R is called #-transcendental number
over field Q, if there does not exists constructive Q-analytic function gq(x) such that
0a(2) = 0,i.e., for every constructive Q-analytic function gq(X) the inequality gq(z) + O
is satisfied.
Definition 13.3.A transcendental number zis called w-transcendental
number over field Q,if zis not #-transcendental number over field Q,i.e., there
exists an constructive Q-analytic function gq(x) such that gq(z) = O.
Notation 13.1.We will call for a short any constructive Q-analytic function gq(X) simply
Q-analytic function.



Example 13.1. Number r is transcendental but number 7 is not #-transcendental
number over field Q since:(i) function sinx is a Q-analytic and (ii) sin(%) =1lie,

3 5 7 (_1)n7z.2n+l

A+ E - I I T+

2 2331 2551 277! 22M1(2n + 1)!

(_1)nﬂ2n+1
22m1(2n + 1)!
recursive.To prove that e is #transcendental number we need to show that e is not

- 0. (13.2)

Note that the sequence a, = ,n=0,1,2..... obviously is primitive

w-transcendental i.e., there does not exist real Q-analytic function go(x) = Z anX"
n=0

with rational coefficients ag,as,...,an,...€ Q such that
D ae =0, Jake” # . (13.3)
n=0 n=0

Suppose that e is w-transcendental, i.e., there exists an Q-analytic function

ga(X) = Zdnx”,with rational coefficients:
n=0

. kKo - k <
aop = W%,alzﬁ,...,anz Wn,...e Q,

do| > 0, (13.4)

such that the following equality is satisfied:
D ane" =0, Jakle" # oo. (13.5)
n=0 n=0

In this subsection we obtain an reduction of the equality is given by Eq.(13.5) to
equivalent equality given by Eq.(13.15). The main tool of such reduction that external
countable sum defined in subsection 12.2 above.

From EQq.(13.5) by Theorem 12.7 one obtains the equality

“Go+ Y _*dn x *e" = 0, (13.6)

0 m

where we abbreviate » *dn 2 st-limm... Y _ *Gn Note that from Eq.(13.6) by
n=1 n=1

Theorem 12.9 one obtains the equality

*do + |:Ext-2*dn x *e”:| = 0. (13.7)
n=1 /

Theorem 12.1.[4] The equality (13.6) is inconsistent.
Proof.Let 3 be a hypernatural number 3 € *N\N defined by countable sequence

I = (Mo, Mo X My,...,My X My X...XMp,...) =

13.8
= (ro,F1y-+slny--2) (13.9

where r, = mg x my x...xmy.From Eq.(13.7) and Eq.(13.8) one obtains



OBy Tt x e
oy Znis - - 0. (13.9)
From Eq.(12.9) one obtains
o, Ext- Z nx *en
3
where 3, = 3 xan,n=0,1,2,...Note that
*Mn(nyp) *3n(n’p)
+ ) 13.11
"Mo(n.p) * “Mo(n,p) (1319
n=1,2,...ke N,n,p €*N,,see Appendix A,Eq.(30). From Eq.(13.10) and Eq.(13.11)
by Theorem 12.6 we obtain
Ext- Z:;l I x *en

Ry

= 0, (13.10)

*en — *en —

S S
< *Mn(n,p) Sn x *en(N,p)
=0 + Ext- [ n x "M + =
3 — 3 x *Mo(n,p) J x *Mo(n,p) (13.12
S0, pu. N Snx *Ma(n,p) N S x*en(np) _
= 2 +Ext 3 Mo(hD) +EXtZS><*Mo(n,p) = 0.
n=1 n=1
We abbreviate now
E \sn X *Mn(n,p) _
A(n,p) = 5> + Ext- Z S Molh.0) "
(13.13

Fo x *Mo(n,p) + Ext-Zn S *Ma(n,p)

3 x *Mo(n,p)

and

@

_ : Sn X *8n(n’p) —
Y(n,p) = Ext Z T x *MO(n!p) -

n=1
” (13.19
Ext-D " Snx *en(n,p)

3 x *Mo(n,p)
From the Eq.(13.12) and Eq.(13.13)-Eq.(13.14) we get

A(n,p) + Y(n,p) = 0. (13.15
Note that
* * -1
“en(N,p) < n g(n)(?o(_[ f)(!n)]p ) , (13.16

n=1,2,...k e N,n,p €*N,, see Appendix,Eq.(29). From Eq.(13.14) and (13.16) one
obtains



Ext-Z::l:sn x *gn(N,P)
3 x *Mo(n,p)

Ext-» " Sa

J x *Mo(n,p)

[Y(n,p)| = ‘

(13.17)
- n(*g(n)) ([*a(m)]* ™)
- (p—1)!

