
Studies on Twin Primes in Goldbach Partitions of Even Numbers

Marcin Barylski (marcin.a.barylski@gmail.com)

Published: November 1, 2017

The last update: December 29, 2018

Abstract

Goldbach strong conjecture states that all even integers
n>2 can be expressed as the sum of two prime numbers
(Goldbach partitions of n). This work is devoted to stud-
ies on twin primes present in Goldbach partitions. Based
on executed experiments original Goldbach conjecture has
been extended to a form that all even integers n>4 can be
expressed as the sum of twin prime and prime.

1 Introduction

Goldbach strong (also called binary) conjecture asserts
that all positive even integer n ≥ 4 can be expressed as
the sum of two prime numbers. This hypothesis, formu-
lated by Goldbach in 1742 in letter to Euler [1] and then
updated by Euler to the form above is one of the oldest
and still unsolved problems in number theory. Empirical
verification showed that it is true for all n ≤ 4 x 1018 [2]
[3]. The expression of a given number n as a sum of two
primes p1 and p2 is called a Goldbach Partition (GP) of
n. Let r(n) be the number of GPs of n and let R(n) be a
set of distinct GPs of n (uniqueness guaranteed through p1
≤ p2). Goldbach strong conjecture may be rewritten that
r(n) > 0 for all n ≥ 4. Computational experiments show
that bottom estimation for min(r(n)) is increasing with n
(Figure 1). [4] formulates conjecture that lower and upper
bounds can be expressed as simple exponentials.

Figure 1: r(n) (2 <n <106, n = 2k, k ∈ N)

Prime number p is a twin prime if either p− 2 or p + 2
is another prime. Let’s denote a set of twin primes as PT
and a set of primes as P. OEIS A014574 [5] lists first twin
pairs of form m±1. Twin prime conjecture, still unsolved,
states that there are an infinite number of twin primes. In

twin pair (p, p + 2) first number p is called the lesser of
twin primes (OEIS A001359 [6]), p+2 - the greater of twin
primes (OEIS A006512 [7]).

Lemma 1. 5 is the only prime which is both the lesser of
twin primes (to 7) and the greater of twin primes (to 3).

Proof. In a set of numbers n, n + 2, n + 4 one is always
divisible by 3. n + 2 can be both the lesser of twin primes
and the greater of twin primes if and only if all n, n+2, n+4
are primes. 3 is the only prime which is divisible by 3, so
3 must be in sequence n, n + 2, n + 4. 3 must be the first
number of the sequence, because two other combinations:
1, 3, 5 and −1, 1, 3 are not containing primes only. This
means that the only allowed sequence is 3, 5, 7 and 5 is the
only prime which is a member of two distinct twin primes
(3, 5) and (5, 7).

2 Primality tests

For the sake of this work, to check if a given number
is prime or not, algorithm skewed in Listing 1 was used.
Presented approach is taking advantage of preloaded prime
and composite sets (containing prime and composite num-
bers found earlier) which gives instant result. Then, algo-
rithm is testing if a candidate for prime is even (divides it
by 2) or is a multiple of 3 - in case of success the candi-
date is confirmed as a composite number. Eventually, it is
taking advantage of Lemma 2.

Listing 1: Primality test

# in : i n t e g e r n
# p r i m e s e t − a s e t o f primes
# c o m p o s i t e s e t − a s e t o f non−primes
# out : True i f n i s prime ; Fa lse

o t h e r w i s e
def i s p r i m e (n) :

i f n<=1:
return False

e l s i f n<=3:
return True

e l s i f n in pr ime se t :
return True

e l s i f n in compos i t e s e t :
return False

e l s i f n%2 == 0 or n%3 == 0 :
return False

i=5
while i ∗ i<=n :

i f n%i == 0 or n%( i +2) == 0 :
return False

i+=6
return True
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Listing 2 presents a simplified method how to classify a
given prime number as a part of twin prime pair, including
criterion for either the lesser or the greater of twin primes.

