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Abstract

This book provides four model designs to discuss how continuous Bernoulli distribution
extends to the analysis of K categories. By contrast to the discrete polynomial distribution
which is extended from Bernoulli distribution depending on the additive property, the random
variable of continuous Bernoulli should be tested the pdf, cdf, distribution, and checked if
maintain the characteristics of CB distribution or not. Model 1 is from random variable
method(variable-added), Model 2 and 3 are from the probability model-building and suitable
for the parameter-added or the conditional relationship of variables, respectively. Model 4 is

from the continuous trinomial distribution and suitable for the joint relationship of variables.
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Chapter 1 Bernoulli distribution to Trinomial distribution
using tree diagram

The Bernoulli distribution can convert to Trinomial distribution. There are three

categories and two random variables,

X, X, 1-X, - X,

P )2 l-p, —p,

1.Explained Trinomial distribution from X, to X, using Bernoulli distribution,

X, 1-X,
P 1= p,
X, =0
X, 1-X,-X,
p2 1_ pz
1-p, 1-p,

X, ~ Bernoullz(p1 ) X, |)c1 =0~ Bernoull{Lj, the tree diagram,

1-p,
P(Xl :1):p1
P(X2=1|X1:0):1p2
P(Xlzo)zl_pl___ ?I
P(x, =0lx,=0)=1-—£2
1-p,

P(Xl :l)zpl’P(Xl =04, =1)=p2,P(X1 =04, :O):l_pl — P>

Sx) = £ (x0)f (ol =0)=(p, ) (1= p, )™ (L] (l - 117—21]1

1-p, -p
= (pl )xl (pz )x2 (I_pl — P )1*Xer’
x,=010<p, <Li=12,x+x,=010<p, +p, <1,

f(xz)zZf(x1’x2)=(pz)xz(l_pz)l_xz’xz =010<p, <],

X, ~ Bernoullip, ),



2.Explained Trinomial distribution from X, to X,

X, 1-X,
P> 1-p,
X, =0
X, I-X,-X,
pl 1_ pl
1-p, 1-p,

The posterior probability,

P(Xz 21):[72

P(Xz =0)=1—p2———

P(X, =0[x, =0)=1-

P(x, =1x, =0)= 1

using Bernoulli distribution,

P(Xz =1)=p2,P(X2 =0,X, =1)=p1,P(X] =0,X, =0)=1—p1 — P>

Xl|x2 =0~ Bernoull{LJ

f(xl’XZ):f(xl)f(x2|xl :O)=f(x2)f(xl|x2 :O)'

3.Merge X, and X, to one random variable,

1-p,

X, +X,

1-X, - X,

bt P,

l1-p —p,

X, + X, ~ Bernoullip, + p,).



Chapter 2 K categories and the random variable of each
category being Continuous Bernoulli distribution

There are four models to construct k categories and the random variable of each
category is the Continuous Bernoulli distribution.

Continuous Bernoulli distribution, X ~ CB(4),
The probability density function,
felxA)=Cc(A)A(1-2)70<x<1,0< A <],

2tanh™ (1-24) 121
C(/I): 1-24 2
2=+
2

Section 1. Model 1

The setting random variables method,
There are k categories, X,,X,,..., X, are continuous random variables,

k-1
2 2, h-1-50
i=1

X, ~CB(A4,)0<x,<1,i=12,..k
Because X, + X isnot CB(/”tl. +4, ),i # J , the difference of 4, +4, and 4, will

use the other method. This method is setting a new random variable Y which
probability distribution is CB(4, +4,).

l.Merge A4, and 4,

New X 1-X
/11+/12 1_/’11_2/2
X ~ Bernoull{, + 4,),
A+ 4, 1 ' |
A+ #—
2(11+ﬂ~z)—1+2tan_l(l_(,11+/12)A) if A+ 2¢2
E(X)= 1 1
E l'f/ll-i-ﬂzza
XX, +X,.



X, ~ Bernoull{2,),

X, 1- X,
j1 1_}“1
2,1/11 172 11(1 z)ifili%
E(Xl): 11— tan -4 1
- i =
2 Th=3
X, ~ Bernoull{4,),
X, 1- X,
2, 1-4,
2/1/12 12 (1 z)lﬂzié
E(X2)= 5 tan -4,
1 1
2 if A, =—
2 Th=5

E(X,+X,)= E(X,)+ E(X,).

2. The statistical analysis method,
This model can do the following testing,

(1) Hy: 4 =4,, A4, isconstant, i=12,..,k,
(1-a)x100% C.I for A,

2)H, : 4, +lj =1, A, isconstant, i,j=12,...ki#],
(1-)x100% C.L for A, +4,

BVHy: A=A =45 Ay A, 1sconstant, i,j=12,.. ki# ],
this testing contains two steps,
1¥step, Hy: 4, =2,,
2" step. Hy: A +A, =20+,

(4)H0 ; /li :/lja

Please see model 1--- chapter 3,



Section 2. Model 2

Continuous Bernoulli distribution and conditional Continuous Bernoulli distribution
to build the analysis probability model,

There are k categories, X,,X,,...,X, are continuous random variables,

A =l
A ’ A =1=-Y 2,
i=1

X, ~CB(4)0<x,<1,i=12,.,k

For easy to explain, k=3,

There are 3 categories, X, and X, are continuous random variables,

21 ﬂz 1_/11_)'2

the first step, selecting one random variable, X,

the second step selecting one random variable, X 2|x1 ,

X, ~CB(4)0<x, <1, X, ~CB[I‘: & ],Oszsl—xl,
I-x,

I, (‘xl oy ) = C(ﬂﬂ )(ﬂ’l )XI (1 —4 )Hl 0<x <10< 4, <1,

nli-2)-tn(z) , 1
1-24, )

C(ﬂ’l)z ,
l,ﬂl ¢l
2 2
S )=l N2 ) =2 ) 0 < 12(1 <10< i = 131 <l
wi-t)nl) |
C(/I*): 1-24 % 7&5
1« 1 ’
_,/1 #* —
2 2



. A
1.X, ~CB(4)0<x, <], X gl -t 0<x,<l-x,
1-x 1-4
X, 1- X,
A 1-4
1-X,=X,+(1-X,-X,)
X, X
1-x, I-x
/12 1_ ﬂz
1-2, 1-4,

S G2 (el ) = €A (1= ) s - 27

0<x <10<x,<l-x,

But f, (x,)= Ll (i ) f (x|, ), , it is mot CB(4,),

X * ﬂ/
2.X, ~CB(1,)0<x, <1, ~CB[/1= l;tj,OéxlSI—xz,

1-x, -4,

X, 1- X,
A, 1- 4,

1-X,=X,+(1-X,-X,)

X, X

1-x, 1-x,

A -

1-4, 1- 2,

fxz (x2 A, )fxl\xz (xl |x2 ) = C(/lz )(/12 )x2 (1 -4, )1—x2 C(/f )E (1 - )]_HZ
0<x,<10<x <1-x,,

But f, (x)= j; P L G ) Gl i, L itis not CB(4,),

Lo i 20 S, (x2 I, )= f w00 4)f . (xl lx, ), the Bayesian cannot be applied.

Please see model 2--- chapter 5,



3. The statistical analysis method,

The k categories can divide to the following

X, 1- X,
j1 1_11
X, ~CB(14,)0<x,<1,i=12,..k

X, X, X, . .
are continuous random variables

There are k-1 categories,

1-x, 1-x, 7 1-x
given X, and 4,
A, A A :l—kf: A,
1_/11 1_/?“1 1_11 ;:21_21
X, . . ‘
Bl i =t o< N <1iz23,k
I-x 1-4, I-x
The testing,

(1) Hy,: X =24,, A, isconstant, i=23,..,k,
(1-a)x100% C.1. for A

O H ‘/1i+ﬂj
" 1-2

=A,, A, isconstant, i,j=23,..,ki#],
1

A+ A
(1-a)x100% C.1. for 1 .

: A,
Q)H, : " Al/ﬂ = li’o’l ’21 =0 Aol isconstant, i,j=23,.. ki#j,

this testing contains two steps,

A
I%step, Hy: ——=2A4.,,
P 0 - 0,0
o A+,
2" step. H,, : | =Aiot+ 4,0,

A H, : Ao b i, j=23,..ki#]
0 - 1_211 1_12 > ,] ydyeeeey Iy _]’

Please see model 2--- chapter 4,
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Section 3. Model 3

Continuous Bernoulli distribution and new conditional Continuous Bernoulli
distribution to construct the analysis probability model,

There are k categories, X,,X,,...,X, are continuous random variables,

k-1
P 2, 2 =1-52
i=1

X, ~CB(A)0<x,<1,i=12,..,k

For easy to explain, k=3,
There are 3 categories, X, and X, are continuous random variables,

21 ﬂ‘z 1-4, -4

the first step, selecting one random variable, X,

the second step selecting one random variable, X 2|x1 ,

X, ~CB(4,)0<x, < 1,)(2|x1 ~CB(A,,2,,x,)0<x, <1—x,,

fo (i A)=CANA) (1-4) " 0<x <10< 4 <1,
In(1-2,)-n(4,) P

1-2A4 S
Cl(/11): | | 1 ,
— A #= =
2 2
2 ) P 1-x,-x,
sz‘x‘ (x2|xl):C’2(ﬂ‘l’ﬂ‘2’xl{l—2ﬂ«1] [1_1_2/11J ’OS)C2 Sl—x1;0</12 <1—/11;
Cz(ﬂl,ﬂz’xl): ln(/12)_ln(1—ﬂ.l _/12)

12 1-x; . /12 1-x, ’
-4 -4

1.X, ~CB(4)0<x, <LX,|x, ~CB(4,4,,x,)0<x, <1-x,

X, 1- X,

A -4

1-X, =X, +(1-X, - X,)
X, 1-X, - X,
A’Z 1— /12

1-4, 1-

fo i d)f (5,0, )= € (2)C, (A0, 22 XA ) (A )2 (1= 4, = 2, )7

0<x <10<x,<1l-x,

1—x, ..
But fX2 (xz) = L fX] (x1 ,-A)sz‘xl (x2 |x1 )a’x1 , 1t is not CB(/I2 )

11



2.X, ~CB(4,)0< x, SLX |x, ~ CB(4,,4,,x,)0< x, <1-x,,
X, 1- X,
A, 1- 4,
1-X,=X,+(1-X,-X,)
X, 1-X,- X,
4 A
1- 2, 1- 4,

Sx, (xz A )fxl\xz (xl |x2 ) =C, (/12 )Cz (/11 Ay X, )(/11 )XI (/12 )xz (1 -4 =4 )I_XI_X2 )
0<x,<10<x, <1l-x,,

But fX1 (x1)= J'Ol—xl sz (Xz ,-ﬂz)f)(l‘x2 (xl|x2 )a'x2 , it is not CB(]1 )

S (x, s 4)f X, ()c2 |x1 ) # fx, (x,; 4)f e (xl |x2 ), the Bayesian cannot be applied.

3. The statistical analysis method,
() The X,=p,,+B,H,(X,)+e,i=23,.k H,(X,) is the function of X,
(2) X, ~CB(4)0<x, <LX,|x, ~CB(4,4,x )0<x, <1-x,
X,k ~CB(4,4,,x)0<x, <1-x,
2 A,

H N N — :—J) i; ‘:273:""’k’i¢ "
’ 1-4, 1-4 ’ ’

Please see model 3--- chapter 5, chapter 6, chapter 7.
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Section 4. Model 4
For easy to explain, k=3,

There are 3 categories, X, and X, are continuous random variables,

X, X, 1-X, - X,

21 /12 1_ll_ﬂ“z

The Continuous Trinomial distribution and trial number=1,
f)(l,)(2 (xl Xy Ay, Ay ) = C(ﬂ“l Ay )lf] A (1 -4 =4, )H‘1 -,

O0<x, <10<x,<10<x +x,<10<A4 <0<, <0< A +4, <],

Please refer chapter 9 of book, “Continuous Bernoulli --- simulator and test statistic”,
this is free book, this book can download from http://vixra.org/abs/2012.0088.

13



Chapter 3 Continuous Bernoulli distribution to manage K
categories --- Model 1

There are k categories, X,,X,,..., X, are continuous random variables,

l k-1
4 ’ A =1=-Y 2,
i=1

X, ~CB(A)0<x <1,i=12,.k
Because X, + X isnot CB(/LI. +4, ),1' # J, the difference of 4, + 4, and A will

use the other method. This method is setting a new random variable Y which
probability distribution is CB(4, +4,).

Section 1.The marginal probability of Y and X;

X, ~CB(4,)0<x,<1,i=123,Y ~CB(4 +4,)i# j and ¥ > X, but the joint

probability density function cannot be converted, there are only marginal probability
density and the relationship of ¥ and X;,.
(1)The pdf and df of X,
Ix, (% 4)=CA A4 ) (1-2)7" 0<x <10< 2 <1,
2tanh™ (1-24,) .

()

C(ﬂi)z 1-24, 2
27, =2
2
X 1-x; N
(;Li) (1_/11') +A 1’/1[751
Fy (x,;4,) 24, -1 2,0< x; <1
x,.,/ll.—l
2
A 1 1
—+ - if A #—
E(x,)= ,I_A,.—1 2tan”(1-24,) 2
1
- il =
2 A 2
Zoge(RNDX(Z/Ii _1)_(/11‘ _1))_10&»(1_]“:‘) 1 = l
l 4 o2
RND:FXl(xi"ﬂ’i)’xi = o8 1_/11'
RND, A, = —

14



(2)The pdfand df of Y

fy(y"/li +ﬂ’j): C(ﬂ’i +/1j)(/1i +ﬂ“jY(l_(/1i +}“j))l_y’ogy <10< 4 +/1j <1,

2tank” (1-2(4, + 4, )),/L il
RN B chel
2,/1i+ij:%
-
(4 +2,)(1-2+2,) y+(/1i+ﬂ,j)—1’ii+/1j 1
FY(y"/iiJrﬁj): 2(’11""}“/)_1 0<y<l
y,/”ti+2,j=%
A, 1 if 242, %
E(r)= 204, +4,) -1 2ean(1-2(2,+2,)) 7 7 2
% y%+@=%
RND = F, (v, 2, + 4,),
log,(RND x (2(4, + 2, )~1)— (4, + 2,)-1))~tog, (1 - (1, + 4,)) pa L)
I (}“z‘""lj) 2
RND,/li+ﬂj:%

When RND =F,(y; 4, +4,)=F, (x,;2,).y=x,.

15



(3) X,+X, isnot X ~CB(4 +4,)0<x, +x, <],
(1)X1~CB(lamda1=0.2),X2~CB(lamda2=0.25),

f(x1),F(x1) Coefficient
Mathematical Mean: 0.38801
h Geometrical Mean : 0.25581
Harmonic Mean 0.03130
Variance 0.07589
S.D. 0.27549
Skewed Coef. 0.47615
Kurtosis Coef. 2.11585
e MAD 0.23443
Range 1.00000
Mid_range 0.50000
Median 0.33901
Q1 0.14978
Q2 0.33901
Q3 0.59631
IQR 0.44653
C.V. 0.71001
f(x2),F(x2) Coefticient
g Mathematical Mean: 0.41022
“r Geometrical Mean : 0.27619
Harmonic Mean 0.00970
Variance 0.07854
S.D. 0.28025
Skewed Coef. 0.37856
Kurtosis Coef. 1.99898
MAD 0.23998
Range 1.00000
Mid_range 0.50000
Median 0.36904
Q1 0.16592
Q2 0.36904
Q3 0.63091
IQR 0.46500
- C.V. 0.68316
X3~ CB(lamdal+lamda2=0.45)
f(x3),F(x3) Coefticient
Mathematical Mean: 0.48329
Geometrical Mean : 0.34971
Harmonic Mean 0.04740
Variance 0.08316
S.D. 0.28838
Skewed Coef. 0.06955
Kurtosis Coef. 1.80671
MAD 0.24964
Range 1.00000
Mid range 0.50000
Median 0.47495
Q1 0.23183
Q2 0.47495
Q3 0.73058
IQR 0.49875
C.V. 0.59670

16




Y1=X1+X2,

f(yl),F(yl) Coefficient
Mathematical Mean: 0.79822
e Geometrical Mean : 0.67848
Harmonic Mean 0.50239
Variance 0.15442
S.D. 0.39297
Skewed Coef. 0.30110
Kurtosis Coef. 2.52713
by MAD 0.32252
Range 1.99986
Mid_range 1.00000
Median 0.78065
Ql 0.49440
Q2 0.78065
Q3 1.06479
IQR 0.57038
C.V. 0.49230
Y2=X2-XI1,
f(y2),F(y2) Coefficient
il - Mathematical Mean: 0.02221
) Geometrical Mean : none
Harmonic Mean : none
Variance : 0.15444
S.D. 0.39299
Skewed Coef. -0.02675
‘ Kurtosis Coef. 2.52738
— MAD 0.31707
{ Range 1.99983
| Mid_range -0.00000
Median 0.02057
Ql -0.24679
Q2 0.02057
Q3 0.29656
IQR 0.54334
-~ C.V. 17.69069

17




(2)X1~CB(lamdal=0.1),X2~CB(lamda2=0.5),

f(x1),F(x1) Coefficient
Mathematical Mean: 0.33011
pnee Geometrical Mean : 0.20661
Harmonic Mean 0.02353
Variance 0.06650
S.D. 0.25788
Skewed Coef. 0.74400
Kurtosis Coef. 2.58171
MAD 0.21453
Range 1.00000
Mid_range 0.50000
Median 0.26749
Ql 0.11438
Q2 0.26749
Q3 0.49999
IQR 0.38561
C.V. 0.78121
f(x2),F(x2) Coefticient
N Mathematical Mean: 0.49998
“r Geometrical Mean : 0.36782
Harmonic Mean 0.01589
Variance 0.08334
S.D. 0.28869
Skewed Coef. 0.00005
Kurtosis Coef. 1.79995
MAD 0.25001
Range 1.00000
Mid range 0.50000
Median 0.49997
Q1 0.24994
Q2 0.49997
Q3 0.74999
IQR 0.50004
C.V. 0.57740
X3~ CB(lamdal+lamda2=0.6)
f(x3),F(x3) Coefticient
Mathematical Mean: 0.53370
T Geometrical Mean : 0.40612
Harmonic Mean 0.06341
Variance 0.08265
S.D. 0.28748
Skewed Coef. -0.14031
Kurtosis Coef. 1.82726
MAD 0.24857
Range 1.00000
Mid range 0.50000
Median 0.55033
(0] 0.29049
Q2 0.55033
Q3 0.78541
IQR 0.49492
C.V. 0.53867
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Y1=X1+X2,

f(yl),F(yl) Coefficient
——— Mathematical Mean: 0.83009
Geometrical Mean : 0.71614
Harmonic Mean 0.54206
Variance 0.14984
S.D. 0.38709
Skewed Coef. 0.21975
Kurtosis Coef. 2.54594
MAD 0.31602
Range 1.99984
Mid_range 1.00000
Median 0.82534
Ql 0.53763
Q2 0.82534
Q3 1.08938
IQR 0.55174
e C.V. 0.46632
Y2=X2-X1,
f(y2),F(y2) Coefficient
o, Mathematical Mean: 0.16987
Geometrical Mean : none
Harmonic Mean : none
Variance : 0.14985
S.D. 0.38711
Skewed Coef. -0.21994
Kurtosis Coef. 2.54612
MAD 0.31604
Range 1.99981
Mid_range 0.00004
Median 0.17469
Q1 -0.08944
Q2 0.17469
Q3 0.46229
IQR 0.55173
C.V. 2.27888
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(3)X1~CB(lamda1=0.001),X2~CB(lamda2=0.002),

f(x1),F(x1) Coefficient
o Mathematical Mean: 0.14378
. Geometrical Mean : 0.08108
Harmonic Mean 0.00845
Variance 0.01996
S.D. 0.14127
Skewed Coef. 1.79638
Kurtosis Coef. 7.08620
- = MAD 0.10536
Range 1.00000
Mid_range 0.50000
Median 0.10021
Ql 0.04160
Q2 0.10021
Q3 0.20028
IQR 0.15867
C.V. 0.98259
f(x2),F(x2) Coefticient
) Mathematical Mean: 0.15895
Geometrical Mean : 0.08990
Harmonic Mean 0.00258
Variance 0.02390
S.D. 0.15459
Skewed Coef. 1.71138
Kurtosis Coef. 6.48962
MAD 0.11614
Range 1.00000
Mid_range 0.50000
Median 0.11124
Q1 0.04619
Q2 0.11124
Q3 0.22217
IQR 0.17598
C.V. 0.97260
X3~ CB(lamdal+lamda2=0.003)
f(x3),F(x3) Coefficient
: —— Mathematical Mean: 0.16921
L Geometrical Mean : 0.09598
Harmonic Mean 0.00922
Variance 0.02663
S.D. 0.16319
Skewed Coef. 1.64984
Kurtosis Coef. 6.09710
oy e MAD 0.12329
( Range 1.00000
Mid range 0.50000
Median 0.11886
Q1 0.04938
Q2 0.11886
Q3 0.23722
IQR 0.18785
C.V. 0.96446
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Y1=X1+X2,

f(yl),F(yl) Coefficient
- Mathematical Mean: 0.30273
o Geometrical Mean : 0.23200
Harmonic Mean 0.15230
Variance 0.04385
S.D. 0.20941
Skewed Coef. 1.23968
Kurtosis Coef. 4.88221
ey MAD 0.16259
Range 1.99608
Mid_range 0.99806
Median 0.25569
Ql 0.14649
Q2 0.25569
Q3 0.40969
IQR 0.26320
W C.V. 0.69175
Y2=X2-X1,
f(y2),F(y2) Coefticient
Y Mathematical Mean: 0.01517
T Geometrical Mean : none
Harmonic Mean : none
Variance 0.04386
S.D. 0.20943
Skewed Coef. 0.13678
Kurtosis Coef. 4.88151
MAD 0.15068
Range 1.99910
Mid_range -0.00006
Median 0.00814
Q1 -0.09235
Q2 0.00814
Q3 0.11907
IQR 0.21142
C.V. 13.80541
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(4)X1~CB(lamda1=0.001),X2~CB(lamda2=0.2),

f(x1),F(x1) Coefficient
' > Mathematical Mean: 0.14378
o Geometrical Mean : 0.08108
Harmonic Mean 0.00845
Variance 0.01996
S.D. 0.14127
Skewed Coef. 1.79638
Kurtosis Coef. 7.08620
MAD 0.10536
Range 1.00000
Mid_range 0.50000
Median 0.10021
Ql 0.04160
Q2 0.10021
Q3 0.20028
IQR 0.15867
v C.V. 0.98259
f(x2),F(x2) Coefticient
Mathematical Mean: 0.38800
" Geometrical Mean : 0.25576
Harmonic Mean 0.00865
Variance 0.07590
S.D. 0.27550
Skewed Coef. 0.47611
Kurtosis Coef. 2.11581
e MAD 0.23444
Range 1.00000
Mid range 0.50000
Median 0.33901
Ql 0.14974
Q2 0.33901
Q3 0.59631
IQR 0.44656
g C.V. 0.71006
X3~ CB(lamdal+lamda2=0.2001)
f(x3),F(x3) Coefticient
L Mathematical Mean: 0.38848
Geometrical Mean : 0.25624
Harmonic Mean 0.02885
Variance 0.07596
S.D. 0.27560
Skewed Coef. 0.47401
Kurtosis Coef. 2.11303
MAD 0.23456
Range 1.00000
Mid range 0.50000
Median 0.33965
QI 0.15011
Q2 0.33965
Q3 0.59709
IQR 0.44698
C.V. 0.70942
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Y1=X1+X2,