Let p be a hyperfinite prime integer p € *N\N defined by countable sequence

p = (pO’pl’---apn’---), (131&
where any p, € Nis a prime integer such that p, > rn.Notice we willing to choose
a sequence {pn} .., such that any inequality p, > rn,n € N is decidable, i.e.
vn[Val(pn > rn) = R], (13.19

since the sequence {rn} ., IS recursive.
We willing to choose now hyperfinite prime integer p in Eq.(13.13) p = pe*N\N such
that

neN

P> max(|Jol,n.) (13.20
From the Appendix Eq.(27) it follows
P/ [*Mo(n,p)]. (13.21)
From the inequality (13.20) and (13.21) it follows
P/ ["Mo(n,p)] x Jo. (13.22
From the Appendix A, Eq.(28) one obtains
P | [*Ma(n,p)],n=1,2,.... (13.23
From (13.22)-(13.23) we get the inequality
|0 % *Mo(n,P) + Ext- 3" Tnx "Ma(n,P) | = 1 (13.24)
and therefore from Eq.(13.13) we get
A, P)| = 1 (13.25

|3 x *Mo(n,p) |
We willing to choose now hyperfinite prime integer p in EQ.(13.16) such that in
additional the inequality is satisfied

n(gm) (Fam]*)Ext- Y 3

B-1D) < 1. (13.26
From EQq.(13.17) and the inequality (13.26) we get
Ext-> " Snx “za(n,P) 1
r(n,p)| = S 1*Mo(n,r5) < E Mo (13.27)

From the inequalities (13.25) and (13.27) finally we get the inequality
A(N,P) + Y(n,p) + O. (13.28

But the inequality (13.28) contradicts with Eq.(13.15).This contradiction completed the
proof.

14.Generalized Lindemann-Weierstrass theorem.



Theorem 14.1.Let fi(2),l = 1,2,...,be a polynomials with coefficients in Z. Assume
that

for any | € N algebraic numbers over the field Q : B1),...,Bk1, ki > 1,1 =1,2,...form a
complete set of the roots of f;(z) such that

fi(z) € 7[z],ded\(2) = ki,| =1,2,... (14.1)
anda € Qa0 # 0,1 =1,2,...,. We assume now that

0 k|
D lai] D _Jefu] < oo, (14.2)
k=1

1=1
Then
ki

ao + im Db %0, (14.3)

=1 k=1

Note that from assumption above by Robinson transfer it follows that algebraic
numbers

By, P, ki =11 =1,2,... 0over field *Q forany | = 1,2,...,form a complete set

of
the roots of *f|(z) such that
“fi(2) € “Z[z],deq*f1(2)) = ki, =1,2,.... (14.4)
Assumption 14.1. We assume now that there exists an recursive sequence
G=mreQl=12..7=12.. (14.5)
and rational number
do = e € Q, (14.6)
such that
[e] k|
D D Jefu] < oo, (14.7)
=1 k=1
and
o ki
do+ Y a1y e =0, (14.8)
=1 k=1
Assumption 14.2. We assume now that the all roots *B1),...,* Bk, ki > 1,1 = 1,2,.. of

*f1(z) are real.
From Eq.(14.8) by Theorem 12.7 one obtains the equality

['e] k|
“do + |:Z*d| Z*e*ﬁk"J = 0, (14.9
k=1

=1
where we abbreviate
0 ki m ki
Z*d' Z*e*ﬂkv' 2 st-liMmmas Z*dn Z*e*ﬂk".
=1 k=1 =1 k=1
Note that from Eq.(14.9) by Theorem 12.9 one obtains the equality



o ki
*d0+|:EXt'Z*dI Z*e*ﬁkvi = 0. (14.10
k=1

=1 e

Theorem 14.1.The equality (14.10) is inconsistent.
Proof.Let us considered hypernatural number 3 € *N,, defined by countable sequence

T = (M, Mo X My,...,Mo X My X...xMy,...) = (Fo,f1,...,fn,...) (14.1)
where r, = mp x my x...xmy.From Eq.(14.10) and Eq.(14.11) one obtains