Figure 2: Minimal prime in R(n)
(2 <n <106, n = 2k, k ∈ N)

Listing 2: Tests for twin primes

# in : i n t e g e r n
# e x t e r n a l dependencies :
# i s p r i m e () method
# out : True i f n i s twin prime ;
# False o t h e r w i s e
def i s t w i n p r i m e (p) :

i f n in tw inpr ime set :
return True

e l s i f n in compos i t e s e t :
return False

i f i s g r e a t e r t w i n p r i m e (p) or
i s l e s s e r t w i n p r i m e (p) :
return True

return False

# in : i n t e g e r n
# out : True i f n i s the g r e a t e r o f twin

primes ;
# False o t h e r w i s e
def i s g r e a t e r t w i n p r i m e (p) :

i f i s p r i m e (p) and i s p r i m e (p−2) :
return True

return False

# in : i n t e g e r n
# out : True i f n i s the l e s s e r o f twin

primes ;
# False o t h e r w i s e
def i s l e s s e r t w i n p r i m e (p) :

i f i s p r i m e (p) and i s p r i m e (p+2) :
return True

return False

Lemma 2. Every prime p>3 can be written as p = 6k± 1
(where k is a positive integer).

Proof. Every positive integer n ≥ 6 can be expressed as
6k + m, where m=0, 1, . . . , 5, k ≥1. Numbers 6k,

6k + 2, 6k + 3 and 6k + 4 are always composite because
they are divisible by either 2 or 3 or both (6k=2 × 3k,
6k+2=2×(3k+1), 6k+3=3×(2k+1), 6k+4=2×(3k+2)).
6k + 1 and 6k + 5 are either prime (ie. 6 × 1 + 1 = 7,
6 × 2 − 1 = 11) or composite (ie. 6k + 5 is divisible by
5 if k is multiple of 5, 6k + 1 is divisible by 3 if sum of
decimal digits is divisible by 3). 6k+ 5 can be rewritten as
6×(k+1)−1. All primes <5 (2 and 3) cannot be expressed
as p = 6k ± 1 where k is a positive integer. This means
that every prime p ≥ 5 can be expressed as 6k ± 1 (where
k ∈ N).

As a consequence of Lemma 2, every twin prime pair
different than (3, 5) is of form (6k−1, 6k+1), where k ∈ N.

3 Twin primes in Goldbach partitions

Detailed examination of R(n) (n <106) shows that the
minimal prime in at least one of GPs is usually low (Figure
2). For all n <106 it has been computationally verified
that 523 is the biggest minimal prime (for n=503222) in
all possible GPs. [2] verified that 3325581707333960528 is
the smallest number that has no GP with a prime below
9781. Among the smallest primes in GBs (n <106, Table 1)
the most popular is 3 (78497 occurences), then 5 (70328),
7 (62185), 11 (48582), 13 (40916), 17 (31091), 19 (29791).
3, 5, 7, 11, 13, 17, 19 are members of PT. These results
give rise to a hypothesis that twin primes should be rather
frequent in GP, especially those relatively small.

OEIS A294186 [9] lists first elements of sequence con-
taining number of distinct greater of twin primes which
are in Goldbach partitions of even n, while OEIS A294185
[8] - number of distinct lesser of twin primes which are in
Goldbach partitions of even n. OEIS A295424 [10] joins
OEIS A294185 and OEIS A294186, presenting number of
distinct twin primes which are in Goldbach partitions of
even n. OEIS A295424 is not exact sum of OEIS A294185
and OEIS A294186 because of Lemma 1 - 5 is both lesser
and greater twin prime and is a frequent member of R(n).