f(yl),F(yl) Coefficient
. e Mathematical Mean: 0.53177
1 Geometrical Mean : 0.42486
Harmonic Mean 0.28434
Variance 0.09585
S.D. 0.30960
Skewed Coef. 0.50586
Kurtosis Coef. 2.62237
" MAD 0.25767
| Range 1.99789
Mid_range 0.99898
Median 0.49047
Ql 0.27958
Q2 0.49047
Q3 0.75474
IQR 0.47516
C.V. 0.58220
Y2=X2-X1,
f(y2),F(y2) Coefficient
4 g Mathematical Mean: 0.24422
Geometrical Mean : none
Harmonic Mean : none
Variance : 0.09587
S.D. 0.30962
Skewed Coef. 0.16479
Kurtosis Coef. 2.62263
~ MAD 0.25387
Range 1.99913
Mid_range 0.00035
Median 0.20771
Ql 0.01836
Q2 0.20771
Q3 0.46641
IQR 0.44806
C.V. 1.26782
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(5)X1~CB(lamda1=0.001),X2~CB(lamda2=0.99),

f(x1),F(x1) Coefficient
e Mathematical Mean: 0.14378
Geometrical Mean : 0.08108
Harmonic Mean 0.00845
Variance 0.01996
S.D. 0.14127
Skewed Coef. 1.79638
Kurtosis Coef. 7.08620
MAD 0.10536
Range 1.00000
Mid_range 0.50000
Median 0.10021
Ql 0.04160
Q2 0.10021
Q3 0.20028
IQR 0.15867
' C.V. 0.98259
f(x2),F(x2) Coefticient
) —— Mathematical Mean: 0.79256
g Geometrical Mean : 0.75290
Harmonic Mean 0.24327
Variance 0.03707
S.D. 0.19252
Skewed Coef. -1.41563
Kurtosis Coef. 4.83045
MAD 0.14892
: Range 1.00000
Mid range 0.50000
Median 0.85133
Q1 0.70476
Q2 0.85133
Q3 0.93812
IQR 0.23336
C.V. 0.24291
X3~ CB(lamdal+lamda2=0.9901)
f(x3),F(x3) Coefticient
— Mathematical Mean: 0.79647
| Geometrical Mean : 0.75842
Harmonic Mean 0.50196
Variance 0.03599
S.D. 0.18970
Skewed Coef. -1.43914
Kurtosis Coef. 4.94415
MAD 0.14637
Range 1.00000
Mid_range 0.50000
Median 0.85449
Q1 0.71086
Q2 0.85449
Q3 0.93946
IQR 0.22860
C.V. 0.23817
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Y1=X1+X2,

f(yl),F(yl) Coefficient
. Mathematical Mean: 0.93633
Geometrical Mean : 0.89651
Harmonic Mean 0.82529
Variance 0.05702
S.D. 0.23879
Skewed Coef. -0.37012
Kurtosis Coef. 4.27366
MAD 0.17669
Range 1.99938
Mid_range 0.99992
Median 0.96212
Ql 0.81555
Q2 0.96212
Q3 1.06893
IQR 0.25337
. C.V. 0.25503

Y2=X2-X1,

f(y2),F(y2) Coefficient
Mathematical Mean: 0.64878

oy Geometrical Mean : none

Harmonic Mean
Variance 0.05702
S.D. 0.23880
Skewed Coef. -1.11376
Kurtosis Coef. 4.27383
MAD 0.18775
Range 1.99666
Mid_range 0.00166
Median 0.70178
Ql 0.52128
Q2 0.70178
Q3 0.82956
IQR 0.30828
C.V. 0.36807
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Section 2. The test statistic of A

iid
X, X)X, ~ CB(/i), n random samples from CB(&).
The Z test statistic for large sample,

n>6+250x| 4-0.5],if0.1< 1 <0.9,
n>100+2000% (A -0.1), if 1 <0.1,
n>100+2000x ( A -0.9),if 1>0.9,

n

— B ZXt
\/;(X—,u) \Normal(O,l),X:L,,
o n
H,:A=c H,:1=c,
* \/; }_l«lo * .
Z = —Z ~Normal(01),|Z'| > Z,,, rejected H, and P(z>Z,,)=
Oy
c ) |
2c—1+2tan’1(l—2c) lfc;tz
Hy = 1 1
2 A=
2 4 2
(1-c)e 1 o1
+ if c#—
ol = (1-2¢) (2tan’1(1—2c))2 2
1 o1
12 =3

Please refer book, “Continuous Bernoulli - simulator and test statistic”, this is free
book, this book can download from http://vixra.org/abs/2012.0088.
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Section 3. The joint probability distribution of Y and X;
The simulator can compute the joint probability distribution of ¥ and X,

RND :FY(y’.;i’i +ﬂ’j):FX,- (xi’./li)’yle'

There are 3 categories, X, and Y are continuous random variables,

A A

1-4, - 4,

X, ~ CB(A,),Yl ~ CB(X., "'ﬂ'z)’f)(l,y1 (x1’y1)=?

(3-1) 4=0.1, 4,=0.05, fy, (x.v,) fr (x) £ (),

fx1,yl)

Lt

F(Xl.,y)

E(X1)=0.3302, Var(X1)=0.0665, E(Y1)=0.3623, Var(Y1)= 0.0722,
Cov(X1,Y1)=0.0692, X1 and Y1 correlation coefficient=0.9987.

f(x1),F(x1) Coefficient
oo i Mathematical Mean: 0.33015
Geometrical Mean : 0.20662
Harmonic Mean 0.02220
Variance 0.06651
S.D. 0.25790
Skewed Coef. 0.74369
Kurtosis Coef. 2.58117
""" MAD 0.21454
Range 1.00000
Mid_range 0.50000
Median 0.26756
Q1 0.11440
Q2 0.26756
Q3 0.50008
IQR 0.38568
""" C.V. 0.78115
f(yl),F(yl) Coefticient
, »4-. no—— Mathematical Mean: 0.36225
: Geometrical Mean : 0.23320
Harmonic Mean 0.02599
Variance 0.07215
S.D. 0.26861
Skewed Coef. 0.59238
Kurtosis Coef. 2.29150
Cop MAD 0.22654
Range 1.00000
Mid_range 0.50000
Median 0.30596
Q1 0.13292
Q2 0.30596
Q3 0.55433
IQR 0.42142
el i C.V. 0.74151
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(3-2) 4,=0.1, 4,=0.1, le,Yl(xl’yl)’le(xl)’le(yl)’

f(x1,y1) F(xLy)
E(X1)= 0.3302, Var(X1)= 0.0665, E(Y1)= 0.3881, Var(Y 1)= 0.0759,
Cov(X1,Y1)=0.0707, X1 and Y1 correlation coefficient=0.9957.
f(x1),F(x1) Coefficient
{ ——— Mathematical Mean: 0.33015
1R Geometrical Mean : 0.20662
Harmonic Mean : 0.02220
Variance : 0.06651
S.D. : 0.25790
Skewed Coef. : 0.74369
Kurtosis Coef. 2.58117
v T MAD : 0.21454
" Range : 1.00000
Mid_range : 0.50000
Median : 0.26756
Q1 : 0.11440
Q2 : 0.26756
Q3 : 0.50008
IQR : 0.38568
o C.V. : 0.78115
f(y1),F(yl) Coefficient
' o Mathematical Mean: 0.38805
- Geometrical Mean : 0.25582
Harmonic Mean : 0.02954
Variance : 0.07590
S.D. : 0.27550
Skewed Coef. : 0.47584
Kurtosis Coef. 2.11554
e A MAD : 0.23444
Range : 1.00000
Mid_range : 0.50000
Median : 0.33910
Ql : 0.14980
Q2 : 0.33910
Q3 : 0.59640
/ IQR : 0.44660
e woie C.V. : 0.70996
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(3-3) 4,=0.1,

4,=0.8, le,Yl (xl Vi )’fxl (‘xl )’le (yl )’

fix1yl)

F(xLy)

P

. —

E(X1)=0.3302, Var(X1)=0.0665, E(Y1)=
Cov(X1,Y1)=0.0585, X1 and Y1 correlation coefficient=0.8796.

0.6699, Var(Y1)=0.0665,

f(x1),F(x1) Coefficient
. e Mathematical Mean: 0.33015
A Geometrical Mean : 0.20662
Harmonic Mean 0.02220
: Variance 0.06651
b S.D. 0.25790
Skewed Coef. 0.74369
Kurtosis Coef. 2.58117
o - MAD 0.21454
‘ Range 1.00000
Mid_range 0.50000
Median 0.26756
# Q1 0.11440
Q2 0.26756
y Q3 0.50008
IQR 0.38568
v o C.V. 0.78115
f(yl),F(yl) Coefficient
i ’ T Mathematical Mean: 0.66991
/ Geometrical Mean : 0.58008
g Harmonic Mean 0.16713
Variance 0.06651
S.D. 0.25789
Skewed Coef. -0.74423
Kurtosis Coef. 2.58218
g Thmtoe MAD 0.21453
Range 1.00000
Mid_range 0.50000
Median 0.73254
Ql 0.50004
Q2 0.73254
Q3 0.88566
IQR 0.38561
L L asi C.V. 0.38497
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(3-4) 4,=0.2, 4,=0.7, le,Yl (xl Y1 )’ le (‘xl )’ le (yl )’

E(X1)=10.3881, Var(X1)=0.0759, E(Y1)=
Cov(X1,Y1)=0.0649, X1 and Y1 correlation coefficient=0.9134.

0.6699, Var(Y1)=0.0665,

f(x1),F(x1) Coefficient
= 5 ———— Mathematical Mean: 0.38805
T Geometrical Mean : 0.25582
Harmonic Mean 0.02954
Variance 0.07590
S.D. 0.27550
Skewed Coef. 0.47584
Kurtosis Coef. 2.11554
b TR MAD 0.23444
Range 1.00000
Mid_range 0.50000
Median 0.33910
Q1 0.14980
Q2 0.33910
Q3 0.59640
IQR 0.44660
L C.V. 0.70996
f(yl),F(yl) Coefficient
Y —— Mathematical Mean: 0.66991
- Geometrical Mean : 0.58008
Harmonic Mean 0.16713
Variance 0.06651
S.D. 0.25789
Skewed Coef. -0.74423
Kurtosis Coef. 2.58218
- — MAD 0.21453
e Range 1.00000
Mid range 0.50000
Median 0.73254
Ql 0.50004
Q2 0.73254
Q3 0.88566
IQR 0.38561
o C.V. 0.38497

30




(3-5) 4,=0.3, 4,=0.6, le,Yl(xl’yl)’le(‘xl)’le(yl)’

FxLy)

fix1,yl)

—

E(X1)=0.4303, Var(X1)=0.0804, E(Y1)= 0.6699, Var(Y1)= 0.0665,
Cov(X1,Y1)=0.0684, X1 and Y1 correlation coefficient=0.9355.

f(x1),F(x1) Coefficient
o ¥ M Mathematical Mean: 0.43026
“T Geometrical Mean : 0.29538
Harmonic Mean 0.03662
Variance 0.08043
S.D. 0.28360
Skewed Coef. 0.29236
Kurtosis Coef. 1.91845
R - MAD 0.24393
ad Range 1.00000
Mid_range 0.50000
Median 0.39718
Ql 0.18196
Q2 0.39718
Q3 0.66055
IQR 0.47859
- > C.V. 0.65913
f(yl),F(yl) Coefficient
. W— Mathematical Mean: 0.66991
| Geometrical Mean : 0.58008
Harmonic Mean 0.16713
Variance 0.06651
S.D. 0.25789
Skewed Coef. -0.74423
Kurtosis Coef. 2.58218
- R MAD 0.21453
4 Range 1.00000
Mid_range 0.50000
Median 0.73254
Ql 0.50004
Q2 0.73254
Q3 0.88566
IQR 0.38561
- C.V. 0.38497
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(3-6) 4,=0.5, 4,=04, le,Yl(xl’yl)’le(‘x

1)’le (yl)’

fix1,yl)

FxLy)

E(X1)= 0.5000, Var(X1)= 0.0833, E(Y1)=

y

0.6699, Var(Y1)=0.0665,

Cov(X1,Y1)=0.0719, X1 and Y1 correlation coefficient=0.9659.

f(x1),F(x1) Coefticient
N S Mathematical Mean: 0.50004
N Geometrical Mean : 0.36790
Harmonic Mean 0.05342
Variance 0.08333
S.D. 0.28868
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
Thwra MAD 0.25000
. Range 1.00000
Mid_range 0.50000
Median 0.50007
Q1 0.25003
Q2 0.50007
Q3 0.75006
: IQR 0.50003
o comrae C.V. 0.57731
f(yl),F(yl) Coefficient
- Mathematical Mean: 0.66991
s Geometrical Mean : 0.58008
Harmonic Mean 0.16713
Variance 0.06651
S.D. 0.25789
Skewed Coef. -0.74423
Kurtosis Coef. 2.58218
AN MAD 0.21453
Range 1.00000
Mid range 0.50000
Median 0.73254
Ql 0.50004
Q2 0.73254
Q3 0.88566
IQR 0.38561
" Stes C.V. 0.38497
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(3-7) 4=0.6, 1,=0.35, le,Yl(xl’yl)’le(‘xl)’le(yl)’

F(x1,y)
E(X1)=0.5337, Var(X1)=0.0827, E(Y1)=0.7160, Var(Y1)= 0.0567,
Cov(X1,Y1)=0.0657, X1 and Y1 correlation coefficient=0.9603.
f(x1),F(x1) Coefficient
: Np—— Mathematical Mean: 0.53374
- . Geometrical Mean : 0.40613
Harmonic Mean : 0.06503
Variance : 0.08265
S.D. : 0.28750
Skewed Coef. : -0.14058
Kurtosis Coef. 1.82732
T TR MAD : 0.24858
¥4 Range : 1.00000
Mid_range : 0.50000
Median : 0.55041
Ql : 0.29053
Q2 : 0.55041
Q3 : 0.78546
IQR : 0.49493
e twen C.V. : 0.53865
f(y1),F(yl) Coefficient
ik — Mathematical Mean: 0.71596
Geometrical Mean : 0.64435
Harmonic Mean : 0.24628
Variance : 0.05670
S.D. : 0.23813
Skewed Coef. : -0.97717
Kurtosis Coef. 3.17194
b s A MAD : 0.19335
; Range : 1.00000
Mid_range : 0.50000
Median : 0.78205
Ql : 0.57901
Q2 : 0.78205
Q3 : 0.90823
IQR : 0.32922
S C.V. : 0.33260
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(3-8) 4,=0.7, 4,=0.25, le,Yl (x1 Y1 )’ le (‘xl )’ le (yl )’

fix1,yl)

F(xLy)

E(X1)= 0.5698, Var(X1)= 0.0804, E(Y )=

y

0.7160, Var(Y1)= 0.0567,

Cov(X1,Y1)=0.0658, X1 and Y1 correlation coefficient=0.9737.

f(x1),F(x1) Coefficient
A —_— Mathematical Mean: 0.56982
B Geometrical Mean : 0.44932
Harmonic Mean 0.08139
Variance 0.08043
S.D. 0.28359
Skewed Coef. -0.29282
Kurtosis Coef. 1.91881
e MAD 0.24393
Range 1.00000
Mid_range 0.50000
Median 0.60295
2 Q1 0.33957
Q2 0.60295
Q3 0.81812
IQR 0.47855
- el C.V. 0.49769
f(y1),F(yl) Coefficient
) — Mathematical Mean: 0.71596
—— Geometrical Mean : 0.64435
Harmonic Mean 0.24628
Variance 0.05670
S.D. 0.23813
Skewed Coef. -0.97717
Kurtosis Coef. 3.17194
, | MAD 0.19335
o oy Range 1.00000
Mid_range 0.50000
Median 0.78205
v Q1 0.57901
- Q2 0.78205
Q3 0.90823
IQR 0.32922
C.V. 0.33260

VoWt ramsies
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(3-9) 4,=0.8, 4,=0.15, le,Yl(xl’yl)’le(xl)’le(yl)’

f(x1,y1) F(xLy)
E(X1)= 0.6120, Var(X1)= 0.0759, E(Y 1)= 0.7160, Var(Y 1)= 0.0567,
Cov(X1,Y1)=0.0647, X1 and Y1 correlation coefficient=0.9862.
f(x1),F(x1) Coefticient
' PR Mathematical Mean: 0.61202
o Geometrical Mean : 0.50264
Harmonic Mean : 0.10813
Variance : 0.07590
S.D. : 0.27550
Skewed Coef. : -0.47632
Kurtosis Coef. 2.11615
Thmris MAD : 0.23443
Range : 1.00000
Mid_range : 0.50000
Median : 0.66102
Ql : 0.40372
Q2 : 0.66102
Q3 : 0.85026
IQR : 0.44654
domite C.V. : 0.45014
f(yl),F(yl) Coefficient
) — Mathematical Mean: 0.71596
- Geometrical Mean : 0.64435
Harmonic Mean : 0.24628
Variance : 0.05670
S.D. : 0.23813
Skewed Coef. : -0.97717
Kurtosis Coef. 3.17194
o MAD : 0.19335
Range : 1.00000
Mid range : 0.50000
Median : 0.78205
Ql : 0.57901
Q2 : 0.78205
Q3 : 0.90823
IQR : 0.32922
[P C.V. : 0.33260
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(3-10) 4,=0.9, 4,=0.08, le,Yl(xl’yl)’le(xl)’le(yl)’

f(x1,y1) F(xLy)
E(X1)=0.6699, Var(X1)=0.0665, E(Y1)=0.7639, Var(Y 1)= 0.0448,
Cov(X1,Y1)=0.0539, X1 and Y1 correlation coefficient=0.9883.
f(x1),F(x1) Coefficient
1 —— Mathematical Mean: 0.66991
" Geometrical Mean : 0.58008
Harmonic Mean : 0.16713
o Variance : 0.06651
S.D. : 0.25789
Skewed Coef. : -0.74423
Kurtosis Coef. 2.58218
TS Sonias MAD : 0.21453
" Range : 1.00000
Mid_range : 0.50000
Median : 0.73254
Q1 : 0.50004
Q2 : 0.73254
Q3 : 0.88566
IQR : 0.38561
oo = C.V. : 0.38497
f(yl),F(yl) Coefficient
™ —— Mathematical Mean: 0.76390
. Geometrical Mean : 0.71242
Harmonic Mean : 0.37967
Variance : 0.04476
S.D. : 0.21156
Skewed Coef. : -1.24410
Kurtosis Coef. 4.08608
b b MAD : 0.16675
g Range : 1.00000
Mid range : 0.50000
Median : 0.82712
Ql : 0.65909
> Q2 : 0.82712
Q3 : 0.92784
IQR : 0.26875
e - C.V. : 0.27695
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(3-11) 4=03, 4,=0.2, le,Yl(xl’yl)’le(xl)’le(yl)’

fix1yl)

oy

E(X1)= 0.4303, Var(X1)= 0.0804, E(Y )=

0.5000, Var(Y1)=0.0833,
Cov(X1,Y1)=0.0814, X1 and Y1 correlation coefficient=0.9942.

f(x1),F(x1) Coefficient
' R—— Mathematical Mean: 0.43026
“1 Geometrical Mean : 0.29538
Harmonic Mean 0.03662
Variance 0.08043
S.D. 0.28360
Skewed Coef. 0.29236
Kurtosis Coef. 1.91845
N ' 4 MAD 0.24393
| Range 1.00000
Mid_range 0.50000
Median 0.39718
Ql 0.18196
Q2 0.39718
Q3 0.66055
) IQR 0.47859
o o C.V. 0.65913
f(yl),F(yl) Coefficient
Dp— Mathematical Mean: 0.50004
- ' Geometrical Mean : 0.36790
Harmonic Mean 0.05342
Variance 0.08333
S.D. 0.28868
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
7 S MAD 0.25000
Range 1.00000
Mid range 0.50000
Median 0.50007
Ql 0.25003
Q2 0.50007
Q3 0.75006
, IQR 0.50003
- —-s C.V. 0.57731

37




Section 4. How to analyze three categories’ parameters
There are 3 categories, X, and Y, are continuous random variables,

/11 /12 1_/11_/12
X, ~ CB(AJ)’YI ~ CB(ﬂq +/12)’fxl,yl (‘xl’yl):?

The regression analysis can get the non-linear model Y 1=b0+b1*H(X1),
the A, isnot 0 when rejected HO:b1=0.

The ﬂjl + ﬂjz is from Y1 sample mean( Y1) and /i is from XI(X1),/722 = /:LI +}:2 —ﬂ:l
could be computed.

The simulated data is using RND = F; (y1 A+ A ) =Fy (x1 A ) y, 2x, toget

(X1,Y1) paired samples and X1<=Y 1. The non-linear model Y 1=b0+b1*H(X1) will
be computed.

(1) 4,=0.3, 1,=0.2, A, +4,=0.5,
(i)paired sample size=100,
The part of paired samples,

X1 Y1
0.9607445715 0.9746347202
0.1203721277 0.1696841349
0.0282774687 0.0414307076
0.7939963964 0.8569704964
0.6754964044 0.7626501755
0.2037241222 0.2774423673
0.3246340487 0.4208308430
0.1207959625 0.1702515470
0.1740023265 0.2398877452
0.4780280820 0.5828281308
0.1232156947 0.1734870830
0.8437279387 0.8938186684

The analysis result,

Y1 estimated=1.5700653633+-1.5834087029*exp(-X1),

ANOVA
Source df SS MS
Regression 1 7.5415492370 7.5415492370
Error 98 0.0027105346 0.0000276585
Total 99 7.5442597716

HO:slope=0, test statistic=272666.441124 , p value=0.000000
R2=0.999641, R2(adj)=0.999637,MSE=0.000028,

HO:residual population~Gumbel(mu=-0.001817,sigma=0.004845)
chi square test statistic=12.140000, p value=0.016142

(X1,Y1) scatter diagram (X1,R=Y estimated ,B=Y 1) scatter diagram

ot v oA Rttt we
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HO: 1,=0.3,
X1=0.4836358027, , n=100,

A,=0.4508649848,
Z test=1.8822623277, p value=0.060064>0.05, failed to reject HO: A, =0.3.

HO: A, +4,=0.5,
Y1=0.5568830393, n=100,

A, + 1,=0.6653759430,
Z test=1.96828253548, p value=0.049180>0.04,
failed to reject HO: A, + 4,=0.5 when significant level=0.04.

A

4,=0.2145109582.