I=1 k=1
0 K (14.12)
Ext-ZSI Z*e Bl
_ % + Lkl -0,
S N
where
o = Sdo = T, I = I = (14.13
Note that
. *Mii(N,p) + *exi(N,p) :|
el = —= ' : 14.1
[ “Mo(N, p) (14.19

where k = 1,...,*k,I = 1,...r,see Apendix C,Eq.(15).From Eq.(14.12) and Eq.(14.14)
we get

3

o L ki " N
3o, Ext-D> " 31D ["Ma(N,p) + *ea(N,p) ] )
3 S*MO(N1p)
O o k| "
SoMo(N.p) | B2 3D Ma(Np)
3*Mo(N,p) I*Mo(N,p)
O o k| "
+EXt'Z|=1“'Zk=1 eaN.p) (14.15
S*I\/IO(N!ID)
Jo"Mo(N,p) +Ext- 3" I 3" “Mig(N,p)
N — +
S*I\/IO(N!ID)

o K
+ Ext- Z|=1 S Zk=l *3k,|(N1p)
3*Mo(N, p)

0

We abbreviate now

J0"Mo(N,p) + Ext- 3" 31 3 “Mig(N,p)

AN.p) = S Mo(N.p)

(14.16)

and

Ext-> " 33 tea(Np)

I*Mo(N,p)
From Eq.(14.15) and Eq.(14.16)-Eq.(14.17) we get

Y(N,p) = (14.17)



A(N,p) + Y(N,p) = 0. (14.18
Note that
[*go(r)1[*g"*(r)]
(p-D! ’
where k = 1,...,*k,l = 1,...r,N,p €*N,,see Appendix C,Eq.(12). From Eq.(14.17)
and
(14.19) one obtains

Bxt- 300 S ea(Np) | B DT iG]l )]

[*exi(N, p)| =<

(14.19

Y(N,p)| = < 14.2
Note that Ve(e € *R, )[e = 0],there exists p = p(¢)
[*9o(NI'g" (1) _
<e 14.27
(- 1! (14.29
We will choose now infinite prime integer p in Eq.(3.56) p = pe*N\N such that
P > max(Jao|, by, |bol, Jo). (14.22
Hence from the Appendix C, Eq.(8) it follows
P / Mo(N, D). (14.23
From (14.22) and (14.23) one obtains:
P/ Mo(N,p,r) x Jo. (14.29
From the Appendix C, Eq.(10) it follows
P | Mig(N,p), k1 =1,2,.... (14.25
From (14.24)-(14.25) we get the inequality
[0} k|
J0*Mo(N,p) + Ext-2|=13| Zkzl*Mk,.(N,p) >1 (14.26)
and therefore from Eq.(14.16) we get
1
A(N,P)| = : 14.2

We willing to choose now hyperfinite prime integer p in Eq.(14.18) such that in
additional the inequality is satisfied

1
[Y(N,p)| < 5 Mo(n. )" (14.28

From the inequalities (14.27) and (14.28) finally we get the inequality
A(N,P) + Y(n,p) + O. (14.29

But the inequality (14.29) contradicts with Eq.(14.18).This contradiction completed the
proof.

Conclusion

In this paper intuitionistic set theory INC*, in infinitary set theoretical language is
considered. External induction principle in nonstandard intuitionistic arithmetic were
derived. Non trivial application in number theory is considered. Main results are:
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number €€ is transcendental; (ii) the both numbers e+ 7 and e— x are irrational [16].
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Appendix A.The basic definitions of the Shidlovsky

guantities

In this apendix we remind the basic definitions of the Shidlovsky quantities [15].Let
Mo(n,p), Mk(n,p) and ex(n,p) be the Shidlovsky quantities:

400

1 _ _ Pa—Xx
Mo(n,p) = J[ X1 (18_ 1(; n)J’e }dx +0, (1)
0
TP (x=1)...(x— n)]Pe
M(n,p) — e [ | XX dxk=1,2,... @)
e
k
1 _ _ Pa—x
ex(n,p) = e"f[ XTI (13'_“1(;‘! nJj’e }dx,k ~1,2,... 3)