Figure 3: Number of distinct the greater of twin primes in
R(n) (2 <n <2× 104, n = 2k, k ∈ N)

Further experiments show that there are in general two
categories of even numbers n: category 1 - with 0, 1, or 2
distinct greater/lesser of twin primes in all R(n), and cat-
egory 2 - with fast increasing number of distinct greater/-
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Table 1: Apperances of smallest primes in R(n), with twin
primes bolded (2 <n <106, n = 2k, k ∈ N)

Prime Appearances Prime Appearances
2 1 79 101
3 78497 181 219
5 70328 191 76
7 62185 193 109
11 48582 197 49
13 40916 199 112
17 31091 211 97
19 29791 223 40
23 21422 227 37
29 16776 229 42
31 18119 233 32
37 13165 239 25
41 10001 241 41
43 9100 251 19
47 6625 257 12
53 5076 263 9
59 4012 269 3
61 6417 271 22
67 4839 277 15
71 2597 281 4
73 2801 283 17
79 3030 293 8
83 1753 307 14
89 1442 311 3
97 1763 313 7
101 988 317 2
103 1266 331 12
107 889 337 4
109 1245 349 3
113 507 353 2
127 730 359 1
131 356 367 2
137 358 373 1
139 602 383 1
149 279 389 3
151 522 397 2
157 253 409 2
163 258 439 1
167 168 523 1

lesser twin primes in R(n) (Figure 3, Figure 4). From all
twin primes standpoint such observation is not visible (Fig-
ure 6) - except 4 (which has R(4) = {(2, 2)}, without twin
primes) even numbers n have at least one twin prime in
R(n). Analysis of difference between number of the greater
of twin primes and the lesser of twin primes show that there
is balance between those two properties of R(n), and aver-
age diff is close to 0 (Figure 5).

Let T (n) be a number of twin primes in all R(n) and

C(n) = |R(n)|. Examination of T (n)
C(n) for consecutive even

n shows that the sequence has a downward trend (Figure
7). This illustration may be yet another expression of the
scarcity of twin primes, like Brun’s constant [11].

Figure 4: Number of distinct the lesser of twin primes in
R(n) (2 <n <2× 104, n = 2k, k ∈ N)

Figure 5: Difference (diff) between number of distinct the
greater and the lesser of twin primes in R(n), including

average value (avg) (2 <n <2× 104, n = 2k, k ∈ N)

Figure 6: Number of distinct twin primes in R(n)
(2 <n <106, n = 2k, k ∈ N)
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Figure 7: T (n)
C(n) (ratio), including its average value (avg)

(2 <n <106, n = 2k, k ∈ N)

4 Extended strong Goldbach conjecture

Executed experiments, especially non-zero values ob-
served in Figures 6 and 7 let build the hypothesis that
strong Goldbach conjecture can be extended from original
form (1):

∀
n>1,n∈N
∃

p,q∈P
2× n = p + q (1)

to the new one (2), skipping just the first case (n = 2)
for which is not true:

∀
n>2,n∈N

∃
p∈PT,q∈P

2× n = p + q (2)

Stronger version of (2) is not true - assumption (3):

∀
n>2,n∈N
∃

p,q∈PT
2× n = p + q (3)

has at least 35 counter-examples, listed in OEIS
A007534 [12] and evaluated at [13] (and this is still an
open question if this list is complete).

5 Summary and future work

Although extended strong Goldbach conjecture (2) does
not help, directly, in proving the original problem stated
by Goldbach and Euler (1), it depicts that there is even
greater synergy between sum of primes and consequtive
even numbers - twin primes are also important builders of
even numbers. As a result of this work three integer se-
quences were submitted to OEIS database: OEIS A294185
[8], OEIS A294186 [9] and OEIS A295424 [10].

Additionaly, presented work provides few more inter-
esting questions which can be a foundation of further re-

search work. Is lim
n→∞

T (n)
C(n) converging to a positive number

or zero? Is it possible to find a pattern between even num-
bers for which number of the lesser or the greater of twin
primes in R(n) is zero? Why there are two categories of
numbers: first one with the ≤ 2 lesser or the greater of
twin primes in R(n), and second one - with the lesser and
the greater twin primes >2, which is growing with n?
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