(ii)paired sample size=1,000,

Y1 estimated=1.5680768009+-1.5797169993*exp(-X1),

ANOVA
Source df SS MS
Regression 1 82.9220718863 82.9220718863
Error 998 0.0299611077 0.0000300211
Total 999 82.9520329939

HO:slope=0, test statistic=2762121.770793 , p value=0.000000
R2=0.999639, R2(adj)=0.999638, MSE=0.000030,

HO:residual population~Gumbel(mu=-0.001970,sigma=0.004448)
chi square test statistic=171.600000, p value=0.000000,

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram

et dagrar and ¢ & SRR Reo=Y astimaled)

-
—

HO: 1,=0.3,
X1=0.4222394055, n=1000,

1,=0.2793598894,
Z test=-0.8932517803, p value=0.371756>0.05, failed to reject HO: A,=0.3.

HO: A4, +4,=0.5,
Y1=0.4916717847, n=1000,
A, + 2,=0.4748661796,

Z test=-0.9186616699, p value=0.358150>0.05,
failed to reject HO: A, +4,=0.5.

A

4,=0.1955062902.
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(iii)paired sample size=10,000,

Y1 estimated= 1.5675966143+-1.5791670133*exp(-X1),

ANOVA
Source df SS MS
Regression 1 v 817.9131296704 817.9131296704
Error 9998 0.3003792537 0.0000300439
Total 9999 818.2135089240

HO:slope=0, test statistic=27223902.352315 , p value=0.000000
R2=0.999633, R2(adj)=0.999633, MSE=0.000030,

HO:residual population~Semi circle(mu=0.001586,R=0.009631)
chi square test statistic=3497.537200, p value=0.000000

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram

o v SRR A Redey schmatea)

HO: 4,=0.3,

X1=0.4333491513, n=10000,

2,=0.3080661185,

Z test=1.0923987272, p value=0.275138>0.05, failed to reject HO: A, =0.3.

HO: A, +4,=0.5,
Y1=0.5038055535, n=10000,
A, + 2,=0.512534403,

Z test=1.29778394807, p value=0.194784>0.04,
failed to reject HO: A, + 4,=0.5 when significant level=0.04.

A

4,=0.204468284500.
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(2) 4,=0.5, 1,=0.2,
(i)paired sample size=100,

Y1 estimated=1.5643036403+-1.5708371599*exp(-X1),

ANOVA
Source df SS MS
Regression | 9.5842941585 9.5842941585
Error 98 0.0035574157 0.0000363002
Total 99 9.5878515742

HO:slope=0, test statistic=264028.976445 , p value=0.000000
R2=0.999629, R2(adj)=0.999625,MSE=0.000036,

HO:residual population~Semi circle(mu=0.000761,R=0.012995)
chi square test statistic=3.600000, p value=0.462222

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram
st + cBINGREING Roc=Y sxamahd)
/

—

HO: 4,=0.5,
X1=0.4966609953, n=100,

A,=0.4898199658,

Z test=-0.1176897237, p value=0.907334>0.05,
failed to reject HO: A, =0.5.

HO: A, +4,=0.7,
Y1=0.5599253663, , n=100,
A, + 1,=0.6736573090,

Z test=-0.3499402787, p value=0.726838>0.05,
failed to reject HO: A, +4,=0.7.

A

A,=0.1838373432.
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(ii)paired sample size=1000,

Y1 estimated=1.5598643966+-1.5663011884*exp(-X1),

ANOVA
Source df SS MS
Regression 1 80.5415912429 80.5415912429
Error 998 0.0356525667 0.0000357240
Total 999 80.5772438096

HO:slope=0, test statistic=2254550.390353 , p value=0.000000
R2=0.999558, R2(adj)=0.999557, MSE=0.000036,

HO:residual population~Gumbel(mu=-0.002167,sigma=0.005260)
chi square test statistic=126.700000, p value=0.000000

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram

2] PO RCUET ST v 'jm“f‘.d Feg=1 ssyrapd)

L1

E) il A
(TR [ 1k 07 oAt

HO: 4,=0.5,
X1=0.4977575724, n=1000,

1,=0.4931093294,
Z test=-0.2520538196, p value=0.801234>0.05, failed to reject HO: A, =0.5.

HO: A4, +4,=0.7,
Y1=0.5675733998, n=100,
A, + 2,=0.6940930635,

Z test=-0.2538413030, p value=0.799874>0.05,
failed to reject HO: A, + 1,=0.7.

A

4,=0.200983734100.
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(iii)paired sample size=10,000,

Y1 estimated=1.5600051956+-1.5665302976*exp(-X1),

ANOVA
Source df SS MS
Regression 1 802.7853778523 802.7853778523
Error 9998 0.3577325569 0.0000357804
Total 9999 803.1431104091

HO:slope=0, test statistic=22436448.831478 , p value=0.000000
R2=0.999555, R2(adj)=0.999555,MSE=0.000036,

HO:residual population~Normal(mu=-0.000239,sigma*sigma=0.000036)
chi square test statistic=2877.572400, p value=0.000000

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram

vt v o IR AN e Foder oRtimg

UTE 0 5990 S e

HO: 4,=0.5,
X1=0.4959252131, n=10000,

1,=0.4876132409,
Z test=-1.4317579646, p value=0.152648>0.05, failed to reject HO: A,=0.5.

HO: A, +4,=0.7,
Y1=0.5659034879, n=10000,
A, + 2,=0.6896794360,

Z test=-1.3915253096, p value=0.164258>0.05,
failed to reject HO: A, +1,=0.7.

A

4,=0.202066195100.
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(3) 4,=0.01, 1,=0.98,
(i)paired sample size=100,

Y1 estimated=1.0572509484+0.1390947589*exp(-X 1)*log(X1),
ANOVA

Source df SS MS
Regression | 5.0156265772 5.0156265772
Error 98 0.0915677673 0.0009343650
Total 99 5.1071943445

HO:slope=0, test statistic=5367.952271 , p value=0.000000

R2=0.982071, R2(adj)=0.981888, MSE=0.000934,

HO:residual population~Double exponential(lamda=47.630911,mu=0.009036)
chi square test statistic=30.340000, p value=0.000007

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram
- X1¥1) sculet Sagram ' ‘.mgﬁ_"‘,,,;!'t p—_—
——— sk = y P L I e
/ p—
/ "
1 {
: !
HO: A,=0.01,

X1=0.2230699670, n=100,
2,=0.0148193727,
Z test=0.8077556252, p value=0.413078>0.05, failed to reject HO: 4,=0.01.

HO: A, +4,=0.99,
Y1=0.7825839288, n=100),
A, + 2,=0.9870542189,

Z test=-0.5376696864, p value=0.591840>0.05,
failed to reject HO: A, +4,=0.99.

A

A,=0.9722348462.
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(ii)paired sample size=1,000,

Y1 estimated=1.0645073391+0.1424359428*exp(-X 1)*log(X1),
ANOVA

Source df SS MS
Regression 1 32.4557462834 32.4557462834
Error 998 0.5966475550 0.0005978432
Total 999 33.0523938383

HO:slope=0, test statistic=54288.054182 , p value=0.000000
R2=0.981948, R2(adj)=0.981930,MSE=0.000598,

HO:residual population~Normal(mu=0.000880,sigma*sigma=0.000525)
chi square test statistic=389.000000, p value=0.000000

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram

ara v o SR o RagsY ealimaka

GUTE 4t

HO: 1,=0.01,
X1=0.2098841803, n=1000,

4,=0.0106635072,
Z test=0.3891665369, p value=0.696918>0.05, failed to reject HO: A,=0.01.

HO: A, + 4,=0.99,
Y1=0.7995297839, n=1000,
A, + 2,=0.9917362444,

Z test=1.0850764725, p value=0.278406>0.05,
failed to reject HO: A, +4,=0.99.

A

4,=0.9810727374.
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(iii)paired sample size=10,000,

Y1 estimated=1.0640708236+0.1421598888*exp(-X1)*log(X1),
ANOVA

Source df SS MS
Regression 1 368.3220651463 368.3220651463
Error 9998 6.5814993966 0.0006582816
Total 9999 374.9035645430

HO:slope=0, test statistic=559520.526464 , p value=0.000000
R2=0.982445, R2(adj)=0.982443 MSE=0.000658,

HO:residual population~Normal(mu=0.002463,sigma*sigma=0.000523)
chi square test statistic=5458.338000, p value=0.000000

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram
st ¢ SIREEA0E Feae T 03HmAN: ST YY1 5 ewtser chagrwen
HO: A,=0.01,

X1=0.2047714215, n=10000,
2,=0.0093036295,
Z test=-1.4242186620, p value=0.154708>0.05, failed to reject HO: A,=0.01.

HO: A, +4,=0.99,
Y1=0.7895459071, n=10000,
A, +2,=0.989165227,

Z test=-1.7561206993, p value=0.079484>0.05,
failed to reject HO: A, +4,=0.99.

A

4,=0.9798615975.
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4) 4,=0.2, 1,=0.2,
(i)paired sample size=100,

Y1 estimated=1.5846042984+-1.5899168911*exp(-X1),

ANOVA
Source df SS MS
Regression 1 8.7794388060 8.7794388060
Error 98 0.0003866507 0.0000039454
Total 99 8.7798254567

HO:slope=0, test statistic=2225225.752166 , p value=0.000000
R2=0.999956, R2(adj)=0.999956,MSE=0.000004,

HO:residual population~Raised cosine(mu=-0.000000,s=0.005469)
chi square test statistic=78.080000, p value=0.000000

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram
TS e v o RIRRIRLAn ) FRo=¥ Soim ated)
’f’ -
o . -
/./ ’I/.
- B
HO: A4,=0.2,

X1=0.3787710273, n=100,
2,=0.1810004845,
Z test=-0.3289117389, p value=0.742840>0.05, failed to reject HO: A,=0.2.

HO: A, +4,=0.4,
Y1=0.4533066720, n=100),
A, + 2,=0.3626232977,

Z test=-0.4601555264, p value=0.645778>0.05,
failed to reject HO: A, +1,=0.4.

A

A,=0.1816228137.

HO: 4, = 4,,
1* step computing 4, =0.1810004845,

HO: A, + A,=2x 1,=0.362000968,
Z test=0.0077258695, p value=0.993596 >0.05,
ailed to reject HO: A, = 4,
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(i1)paired sample size=10,000,

Y1 estimated=1.5848649614+-1.5902900415%exp(-X1),

ANOVA
Source df SS MS
Regression 1 833.2451334080 833.2451334080
Error 9998 0.0360056758 0.0000036013
Total 9999 833.2811390838

HO:slope=0, test statistic=231374211.476341 , p value=0.000000
R2=0.999957, R2(adj)=0.999957, MSE=0.000004,

HO:residual population~Raised cosine(mu=0.000000,s=0.005251)
chi square test statistic=3069.865200, p value=0.000000,

(X1,Y) scatter diagram (X1,R=Y estimated ,B=Y) scatter diagram

et © SINEH Pad=Y astmated)

HO: 1,=0.2,
X1=0.3921348247, n=10000,

4,=0.2087112131,
Z test=1.5621369793, p value=0.118592>0.05, failed to reject HO: A,=0.2.

HO: A, +1,=0.4,
Y 1=0.4705344897, n=10000,
A, + 2,=0.4121634134,

Z test=1.3899724184, p value=0.164946>0.05,
failed to reject HO: A, +1,=0.4.

A

4,=0.2034522003.

HO: 4, = 4,,
1* step computing 4, =0.2087112131,

HO: A, +A,=2x 1,=0.417422426,
Z test=-0.6565827242, p value=0.511600>0.05,
ailed to reject HO: A, = 4,
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Chapter 4 Bernoulli distribution and conditional Bernoulli
distribution--- Model 2

Section 1. The joint probability density function and marginal probability
density function

1. The marginal probability density function and conditional probability density
function,

(1)X1 marginal probability density function,

X, ~CB(4,)0<x <1, X

1-x,
fro () =CA A4 )" (1-4) " 0<x, <10< 4 <1,
In(1-2,)-In(4,) P

~ CB(/I* =2 J,Oﬁxz <l-x,

1

(!
ca)=y ’
— A # =
2 2
A . 1
+ = if A, #—
E(x,)= ?/1 ~1 2tan'(1-24,) 1z
z Th=3
1 1
if‘ﬂ’l * =
Var(x 1 21 2tan (1-24,)) 2
) 1
lfﬂvlzz

(2) Conditional probability density function

P )= €2 & Jou =2 ) 0<1 X, <10< A T
m-7)-ild) , L1
c(r)= =Y 3
1.l
2’
! PR |
X| [ A -1 2tan1(1_211)j(1'x1)lf/1 ;z:E
1
S-x) .
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[(1_1*2’1} Ty zj(l-xl)z 7
Var(X v, )= (1-22) (2tan'(1-24)) 2
Ly oy o1
—(1-x) if =2
(3)E(X2),Var(X2),

X, isnot CB(4,).

E(x,)=EE(X,|x,)

[ 4 1 ijumvfig

-1 2tan™(1-24,)

E(Xz):

(- E(x,) =
Var(X,)= EVar(X,|x, )+ VaE(X,|x,)
E(1-x,7)= E(x?)-2E(x,)+1=Var(x,)+ (E(X,)] - 2E(X,)+1,
(-2) 1 J V)i )
EVar(X2|xl)= ((1_21*)2 (2tan*1(1—2l*))2 E((l X)) ) ifA 5
S E(i-x,y) 7=
Var(1- X, )=Var(X,),
A 1
2% <1 21an’ (1-24,)

( jVar(Xl) if A # 1
VarE(X2 |x1 ) = 2

1 PRI |
EV(IV(XI) lf‘ﬂ/ :E

(4)The joint probability density function,

X X

fxz (xz A )fx, lx, (xl |x2 ) = C(ﬂz )(/12 )Xz (1 -4 )1—x2 C(IS )H (1 - )]_q

0<x,<10<x,<1l-x,,

2 1 P |
E(x.X,)= {2,1*—1+2mn1(1—2/11)J(E(X1)_E(X1 Jira "2
%E(Xl)_E(Xlz) iff :%
COV(XlJXz)ZE(Xle) E(XI)E(Xz)
_ Cov(X,,X,)
O T AT
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Section 2. The joint probability density function image

X .

X, ~CB(1,)0<x, <1,——2-~CB| A = 4, 0<x,<l-x,
X -4

(1)0.2,

(1-1)4, =02, A,=0.1,

f(x1,x2)

PP~

E(X1)= 0.3881, Var(X1)= 0.0759, E(X2)=

0.2125, Var(X2)= 0.0405,

Cov(X1,X2)=-0.0264, X1 and X2 correlation coefficient=-0.4753.

f(x1),F(x1) Coefficient
o . o Mathematical Mean: 0.38806
“r Geometrical Mean : 0.25582
Harmonic Mean 0.02852
Variance 0.07592
S.D. 0.27554
Skewed Coef. 0.47607
Kurtosis Coef. 2.11580
> - MAD 0.23447
. Range 1.00000
Mid_range 0.50000
Median 0.33907
Q1 0.14980
Q2 0.33907
Q3 0.59633
IQR 0.44653
- C.V. 0.71003
f(x2),F(x2) Coefficient
e " Mathematical Mean: 0.21251
' [ Geometrical Mean : 0.11084
Harmonic Mean 0.00239
Variance 0.04052
S.D. 0.20131
Skewed Coef. 1.22119
Kurtosis Coef. 3.92552
— — MAD 0.16033
Range 0.99984
g Mid_range 0.49992
Median 0.14794
Ql 0.05345
Q2 0.14794
Q3 0.31631
IQR 0.26286
C.V. 0.94728
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(1-2)4,=0.2, 1,=02,

f(x1 ,x2_)

——

E(X1)=0.3880, Var(X1)=0.0759, E(X2)= 0.2511, Var(X2)= 0.0482,
Cov(X1,X2)=-0.0311, X1 and X2 correlation coefficient=-0.5150.

f(x1),F(x1) Coefficient
‘ ___“" o, Mathematical Mean: 0.38801
Geometrical Mean : 0.25580
Harmonic Mean 0.02700
Variance 0.07589
S.D. 0.27549
Skewed Coef. 0.47603
Kurtosis Coef. 2.11583
Vo A MAD 0.23443
Range 1.00000
Mid_range 0.50000
Median 0.33905
Ql 0.14980
Q2 0.33905
Q3 0.59629
y IQR 0.44649
" - C.V. 0.71000
f(x2),F(x2) Coefficient
” _"' e Mathematical Mean: 0.25110
' Geometrical Mean : 0.13888
Harmonic Mean 0.00569
Variance 0.04816
S.D. 0.21945
Skewed Coef. 0.97658
Kurtosis Coef. 3.17705
e MAD 0.17924
Range 0.99983
Mid_range 0.49991
Median 0.18856
Q1 0.07052
Q2 0.18856
Q3 0.38184
IQR 0.31132
o - C.V. 0.87396
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(1-3)4,=0.2, 1,=023,

f(x1,x2)
E(X1)=0.3881, Var(X1)=0.0759, E(X2)=0.2801, Var(X2)= 0.0530,
Cov(X1,X2)=-0.0347, X1 and X2 correlation coefficient=-0.5480.
f(x1),F(x1) Coefficient
IO Mathematical Mean: 0.38806
“T Geometrical Mean : 0.25580
Harmonic Mean : 0.02828
Variance : 0.07592
S.D. : 0.27554
Skewed Coef. : 0.47607
Kurtosis Coef. 2.11571
e A MAD : 0.23448
Range : 1.00000
Mid_range : 0.50000
Median : 0.33905
Q1 : 0.14980
Q2 : 0.33905
Q3 : 0.59637
IQR : 0.44657
ia - C.V. : 0.71005
f(x2),F(x2) Coefficient
gEm. Mathematical Mean: 0.28008
- Geometrical Mean : 0.16221
Harmonic Mean : 0.00419
Variance : 0.05296
S.D. : 0.23012
Skewed Coef. : 0.81285
Kurtosis Coef. 2.78196
\ETE T MAD : 0.19072
' Range : 0.99990
Mid_range : 0.49995
Median : 0.22256
Ql : 0.08617
Q2 : 0.22256
Q3 : 0.42956
/ IQR : 0.34338
wim - C.V. : 0.82164
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(1-4) 4, =02, 1,=04,

f(x1,x2)
E(X1)=0.3881, Var(X1)=0.0759, E(X2)= 0.3060, Var(X2)= 0.0565,
Cov(X1,X2)=-0.0379, X1 and X2 correlation coefficient=-0.5794.
f(x1),F(x1) Coefficient
" I Mathematical Mean: 0.38805
- Geometrical Mean : 0.25585
Harmonic Mean : 0.03196
Variance : 0.07590
S.D. : 0.27550
Skewed Coef. : 0.47582
Kurtosis Coef. 2.11564
. s MAD : 0.23444
Range : 1.00000
Mid_range : 0.50000
Median : 0.33913
Ql : 0.14981
Q2 : 0.33913
Q3 : 0.59633
IQR : 0.44652
- . C.V. : 0.70995
f(x2),F(x2) Coefficient
: P Mathematical Mean: 0.30596
T Geometrical Mean : 0.18489
Harmonic Mean : 0.00858
Variance : 0.05650
S.D. : 0.23769
Skewed Coef. : 0.67939
Kurtosis Coef. 2.52106
e - MAD : 0.19894
o Range : 0.99991
Mid_range : 0.49996
Median : 0.25501
Q1 : 0.10271
Q2 : 0.25501
/ Q3 : 0.46986
P IQR : 0.36715
o o C.V. : 0.77689
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(1-5)4,=0.2, ,=0.5,

f(x1,x2)
E(X1)=0.3880, Var(X1)=0.0759, E(X2)=0.3320, Var(X2)= 0.0594,
Cov(X1,X2)=-0.0412, X1 and X2 correlation coefficient=-0.6132.
f(x1),F(x1) Coefficient
= ——— Mathematical Mean: 0.38803
“r Geometrical Mean : 0.25580
Harmonic Mean : 0.02888
Variance : 0.07590
S.D. : 0.27550
Skewed Coef. : 0.47593
Kurtosis Coef. 2.11560
3 == Towide MAD : 0.23445
| Range : 1.00000
Mid_range : 0.50000
Median : 0.33906
Ql : 0.14981
Q2 : 0.33906
Q3 : 0.59636
IQR : 0.44656
o T C.V. : 0.71000
f(x2),F(x2) Coefficient
o — Mathematical Mean: 0.33196
‘r Geometrical Mean : 0.20928
Harmonic Mean : 0.01100
Variance : 0.05939
S.D. : 0.24369
Skewed Coef. : 0.55426
Kurtosis Coef. 2.32337
v T MAD : 0.20548
Range : 0.99988
Mid_range : 0.49994
Median : 0.28902
Ql : 0.12184
Q2 : 0.28902
Q3 : 0.50816
/ IQR : 0.38632
"o C.V. : 0.73410
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(1-6) 4, =0.2, 4, =0.6,

E(X1)= 0.3881, Var(X1)= 0.0759, E(X2)=

0.3609, Var(X2)=0.0618,

Cov(X1,X2)=-0.0448, X1 and X2 correlation coefficient=-0.6538.

f(x1),F(x1) Coefficient
41 - Mathematical Mean: 0.38811
) Geometrical Mean : 0.25586
Harmonic Mean 0.03088
Variance 0.07592
S.D. 0.27554
Skewed Coef. 0.47564
Kurtosis Coef. 2.11507
0 e MAD 0.23448
Range 1.00000
Mid_range 0.50000
Median 0.33914
Ql 0.14982
Q2 0.33914
Q3 0.59653
IQR 0.44671
. ro C.V. 0.70994
f(x2),F(x2) Coefficient
’ r— Mathematical Mean: 0.36090
“T Geometrical Mean : 0.23828
Harmonic Mean 0.01256
Variance 0.06178
S.D. 0.24856
Skewed Coef. 0.42337
Kurtosis Coef. 2.16510
- o MAD 0.21076
" Range 0.99990
Mid range 0.49995
Median 0.32798
Ql 0.14617
’ Q2 0.32798
Q3 0.54790
IQR 0.40173
- 48 C.V. 0.68872
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(1-7)4,=0.2, ,=0.7,

f(x1,x2)
E(X1)= 0.3881, Var(X1)= 0.0759, E(X2)= 0.3995, Var(X2)= 0.0637,
Cov(X1,X2)=-0.0496, X1 and X2 correlation coefficient=-0.7125.
f(x1),F(x1) Coefticient
—3 === Mathematical Mean: 0.38809
- Geometrical Mean : 0.25584
Harmonic Mean : 0.02726
Variance : 0.07591
S.D. : 0.27553
Skewed Coef. : 0.47582
Kurtosis Coef. 2.11539
—~ e MAD : 0.23447
Range : 1.00000
Mid_range : 0.50000
Median : 0.33911
Ql : 0.14981
Q2 : 0.33911
Q3 : 0.59643
IQR : 0.44662
i i C.V. : 0.70996
f(x2),F(x2) Coefficient
- P Mathematical Mean: 0.39947
) Geometrical Mean : 0.27977
Harmonic Mean : 0.01745
Variance : 0.06372
S.D. : 0.25243
Skewed Coef. : 0.25994
\ Kurtosis Coef.  : 2.03479
T T MAD : 0.21486
‘ Range : 0.99991
Mid_range : 0.49995
Median : 0.38044
Q1 : 0.18350
o Q2 : 0.38044
Q3 : 0.59650
. ' IQR : 0.41301
e -rss C.V. : 0.63192
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(2) 4, =0.8,
(2-1)4,=0.8, 4,=0.1,

f(x1,x2)