0
where p e N this is any prime number.Using Egs.(1)-(3) by simple calculation one
obtains:
My(n,p) + ek(n,p) = eMo(n,p) = 0,k = 1,2,.... 4)

and consequently
Mk(n’ p) + 8k(n1 p)

Mo(n, p) ()
k=1,2,...

ek =

Lemma 3.1.[15]. Let p be a prime number. Then Mo(n,p) = (-1)"(n!)P + p®1,0; € Z.
Proof. ([15], p.128) By simple calculation one obtains the equality

(n+1)xp

XPA(x=1)...(x= 1P = 1)"()PxPL+ D cpaxit,
u=p+1 (6)

Ch€Z,u=p,p+1,...[(n+1)xp]-1,n> 0,

where p is a prime. By using equality I'(u) = j: x#~tedx = (u—1)!,where u € N, from
Eq.(1) and Eq.(6) one obtains

(n+1)xp
N r'(p) I'(u)
Mo(op) = (00" B+ 35 el -
™

= (-1)"(n")P + cpp + Cpuap(p+ 1) +...=
=(D)"(N)P +px 01,0, € Z.

Thus

Mo(n,p) = (=1)"(NH)* + p - ©1(n,p),O1(n,p) € Z. (8)
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Lemma 3.2.[15]. Let p be a prime number. Then M(n,p) =p - O2(n,p), O2(n,p) € Z,
k=12,...n.
Proof.([15], p.128) By subsitution x = k+ u = dx = du from Eq.(3.3) one obtains

+00

" —u
Mi(n,p) = J'|: U+K)P [(u+k=-1) x...xux...x(u+k-n)]’e :|du

! (p-D! )
k=1,2,...
By using equality
(+1)xp
u+ k)P u+k-1) x...xux...x(U+k-n)lP = d,qust,
(u+k)P( ) . XU x( )] Zp;l -t 10
d, € Z,u=pp+1,....[((n+1) xp] -1,
and by subsitution Eq.(3.10) into RHS of the Eq.(3.9) one obtains
1 +90 (n+1)xp
_ “1di] — N .
M(nP) = =) { #zp:,l d,autdu = p - ©2(n,p), (11)
®z(n,p) € Z,k=1,2,... .
Lemma 1.3.[15]. (i) There exists sequences a(n),n € N and g(n),n € N such that
n-g(n) - [anm]™* (12)

where sequences a(n),n € N and g(n),n € N does not depend on number p. (ii) For any
neN:eg(np)->0ifp-> .

Proof.([15], p.129) Obviously there exists sequences a(n),n € N and g(n),k € N,n € N
such that a(n),n € N and g(n),n € N does not depend on number p

X(x—1)...x—=n)| < a(n),0<x<n (13)
and
|(x—1)...(x-n)e>*| <gn),0<x<nk=1,2,..n (14)
Substitution inequalities (13)-(14) into RHS of the Eq.(3) by simple calculation gives
k
[a(n))”* n-g(n) - [a(m1™*
ex(n,p) < g(n)w .([dx < =1 : (15)

Statement (i) follows from (15). Statement (ii) immediately follows from a statement (ii).
Lemma 1.4.[15]. For any k < n and for any 6 such that 0 < 6 < 1 there exists p € N
such that

ek_ Mk(n!p) <3

MO(n1p) . (16)

Proof.From Eq.(1.5) one obtains



Mo(n,p) Mo(n,p) -
From Eq.(17) by using Lemma 1.3.(ii) one obtains (3.17).

Remark 1.1.We remind now the proof of the transcendence of e following Shidlovsky
proof is given in his book [8].

Theorem 1.1. The number eis transcendental.

Proof.([8], pp.126-129) Suppose now that e is an algebraic number; then it satisfies
some relation of the form

o Mnp) | _ Je(n,p)] a7

n
ao+ Y aek =0, (18)

where ag,as,...,an € Z integers and where ap > 0.Having substituted RHS of the
Eq.(3.5) into EQ.(18) one obtains

" o M(D.D) + () Mi(n, p) anp)
LA e +Za Mo(n, Za Monpy O (9

From Eq.(19) one obtains

aoMo(n,p) + D _ aMi(n,p) + > _ akex(n,p) = 0. (20)
k=1 k=1

We rewrite the Eq.(20) for short in the form

n n
aoMo(n,p) + D aMi(n,p) + ) awe(n,p) =
1 1

= apMo(n,p) + E(n,p) + Y akex(n,p) = 0, (21)

E(n,p) = Y aMk(n,p).
k=1

We choose now the integers M1(n,p),Maz(n,p),...,Mn(n,p) such that:

pIMl(n’ p)’leZ(n!p)! <o ’pIMn(n’ p) (22)
where p > |ao|
and p f Mo(n,p). Note that p| Z(n,p). Thus one obtains
P/ aMo(n,p) +E(N,Pp) (23)
and therefore
aoMo(n,p) + Z(n,p) € Z, (24)

where agMo(n,p) + E(n,p) = 0. By using Lemma 3.4 for any 6 such that 0 < 6 < 1 we
can choose a prime number p = p(6) such that:

D aek(np)
k=1

From (25) and Eq.(21) we obtain
aoMo(n,p) + Z(n,p) +€ = 0. (26)

n
<8 Jal =€ < 1. (25)
k=1



From (26) and Eq.(24) one obtains the contradiction.This contradiction finalized the
proof.

The Robinson transfer of the Shidlovsky quantities

In this subsection we will replace using Robinson transfer [5], the Shidlovsky quantities
Mo(n,p), Mk(n,p), ex(n,p) by corresponding nonstandard quantities *Mo(n,p), *Mk(n,p),
*ex(n,p). The properties of the nonstandard quantities *Mo(n,p), *Mk(n,p), *ex(n,p) one
obtains directly from the properties of the standard quantities Mo(n,p), Mk(n,p), ex(n, p)
using Robinson transfer[4],[5].

1.Using Robinson transfer principle [4],[5] from Eq.(8) one obtains directly

“Mo(n,p) = (-1)"(NH? +p x "@1(n,p),
*@1(n,p) €* Z, £ “7/Z,n,p €*N.. (27)

No 2 "NW.
From Eq.(11) using Robinson transfer principle one obtains Vk(k € N) :
“Mk(n,p) = "®2(n,p)),
k(* p) =px ( "©2(n,p)) 28)
*@2(n,p) € Zok=1,2,...ke Nn,p €*N,.

Using Robinson transfer principle from inequality (3.15) one obtains Vk(k € N) :

n-(*g(n)) - ([*a(n)]*™*)
(p-1)! ’ (29)
k=1,2,...keN,n,p e*N.

*gk(n’ p) =

Using Robinson transfer principle, from Eq.(3.5) one obtains Vk(k € N) :

*Mk(nip) + *3k(n’p)

*Mo(n,p) ~ *Mo(n,p) (30)
k=1,2,...ke N/n,p €*N,.

@)= (9=

Lemma 5. Let n € *N.,, then for any k € N and for any 6 ~ 0,6 € "R, there exists
p € *Ns such that

. “Mk(n, p)
Y 31
© *MO(n!p) ) ( )
Proof. From Eq.(30) we obtain Vk(k € N) :
ok “Me(n,p) | __|"e(n,p)]
“Mo(n,p) ["Mo(n, p)|’ (32)

ke N,n,p €*N.

Appendix B.Generalized Shidlovsky quantities
In this apendix we remind the basic definitions of the Shidlovsky quantities,see [15]
p.132-134.
Theorem 1.[15] Let fi(2),| = 1,2,...r be a polynomials with coefficients in Z. Assume
that for any | = 1,2,...r algebraic numbers over the field Q : B1),...,Bk,



ki >1,1 =1,2,...r form a complete set of the roots of f|(z) such that
fi(z) € 2[z],dedf(2) = ki,| =1,2,...r (1)
anda € 7,1 =1,2,...r,a0 #+ 0.We assume now that

0 k|
D lail D _Jefu] < oo, (2)
k=1

1=1
Then

r k|
a+ Y a e £0, (3)
k=1

=1 k=
Let Mo(Ny,p),Mki(N,p) and ki (N,p) be the quantities

+00 _
b VP21 (2)e%dz

Mo(Nr,p) = ! CEE T ©)
where in (4) we integrate in complex plane C along line [0,+x],see Pic.1.
T NPl (7) etz
Mia(Nr,p) = &% ﬂ{ | (p-1)! ' ®)

where k = 1,... k and where in (5) we integrate in complex plane C along line with initial
point Bk, € C and which are parallel to real axis of the complex plane C,see Pic.1.