P

4

E(X1)=0.6121, Var(X1)=0.0759, E(X2)= 0.1940, Var(X2)= 0.0379,
Cov(X1,X2)=-0.0380, X1 and X2 correlation coefficient=-0.7082.

f(x1),F(x1) Coefticient
" BT Mathematical Mean: 0.61210
“r Geometrical Mean : 0.50273
Harmonic Mean : 0.10001
Variance : 0.07589
S.D. : 0.27549
Skewed Coef. : -0.47646
Kurtosis Coef. 2.11635
b - MAD : 0.23443
Range : 1.00000
Mid_range : 0.50000
Median : 0.66110
Ql : 0.40374
Q2 : 0.66110
Q3 : 0.85033
IQR : 0.44659
ave: e C.V. : 0.45007
f(x2),F(x2) Coefticient
K 1 pa——— Mathematical Mean: 0.19397
o ( Geometrical Mean : 0.09405
Harmonic Mean : 0.00162
Variance : 0.03785
S.D. : 0.19455
Skewed Coef. : 1.33877
Kurtosis Coef. 430771
R MAD : 0.15334
Range : 0.99972
Mid range : 0.49986
Median : 0.12732
Ql : 0.04279
Q2 : 0.12732
Q3 : 0.28766
IQR : 0.24487
) C.V. : 1.00300
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(2-2)4,=0.8, 4,=0.15,

f(x1,x2)
E(X1)=0.6120, Var(X1)=0.0759, E(X2)= 0.2289, Var(X2)= 0.0442,
Cov(X1,X2)=-0.0448, X1 and X2 correlation coefficient=-0.7729.
f(x1),F(x1) Coefficient
e Lo e Mathematical Mean: 0.61199
Geometrical Mean : 0.50262
Harmonic Mean : 0.09955
Variance : 0.07590
S.D. : 0.27550
Skewed Coef. : -0.47614
Kurtosis Coef. 2.11588
o e MAD : 0.23444
™ Range : 1.00000
Mid_range : 0.50000
> Median : 0.66098
Ql : 0.40371
Q2 : 0.66098
Q3 : 0.85020
IQR : 0.44649
e 2 C.V. : 0.45017
f(x2),F(x2) Coefficient
@ — Mathematical Mean: 0.22885
o | Geometrical Mean : 0.12132
Harmonic Mean : 0.00419
Variance : 0.04419
S.D. : 0.21022
Skewed Coef. : 1.10978
Kurtosis Coef. 3.55361
— MAD : 0.16950
o e Range : 0.99980
Mid range : 0.49990
Median : 0.16405
Q1 : 0.05937
/ Q2 : 0.16405
Q3 : 0.34496
IQR : 0.28560
2 C.V. : 0.91858
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()4 =0.1,

(3-1)4,=0.1, 1,=02,

f(x1,x2)

E(X1)=0.3302, Var(X1)=0.0665, E(X2)= 0.2668, Var(X2)= 0.0503,
Cov(X1,X2)=-0.0265, X1 and X2 correlation coefficient=-0.4580.

f(x1),F(x1) Coefficient
S— Mathematical Mean: 0.33020
— Geometrical Mean : 0.20663
Harmonic Mean 0.02272
Variance 0.06654
S.D. 0.25795
Skewed Coef. 0.74365
Kurtosis Coef. 2.58080
- o) MAD 0.21459
' Range 1.00000
Mid_range 0.50000
Median 0.26756
Ql 0.11440
Q2 0.26756
Q3 0.50016
IQR 0.38576
C.V. 0.78120
f(x2),F(x2) Coefticient
e — Mathematical Mean: 0.26680
ssE Geometrical Mean : 0.15377
Harmonic Mean 0.00584
Variance 0.05033
S.D. 0.22434
Skewed Coef. 0.89733
Kurtosis Coef. 2.98416
A e MAD 0.18438
T Range 0.99980
E Mid_range 0.49990
Median 0.20688
Q1 0.08068
Q2 0.20688
Q3 0.40579
IQR 0.32512
C.V. 0.84088

L)
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(3-2)4,=0.1, 1,=0.8,

f(x1,x2)
E(X1)=0.3302, Var(X1)= 0.0665, E(X2)= 0.4434, Var(X2)= 0.0642,
Cov(X1,X2)=-0.0440, X1 and X2 correlation coefficient=-0.6740.
f(x1),F(x1) Coefficient
Wy o Mathematical Mean: 0.33020
1 Geometrical Mean : 0.20663
. Harmonic Mean : 0.02272
3 Variance : 0.06654
S.D. : 0.25795
Skewed Coef. : 0.74365
Kurtosis Coef. 2.58080
-7 Thaiiae MAD : 0.21459
(- Range : 1.00000
Mid_range : 0.50000
Median : 0.26756
Ql : 0.11440
Q2 : 0.26756
Q3 : 0.50016
IQR : 0.38576
oo —_p C.V. : 0.78120
f(x2),F(x2) Coefficient
- — Mathematical Mean: 0.44342
“r = Geometrical Mean : 0.33013
Harmonic Mean : 0.02829
Variance : 0.06419
S.D. : 0.25337
Skewed Coef. : 0.08203
Kurtosis Coef. 1.97997
S —ere MAD : 0.21562
| Range : 0.99993
Mid_range : 0.49996
Median : 0.44002
Q1 : 0.23255
Q2 : 0.44002
Q3 : 0.64605
IQR : 0.41349
‘e asemre C.V. : 0.57139
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Section 3. The conditional probability density function

X . A
X, ~CB(14,)0<x, <L,—2|x, ~CB| A =—2-|0<x, <1-x,f(x2[x])=?
1-x, 1-4,
(1), =0.1,
A 1
(1-1) 4, =0.1,—22— = —,
1-4, 9
f(x2[]x1=0.1),F(x2[x1=0.1) Coefficient
—_— Mathematical Mean: 0.30427
. Geometrical Mean : 0.19172
Harmonic Mean 0.02077
Variance 0.05508
S.D. 0.23469
Skewed Coef. 0.70561
Kurtosis Coef. 2.50158
MAD 0.19595
Range 0.90000
Mid_range 0.45000
Median 0.24907
Ql 0.10686
Q2 0.24907
Q3 0.46224
L IQR 0.35538
..... C.V. 0.77133
f(x2[x1=0.2),F(x2|x1=0.2) Coefficient
> ~u Mathematical Mean: 0.27046
o Geometrical Mean : 0.17042
Harmonic Mean 0.01846
Variance 0.04352
S.D. 0.20862
Skewed Coef. 0.70561
Kurtosis Coef. 2.50158
MAD 0.17418
» Range 0.80000
Mid_range 0.40000
Median 0.22140
Q1 0.09499
Q2 0.22140
Q3 0.41088
IQR 0.31589
C.V. 0.77133
f(x2[x1=0.6),F(x2|x1=0.6) Coefficient
‘ n——— Mathematical Mean: 0.13523
i Geometrical Mean : 0.08521
Harmonic Mean 0.00923
Variance 0.01088
S.D. 0.10431
Skewed Coef. 0.70561
Kurtosis Coef. 2.50158
: MAD 0.08709
Range 0.40000
Mid_range 0.20000
Median 0.11070
Q1 0.04749
Q2 0.11070
Q3 0.20544
IQR 0.15795
C.V. 0.77133
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A 1
(1-2) 1, =0.45, 2 = —
1-4, 2
f(x2[x1=0.1),F(x2|x1=0.1) Coefficient
s . Mathematical Mean: 0.45004
= Geometrical Mean : 0.33111
Harmonic Mean 0.04807
Variance 0.06750
S.D. 0.25981
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
MAD 0.22500
e Range 0.90000
Mid_range 0.45000
Median 0.45006
Ql 0.22503
Q2 0.45006
Q3 0.67506
IQR 0.45003
C.V. 0.57731
f(x2[x1=0.5),F(x2[x1=0.5) Coefticient
- e Mathematical Mean: 0.25002
Geometrical Mean : 0.18395
Harmonic Mean 0.02671
Variance 0.02083
S.D. 0.14434
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
— MAD 0.12500
A Range 0.50000
Mid_range 0.25000
Median 0.25004
Q1 0.12502
Q2 0.25004
Q3 0.37503
IQR 0.25002
- - C.V. 0.57731
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(2)4, =028,

A 0.05
(2-1)4, =0.05,— 22— =—""=04,
1-4 2
f(x2[x1=0.1),F(x2|x1=0.1) Coefficient
P Mathematical Mean: 0.36925
- Geometrical Mean : 0.24863
Harmonic Mean 0.02974
Variance 0.06362
S.D. 0.25222
Skewed Coef. 0.37830
Kurtosis Coef. 1.99877
MAD 0.21598
e . Range 0.90000
Mid_range 0.45000
Median 0.33222
Ql 0.14938
Q2 0.33222
Q3 0.56791
IQR 0.41852
C.V. 0.68306
f(x2[x1=0.2),F(x2[x1=0.2) Coefficient
Np— Mathematical Mean: 0.32822
o . Geometrical Mean : 0.22100
Harmonic Mean 0.02644
Variance 0.05026
S.D. 0.22420
Skewed Coef. 0.37830
Kurtosis Coef. 1.99877
MAD 0.19198
Range 0.80000
Mid_range 0.40000
Median 0.29531
Q1 0.13278
Q2 0.29531
Q3 0.50481
IQR 0.37202
C.V. 0.68306
f(x2[x1=0.6),F(x2[x1=0.6) Coefticient
—— Mathematical Mean: 0.16411
. Geometrical Mean : 0.11050
Harmonic Mean 0.01322
Variance 0.01257
S.D. 0.11210
Skewed Coef. 0.37830
Kurtosis Coef. 1.99877
- : MAD 0.09599
Range 0.40000
Mid range 0.20000
Median 0.14765
Q1 0.06639
Q2 0.14765
Q3 0.25240
IQR 0.18601
- p C.V. 0.68306
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(2-2) 1, =0.1, A L

-4

=0.5,

Coefficient

2
f(x2[x1=0.2),F(x2|x1=0.2)

Mathematical Mean: 0.40003

‘™ Geometrical Mean : 0.29432
Harmonic Mean 0.04273
Variance 0.05333
S.D. 0.23094

' Skewed Coef. -0.00022
Kurtosis Coef. 1.80001

L MAD 0.20000

Flen Range 0.80000

| Mid_range 0.40000
Median 0.40006
Ql 0.20003
Q2 0.40006
Q3 0.60005

| IQR 0.40002

L C.V. 0.57731

f(x2[x1=0.4),F(x2[x1=0.4) Coefficient
e X emes Mathematical Mean: 0.30002
. Geometrical Mean : 0.22074

Harmonic Mean 0.03205
Variance 0.03000
S.D. 0.17321
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
MAD 0.15000
Range 0.60000
Mid_range 0.30000
Median 0.30004
Q1 0.15002
Q2 0.30004
Q3 0.45004
IQR 0.30002

- C.V. 0.57731
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Section 4. Statistical analysis of conditional Continuous Bernoulli

The statistical analysis method is same as chapter 3.
There are 4 categories,

A i 2 A

A+ A4+ +A4,=1,

X, and Y, are continuous random variables,

X, 1-X,
A -4
A, X, are known,
A A Ay
1-4 1-4 1-2
X, lx, ~CB 4 ) A lx, ~CB M
1-x, 1-4, ) 1-x, 1-4

The regression analysis can get the non-linear model Y1=b0+b1*H(X2) when X,
are known,

the A, is not 0 when rejected HO:b1=0.
A+ 2,

Y, Y A,

X,

The ——— is from sample mean( ) and — is from
1-4, 1-x, - X, 1-4, 1-x,
sample mean ( X ), 4 —= 4 +Al3 - izﬁ could be computed.
l=x, " 1-4, 1-4, 1-4

The simulated data is using RND = F; (yl A, + /13|xl )z Fy, (x2 ,'/1|x1 ) Y, =X, toget
X Y, . : . .

(1—2 , 1—1) paired samples and X, <Y, given x; isknown. The non-linear
-4 lex

model Y1=b0+b1*H(X2) will be computed.
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(1) 4,=0.2,x1=0.2, 1,=0.2, 4,=0.2, 4 =0.25, 4 =0.25, MZO.S,
1-4 1-4, 1-4,
(1)paired sample size=100,
The part of paired samples,
X2/(1-x1) Y1/(1-x1)
0.7121367906 0.8140133563
0.0973397180 0.1521287477
0.3517404050 0.4807788301
0.1663853013 0.2505890860
0.1840159879 0.2745564225
0.5185633413 0.6514573676
0.0451328898 0.0725615264
0.8177912238 0.8891906390
0.6453787693 0.7618114053
0.2286630121 0.3332138217
X2 Yl
0.5697094325 0.6512106850
0.0778717744 0.1217029982
0.2813923240 0.3846230640
0.1331082411 0.2004712688
0.1472127903 0.2196451380
0.4148506731 0.5211658941
0.0361063118 0.0580492211
0.6542329790 0.7113525112
0.5163030154 0.6094491242
0.1829304097 0.2665710574

The analysis result,

Y1/(1-x1) estimated=1.5908946143+-1.5833866584*exp(-X2/(1-x1)),
ANOVA

Source df SS MS
Regression 1 8.2474789105 8.2474789105
Error 98 0.0010908889 0.0000111315
Total 99 8.2485697994

HO:slope=0, test statistic=740912.237432 , p value=0.000000,
R2=0.999868, R2(adj)=0.999866,MSE=0.000011,

HO:residual population~Semi circle(mu=0.000048,R=0.005657)
chi square test statistic=6.540000, p value=0.162001

(X2/(1-x1),Y1/(1-x1)) scatter diagram (X2/(1-x1), ,R=Y1/(1-x1)estimated ,
B=Y1/(1-x1)) scatter diagram

RO 1 v o IHERLANT Rad=Y ehmane
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/12

1

HO: =0.25,

X

1-x,

=0.4121582172, n=100,

ﬂzﬁ =(0.2544882677,
)

Z test=0.061813567, p value=0.950666>0.05, failed to reject HO: " 2 =0.25.

Ho: 2 A g5,

Y

1-x,

=0.5020391912, n=100,

%20.50000586945,

Z test=0.0686005751, p value=0.945350 >0.05,
failed to reject HO: /%Lﬂ?zo.S

A

/13A =0.245517601750.
)
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(ii)paired sample size=10,000,
The analysis result,

Y2/(1-x1) estimated= 1.5919609756+-1.5849456142*exp(-X2/(1-x1)),
ANOVA

Source df SS MS
Regression 1 831.4335500097 831.4335500097
Error 9998 0.1219374154 0.0000121962
Total 9999 831.5554874251

HO:slope=0, test statistic=68171632.185628 , p value=0.000000,
R2=0.999853, R2(adj)=0.999853,MSE=0.000012,

HO:residual population~Normal(mu=-0.000237,sigma*sigma=0.000013)
chi square test statistic=4050.383200, p value=0.000000,

(X2/(1-x1),Y1/(1-x1)) scatter diagram (X2/(1-x1), R=Y1/(1-x1)estimated ,
B=Y1/(1-x1)) scatter diagram

HO: L =0.25,
- M
X 2,
=0.4085459379, n=10000, —=0.2458652355,
1-x, 1-4
Z test=-0.6705912913, p value=0.502618>0.05, failed to reject HO: 2 =0.25.
- M
Ho: 2t % s,
| I =0.4984102676, n=10000, /112 J}:% =0.4950674321,
- X, _

Z test=-0.5709831659, p value=0.567936 >0.05,

failed to reject HO: MzO.S or HO: L ,
1-4, -4 1-4
A
—=0.2492021966.
HO: 4 = A s lzﬁ =(0.2458652355,
-4 1-4  1-4
Ho: 2th 5 b 64917304710,
-4 1-1

Z test=0.4065375370, p value=0.683960>0.05, failed to reject HO.
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g0 B4 Bt
-2 -4 -4

2) 4,=0.5,x1=0.7, 2,=0.1, 1,=0.2,

(1)paired sample size=100,
The analysis result,

Y1/(1x1) estimated=-0.1423442919+1.1822783237*X2/(1-x1)["0.5,
ANOVA

Source df SS MS
Regression 1 7.4732906755 7.4732906755
Error 98 0.0390855520 0.0003988322
Total 99 7.5123762275

HO:slope=0, test statistic=18737.933831 , p value=0.000000
R2=0.994797, R2(adj)=0.994744, MSE=0.000399,

HO:residual population~Raised cosine(mu=0.000000,s=0.054982)
chi square test statistic=23.760000, p value=0.000094,

(X2/(1-x1),Y1/(1-x1)) scatter diagram (X2/(1-x1), R=Y1/(1-x1)estimated ,
B=Y1/(1-x1)) scatter diagram

- -M" fv‘ L Lt ]
7 P
c’ 'I
- ’
g
o -
HO: A =0.2,
- M
X R
=0.3713241342, n=100, —==0.1665759961,
1-x, 1- /11
7 test=-0.5992448747, p value=0.549188>0.05, failed to reject HO: " /12/1 =
!
Ho: 2% g,
1—
I =0.5242120051, n=100, ot ﬂ'j 0.5720745565,
- X, 1— ﬂ1
Z test=-0.3253646135, p value=0.745488 >0.05,
failed to reject HO: Mzo.d
y)

3 -=0.4054985605.

A

Ho: 72 =% A 01665759961,
-4 1-47 1-4

Ho: 2t h 3 % 04997279883,
-4 1-4

Z test=0.8369433650, p value=0.402636>0.05, failed to reject HO.
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(ii)paired sample size=10,000,
The analysis result,

Y 1/(1-x1) estimated=0.1459467246+1.1846262220*X2/(1-x1)["0.5
ANOVA

Source df SS MS
Regression 1 826.2866479488 826.2866479488
Error 9998 3.8940314439 0.0003894810
Total 9999 830.1806793926

HO:slope=0, test statistic=2121506.727740 , p value=0.000000
R2=0.995309, R2(adj)=0.995309,MSE=0.000389,

HO:residual population~Raised cosine(mu=-0.000000,s=0.054607)
chi square test statistic=2746.014400, p value=0.000000

(X2/(1-x1),Y1/(1-x1)) scatter diagram (X2/(1-x1), R=Y1/(1-x1)estimated ,
B= Yl/(l-xl)) scatter diagram

PO1YY) scatee dagryer
arvt o SRR

/12

HO:

1

A2 =0.3928642953, n= , 4

1-x, 1—

~=0.2102905116,

A
-4

Z test=1.8269455011, p value=0.067932>0.05, failed to reject HO: =0.2.

HO: ’11” 0.6,

I =0.5386650155, n=10000, | f =0.6142051864,
- X, —
Z test=1.7729692595, p value=0.076598>0.05,

failed to reject HO: /11 T4 =0.6.

-4

A _

LB A A g510205116,
-4 1-2" 1-1

Ho: 2th 3 % 6308715348,

1-7 1-4
Z test=-2.0163156861, p value=0.044072>0.04, failed to reject HO when significant
level=0.04.
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Chapter S Bernoulli distribution and new conditional
Continuous Bernoulli distribution to analyze data

Section 1. The joint pdf, cumulative probability distribution function, simulator
and expected value and variance

1.The probability density function

The Continuous Bernoulli distribution is marginal probability distribution,
X, ~CB(A4)0<x, <LX,[x, ~CB(4,4,,x,)0<x, <1-x,
fr (0 2)=C(ANA)" (1-2,) " 0<x <10< 4, <1,

In(1-A4,)—In(A
n( 1) ln( 1)’/11?&1
1-22, 2

o (ﬂ'l):

A #

r_1
)

The new conditional Bernoulli distribution is

Xy 1-x—x,

A A

fx\x (x2|x1)=C2(2,1,/12,x1 . 1-—=2 0<x,<1-x,0<4,<1-4,,
o 1-4, 1-4

which is affected by A4,,4, and x,.

J.Ol_x1 sz\xl (Xz|x1 )dxz :Cz (ﬂ’l’ﬂ‘z’xl {1 _1é ;122 j J-I_XI [%J dx2 - (l 1),

( 5 ]
1—x, PP
. "1-4 -4 1-
Oﬁ—&¢2%(LD=CJ%J”M{IfﬁA%J % ‘ %
! In| ——=2—
1-4 -4,
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& (ﬂq,ﬂz,xl{ ! jl_XI ((/12 ) (1=, -A4,)" ) N

1- 4, In(A,)—in(1-2, - 1,)

(ii)1— 2, =24,,(1.1)= Cz(/L,iz,xl{%Jw (1-x)=1C,(4,2,,x,)= 121

_xl

(l”(/iz )_ ln(l -4 -4 ))

= ool A =24,
Ay Ay
B N D
CZ(ﬂ’l’ﬂ’Z’xl): 1-4, 1-4,

2l—x1

x 1—x;—x
. . 1 2 1 17%2
I, (xl’.ﬂ’l)sz‘xl (x2|xl)zcl(ﬂ”l)(ﬂl) (1_/11)1 CZ(ﬂl’iz’xl{l—zﬂ,) (I_I—ZEJ
1 1

=G (2’1 )Cz (/11’}“2’)(1 )(ﬂ‘l )XI (/12 )xz (1 —h =4 )1—x1—x2 O<x <10<x, <1-x,
1—x, ..
But f (xz) = L I, (xl A )fX2\x1 (xz |x1 )dxl , 1t 18 not CB(/Iz ):

2. The cumulative probability distribution function

X, ~CB(4)0<x, <LX,|x, ~CB(4,4,,x,)0<x, S1-x,,
(1) X,~CB(4)0<x, <1,
(1 1-x, _
) -2)"sa-1, 1
24, -1

1
x4 :E

Fy, (x;4)= 20<x <l

(2) )(2|x1~CB(1)“2 }Oﬁxzﬁl—xl,

(iN—4 =24,
1—x;—x, ©  (1_ _ 1-x
Fy (xz|xl)=(l_)bl_)b2)l (%) (1 fl %) 0<x,<l-x,
o (/12) : _(1_21_2“2) :
(@h—2 =24,

F/mx1 (x2 |x1 ) = 1 iczx

O<x,<l-x,
1
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3. The simulator

The simulator,
The random number=RND,=F, (x,s 4, ) ~ Uniform(0,1),

loge(RNDl x(z/’i’l _1)_(1’1 _1))_108.6(1_11) /l] :/:l
log 4 2
x, simulated value = ‘A1-4
1
RNDvﬂq = E

The random number=RND, = F ol (x2 |x1 ) ~Un iform(O,l),
x, simulated value=
tog, (1= 2, —4,)" + RND, (2,) ™ ~(1=2,~ 2,) ™ )|~ (1~ log, (1~ 1, ~ 4,)
loge (/12 )_loge(l - ﬂ’l - ;{’2)

1=, #24,

RND,(1—x,)1-4 =24,

Please see the appendix 1.
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4. Expected value

X, ~CB(4,)0<x, <1,

2, 1 , 1
+ - if A #—
= E(X,)= ?/11—1 2tan” (1-24,) 12,
2 T3
(l_ﬂ’l)ﬂ’l 1 . 1
>+ - S if A £
ol =Var(X,)= (1-24) (2“’” 1(1_2/11)) 2
1 1
— A =
12 4=
X2|x1~CB(/11,/12,x1),0Sx2S1—x1,
(iN—2, =24,
Xy 1-x,—x,
n(A,)-In(l-1, -1 A A
o) 0780 (5 V(5 )
A, [ A, 1 1
1-4 1-4

. 1
E(X2|x1):$'|;1 x2dx2:( +x1j.