Bl _
b P21 (2)e2dz

= ebk
7N p) = & { (p-1)! : ©
where k = 1,... k and where in (6) we integrate in complex plane C along contour
[0,Bk], see Pic.1.
Yi
0 B e 2 _?‘r
Pic.1.Contour [0, Bk ] in complex
plane C.
From Eq.(3) one obtains
(Nr+1)p
b P 1R(2) = bR+ S coazt, )
Ss=p+1

where by, bo # 0,¢s € Z,s=p,...,(N, —1)p— 1.Now from Eq.(4) and Eq.(7) using formula



I'(s) = j: xSleXdx = (s—1)I,s e N

one obtains
(Nr l)p—lbp o (Nr+1)p +o0
Mo(Nr,P) = =5 j etz + Z e j 7+le7dz =
Nr—1)p-1 (P (s—-1)! Nr—1)p-1 ©
bl P o+ D o= 1)'! Cs1 = b ™P'hf + pC,

Ss=p+1

where by, b # 0,C € Z.We choose now a prime p such that p > max(|ao|, bn,, [Po]). Then
from Eq.(4.8) follows that

P/ aoMo(Nr,p). 9
From Eq.(4.3) and Eq.(4.5) one obtains

M (Nr,p) = (peﬁ k'l), j {bN'leﬁlzwl[HH(z Bii) :|}e‘z+ﬁk~'dz, (10)

=1 i=1

where k = 1,... k,| = 1,...,r.By change of the variable integration z = u+ Sy in RHS of
the Eq.(10) we obtain

oo Pk
Mki(Nr,p) = (p—ll)! .([ Nrrkl(u+/3k|)rk1upe—u EHi_Jl[(H B — Bij)° du, (11
il ik
where k = 1,... k,I =1,...r.Let us rewrite now Eg.(11) in the following form

Mii(Nr,p) =

1 T (b U + by, Bii )P tuPet ﬁﬁ(bN u+ by, By — bn.Bij)® | >du 12

(p—-1)* 0 r o =1 ri=1 r o o

jelizk

Let Za be a ring of the all algebraic integers. Note that [8]
aij = bNrﬁi,j € Zp,i = 1,...,kj,j =1,...I. (13)
Let us rewrite now Eq.(12) in the following form

r
f(bNru + o) turet || ]_[(bNru +a —aij)Pdu (14)

=1 i=1
J¢| i#k

Mki(Nr,p) = (o 1)|

where k = 1,... k,l = 1,...r.From Eq.(14) one obtains



r

Sa ZMK.(N,,p) - j“e—q’l)(l“)du

=1

: (15)
D (u) = Z a Z(bN,u + ak|)p_lupe HH(bN,U + okl — al])p
=1
JJ_,—J;:|L Il#;i

The polynomial @, (u) is a symmetric polynomial on any system A, of variables
a1, a2, ...,k 1, Where

Al = {a1,|,a2,|,...,ak,,|},| = 1,...,r.

(16)
al,|1a2,|1 e ’ak|,| € ZA,' = 1, cen ,r.
It well known that @,(u) € Z[u] (see [8] p.134) and therefore
(Nr+1)p
UPD,(U) = D CeaU®tcs € Z. (17)
S=p+1
From Eq.(15) and Eq.(17) one obtains
wetdr(u)
ga' Z::Mk'(N“p) I CEE
(18)
(Nr+l)p c I (Ni)p (s 1)
—=1 | usletdu = CH =pC,Ce Z.
HM (p-1)! forer} —1)!
Therefore
r k|
2(Nr,p) = D_a Y M(Ni,p) € Z,
7 a (19)
plE(th)'
Let Or < C be a circle wth the centre at point (0,0). We assume now that
VkVI(Bki € Or). We will designate now
gk (r) =max loxtfr (z)e 2P|,
Jo(r) = max gk.(r) g(r) =max lon; '+ (2)].
1<k<k,1<l<r
From Eq.(6) and Eq.(20) one obtains
¢ b Pl P (z)e #udz
lexi(Nr, p)| = O -1 <
, (21)
k!
p-1 p-1 R
by f Z)ezthkl by Zf 7 p—ldz < go(Ng”=(N)[Bki| < go(r)g"(r) ,
] Il (2)e P [ (D)) 1) 6D

wherek=1,... k,l =1,...r.Note that



Go(NG* (MR

Gbopr ~0ffp-w

From (4.22) follows that for any € € [0,0] there exists a prime number p such that

r

ki
Sad ca(Nep) = ) < L.