1

Please see the appendix 1 about Variance.
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Section 2. The joint pdf, cumulative probability distribution function, simulator
and expected value

1.The probability density function

X, ~CB(4,)0<x, <LX|x, ~ CB(4,,4,x,)0<x, S1-x,,
fo, (62 4,)=C (A4, 2,)* (1= 2,) ™2 0<x, <1,0< 4, <1,
In(1—4,)—In(4,) 5]

24, 72
Cz(lz): )
1 1
_,ﬂz;t_
2 2
1=x;—x,
fxlxz(x1|x2):C2(/11’;Lz’xz{ ] ( ] 0<x <1-x,0<4,<1-4,,

f”ﬁmxpﬁm 42,%{ 4; J ﬁ“( 4 jwr~—@%

2 Y
(h-2,#24,(12)= sz)(l ﬂz] (—ﬂq—zz ‘1—x2

- (%Jl—xz _1
-2 -2 )" l-4 -4,
_Cz(ﬂ'l’;tz’xz{ 2j
s
-4 -2,

1 o ((/12 )l - _(l_ﬂ‘l —4 )I’XZ)_

1- 4 z)

@)
o
—_
A\)
Y
N
=
(38
~
Il
~
S
/—\
\./
N
S
—
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(ll)l_lz = 22.1,(11): Cz(ll,lz,xziéj A (l_xz): l,Cz(ﬂ‘l:ﬂ«z’xl): IZI_XZ

_x2

i(d)-tnll=A=k) |, .,

ﬂ«j _(I_AJI‘
Cz(ﬂl’izlxz): 1-4, 1-4,

2l—x2

1-x,

1-A, #24,

X 1=x;—x,
. p p
fxz(xzfﬂvz)fxl\xz(x1|x2):Cl(/lz)(/lz) (I_ﬁ*z)l Cz(ﬂ“w/lzrxz{l lﬂ ] (1_1 1/1 ]
M )
=C, (/12 )Cz (/11 Ay Xy )(11 )xl (lz )x2 (1 -4 =4 )l_)ﬁ 0<x,<10<x <l-x,,
But f (xl) = J;:_xl S, (x2 A )f)(l‘x2 (x1|x2 )dx2 , 1t is not CB(/%1 )
2. The cumulative probability distribution function

X, ~CB(4,)0<x, < 1LX |x, ~ CB(A,,2,,x,)0<x, <1—x,,
(1) X,~CB(4,)0<x, <1,

(lz)xz(l_lz)lixz +4, _1’12 ;tl

Fy (x,04,)= 24, -1 2,O<x2 <1
x,, A 1
2% =

2

2) X |x, ~ CB(I 21& j,Ole <l-x,,

(iN—A, =22,
1=x,—x Y (1 _ 1-x,
Fxlxz(x1|x2)=(l_il_22) (h) ~(1-h~2) 0<x <l-x,,

(j’l )Hz - (1 - ﬂ“l - /12 )Hz
(i) -2, =24,
X

Fxl\xz (x1|x2): 1—

O<x <l-x,,
2
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3. The simulator

The simulator,
The random number=RND, = F (x,; 4, )~ Uniform(0,1),

loge(RNDz X(zﬂz _1)_(12 _1))_10&(1_}“2)’]“2 " l

y) 2
. log,| —
x, simulated value = 1-4,

RND,, 2, =%

The simulator,
The random number=RND, = F, (x, lx, )~ Uniform(0,)),

x, simulated value

log, ((1 -4 -4, )l_x2 + RND, ((ﬂ’l )1_)CZ _(l -4 -4, )1—x2 ))_(1 —X )Zoge (l_il _ﬂz)
Ioge(ﬂl)_loge(l_ﬂ’l _}“2)
RND,(1-x,)1-2, =22,

J1—A, # 24,
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Section 3. The image of joint probability density function and marginal

probability density function

X, ~CB(4)0<x, <LX,|x, ~CB(4,4,,x,)0<x, S1-x,,

(1)4,=0.2,
(1-) 4, =02, A, =0.1,

f(x1,x2)

E(X1)= 0.3880, Var(X1)= 0.0759, E(X2)=

0.2358, Var(X2)= 0.0418,

Cov(X1,X2)=-0.0252, X1 and X2 correlation coefficient=-0.4475.

f(x1),F(x1) Coefficient
X —— Mathematical Mean: 0.38805
s Geometrical Mean : 0.25584
Harmonic Mean 0.02875
Variance 0.07589
S.D. 0.27549
Skewed Coef. 0.47583
Kurtosis Coef. 2.11562
Boore MAD 0.23443
? Range 1.00000
Mid_range 0.50000
Median 0.33911
Q1 0.14979
Q2 0.33911
Q3 0.59636
IQR 0.44657
~ v C.V. 0.70994
f(x2),F(x2) Coefficient
i e Mathematical Mean: 0.23579
" Geometrical Mean : 0.13539
Harmonic Mean 0.00372
Variance 0.04177
S.D. 0.20439
Skewed Coef. 1.05569
Kurtosis Coef. 3.49719
e TV MAD 0.16490
Range 0.99956
Mid_range 0.49978
Median 0.17858
Q1 0.07088
/ Q2 0.17858
Q3 0.35137
IQR 0.28048
- o™ C.V. 0.86682
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(1-2)4,=0.2, 1,=02,

f(x1,x2)
E(X1)=0.3880, Var(X1)=0.0759, E(X2)=0.2653, Var(X2)= 0.0484,
Cov(X1,X2)=-0.0305, X1 and X2 correlation coefficient=-0.5031.
f(x1),F(x1) Coefficient
’ h e Mathematical Mean: 0.38805
g Geometrical Mean : 0.25584
Harmonic Mean : 0.02875
Variance : 0.07589
S.D. : 0.27549
Skewed Coef. : 0.47583
Kurtosis Coef. 2.11562
AR MAD : 0.23443
(" Range : 1.00000
Mid_range : 0.50000
Median : 0.33911
Q1 : 0.14979
Q2 : 0.33911
Q3 : 0.59636
IQR : 0.44657
e e C.V. : 0.70994
f(x2),F(x2) Coefficient
| pn— Mathematical Mean: 0.26526
- r Geometrical Mean : 0.15537
Harmonic Mean : 0.00386
Variance : 0.04837
S.D. : 0.21993
Skewed Coef. : 0.89126
Kurtosis Coef. 3.01149
= - MAD : 0.18049
Range : 0.99971
Mid_range : 0.49986
Median : 0.20868
Ql : 0.08306
Q2 : 0.20868
Q3 : 0.40136
IQR : 0.31830
el C.V. : 0.82910
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(1-3)4,=0.2, 1,=023,

f(x1,x2)
E(X1)=0.3880, Var(X1)=0.0759, E(X2)=0.2868, Var(X2)= 0.0528,
Cov(X1,X2)=-0.0344, X1 and X2 correlation coefficient=-0.5437.
f(x1),F(x1) Coefficient
; — Mathematical Mean: 0.38805
T Geometrical Mean : 0.25584
Harmonic Mean 0.02875
Variance 0.07589
S.D. 0.27549
Skewed Coef. 0.47583
Kurtosis Coef. 2.11562
- S MAD 0.23443
Range 1.00000
g Mid_range 0.50000
Median 0.33911
Ql 0.14979
Q2 0.33911
Q3 0.59636
IQR 0.44657
== CV. 0.70994
f(x2),F(x2) Coefficient
iy o Mathematical Mean: 0.28684
o r Geometrical Mean : 0.17073
Harmonic Mean 0.00395
Variance 0.05284
S.D. 0.22987
Skewed Coef. 0.77700
Kurtosis Coef. 2.72876
b - MAD 0.19073
( Range 0.99979
Mid_range 0.49990
Median 0.23255
Ql 0.09302
/s Q2 0.23255
4 Q3 0.43790
/ IQR 0.34488
oo - C.V. 0.80138
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(1-4) 2, =0.2,

0.4,

Ras
Il

E(X1)=0.3880, Var(X1)=0.0759, E(X2)=
Cov(X1,X2)=-0.0379, X1 and X2 correlation coefficient=-0.5794.

0.3060, Var(X2)= 0.0565,

f(x1),F(x1) Coefficient
1 S Mathematical Mean: 0.38805
o Geometrical Mean : 0.25584
Harmonic Mean 0.02875
Variance 0.07589
S.D. 0.27549
Skewed Coef. 0.47583
Kurtosis Coef. 2.11562
- 2 MAD 0.23443
. Range 1.00000
Mid_range 0.50000
Median 0.33911
Q1 0.14979
Q2 0.33911
Q3 0.59636
y IQR 0.44657
. a C.V. 0.70994
f(x2),F(x2) Coefficient
S — Mathematical Mean: 0.30596
- Geometrical Mean : 0.18488
Harmonic Mean 0.00402
Variance 0.05651
S.D. 0.23771
Skewed Coef. 0.67955
Kurtosis Coef. 2.52113
e MAD 0.19895
' Range 0.99984
Mid_range 0.49992
Median 0.25502
Q1 0.10271
Q2 0.25502
Q3 0.46986
IQR 0.36715
C.V. 0.77695
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(1-5)4,=0.2, ,=0.5,

f(x1,x2)
E(X1)= 0.3880, Var(X1)= 0.0759, E(X2)= 0.3251, Var(X2)= 0.0599,
Cov(X1,X2)=-0.0415, X1 and X2 correlation coefficient=-0.6151.
f(x1),F(x1) Coefficient
- oovtha Mathematical Mean: 0.38805
b, ) Geometrical Mean : 0.25584
Harmonic Mean : 0.02875
Variance : 0.07589
S.D. : 0.27549
Skewed Coef. : 0.47583
Kurtosis Coef. 2.11562
MAD : 0.23443
thy — Range : 1.00000
Mid_range : 0.50000
Median : 0.33911
N Q1 : 0.14979
> Q2 : 0.33911
Q3 : 0.59636
IQR : 0.44657
C.V. : 0.70994
f(x2),F(x2) Coefficient
: —— Mathematical Mean: 0.32507
m ( Geometrical Mean : 0.19955
Harmonic Mean : 0.00409
Variance : 0.05987
S.D. : 0.24469
Skewed Coef. : 0.58520
Kurtosis Coef. 2.34831
MAD : 0.20634
N3 . Range : 0.99987
9 Mid_range : 0.49994
Median : 0.27871
Ql : 0.11332
Q2 : 0.27871
Q3 : 0.50115
IQR : 0.38782
- C.V. : 0.75273
LIPS 0wl
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(1-6) 4, =0.2, 4, =0.6,

f(x1,x2)
E(X1)=0.3880, Var(X1)=0.0759, E(X2)= 0.3466, Var(X2)= 0.0633,
Cov(X1,X2)=-0.0454, X1 and X2 correlation coefficient=-0.6551.
f(x1),F(x1) Coefficient
¥ P— Mathematical Mean: 0.38805
R Geometrical Mean : 0.25584
Harmonic Mean : 0.02875
Variance : 0.07589
S.D. : 0.27549
Skewed Coef. : 0.47583
Kurtosis Coef. 2.11562
- gk MAD : 0.23443
Range : 1.00000
. Mid_range : 0.50000
Median : 0.33911
Q1 : 0.14979
Q2 : 0.33911
Q3 : 0.59636
IQR : 0.44657
b - C.V. : 0.70994
f(x2),F(x2) Coefficient
! s Mathematical Mean: 0.34665
. Geometrical Mean : 0.21676
Harmonic Mean : 0.00416
Variance : 0.06329
S.D. : 0.25158
Skewed Coef. : 0.48190
Kurtosis Coef. 2.18989
— B MAD : 0.21367
. Range : 0.99990
Mid range : 0.49995
Median : 0.30687
Q1 : 0.12655
Q2 : 0.30687
Q3 : 0.53534
IQR : 0.40880
e - C.V. : 0.72574
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(1-7)4,=0.2, ,=0.7,

E(X1)=0.3880, Var(X1)=0.0759, E(X2)= 0.3761, Var(X2)= 0.0673,
Cov(X1,X2)=-0.0507, X1 and X2 correlation coefficient=-0.7095.

f(x1),F(x1) Coefticient
; ——— Mathematical Mean: 0.38805
T Geometrical Mean : 0.25584
Harmonic Mean 0.02875
Variance 0.07589
S.D. 0.27549
Skewed Coef. 0.47583
Kurtosis Coef. 2.11562
L= it MAD 0.23443
=\ Range 1.00000
Mid_range 0.50000
Median 0.33911
Ql 0.14979
Q2 0.33911
Q3 0.59636
IQR 0.44657
= ~% C.V. 0.70994
f(x2),F(x2) Coefficient
. S— Mathematical Mean: 0.37613
o | Geometrical Mean : 0.24137
Harmonic Mean 0.00425
Variance 0.06728
S.D. 0.25938
Skewed Coef. 0.34525
Kurtosis Coef. 2.02820
- MAD 0.22193
e s Range 0.99993
" Mid_range 0.49996
Median 0.34740
Ql 0.14708
Q2 0.34740
Q3 0.57964
IQR 0.43255
C.V. 0.68960
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(2)4, =028,

(2-1)4,=0.8, 4,=0.1,

f(x1,x2)

o —

F(x1,x2)

F———

E(X1)=0.6120, Var(X1)=0.0759, E(X2)= 0.1940, Var(X2)= 0.0378,
Cov(X1,X2)=-0.0379, X1 and X2 correlation coefficient=-0.7081.

f(x1),F(x1) Coefficient
48 Ne—— Mathematical Mean: 0.61202
i Geometrical Mean : 0.50267
Harmonic Mean 0.10548
Variance 0.07589
S.D. 0.27549
Skewed Coef. -0.47630
Kurtosis Coef. 2.11604
e MAD 0.23443
Range 1.00000
Mid_range 0.50000
Median 0.66104
Ql 0.40370
Q2 0.66104
Q3 0.85024
IQR 0.44654
S . C.V. 0.45012
f(x2),F(x2) Coefficient
¥ . == Mathematical Mean: 0.19398
' ( Geometrical Mean : 0.09409
Harmonic Mean 0.00107
Variance 0.03785
S.D. 0.19454
Skewed Coef. 1.33850
Kurtosis Coef. 4.30585
Toon MAD 0.15333
Range 0.99982
Mid_range 0.49991
Median 0.12731
Q1 0.04283
Q2 0.12731
Q3 0.28763
IQR 0.24480
- - C.V. 1.00289
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(2-2)4,=0.8, 4,=0.15,

f(x1,x2)
E(X1)=0.6120, Var(X1)=0.0759, E(X2)=0.2145, Var(X2)= 0.0440,
Cov(X1,X2)=-0.0442, X1 and X2 correlation coefficient=-0.7640.
f(x1),F(x1) Coefficient
: — Mathematical Mean: 0.61202
- Geometrical Mean : 0.50267
Harmonic Mean : 0.10548
Variance : 0.07589
S.D. : 0.27549
Skewed Coef. : -0.47630
Kurtosis Coef. 2.11604
. n MAD : 0.23443
Range : 1.00000
Mid_range : 0.50000
Median : 0.66104
: Q1 : 0.40370
- Q2 : 0.66104
Q3 : 0.85024
IQR : 0.44654
C.V. : 0.45012
f(x2),F(x2) Coefficient
\ — Mathematical Mean: 0.21449
- 'T Geometrical Mean : 0.10420
Harmonic Mean : 0.00108
Variance : 0.04403
S.D. : 0.20983
Skewed Coef. : 1.20316
Kurtosis Coef. 3.77074
e - MAD : 0.16818
" Range : 0.99988
Mid_range : 0.49994
Median : 0.14351
Ql : 0.04730
Q2 : 0.14351
Q3 : 0.32456
IQR : 0.27726
atis C.V. : 0.97828
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(3)4, =0.1,
(3-1)4,=0.1, 1,=02,

f(x1,x2)

-

ot v -

f(x1),F(x1) Coefticient
; ——— Mathematical Mean: 0.33015
- Geometrical Mean : 0.20663
Harmonic Mean 0.02160
Variance 0.06650
S.D. 0.25788
Skewed Coef. 0.74370
Kurtosis Coef. 2.58133
o - MAD 0.21453
1 Range 1.00000
" Mid_range 0.50000
Median 0.26758
Q1 0.11439
Q2 0.26758
Q3 0.50004
IQR 0.38565
g C.V. 0.78112
f(x2),F(x2) Coefficient
v e st me Mathematical Mean: 0.28207
oo Geometrical Mean : 0.17158
Harmonic Mean 0.00592
N\ Variance 0.05050
S.D. 0.22473
Skewed Coef. 0.80888
Kurtosis Coef. 2.82808
L — MAD 0.18555
i Range 0.99969
e Mid range 0.49984
Median 0.22860
Ql 0.09460
Q2 0.22860
Q3 0.42639
IQR 0.33180
C.V. 0.79672

1A

) T
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(3-2)4,=0.1, 1,=0.8,

NP —— [ .

E(X1)= 0.3301, Var(X1)= 0.0665, E(X2)=

0.4200, Var(X2)=0.0687,

Cov(X1,X2)=-0.0457, X1 and X2 correlation coefficient=-0.6755.

f(x1),F(x1) Coefficient
v rr— Mathematical Mean: 0.33015
| Geometrical Mean : 0.20663
Harmonic Mean 0.02160
Variance 0.06650
S.D. 0.25788
Skewed Coef. 0.74370
Kurtosis Coef. 2.58133
MAD 0.21453
T o Range 1.00000
" Mid_range 0.50000
Median 0.26758
Ql 0.11439
Q2 0.26758
Q3 0.50004
IQR 0.38565
C.V. 0.78112
- = aiie
f(x2),F(x2) Coefficient
: — Mathematical Mean: 0.42004
- Geometrical Mean : 0.29002
Harmonic Mean 0.00700
Variance 0.06870
S.D. 0.26212
Skewed Coef. 0.16096
Kurtosis Coef. 1.92988
S -~ MAD 0.22469
Range 0.99993
Mid_range 0.49996
Median 0.40951
Ql 0.19270
Q2 0.40951
Q3 0.63207
,.»' IQR 0.43937
. T C.V. 0.62402
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Section 4. The conditional probability density function image

X, ~CB(4,)0<x, <LX,|x, ~ CB(4,,4,,x,)0 < x, S1—x,, f(x2[x1)=?

(1) 4, =0.1,

2,1
1-1)4,=0.1,— 22— =~
(102 =01 72 =3

3

f(x2[x1=0.1),F(x2|x1=0.1) Coefticient
: - Mathematical Mean: 0.31723
- Geometrical Mean : 0.20243
Harmonic Mean 0.02229
Variance 0.05714
S.D. 0.23905
Skewed Coef. 0.63762
Kurtosis Coef. 2.37073
MAD 0.20082
Range 0.90000
Mid range 0.45000
Median 0.26455
Q1 0.11431
Q2 0.26455
Q3 0.48420
- IQR 0.36989
) C.V. 0.75353
f(x2[x1=0.2),F(x2|x1=0.2) Coefficient
" ' Mathematical Mean: 0.29393
T Geometrical Mean : 0.19010
Harmonic Mean 0.02133
Variance 0.04669
S.D. 0.21609
Skewed Coef. 0.56877
Kurtosis Coef. 2.25259
MAD 0.18259
Range 0.80000
Mid_range 0.40000
Median 0.24994
Q1 0.10891
Q2 0.24994
Q3 0.45030
IQR 0.34139
C.V. 0.73518
f(x2[x1=0.6),F(x2|x1=0.6) Coefficient
P— Mathematical Mean: 0.17260
“+ Geometrical Mean : 0.11864
Harmonic Mean 0.01474
Variance 0.01288
S.D. 0.11351
Skewed Coef. 0.28704
Kurtosis Coef. 1.91416
MAD 0.09766
Range 0.40000
Mid_range 0.20000
Median 0.15958
Q1 0.07320
Q2 0.15958
Q3 0.26494
IQR 0.19173
C.V. 0.65764
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A
1-2)A4, =045, —— =—,
(124 =045, 72 =

f(x2[x1=0.1),F(x2|x1=0.1)

Coefficient

Mathematical Mean: 0.45004
Geometrical Mean : 0.33111
Harmonic Mean 0.04807
Variance 0.06750
S.D. 0.25981
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
MAD 0.22500
Range 0.90000
Mid_range 0.45000
Median 0.45006
Ql 0.22503
Q2 0.45006
Q3 0.67506
IQR 0.45003
C.V. 0.57731
f(x2]x1=0.5),F(x2[x1=0.5) Coefficient
i v Mathematical Mean: 0.25002
T Geometrical Mean : 0.18395

Harmonic Mean 0.02671
Variance 0.02083
S.D. 0.14434
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
MAD 0.12500
Range 0.50000
Mid_range 0.25000
Median 0.25004
Ql 0.12502
Q2 0.25004
Q3 0.37503
IQR 0.25002
C.V. 0.57731
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(2)4, =023,
(2-1) 4, =0.05,

A 005

0.4,
1-4, 2

Coefficient

f(x2[x1=0.1),F(x2|x1=0.1)

Mathematical Mean: 0.37706
o Geometrical Mean : 0.25602
Harmonic Mean 0.03109
Variance 0.06433
S.D. 0.25363
Skewed Coef. 0.34081
Kurtosis Coef. 1.96115
MAD 0.21763
Range 0.90000
Mid_range 0.45000
Median 0.34308
Ql 0.15547
Q2 0.34308
Q3 0.57963
IQR 0.42416
o~ C.V. 0.67264
f(x2x1=0.2),F(x2[x1=0.2) Coefficient
' ey Mathematical Mean: 0.34218
I Geometrical Mean : 0.23433
Harmonic Mean 0.02891
Variance 0.05134
S.D. 0.22658
Skewed Coef. 0.30320
Kurtosis Coef. 1.92742
MAD 0.19479
Range 0.80000
Mid_range 0.40000
Median 0.31485
Q1 0.14388
Q2 0.31485
Q3 0.52551
IQR 0.38163
C.V. 0.66215
f(x2[x1=0.6),F(x2[x1=0.6) Coefticient
s Mathematical Mean: 0.18541
T Geometrical Mean : 0.13154
Harmonic Mean 0.01746
Variance 0.01321
S.D. 0.11492
Skewed Coef. 0.15188
Kurtosis Coef. 1.83190
; MAD 0.09934
Range 0.40000
Mid range 0.20000
Median 0.17823
Q1 0.08476
Q2 0.17823
Q3 0.28239
IQR 0.19763
C.V. 0.61978
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A, 1

(2-2) 1, =0.1, =—=

-4

0.5,

Coefficient

2
f(x2[x1=0.2),F(x2|x1=0.2)

' Mathematical Mean: 0.40003
I Geometrical Mean : 0.29432
Harmonic Mean 0.04273
Variance 0.05333
S.D. 0.23094
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
n MAD 0.20000
Range 0.80000
Mid_range 0.40000
Median 0.40006
Ql 0.20003
Q2 0.40006
Q3 0.60005
IQR 0.40002
" - C.V. 0.57731
f(x2[x1=0.4),F(x2[x1=0.4) Coefficient
PO . T Mathematical Mean: 0.30002

| Geometrical Mean : 0.22074
Harmonic Mean 0.03205
Variance 0.03000
S.D. 0.17321
Skewed Coef. -0.00022
Kurtosis Coef. 1.80001
MAD 0.15000
Range 0.60000
Mid_range 0.30000
Median 0.30004
Ql 0.15002
Q2 0.30004
Q3 0.45004

L IQR 0.30002

- o C.V. 0.57731
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(3) 3D image of X, |x, ~ CB(4,,4,,x,) given x, and 4, are known,

(3-Df(X2|Y1=4, ) when x1=0.1,

(3-1-1) 4, =0.1, 0.0001<=4,<=0.8999 (3-1-2) 4, =0.2, 0.0001<=1,<=0.7999

So— et e

(3-1-3) 4, =0.3, 0.0001<=1,<=0.6999 (3-1-4) 4, =0.4, 0.0001<=1,<=0.5999

——

(3-1-5) 4, =0.5, 0.0001<=1,<=0.4999 (3-1-6) 4, =0.6, 0.0001<=1,<=0.3999

S e s
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(3-1-7) 4, =0.7,0.0001<=4,<=0.2999  (3-1-8) 4, =0.8, 0.0001<=1,<=0.1999

1y ® ————

)
Pl ONTT - .
Al Gva 1 P8 reratew 0 - gve e §

s dmt o Bt e it ol ¢ e £

(3-1-9) 4, =0.9, 0.0001<=1,<=0.0999 (3-1-10) 4, =0.95, 0.0001<= 4, <=0.0499
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(3-2)f(X2|Y1=4, ) when x1=0.5,
(3-2-1) 4, =0.1, 0.0001<= 1,<=0.8999 (3-2-2) 4, =0.2, 0.0001<=A,<=0.7999

o e - s - 6 aen

- -rm T
e

- —— W
R
- et b

(3-2-3) 4, =0.3, 0.0001<= 4, <=0.6999

-

- -

e vy wnine o wap

(3-2-5) 4, =0.5,0.0001<=4,<=0.4999 (3-2-6) 4, =0.6, 0.0001<=1,<=0.3999

00:aw o ot - -t
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(3-2-9) 4, =0.9, 0.0001<=1,<=0.0999 (3-2-10) 4, =0.95, 0.0001<= 4, <=0.0499

-k s
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(3-3)f(X2|Y1=4, ) when x1=0.8,
(3-3-1) 4, =0.1, 0.0001<= 1,<=0.8999 (3-3-2) 4, =0.2, 0.0001<=1,<=0.7999

~omee @ ven
- —

(3-3-3) 4, =0.3, 0.0001<=4,<=0.6999 (3-3-4) 4, =0.4, 0.0001<=1,<=0.5999

——
——— OO0 08 gy

(3-3-5) 4, =0.5,0.0001<=41,<=0.4999 (3-3-6) 4, =0.6, 0.0001<=1,<=0.3999
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00-an 10 e ap
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(3-3-9) 4, =0.9, 0.0001<=1,<=0.0999
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(3-3-8) 4, =0.8,0.0001<=4,<=0.1999
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(3-3-10) 4, =0.95, 0.0001<= 4, <=0.0499
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(4) 3D image of X, |x, ~CB(4,,4,,x,) given 4 and A, areknown,
@-DEX2X1), 4, =0.1, 4,=0.1,

(4-1-1) 0.0001<=X1<=0.9999 (4-'}.-3)_’0. 1<=X1<=0.9

-y
PR -

(4-1-3) 0.2<=X1<=0.8 (4-1-4) 0. 3<=X1<=0.7

— b 430
—— - e
T

(4-1-5) 0.4<=X1<=0.6 (4-1-6) 0. 45<=X1<=0.55

- e e
oy oy — -
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(4-2)f(X2|X1), A, =0.1, 1,=0.3,
(4-2-1) 0.0001<=X1<=0.9999 (4-2-2) 0. 1<=X1<=0.9

- i ¥207 — 43
e0cne oot ran 0008 0 g

(4-2-3) 0.2<=X1<=0.8 (4-2-4) 0. 3<=X1<=0.7
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(4-2-5) 0.4<=X1<=0.6 (4-2-6) 0. 45<=X1<=0.55

o T e

-
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(4-3)f(X2|X1), A, =0.1, 1,=0.8,
(4-3-1) 0.0001<=X1<=0.9999 (4-3-2) 0. 1<=X1<=0.9
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(4 -3-5) 0.4<=X1<=0.6 (4-3- 6) 0. 45<=X1<=0.55
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4-HfX2|X1), A, =0.5, 1,=0.2,
(4-4-1) 0.0001<=X1<=0.9999

(4-4-3) 0.2<=X1<=0.8

-y

-‘V

(4- 4 5) 0.4<=X1<=0.6

s w4 O
-~ -

(4-4-2) 0. 1<=X1<=0.9

-

n--.x—-

av

(4-4-4) 0. 3<=X1<=0.7

T

1)

(4-4- 6) 0. 45<=X1<=0.55

e s
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(5)The comparison of X, Z score and Y1 Z score

let X, ~CB(4,)0<x, <LX,[x, ~CB(4,4,,x)0<x, <1-x,,
YI—E(YI) Xz_E(X2|xl) 7 _Xz_E(Xz)

,/Varini 1/Varin|xli e \/Var(ij '

(5-1)4,=0.1, 2,=0.1,

Z, = Zy =

f(Z1),F(Z1), Coefficinet

Mathematical Mean: 0.00000
T Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.74370
Kurtosis Coef. 2.58133
MAD 0.83188
Range 3.87770
Mid_range 0.65864
Median -0.24262
Ql -0.83664
Q2 -0.24262
Q3 0.65879
IQR : 1.49543
C.V. : none
f(72),F(Z22), Coefficinet
ey Mathematical Mean: 0.00000
o Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.98206
Kurtosis Coef. 3.29203
MAD 0.81180
Range 4.77181
Mid_range 1.19361
Median -0.26630
Ql -0.81302
Q2 -0.26630
Q3 0.58623
IQR : 1.39925
C.V. : none

E(] Z2 distribution - Z1 distribution |*2)=0.0068599911

esorckiories | Z2 distribution function - Z1 distribution function| *## stk

The almost surely limiting theory
E(| Z2 distribution function - Z1 distribution function|[*2)=0.0003374610,

Pr(| Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.985845,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.363515,
Pr(| Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.172122,
Pr(| Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.034049,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.017063,
Pr(| Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.003351,
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(5-2)4,=0.2, 1,=0.2,

f(Z1),F(Z1), Coefficinet
Mathematical Mean: -0.00000
i Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.47583
Kurtosis Coef. 2.11562
MAD 0.85096
Range 3.62992
Mid_range 0.40639
Median -0.17762
Ql -0.86483
Q2 -0.17762
Q3 0.75616
IQR : 1.62100
C.V. : none
f(72),F(Z2), Coefticinet
: Mathematical Mean: -0.00000
T Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.89126
Kurtosis Coef. 3.01149
MAD 0.82066
Range 4.54556
Mid_range 1.06666
Median -0.25727
Ql -0.82845
Q2 -0.25727
Q3 0.61883
IQR : 1.44728
C.V. : none

E(] Z2 distribution - Z1 distribution [*2)=0.0199326909
ForddkRskRkk | Z2 distribution function - Z1 distribution function| * %ok
The almost surely limiting theory

E(| Z2 distribution function - Z1 distribution function|*2)=0.0012142524,

Pr(| Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.878938,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.166971,
Pr(| Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.082982,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.016513,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.008250,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.001639,
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(5-3)4,=0.3, 1,=0.3,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: -0.00000
o Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.29234
Kurtosis Coef. 1.91849
MAD 0.86014
Range 3.52626
Mid_range 0.24593
Median -0.11658
Ql -0.87560
Q2 -0.11658
Q3 0.81192
IQR : 1.68752
- . C.V. : none
f(72),F(Z2), Coefticinet
epr. Mathematical Mean: -0.00000
1 Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.83475
Kurtosis Coef. 2.84011
" MAD 0.82684

Range 4.39333
Mid_range 0.98761
Median -0.25284
Q1 -0.84001
Q2 -0.25284
Q3 0.64161
IQR : 1.48162
C.V. : none

E(] Z2 distribution - Z1 distribution |*2)=0.0348105598
ForddckRsckkk | Z2 distribution function - Z1 distribution function| **## ¥k
The almost surely limiting theory
E(| Z2 distribution function - Z1 distribution function|*2)=0.0021054069,
Pr(| Z2 distribution function - Z1 distribution function|<0.1000000000)= 0.959591,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.853637,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.120045,
Pr(| Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.059713,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.011935,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.005966,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.001198,
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(5-4)4,=0.4, 1,=0.4,

f(Z1),F(Z1), Coefficinet
o Mathematical Mean: 0.00000
“T Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.14012
Kurtosis Coef. 1.82717
MAD : 0.86465
Range : 3.47842
Mid_range : 0.11708
Median : -0.05771
Ql : -0.87560
Q2 : -0.05771
Q3 : 0.84597
L IQR : 1.72157
" C.V. : none
1(72),F(Z2), Coefficinet
) s Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.76508
Kurtosis Coef. 2.64778
o MAD : 0.83427
Range : 4.22484
Mid_range : 0.89581
Median : -0.24503
Ql : -0.85424
Q2 : -0.24503
Q3 : 0.67085
IQR : 1.52509
o C.V. : none

E(| Z2 distribution - Z1 distribution |*2)=0.0479945581
dedorkckiorker | Z2 distribution function - Z1 distribution function| sk
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0028121039,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 0.943466,
Pr(] Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.560759,
Pr(] Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.099733,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.049703,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.009913,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.004958,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.000997,
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(5-5) 1, =0.49, 1,=0.49,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.01362
Kurtosis Coef. 1.80027
MAD 0.86601
Range 3.46433
Mid_range 0.01142
Median -0.00559
Ql -0.86750
Q2 -0.00559
Q3 0.86453
IQR : 1.73202
C.V. : none
f(72),F(Z2), Coefticinet
: " . Mathematical Mean: 0.00000
T Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.53567
Kurtosis Coef. 2.18709
MAD 0.85308
Range 3.86828
Mid_range 0.64403
Median -0.18998
Q1 -0.89143
Q2 -0.18998
Q3 0.75605
IQR : 1.64748
C.V. : none

E(] Z2 distribution - Z1 distribution |[*2)=0.0367248808
ForddkRskkkk | Z2 distribution function - Z1 distribution function| *# ¥k kkxskek
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0021895112,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 0.965039,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.669863,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.109825,
Pr(| Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.054828,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.010936,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.005489,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.001094,
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Section 5. The comparison of CB(A1, A2, x1) Z score and CB(A"), L =h2/ (1-M) Z
score

A
* *
let X,|x, ~CB(4,4,,x,) and ¥, ~ CB(&) and L =—2-,=1.
1- 2,
(X X, )’ and Y, are independent random variables,
Y, —E(1) XZ_E(X2|X1)
7, = Z, = .
,/Varin ) ,/VariX2|xl ,
. A
1.4,=0.1, 2,=0.09, A= =0.1,
-
(1)x,=0.1,
f(Z1),F(Z1), Coefficinet
—— Mathematical Mean: 0.00000
“F Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.74370
Kurtosis Coef. 2.58133
MAD : 0.83188
Range : 3.87770
Mid range : 0.65864
Median : -0.24262
Ql : -0.83664
Q2 : -0.24262
Q3 : 0.65879
IQR : 1.49543
C.V. : none
f(72),F(Z2), Coefticinet
bt ‘. o Mathematical Mean: 0.00000
{ Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.67272
Kurtosis Coef. 2.43638
MAD : 0.83748
| Range : 3.79986
Mid_range : 0.58893
Median : -0.22832
Q1 : -0.84494
Q2 : -0.22832
Q3 : 0.68538
IQR : 1.53032
r C.V. : none

E(] Z2 distribution - Z1 distribution [*2)=0.0005751614
FrddxAskRRk | Z2 distribution function - Z1 distribution function| *# ¥ ¥k xsk:k
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0000490650,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.865015,
Pr(| Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.461568,
Pr(| Z2 distribution function - Z1 distribution function|[<0.0010000000)= 0.085048,
Pr(| Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.042467,
Pr(| Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.008358,

Z1 and Z2 are similar probability distribution.

109




(2) x,=0.3,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: 0.00000
o Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.74370
Kurtosis Coef. 2.58133
MAD 0.83188
Range 3.87770
Mid_range 0.65864
Median -0.24262
Ql -0.83664
Q2 -0.24262
Q3 0.65879
IQR : 1.49543
C.V. : none
f(72),F(Z2), Coefticinet
1 B Mathematical Mean: -0.00000
T Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.52719
Kurtosis Coef. 2.18800
R TE - MAD 0.84779
Range 3.66797
Mid_range 0.45268
Median -0.19246
Q1 -0.86023
Q2 -0.19246
Q3 0.73851
IQR : 1.59874
L — . C.V. : none

E(| Z2 distribution - Z1 distribution |*2)=0.0055193803
Frskddd Rk | Z2 distribution function - Z1 distribution function| *# ¥k
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0004262343,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.985248,
Pr(] Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.281122,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.137297,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.027154,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.013403,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.002695,
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(3)x,=0.5,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: 0.00000
“T Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.74370
Kurtosis Coef. 2.58133
MAD 0.83188

| Range 3.87770
Mid_range 0.65864
Median -0.24262
Ql -0.83664
Q2 -0.24262
Q3 0.65879

i IQR : 1.49543

3 C.V. : none

1(72),F(Z2), Coefficinet
i — Mathematical Mean: -0.00000
-t Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.37863
Kurtosis Coef. 1.99903
MAD 0.85632
Range 3.56840
Mid_range 0.32040
Median -0.14696
Ql -0.87169
Q2 -0.14696
Q3 0.78752
IQR : 1.65921
C.V. : none

E(] Z2 distribution - Z1 distribution |[*2)=0.0160696160
dodorkckiories | Z2 distribution function - Z1 distribution function| %k stk
The almost surely limiting theory
E(| Z2 distribution function - Z1 distribution function|*2)=0.0011185537,
Pr(| Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.891674,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.163144,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.080862,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.016135,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.008054,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.001618,
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(4) x,=0.99,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: 0.00000
B} Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.74370
Kurtosis Coef. 2.58133
MAD 0.83188

{ Range 3.87770

| Mid_range 0.65864
Median -0.24262
Ql -0.83664
Q2 -0.24262
Q3 0.65879
IQR : 1.49543
C.V. : none

f(72),F(Z2), Coefticinet
(s scag Mathematical Mean: -0.00000
T Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.00774
Kurtosis Coef. 1.80005
MAD 0.86603
Range 3.46416
Mid _range 0.00644
Median -0.00323
Q1 -0.86682
Q2 -0.00323
Q3 0.86525
IQR : 1.73206
C.V. : none

E(| Z2 distribution - Z1 distribution |*2)=0.0666621261
dodorkckiorkes | Z2 distribution function - Z1 distribution function| *###skskckeicx
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0037000874,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 0.943939,
Pr(] Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.438118,
Pr(] Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.083555,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.041747,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.008369,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.004188,
Pr(| Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.000837,
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2.4,=04, 1,=0.24, 1 = 1L=0.4,

1

(1)x,=0.1,
f(Z1),F(Z1), Coefficinet
‘ o Mathematical Mean: 0.00000
1 Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.14012
Kurtosis Coef. 1.82717
MAD 0.86465
Range 3.47842
Mid_range 0.11708
Median -0.05771
Ql -0.87560
Q2 -0.05771
Q3 0.84597
IQR : 1.72157
C.V. : none
f(72),F(Z2), Coefficinet
ORI Mathematical Mean: 0.00000
T Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.12646
Kurtosis Coef. 1.82205
MAD 0.86492
| Range 3.47565
Mid_range 0.10556
Median -0.05227
Ql -0.87502
Q2 -0.05227
Q3 0.84848
IQR : 1.72351
C.V. : none

E(| Z2 distribution - Z1 distribution |*2)=0.0000257430
dedorkckiories | Z2 distribution function - Z1 distribution function| sk
The almost surely limiting theory
E(| Z2 distribution function - Z1 distribution function|*2)=0.0000021260,
Pr(| Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0500000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0100000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.371379,
Pr(| Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.180894,
Pr(| Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.035553,

Z2 is approaching to Z1.
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(2) x,=0.3,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.14012
Kurtosis Coef. 1.82717

| S— - MAD 0.86465

| Range 3.47842

{ Mid_range 0.11708
Median -0.05771
Ql -0.87560
Q2 -0.05771
Q3 0.84597
IQR : 1.72157
C.V. : none

f(72),F(Z2), Coefficinet
e o Mathematical Mean: 0.00000

i Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.09841
Kurtosis Coef. 1.81333
MAD 0.86536
Range 3.47110
Mid_range 0.08209
Median -0.04081
Q1 -0.87373
Q2 -0.04081
Q3 0.85315
IQR : 1.72688
C.V. : none

E(] Z2 distribution - Z1 distribution [*2)=0.0002401238
ook | Z2 distribution function - Z1 distribution function| ks
The almost surely limiting theory
E(| Z2 distribution function - Z1 distribution function|[*2)=0.0000194298,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0500000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.993556,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.821560,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.116286,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.057246,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.011789,

Z1 and Z2 are similar probability distribution.

114




(3)x,=0.8,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.14012
Kurtosis Coef. 1.82717
MAD 0.86465
Range 3.47842
Mid_range 0.11708
Median -0.05771
Ql -0.87560
Q2 -0.05771
Q3 0.84597
IQR : 1.72157

e C.V. : none

1(72),F(Z2), Coefficinet
rdues Mathematical Mean: -0.00000

Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.02822
Kurtosis Coef. 1.80106
MAD 0.86598
Range 3.46468
Mid_range 0.02351
Median -0.01176
Ql -0.86875
Q2 -0.01176
Q3 0.86291
IQR : 1.73167
C.V. : none

E(] Z2 distribution - Z1 distribution |*2)=0.0017311366
ForddkRskkkk | Z2 distribution function - Z1 distribution function| *# ¥k
The almost surely limiting theory
E(| Z2 distribution function - Z1 distribution function|*2)=0.0001326113,
Pr(| Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.482199,
Pr(| Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.223912,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.043714,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.021680,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.004322,

Z1 and Z2 are similar probability distribution.
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3.4,=0.8, 1,=0.16, A" = =0.8,
1- 4,
(1)x,=0.1,
f(Z1),F(Z1), Coefficinet
s - Mathematical Mean: -0.00000
t Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
| Skewed Coef. : -0.47630
| Kurtosis Coef. 2.11604
- - MAD : 0.85096
| Range : 3.62995
Mid_range : -0.40664
Median : 0.17793
Ql : -0.75619
Q2 : 0.17793
Q3 : 0.86471
IQR : 1.62090
C.V. : none
f(72),F(Z2), Coefticinet
- — Mathematical Mean: -0.00000
- Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
| Skewed Coef. : -0.42906
Kurtosis Coef. 2.05615
MAD : 0.85367
| Range : 3.59842
Mid_range : -0.36468
Median : 0.16336
Ql : -0.77168
Q2 : 0.16336
Q3 : 0.86842
IQR : 1.64010
C.V. : none

E(] Z2 distribution - Z1 distribution |*2)=0.0002849663
Forddcorkk | Z2 distribution function - Z1 distribution function| *# ¥k askckkek
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0000241270,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0500000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.948301,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.700642,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.112942,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.056528,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.011538,

Z1 and Z2 are similar probability distribution.
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(2) x,=0.3,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.47630
Kurtosis Coef. 2.11604
MAD 0.85096
Range 3.62995
Mid range -0.40664
Median 0.17793
Ql -0.75619
Q2 0.17793
Q3 0.86471
IQR : 1.62090
C.V. : none
f(72),F(Z2), Coefficinet
— Mathematical Mean: 0.00000
o Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.33462
Kurtosis Coef. 1.95535
MAD 0.85838
Range 3.54547
Mid_range -0.28221
Median 0.13182
Ql -0.80039
Q2 0.13182
Q3 0.87397
IQR : 1.67436
C.V. : none

E(] Z2 distribution - Z1 distribution |[*2)=0.0026003622
ForddckRsckkkk | Z2 distribution function - Z1 distribution function| *# ¥ kskxskek
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0002036696,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0500000000)= 1.000000,
Pr(| Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.396342,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.189918,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.037650,
Pr(] Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.018938,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.003835,

Z1 and Z2 are similar probability distribution.
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(3)x,=0.8,

f(Z1),F(Z1), Coefficinet

Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.47630
Kurtosis Coef. 2.11604
MAD 0.85096
\ Range 3.62995

Mid range -0.40664
Median 0.17793
Ql -0.75619
Q2 0.17793
Q3 0.86471
IQR : 1.62090

- - C.V. : none

f(72),F(Z2), Coefticinet

. o Mathematical Mean: -0.00000

Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.09588
Kurtosis Coef. 1.81269

L g MAD 0.86539
Range 3.47076

! Mid_range -0.07999
Median 0.03975
Ql -0.85351
Q2 0.03975
Q3 0.87363
IQR : 1.72714
C.V. : none

E(| Z2 distribution - Z1 distribution |*2)=0.0190948871
oo | Z2 distribution function - Z1 distribution function| ks
The almost surely limiting theory
E(] Z2 distribution function - Z1 distribution function|*2)=0.0012539289,
Pr(] Z2 distribution function - Z1 distribution function|<0.1000000000)= 1.000000,
Pr(] Z2 distribution function - Z1 distribution function|<0.0500000000)= 0.896836,
Pr(] Z2 distribution function - Z1 distribution function|<0.0100000000)= 0.143817,
Pr(] Z2 distribution function - Z1 distribution function|<0.0050000000)= 0.071626,
Pr(] Z2 distribution function - Z1 distribution function|<0.0010000000)= 0.014325,
Pr(| Z2 distribution function - Z1 distribution function|<0.0005000000)= 0.007151,
Pr(] Z2 distribution function - Z1 distribution function|<0.0001000000)= 0.001450,

Z1 and Z2 are similar probability distribution.
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Chapter 6 The sampling distribution Y X,, when the

i=1
population is Xz[x1 ~CB(M, A2, x1) of model 3 and test
statistic of " =22/ (1 — A1)

Section 1. The sampling distribution ZX ,; When A1 and x1 are known

i=1
iid n n n
X, Xy Xy, ~CB(A, 4,,%,), D X, ——> Normal(E(z X,, j Var(z X, D :
i=1 i=1 =l
The sampling distribution of ZX ,;, will be affected by 4,,4,,x, andn.

i=l1

Let X, = Zn‘,Xz,,»

i=l1

1.AX2[Y1=4,), 4, =0.1,0.0001<=,<=0.8999, x1=0.1,
(1-)n=2, (1-2)n=5,

S

(1-3)n-10. (1430,

~o-ve o
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2.6X2]Y1=2,), 4, =0.5,0.0001<= 1, <=0.4999, x1=0.1,
(2-1)n=2, (2-2)n=3,

-

(2-_5~).r‘1f20, (2-4)n=3Q,

s

120



34(X2|Y1=4,),4, =0.8,0.0001<=1,<=0.1999, x1=0.1,

(3-1)n=2, (3-2)n=3,

(3-'3_)_r.1.=.5, 3 -4)_n= 10,

——— s e ! ol rg

. T i o 1 - | — ¢ P S
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4£(X2|Y1=4,),4, =0.1, 0.0001<=1,<=0.8999, x1=0.5,

(4-1)n=2, (4-2)n=3,

~an .

e 1o g

v
- o
——— L -
Prd ans B |t ol g kb
Mt ot o B i o 0 0

(4-3)n=5,

P

——— VLD e Ay .o -y

Y . @0 oy | W o

(4-§.){1_=20,
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54(X2|Y1=4,),4, =0.1,0.0001<=1,<=0.8999, x1=0.9,

(5-1)n=2, (5-2)n=3,

ot
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Section 2. The sampling distribution ZX ,; When A1 and A2 are known

i=l1

iid ﬂ
X, X X ~ CB( 2/1 J =CB(4,,1,,x,),

!
let X,=>X,,
i=1

1LEX2[X1), 4, =0.1, 1,=0.2,0.001<=x1<=0.999
(1-1)n=2, (1-2)n=3,

cee ta —n s

(1-3)n=5, (1-4)n=10,

e v —

(1-5)n=30, (1-4)n=100,




2.£(X2[X1),4, =0.1, 1,=0.4,0.1<=x1<=0. 9,
(2-Dn=2, (2-2)n=3,

- e o
—— .