=1 k=1
where k = 1,... k,l = 1,...r.From Eq.(4)-Eq.(6) follows

op = Mii(Nr,p) + & (Nr, p)
Mo(Nr,p)

wherek=1,... k,l =1,...r. Assume now that

ao+Za|Zeﬁk' =0.
-1 k1l

Having substituted RHS of the Eq.(24) into Eq.(25) one obtains

Mo(N,p)

My, (Nr, p) & (Nrp)
a0+; Z Mo(Nr,p) Z Z MO(NT’p)

k=1 =1

a0+2 Z Mii(Nr,p) + ek (Nr,p)
=1 k=1

From Eq.(26) by using Eq.(19) one obtains

r ki
a0+ Z(Nr,p) + D a D e (Nr,p) = 0

=1 k=1

(22)

(23)

(24)

(25)

(26)

(27)

We choose now a prime p € N such that p > max(|ao|, |bo|, [bn, [) @and €(p) < 1. Note that

PIE(N;,p) and therefore from Eq.(19) and Eq.(27) one obtains the contradiction. This

contradiction completed the proof.

Appendix.C.The Robinson transfer of the Shidlovsky

guantities

Letf(z) = fi(z) € *2[z],z€ *C,| = 1,2,...r,r €*N, be a nonstandard polynomial such

that

f(z) = fi(2) = Hfl(Z) = bo+ b1z+...4bnZN =

r o *k

=bn [ [(z- ¢Bu)).bo = 0,bn > 0,

=1 k=1

N =N =3 (k) €N
Let *Mo(N,p), *Mki(N,p) and *&x (N, p) be the quantities:

4)



()

(N-Dp-1_p-1¢p * A—Z
“Mo(N,p) = by P P(2)[*e?]dz

! (-1 | (5)
N,p € "Noo,

where in (5) we integrate in nonstandard complex plaine *C along line *[0,+x],see Pic.1.

* (+0)
. b\"PP1ze-1f P(Z)[*e?]dz
*Mii(N,p) = (*e'Pu N ,
ki(N,p) = ( ) *ZL ] ®)
N,p € "N,

where k = 1,...,*k; and where in (5.6) we integrate in nonstandard complex plain *C

along line with initial point *gy; € *C and which are parallel to real axis of the complex
plane *C,see Pic.1.

"Bkl

(N-D)p-1_p-1¢p * A—Z
*el(N,p) = (*ePv) J' by P P(2)[*e?]dz
0

(p-1)! ' (7)

N,p € "No,

where k = 1,...,*k; and where in (5.7) we integrate in nonstandard complex plain *C
along contour *[0,* Bk ].

1.Using Robinson transfer principle [4],[5],[6] from Eq.(5) and Eq.(8) one obtains
directly

“Mo(N,p) = by "'b§ + pC, ®)
where bybo # 0,C € *Z...We choose now infinite prime p € *N,, such that
p > max(faol, bn, [bo). 9)
2.Using Robinson transfer principle from Eq.(6) and Eq.(19) one obtains directly
vr(r e N) :
f . . (10)
*E(N,p,r) = D (*a) D_*"Mi(N,p) = pC, € "Z...
I=1 k=1
and therefore
vr(r e N)[p|*E(N,p,r)]. (11

3.Using Robinson transfer principle from Eq.(7) and Eq.(21) one obtains directly



o by Ptz P (Z)[*e?]dz

|*8k,|(N!p)| — (*e*ﬁk,l) .([ (p — 1)| <
. eI O Bl
— * a—z+(* i) — p-1 0 )
G | @) i@ dz < 6D

~ 9o gPH(0)]
- (p-1) ’
where k = 1,...,*k,I = 1,... r.Note that Ve(e €* R)[e = 0], there exists p = p(¢)
* * yp—1
[*Qo(r)][*g"(r)] <e
(p-D!
4. From (13) follows that for any € € [0,6] there exists an infinite prime p € *N,, such
that vVr(r e N) :

(13)

r ki
D (ra) D (e (N,p)) = €(p) < 1 (14)
=1 k=1
where k= 1,...*k,l =1,...r..
5. From Eq.(5)-Eq.(7) we obtain

o “M(Np) + Cei(N.p))
[ e = “Mo(N.p) J =

wherek=1,...*k,l =1,...r.
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