@-5n=20, @2-4;n-30,

s
ey 0 e
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3.(X2[X1), 4 =0.1, 1,=0.6,0.2<=x1<=0.8,
(3-Dn=2, (3-2)n=3,

s00:50 -8 e age S -
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4.6(X2|X1), 4, =0.5, 1,=0.4, 0.4 <=x1<=0.6,
(4-2)n=3,

2 ——yn

(4-3)nf§, (4-4)n= 1.(.)",
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Section 3. The approaching distribution of sample mean

iid
Xy X Xy, ~ CB(J,I,ZQ,)C1 ), n random samples from CB(A,ﬂ?,xl).

2
~ 2. X,
Test statistic, M X = S u= E(lej |)cl ),02 = Var(XZ,j |)cl )

O n

A= 1:12/11 L Xolx ~CB(A.4,.3),
(@2 =05,

) (Y %5 R
M —E(X2|x1)_ (/,l*)l—xl _1(1_1*)”‘ ln(ﬁ*)—ln(l—ﬂ*)’

N £\

s el ) ! R
o ar( 2|x1) (ln(}t* )—ln(l—/f ))z ((A* )l—xl _(1_/1* )HI)Z
(@A =05,

1-x, (1-x)
/u:E(X2|x1):T’O_ =Var(X2|x1)=T.

- p)

n()_(z)z? when -
letW15=ﬂM,
o

Getting the simulated data of W15 and standard normal distribution using the
simulator and the simulated data number=100,000,000.

Calculating the n()_() using the Strong Law of Large Number, the requirement is
P{Fy,s(W15)-0(W15) < 0.1{=1, P{F,,(W15)- d(#15) < 0.05}=1,
P{Fy,s(W15)-0(W15) < 0.01}=1, P{F,,s(W15)- d(W15) < 0.005}=1,

when ﬂ)_%)()()) — Normal(0,1).
o(z)=PZ<z)=[ \/;7

normal distribution.

) > Normal(0,1),

nzn

2
z ) e .
exp(— ?sz is the distribution function of standard
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1/11:01a /12:009, /1*: 2/2 :OI,WISZM,
(o}

1

. A

(1-1)x,=0.1, 4,=0.1, 1,=0.09, A" = =0.1,
-1,
(1-1-1) n(X )= 10,
f(W15),F(W15), Coefficinet
—— Mathematical Mean: 0.00000
- Geometrical Mean : none

Harmonic Mean :none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.21280
Kurtosis Coef. 2.94363
MAD : 0.80133
Range : 9.66991
Mid range : 1.04357
Median : -0.03653
Q1 : -0.70220
Q2 : -0.03653
Q3 : 0.66229
IQR : 1.36449
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution |*2)=0.0028407863
FREHRRRERRE | WS distribution function - Z0 distribution function| ¥ #kkx
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000841815,
Pr() W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 0.629596,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 0.310324,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.055907,
Pr(]| W15 distribution function - Z0 distribution function|<0.0005000000)= 0.027890,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.005631,
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—— * /1
(1-1-2)n(X2)=50, 4,=0.1, 4,=0.09, X' =—2-=0.1,
!
f(W15),F(W15), Coefficinet
» Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.09541
Kurtosis Coef. 2.98905
N et3e MAD 0.79856
Range 10.50704
Mid_range 0.44936
Median -0.01585
Q1 -0.68466
Q2 20.01585
Q3 0.66749
IQR : 1.35215
v woie C.V. : none
Z0~standard normal distribution,
E(| W15 distribution - Z0 distribution |*2)=0.0005167765
FoHdRRckkRRx | WS distribution function - Z0 distribution function| * ¥k
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000159316,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0050000000)= 0.687417,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.132994,
Pr(] W15 distribution function - Z0 distribution function|[<0.0005000000)= 0.064198,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.011463,
— * 242
(1-1-3)n(X2 )=60, 4,=0.1, 2,=0.09, A’ = 0.1,
f(W15),F(W15), Coefficinet
- Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.08748
Kurtosis Coef. 2.99260
MAD 0.79837
Range 10.72619
Mid range 0.22768
Median -0.01470
Q1 -0.68359
Q2 -0.01470
Q3 0.66759
IQR : 1.35118
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution |*2)=0.0004318626
FRdHRRRERRE | WS distribution function - Z0 distribution function| ¥ #kkx
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000133986,
Pr(] W15 distribution function - Z0 distribution function|[<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 0.733367,
Pr(| W15 distribution function - Z0 distribution function|<0.0010000000)= 0.144672,
Pr(]| W15 distribution function - Z0 distribution function|<0.0005000000)= 0.073430,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.013112,
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— A
*
(1-1-4yn(X2)=90, 4,=0.1, 4,=0.09, X' =—2-=0.1,
M
f(W15),F(W15), Coefficinet
Ey— Mathematical Mean: -0.00000
1 Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.07074
Kurtosis Coef. 2.99268
b ——— MAD : 0.79829

’ Range : 10.64203
Mid_range : 0.38038
Median : -0.01195
Q1 : -0.68181
Q2 : -0.01195
Q3 : 0.66872
IQR : 1.35054
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution |*2)=0.0002797292
kel | WS distribution function - Z0 distribution function| ###sskectsex
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000088072,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|[<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0010000000)= 0.181123,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.086117,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.018526,

— A
*
(1-1-5)n(X)=100, 4,=0.1, 1,=0.09, A = =01,
f(W15),F(W15), Coefticinet
; S—— Mathematical Mean: -0.00000
' Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.06669
Kurtosis Coef. 2.99380
MAD : 0.79825
Range : 10.73934
Mid range : 0.21921
Median : -0.01124
Ql : -0.68119
Q2 : -0.01124
Q3 : 0.66922
IQR : 1.35042
C.V. : none

Z0~standard normal distribution,

E(| W15 distribution - Z0 distribution [*2)=0.0002460346
Fadcrkckiorkx | WS distribution function - Z0 distribution function| #####skesksex
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000078876,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|[<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.193800,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.094333,
Pr(| W15 distribution function - Z0 distribution function|<0.0001000000)= 0.020078,
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(1-2) x,=0.4, 4,=0.1, 1,=0.09, A = =0.1,
1- 1,
(1-2-1) n(x2 ) =80,
f(W15),F(W15), Coefficinet
‘ g N— Mathematical Mean: -0.00000
" Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.05117
Kurtosis Coef. 2.98875
L : MAD 0.79834
‘ Range 10.73387
H Mid_range 0.23234
Median -0.00862
Ql -0.68010
Q2 -0.00862
Q3 0.67069
IQR : 1.35079
— — C.V. :none
Z0~standard normal distribution,
E(| W15 distribution - Z0 distribution [*2)=0.0001509785
okl | WS distribution function - Z0 distribution function| s seskeskx
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000048604,
Pr(]| W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0010000000)= 0.254363,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.118626,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.022948,
(1-22) n(x > )=90,
f(W15),F(W15), Coefficinet
. PR — Mathematical Mean: 0.00000
“t Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.04769
Kaurtosis Coef. 2.98988
; MAD 0.79836
Range 10.39775
Mid_range 0.34952
Median -0.00804
Ql -0.68006
Q2 -0.00804
Q3 0.67113
IQR : 1.35119
C.V. :none

Z0~standard normal distribution,

E(| W15 distribution - Z0 distribution [*2)=0.0001279311
Fadokckicrkx | WS distribution function - Z0 distribution function| #####skeskeex
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000040955,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.276106,
Pr(]| W15 distribution function - Z0 distribution function|<0.0005000000)= 0.126936,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.026192,
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ﬂ“Z

*
(1-3)x,=0.99, 4,=0.1, 4,=0.09, 1 = =0.1,
f(W15),F(W15), Coefficinet
. Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.00117
Kurtosis Coef. 2.98548
o m— MAD : 0.79837
! Range : 10.49612
Mid_range : -0.14196
Median : -0.00040
Ql : -0.67567
Q2 : -0.00040
Q3 : 0.67562
IQR : 1.35129
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution [*2)=0.0000030325
Forddcktsckrkk | WS distribution function - Z0 distribution function| *###csssick
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000000754,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0005000000)= 0.993235,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.241159,

The requirement of sample size is decreasing when x, is increasing, if the sample
mean can approach normal distribution.

A =0.1 and n()_(z):80 for any x,, \/;()_(2_’“)

1-4 o

A=

> Normal(0,1),

nZn(}z
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2.,=0.2, 1,=0.16, A" = ’12/1 =0.2,W15=M ,x,=0.1,
O

1

(2-1) n()_(z ): 50, W15 is approaching Z distribution when n()_(z ): 50.

f(W15),F(W15), Coefticinet
P Mathematical Mean: -0.00000
' Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.06113
Kurtosis Coef. 2.98103
MAD 0.79866
Range 10.37256
Mid_range 0.30447
Median -0.01041
Ql -0.68172
Q2 -0.01041
Q3 0.67081
IQR : 1.35253
b sl C.V. :none
Z0~standard normal distribution,
E(] W15 distribution - Z0 distribution [*2)=0.0002172702
sk | WS distribution function - Z0 distribution function| *## &k
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000068504,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|[<0.0100000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0010000000)= 0.214796,
Pr() W15 distribution function - Z0 distribution function|<0.0005000000)= 0.098963,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.017644,
2-2)n(x)=60,
f(W15),F(W15), Coefficinet
a4 Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.05536
Kurtosis Coef. 2.98316
B S— MAD 0.79857
3 Range 10.27292
Mid range 0.14762
Median -0.00933
Ql -0.68098
Q2 -0.00933
Q3 0.67124
IQR : 135223
C.V. :none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution [*2)=0.0001776132
FREHRRRRREE | WS distribution function - Z0 distribution function| ¥ #kkx
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000057123,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0010000000)= 0.252814,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.114670,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.020651,
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2’2

3.4,=0.8, 1,=0.06, 1 =

1

=0.3, W15=M,x1=0.1,
O

(3-1) n()_(z ):40, W15 is approaching Z distribution when n()_(z ):40.

f(W15),F(W15), Coefticinet
Mathematical Mean: -0.00000
g | Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.04156
Kurtosis Coef. 2.97206
MAD : 0.79892
Range : 10.71927
Mid_range : 0.16413
Median : -0.00669
Q1 : 0.68055
Q2 : -0.00669
Q3 : 0.67263
IQR : 1.35318
17 o C.V. : none
Z0~standard normal distribution,
E(| W15 distribution - Z0 distribution [*2)=0.0001076282
gk | WS distribution function - Z0 distribution function| *##* &k
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000032449,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0010000000)= 0.323084,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.128597,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.023240,
(3-2) nlx:)=50,
f(W15),F(W15), Coefticinet
Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.03765
Kurtosis Coef. 2.97737
MAD : 0.79871
Range : 10.23325
Mid range : 0.05506
Median : -0.00630
QI : 0.67975
Q2 : -0.00630
Q3 : 0.67263
IQR : 1.35239
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution [*2)=0.0000870745
FREHRRRRRRE | WS distribution function - Z0 distribution function| ¥ #kkx
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000027672,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.369591,
Pr(| W15 distribution function - Z0 distribution function|<0.0005000000)= 0.165485,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.026002,
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2’2

4.2,=0.5, 1,=0.2, 1 =

=0.4, W15=M,x1=0.1,
1 (o)

(4-1) n()_(z ):25, W15 is approaching Z distribution when n()_(z ): 25.

f(W15),F(W15), Coefticinet
Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance 1.00000
S.D. 1.00000
Skewed Coef. 0.02618
Kurtosis Coef. 2.95285
MAD 0.79950
Range 9.86741
Mid_range 0.13864
Median -0.00440
Ql -0.68036
Q2 -0.00440
Q3 0.67550
IQR : 1.35586
- . C.V. : none
Z0~standard normal distribution,
E(] W15 distribution - Z0 distribution |*2)=0.0000640824
gk | WS distribution function - Z0 distribution function| *##*dcssskck
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000018418,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0010000000)= 0.456493,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.203573,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.044366,
4-2) nx:)=40,
f(W15),F(W15), Coefficinet
Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance 1.00000
S.D. 1.00000
Skewed Coef. 0.02142
Kurtosis Coef. 2.97204
MAD 0.79883
Range 10.16456
Mid range 0.27279
Median -0.00365
QI -0.67820
Q2 -0.00365
Q3 0.67465
IQR : 1.35285
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution |*2)=0.0000348261
Fadcckiorkx | WS distribution function - Z0 distribution function| ###xsskeskeex
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000010047,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.616652,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.276034,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.055595,
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5108, A,=0.1, A =22 =O.5,W15=M,x120.1,
(o)

1

(5-1) n()_(z ): 15, W15 is approaching Z distribution when n()_(z ): 15.

f(W15),F(W15), Coefticinet
- Mathematical Mean: 0.00000
o Geometrical Mean : none

Harmonic Mean :none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : -0.00001
Kurtosis Coef. 2.91908
MAD : 0.80062

f Range : 9.61515

i Mid_range : -0.04002
Median : 0.00009
Q1 : -0.68027
Q2 : 0.00009
Q3 : 0.68027
IQR : 1.36054
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution |*2)=0.0000752874
gk | WS distribution function - Z0 distribution function| *## ¥k
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000018144,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0010000000)= 0.383816,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.208204,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.037580,

(5-2) nlx.)=25,

f(W15),F(W15), Coefticinet
- Mathematical Mean: -0.00000

Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : -0.00071
Kurtosis Coef. 2.95181
MAD : 0.79952

{ Range : 10.12645

| Mid_range : -0.05364
Median : 0.00009
Ql : -0.67819
Q2 : 0.00009
Q3 : 0.67834
IQR : 1.35653
C.V. : none

Z0~standard normal distribution,

E(| W15 distribution - Z0 distribution [*2)=0.0000272932
Fadckckicrkx | WS distribution function - Z0 distribution function| # s #skskeex
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000007249,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.625217,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.331431,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.061525,
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6.4,=03, 2,=042, A = ’12/1 =0.6,W15=M ,x,=0.1,
O

1

(6-1) n()_(z ): 15, W15 is approaching Z distribution when n()_(z ): 15.

f(W15),F(W15), Coefficinet

\ " . Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : -0.03248
Kurtosis Coef. 2.92064
MAD : 0.80056
Range : 10.08123
Mid_range : -0.07356
Median : 0.00553
Ql : -0.67716
Q2 : 0.00553
Q3 : 0.68314
IQR : 1.36030
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution |*2)=0.0001352863
gk | WS distribution function - Z0 distribution function| *##*dcssskck
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000034991,
Pr(]| W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.288426,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.139061,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.031841,

62) nx:)=25,

f(W15),F(W15), Coefticinet
' B osaie Mathematical Mean: -0.00000
= Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : -0.02542
Kurtosis Coef. 2.95319
h MAD : 0.79948
i Range : 9.99934
| Mid range : 0.10682
Median : 0.00435
Ql : -0.67566
Q2 : 0.00435
Q3 : 0.68027
IQR : 1.35593
— ; C.V. : none

Z0~standard normal distribution,

E(| W15 distribution - Z0 distribution [*2)=0.0000626316
Fadcrkckiorkx | WS distribution function - Z0 distribution function| #####skesksex
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000017015,
Pr() W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.468752,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.199303,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.038066,
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2’2

7.4,=0.4, 2,=0.42, 1 =

1

=0.7, W15=M,x1=0.1,
O

(7-1) n()_(z ): 18, W15 is approaching Z distribution when n()_(z ): 18.

f(W15),F(W15), Coefficinet
Mathematical Mean: 0.00000
- Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.06103
Kurtosis Coef. 2.93703
— MAD 0.80014
Range 9.60105
Mid_range -0.15315
Median 0.01043
Ql -0.67381
Q2 : 0.01043
Q3 : 0.68512
IQR : 1.35893
- P C.V. : none
Z0~standard normal distribution,
E(| W15 distribution - Z0 distribution [*2)=0.0002653701
ekl | WS distribution function - Z0 distribution function| s seskeskx
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000076660,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|[<0.0500000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.192625,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.092424,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.016698,
(7:2) n(X:)=20,
f(W15),F(W15), Coefficinet
Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. -0.05892
Kurtosis Coef. : 2.94334
g " MAD : 0.79986
' Range : 10.06478
Mid range : -0.35401
Median : 0.01022
Q1 : 20.67358
Q2 : 0.01022
Q3 : 0.68420
IQR : 135778
C.V. : none

Z0~standard normal distribution,

E(| W15 distribution - Z0 distribution [*2)=0.0002415124
FREHdRRRERRE | WS distribution function - Z0 distribution function| ¥ #kkx
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000073056,
Pr(] W15 distribution function - Z0 distribution function|[<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0010000000)= 0.198279,
Pr(| W15 distribution function - Z0 distribution function|<0.0005000000)= 0.100185,
Pr(]| W15 distribution function - Z0 distribution function|<0.0001000000)= 0.021307,
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2’2

8.4,=0.1, ,=0.72, A =

0.8, W15=M,x1=0.1,
O

1

(8-1) n()_(z ): 35, W15 is approaching Z distribution when n()_(z ): 35.

f(W15),F(W15), Coefticinet
Mathematical Mean: -0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance 1.00000
S.D. 1.00000
Skewed Coef. -0.07253
Kurtosis Coef. 2.97236
MAD 0.79897
Range 10.32689
Mid_range -0.18791
Median 0.01226
Ql -0.67023
Q2 0.01226
Q3 0.68325
IQR : 1.35348
L 0%ee C.V. : none
Z0~standard normal distribution,
E(| W15 distribution - Z0 distribution [*2)=0.0003090050
FHdRRRIoRkk | WS distribution function - Z0 distribution function| *## ¥k
The almost surely limiting theory
E(]| W15 distribution function - Z0 distribution function|*2)=0.0000092501,
Pr(| W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0050000000)= 0.999267,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.179163,
Pr(]| W15 distribution function - Z0 distribution function|<0.0005000000)= 0.086260,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.017262,
8-2) nlx:)=25,
f(W15),F(W15), Coefticinet
" Mathematical Mean: 0.00000
Geometrical Mean : none
Harmonic Mean : none
Variance 1.00000
S.D. 1.00000
Skewed Coef. -0.08571
Kurtosis Coef. 2.96199
MAD 0.79938
Range 11.11217
Mid range -0.63056
Median 0.01469
QI 0.66994
Q2 0.01469
Q3 0.68549
IQR : 1.35543
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution |*2)=0.0004459321
Fadcckiorkx | WS distribution function - Z0 distribution function| ###xsskeskeex
The almost surely limiting theory
E(| W15 distribution function - Z0 distribution function|*2)=0.0000136344,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0050000000)= 0.746419,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.143397,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.067630,
Pr(]| W15 distribution function - Z0 distribution function|<0.0001000000)= 0.013886,
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9.4=02, 4,=0.72, i =2 =0.9,W15=M ,x,=0.1,
O

1

(9-1) n()_(z ): 80, W15 is approaching Z distribution when n()_(z ): 80.

f(W15),F(W15), Coefticinet
. o Mathematical Mean: 0.00000
g r Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : -0.07528
Kurtosis Coef. 2.99199
S e gty MAD : 0.79829

Range : 10.59745
Mid_range : -0.47480
Median : 0.01270
Ql : -0.66848
Q2 : 0.01270
Q3 : 0.68219
IQR : 135067
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution [*2)=0.0003199837
gk | WS distribution function - Z0 distribution function| *##* &k
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000098908,
Pr(] W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|[<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr() W15 distribution function - Z0 distribution function|<0.0050000000)= 0.907827,
Pr() W15 distribution function - Z0 distribution function|<0.0010000000)= 0.165939,
Pr(] W15 distribution function - Z0 distribution function|<0.0005000000)= 0.082244,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.015341,

9-2) nlx:)=50,

f(W15),F(W15), Coefticinet
——— Mathematical Mean: -0.00000
4 Geometrical Mean : none

Harmonic Mean : none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : -0.09470
Kurtosis Coef. 2.98911
MAD : 0.79852
Range : 10.55147
Mid range : -0.42503
Median : 0.01586
Ql : -0.66735
Q2 : 0.01586
Q3 : 0.68457
IQR : 1.35192
C.V. : none

Z0~standard normal distribution,

E(] W15 distribution - Z0 distribution [*2)=0.0005131452
FRFHRRRRRRE | WS distribution function - Z0 distribution function| ¥ #kkx
The almost surely limiting theory
E(] W15 distribution function - Z0 distribution function|*2)=0.0000155971,
Pr(| W15 distribution function - Z0 distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z0 distribution function|<0.0500000000)= 1.000000,
Pr(| W15 distribution function - Z0 distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z0 distribution function|<0.0050000000)= 0.694637,
Pr(] W15 distribution function - Z0 distribution function|<0.0010000000)= 0.126577,
Pr(]| W15 distribution function - Z0 distribution function|<0.0005000000)= 0.062076,
Pr(] W15 distribution function - Z0 distribution function|<0.0001000000)= 0.012583,
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Section 4, " =22 / (1 — M) estimated value

*

1. 2 = /121 estimated method,
!

iid
X1 X000 Xy, Nsz\Xl (x2|x1 )’X2|x1 NCB(Al’ﬂQ’xl ):

* //l . . AT N
A= " 2 point estimator=4 and the sample mean= X, =
- n

The A computed procees,
lower=0, upper=1, midpoint=0.5,
repeat

{

let E (X , |xl) estimated value will be computed by 4 =midpoint in according to
the E (X ) |x1) function.
if E (X R |x1) estimated value< X > then upper=midpoint,

if £ (X 2|x1) estimated value> X > then lower=midpoint,
midpoint=(lower+upper)/2, }

until | E(X,|x,) estimated value- X > [<0.000001,

12

A =midpoint is the A = estimated value.

1
A is not function of sufficient statistic.

E(1)= 2 +6(2 ) b4 )£ 0,b(2 )———0,
Varld )50, A—> 7.

Note:
E(x, x, ) function,

()4 =0.5,
) x )( e )1-;;l ) 1
E(X2| 1) ( )—xl_(l_ﬂ*)l—xl ln(i*)—ln(l—/f‘)’
(zz)/l* 0. 5,
E(X2|x1
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2. The sampling distribution of 1,
Let lamda*= 1",

(1)4,=0.1, 4,=0.2, x,=0.2, /1*:1’12 =0.222222222,

(1-1)n=10,
f(lamda*),F(lamda*) Coefficient
b . o Mathematical Mean: 0.27828
] Geometrical Mean : 0.17481
Harmonic Mean 0.03724
Variance 0.05080
S.D. 0.22539
Skewed Coef. 0.89221
Kurtosis Coef. 2.96569
-t MAD 0.18509
{ Range 0.99999
Mid range 0.50000
Median 0.21768
Q1 0.09323
Q2 0.21768
Q3 0.41730
IQR 0.32407
C.V. 0.80994
(1-2)n=20,
f(lamda*),F(lamda*) Coefficient
. o~ v e Mathematical Mean: 0.25528
Geometrical Mean : 0.19761
Harmonic Mean 0.13290
Variance 0.02813
S.D. 0.16773
Skewed Coef. 0.89636
Kurtosis Coef. 3.37802
e MAD 0.13500
Range 0.99225
Mid_range 0.49616
Median 0.21996
Q1 0.12394
Q2 0.21996
Q3 0.35426
IQR 0.23032
- C.V. 0.65703
(1-3)n=30,
f(lamda*),F(lamda*) Coefticient
g i Mathematical Mean: 0.24569
Geometrical Mean : 0.20559
Harmonic Mean 0.16233
Variance 0.01929
S.D. 0.13888
Skewed Coef. 0.84958
L Kurtosis Coef. 3.48413
¥ e MAD 0.11111
Er Range 0.96371
Mid_range 0.48255
Median 0.22071
Q1 0.13936
Q2 0.22071
Q3 0.32776
L . IQR 0.18840
¢ oaieie C.V. 0.56525
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(1-4)n=50,

f(lamda*),F(lamda*) Coefficient
. — Mathematical Mean: 0.23709
Geometrical Mean : 0.21214
Harmonic Mean 0.18598
Variance 0.01176
S.D. 0.10843
Skewed Coef. 0.75290
Kurtosis Coef. 3.48222
- MAD 0.08645
Range 0.87474
Mid_range 0.44312
Median 0.22131
Ql 0.15603
Q2 0.22131
Q3 0.30210
IQR 0.14607
C.V. 0.45734
(1-5)n=100,
f(lamda*),F(lamda*) Coefticient
S 4 Bl Mathematical Mean: 0.23000
' Geometrical Mean : 0.21715
Harmonic Mean 0.20399
Variance 0.00591
S.D. 0.07688
Skewed Coef. 0.59592
Kurtosis Coef. 3.36119
= MAD 0.06123
’ Range 0.71991
Mid_range 0.37609
Median 0.22179
Q1 0.17399
Q2 0.22179
Q3 0.27735
IQR 0.10336
C.V. 0.33428
(1-6)n=500,
f(lamda*),F(lamda*) Coefficient
" ' Mathematical Mean: 0.22383
1l Geometrical Mean : 0.22120
Harmonic Mean 0.21856
Variance 0.00118
S.D. 0.03434
Skewed Coef. 0.29225
Kurtosis Coef. 3.09686
v MAD 0.02739
P Range 0.37142
Mid_range 0.27157
Median 0.22214
Q1 0.19976
Q2 0.22214
Q3 0.24606
IQR 0.04630
C.V. 0.15342
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*
(2)4,=0.5, 1,=0.4, x,=0.6, 1 = 0.8,
(2-1)n=10,
f(lamda*),F(lamda*) Coefficient
" - Mathematical Mean: 0.66669
. Geometrical Mean : 0.47441
Harmonic Mean : 0.02587
Variance : 0.11250
S.D. : 0.33541
Skewed Coef. : -0.70067
Kurtosis Coef. 2.01478
MAD : 0.29353
Range : 1.00000
Mid_range : 0.50000
Median : 0.80444
Q1 : 0.38632
Q2 : 0.80444
Q3 : 0.96591
' IQR : 0.57959
: - C.V. : 0.50310
(2-2)n=20,
f(lamda*),F(lamda*) Coefticient
- o — Mathematical Mean: 0.70509
o | Geometrical Mean : 0.60514
Harmonic Mean : 0.34741
Variance : 0.07652
S.D. : 0.27663
Skewed Coef. : -0.87093
Kurtosis Coef. 2.57873
MAD : 0.23265
- Range : 0.99999
Mid_range : 0.50000
Median : 0.80219
Q1 : 0.52063
Q2 : 0.80219
Q3 : 0.93961
IQR : 0.41898
C.V. : 0.39233
(2-3)n=30,
f(lamda*),F(lamda*) Coefficient
p— Mathematical Mean: 0.72565
i Geometrical Mean : 0.66089
Harmonic Mean : 0.52647
Variance : 0.05769
S.D. : 0.24019
Skewed Coef. : -0.95349
Kurtosis Coef. 2.95870
a4 MAD : 0.19782
Range : 0.99977
Mid_range : 0.50011
Median : 0.80145
Q1 : 0.57977
Q2 : 0.80145
Q3 : 0.92320
IQR : 0.34343
C.V. : 0.33100
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(2-4)n=50,

f(lamda*),F(lamda*) Coefficient
d . e Mathematical Mean: 0.74787
Geometrical Mean : 0.71172
Harmonic Mean 0.65320
Variance 0.03819
S.D. 0.19542
Skewed Coef. -1.01549
Kurtosis Coef. 3.40907
- MAD 0.15769
Range 0.99617
Mid_range 0.50183
Median 0.80090
Ql 0.63657
Q2 0.80090
Q3 0.90318
IQR 0.26662
- C.V. 0.26130
(2-5)n=100,
f(lamda*),F(lamda*) Coefficient
. — Mathematical Mean: 0.77004
Geometrical Mean : 0.75404
Harmonic Mean 0.73352
Variance 0.02017
S.D. 0.14203
Skewed Coef. -0.99551
Kurtosis Coef. 3.78339
- MAD 0.11288
Range 0.96523
Mid_range 0.51582
Median 0.80045
Q1 0.69031
Q2 0.80045
Q3 0.87883
IQR 0.18852
v C.V. 0.18445
(2-6)n=4000,
f(lamda*),F(lamda*) Coefficient
i — Mathematical Mean: 0.79912
-t Geometrical Mean : 0.79882
Harmonic Mean 0.79851
Variance 0.00049
S.D. 0.02212
Skewed Coef. -0.23773
Kurtosis Coef. 3.07450
; MAD 0.01763
1 Range 0.22820
Mid_range 0.78216
Median 0.79999
Q1 0.78470
Q2 0.79999
Q3 0.81450
IQR 0.02980
vae C.V. 0.02768
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3. The computed estimated value of A~ by simulated data

/12

(1)4,=0.2, 1,=0.4, I‘:l =0.5,

(1-1)x,=0.2,

(a)n=10, A =0/2599609385, (b)n=50, A =0.56663458654,

(c)n=100, A =0.5440046188, (d)n=500, 1 =0.4661391509,
(e)n=1,000, A=0.5228015954, (Hn=10,000, A =0.4951802464,
(g)n=100,000, A'=0.5011871914, (h)n=1,000,000, A =0.4993828590,

(1-2) x,=0.9,
(a)n=10, 1"=0.1793815359, (b)n=50, 1 =0.1385749710,

(c)n=100, 1'=0.9617780736, (d)n=500, A =0.5924358750,
(e)n=1,000, 1" =0.6507483642, (Hn=10,000, 1 =0.4574610470,
(2)n=100,000, A'=0.4760391605, (h)n=1,000,000, 1 =0.4989973940,

/12

(2)4,=0.2, 1,=0.64, 1 = =0.8,

1
(2-1)x,=0.2,
(a)n=10, A =0.8100391362, (b)n=50, 1 =0.8542375866,
(c)n=100, A =0.7313282770, (d)n=500, 1 =0.7952513814,
(e)n=1,000, A"=0.7925437660, (Hn=10,000, A =0.7941872043,
(g)n=100,000, A'=0.8010429393, (h)n=1,000,000, 1 =0.7991706425,

(2-2) x,=0.9,
(a)n=10, 1 =0.7357834624, (b)n=50, A =0.7748116157,

(c)n=100, 1 =0.1266213986, (d)n=500, A =0.5257581845,
(e)n=1,000, 1'=0.8887161310, (Hn=10,000, A =0.7872918001,
(2)n=100,000, A'=0.7697467254, (h)n=1,000,000, A =0.7974339414,
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Section 5. The test statistic of A" =212/ (1 — M)

1. The test statistic,
iid
X0 Xy 0n Xy, ~ CB(2,,2,,x, ), n random samples from CB(4,,4,,x,).
2’2

1
The Z test statistic for large sample,

n>15+15x| A" -0.5],if 0.1< 1 <0.9,

— 2. X,
\/;(Xz —,u) >N0rmal(0,1),)_(z = ,
o n

X,|x, ~ CB(2,,2,,x,).

A - —>Z~Normal(0,l),Z*‘>Za/2 rejected H, and P(Z>Za/2):%.
Oy
(i) #0.5,
1- o 1
IUOZE(X2|X1): ( XI)(C) -

()™ =(1=c)™ In(c)—n(1-c)’

2 1-x, _ 1-x,
GézVar(X2|xl): ! —(l_xl) < (1 C) )

e) == [ —(1—e) )
(if)c = 0.5,

1-x, (1-x,)
e :E(X2|x1):T,O'O =Var(X2|x1)=T.

About E (X 2|x1) and Var(X 2|x1), please see the appendix 1.
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2. Example

The data is stimulated from simulator of X 2|xl ~ CB(/l1 Ay, X, ) , the sample size is n.

(1) 4,=0.1, 1,=0.09, z*:%zo.l

1
(1-1) x,=0.1,
(1)n=100,
HO: 1'=0.1,
Xo|x, =0.2851720435,
Z test=-1.0707570105, p value=0.284252>0.05, failed to reject HO: A =0.1.
(ii)n=200,
HO: 1'=0.1,
Xo|x, =0.2926309149,
Z test=-1.0689296348, p value=0.284938>0.05, failed to reject HO: A =0.1.
(iii)n=1,000,
HO: 1'=0.1,
X|x, =0.3055531335,
Z test=-0.6649578556, p value=0.506490>0.05, failed to reject HO: A" =0.1.
(iv)n=10,000,
HO: A"=0.1,
Xo|x, =0.3148167583,

Z test=1.8082722080, p value=0.70962>0.05, failed to reject HO: A =0.1.

. A

(1-2) x,=0.7, 4=0.1, 1,=0.09, 1" =-—"2-=0.1,
M

(i)n=100,
HO: A'=0.1,
X2|x, =0.1330257695,
Z test=-0.0715702100, p value=0.944038>0.05, failed to reject HO: A =0.1.
(ii)n=200,
HO: A" =0.1,
X2|x, =0.1339923282,
Z test=0.0583356969, p value=0.953306>0.05, failed to reject HO: A =0.1.
(iii)n=1,000,
HO: A'=0.1,
X2|x, =0.1351672254,
Z test=0.5641101128, p value=0.572278>0.05, failed to reject HO: A =0.1.
(iv)n=10,000,
HO: 1'=0.1,
X>|x, =0.1313600586,

Z test=-2.6599724390, p value=0.0078536<0.01, rejected HO: A =0.1.
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(2) 4=04, 1,=0.12, 1 =

=0.2,

1

(2-1) x,=0.2,

()n=100,

HO: 27=0.2,

Xo|x, =0.2956513984,

Z test=-1.4230205395, p value=0.154958>0.05, failed to reject HO: 1" =0.2.
(i1)n=200,

HO: 1"=0.2,

Xo|x, =0.3393012402,

Z test=0.7425093372, p value=0.457660>0.05, failed to reject HO: A =0.2.
(iii)n=1,000,

HO: 1 =0.2,

X2|x, =0.3337244984,

Z test=0.8732576646, p value=0.382534>0.05, failed to reject HO: A =0.2.
(iv)n=10,000,

HO: 1 =0.2,

X|x, =0.3265907042,

Z test=-0.4222661987, p value=0.673264>0.05, failed to reject HO: 1" =0.2.
(2-2) x,=0.8, 4,=0.4, 1,=0.12, 1 = 4,

=0.2,

(1)n=100,

HO: 1 =0.2,

X2|x, =0.0922244833,

Z test=-0.5484569907, p value=0.583312>0.05, failed to reject HO: A =0.2.
(i1)n=200,

HO: 1 =0.2,

X2|x, =0.0909258090,

Z test=-1.1188974460, p value=0.263124>0.05, failed to reject HO: A =0.2.
(ii1)n=1,000,

HO: 27=0.2,

X2|x, =0.0959329140,

Z test=0.3007208096, p value=0.763090>0.05, failed to reject HO: A =0.2.
(iv)n=10,000,

HO: 1"=0.2,

X2|x, =0.0938605119,

Z test=-2.6454402143, p value=0.008264<0.05, rejected HO: A'=0.2.
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(3) 4=0.9, 1,=0.08, 1" = =0.8,
-4
. A
(3-1) x,=0.4, 1,=09, 1,=0.08, 1" = =0.8,
-
()n=100,
HO: 1" =0.8,

X|x, =0.3467354308,

Z test=0.3299799122, p value=0.740504>0.05, failed to reject HO: 1" =0.8.
(i1)n=200,

HO: 1 =0.8,

X2|x, =0.3294236629,

Z test=-0.9712489905, p value=0.331488>0.05, failed to reject HO: A =0.8.
(ii1)n=1,000,

HO: 1"=0.8,

X2|x, =0.3505316801

Z test=1,7485550085, p value=0.080366>0.05, failed to reject HO: A =0.8.
(iv)n=10,000,

HO: A"=0.8,

X|x, =0.3416652033,

Z test=0.3219474895, p value=0.746660>0.05, failed to reject HO: A =0.8.

A

(3-2) x,=0.9, 4,=0.9, 1,=0.08, 1 =

=0.8,

(1)n=100,

HO: 1 =0.8,

X2|x, =0.0541042355,

Z test=1.0221791454, p value=0.306736>0.05, failed to reject HO: 1" =0.8.

(i1)n=200,

HO: 1" =0.8,

X2|x, =0.0505863353,

Z test=-0.2786604815, p value=0.781180>0.05, failed to reject HO: A =0.8.
(111)n=1,000,

HO: 1" =0.8,

X2|x, =0.0521765631,

Z test=1.1197404029, p value=0.262942>0.05, failed to reject HO: 1 =0.8.

(iv)n=10,000,

HO: A"=0. 8,

X2|x, =0.0504483476,

7 test=-2.4486601228, p value=0.014718>0.01, failed to reject HO: A =0.8.
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Chapter 7 Designed the probability model using model 3

There are 4 categories, X,,X, and X, are continuous random variables,

/11 ﬂ“z 13 1_/,11_12_13

X, ~CB(1,)0<x, <1i=123,
X, ~CB(1-4 -2, —4,)0<x, <1,

Section 1.The probability models of X1 to X2 and X1 to X3

There two new conditional Continuous Bernoulli distribution,

1.X, ~CB(2,)0< x, <1,
)(2|x1 ~ CB(ﬂl,ﬂz,xl),O <x,<1l-x,

*2 1—x;—x,
A | yl
fXZ\xI (x2|x1):C2(/11’/12:XI{1—2/11) (1_1—211] ,

0<x, <10<x,<1l-x,

2.
)(3|x1 ~ CB(ﬂ,l,ﬂ,z,xl),O <x; <1-x,

*3 1—x;—x3
A 2
ook )Czul’ﬂ}’x')(l—sﬂlj [l_ 1_3/1J ,

0<x <10<x;<1l-x,

The diagram,

X, 1- X,

A 1-4
1-X,=X,+(1-X,-X,)
X, 1-X, - X
2, |
1-2, 1-2,

X, 1- X,

4 -4
1-X, =X, +(1-X, - X,)
X, 1-X,-X
2 A
1- 2, 1- 2,
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3.The comparison of X, |x1 and X 3|xl at the same condition situation using the
estimated line to do statistical analysis.

X1~CB(4,),

X2x1~CB(4,,4,,x,),

X3x1~CB(4,, 4,x, ),

X1 is sample data and getting two paired samples (X1,X2|X1), (X1,X3|X1), the data
is simulated data and doing the simple linear model analysis,

(1)2,=0.2, 1,=0.2,
(1-1) 2, =0.1, 2,=0.2, 1,=0.2,

Getting (X1,X2),(X1,X3), the paired sample size=100, the simple linear model
estimated line as,

X2 estimated=0.4500600570+-0.4887984472*X1---(1),

ANOVA
Source df SS MS
Regression 1 1.4571394458 1.4571394458
Error 98 4.4564085230 0.0454735564
Total 99 5.9135479688

HO:slope=0, test statistic=32.043666 , p value=0.000000
R2=0.246407, R2(adj)=0.238717,MSE=0.045474,

HO:residual population~Rayleigh(lamda=4.261469,c=-0.437442)
chi square test statistic=1.080000, p value=0.897818,

99% C.I. for slope, [ -0.7116863489, -0.2583440536]

95% C.I. for slope, [ -0.6585572527, -0.3158529419]

90% C.I. for slope, [ -0.6314853040, -0.3446247029]

99% C.I. for intercept, | 0.3580867559, 0.5374067239]

95% C.1. for intercept, [ 0.3809345973, 0.5162820756]

90% C.I. for intercept, | 0.3923652138, 0.5055576266]

X3 estimated=0.3932578534+-0.3616806821*X1---(2),

ANOVA
Source df SS MS
Regression 1 0.7977964619 0.7977964619
Error 98 3.9546759315 0.0403538360
Total 99 4.7524723933

HO:slope=0, test statistic=19.770028 , p value=0.000016

R2=0.167870, R2(adj)=0.159379,MSE=0.040354,
HO:residual population~Trapezoid(mu=-0.001168,c=0.278428)
chi square test statistic=1.500000, p value=0.826921

99% C.I. for slope, [ -0.5750737853, -0.1477797836]
95% C.L for slope, [ -0.5231303020, -0.2003844184]
90% C.I. for slope, [ -0.4968014526, -0.2266360011]
99% C.I. for intercept, | 0.3087377227, 0.4776501221]
95% C.I. for intercept, | 0.3295104412, 0.4569557090]
90% C.1I. for intercept, [ 0.3399349651, 0.4465733327]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, 4,=A4, from two CI’s about slope and intercept at significant=5% or

1%.
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(1-2)4,=0.2, 4,=0.2, 4,=0.2,
Getting (X1,X2),(X1,X3), the paired sample size=200, the simple linear model
estimated line as,

X2 estimated=0.4529433281+-0.4686956300*X1---(1),

ANOVA
Source df SS MS
Regression 1 2.9561293947 2.9561293947
Error 198 7.8611093267 0.0397025724
Total 199 10.8172387214

HO:slope=0, test statistic=74.456873 , p value=0.000000
R2=0.273279, R2(adj)=0.269609,MSE=0.039703,

HO:residual population~Rayleigh(lamda=5.220063,c=-0.394618)
chi square test statistic=3.520000, p value=0.619667

99% C.I. for slope, [ -0.6087130795, -0.3262040597]

95% C.L for slope, [ -0.5752017831, -0.3609226637]

90% C.I. for slope, [ -0.5582168275, -0.3784356696]

99% C.I. for intercept, [ 0.3874919299, 0.5163716146]

95% C.I. for intercept, | 0.4035403743, 0.5011430198]

90% C.I. for intercept, [ 0.4115610692, 0.4933306275]

X3 estimated=0.4128520736+-0.3931965835*X1---(2),

ANOVA
Source df SS MS
Regression 1 2.0804682981 2.0804682981
Error 198 7.3559465131 0.0371512450
Total 199 9.4364148112

HO:slope=0, test statistic=55.999962 , p value=0.000000
R2=0.220472, R2(adj)=0.216535,MSE=0.037151,
HO:residual population~Normal(mu=-0.013843,sigma*sigma=0.031913)

chi square test statistic=1.280000, p value=0.936567,

99% C.I. for slope, [ -0.5296571304, -0.2565849164]
95% C.L for slope, [ -0.4966346346, -0.2897239331]
90% C.I. for slope, [ -0.4799128948, -0.3063730824]
99% C.I for intercept, [ 0.3506593117, 0.4750448231]
95% C.1. for intercept, [ 0.3656521311, 0.4599891553]
90% C.L for intercept, [ 0.3733700878, 0.4522643659]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(1-3) 24, =03, 1,=0.2, 1,=02,

Getting (X1,X2),(X1,X3), the paired sample size=400, the simple linear model
estimated line as,

X2 estimated=0.4398168494+-0.4282379854*X1---(1),

ANOVA
Source df SS MS
Regression 1 5.2322288130 5.2322288130
Error 398 14.3025632565 0.0359360886
Total 399 19.5347920695

HO:slope=0, test statistic=145.598172 , p value=0.000000

R2=0.267842, R2(adj)=0.266002,MSE=0.035936,

HO:residual population~Double exponential(lamda=6.075102,mu=-0.016875)
chi square test statistic=2.975000, p value=0.812014

99% C.I. for slope, [ -0.5201025537, -0.3363371751]

95% C.L for slope, [ -0.4980367502, -0.3583712835]

90% C.I. for slope, [ -0.4868474151, -0.3696922516]

99% C.I. for intercept, [ 0.3943151964, 0.4851769703]

95% C.I. for intercept, | 0.4052167713, 0.4743447751]

90% C.I. for intercept, [ 0.4107948429, 0.4688338055]

X3 estimated=0.4374274284+-0.4147122439*X1---(2),

ANOVA
Source df SS MS
Regression 1 4.9069323290 4.9069323290
Error 398 12.4123164395 0.0311867247
Total 399 17.3192487685

HO:slope=0, test statistic=157.340419 , p value=0.000000
R2=0.283322, R2(adj)=0.281522,MSE=0.031187,
HO:residual population~Hyperbolic secant(mu=-0.003528,sigma=0.195484)

chi square test statistic=2.525000, p value=0.86605,

99% C.I. for slope, [ -0.5000168102, -0.3293990916]
95% C.L for slope, [ -0.4794989539, -0.3498079432]
90% C.I. for slope, [ -0.4690588832, -0.3602984444]
99% C.I for intercept, [ 0.3952989095, 0.4795184110]
95% C.1. for intercept, [ 0.4053309631, 0.4694911442]
90% C.L for intercept, [ 0.4104663772, 0.4643712641]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(1-4)4, =04, 1,=0.2, 4,=0.2,
Getting (X1,X2),(X1,X3), the paired sample size=600, the simple linear model

estimated line as,

X2 estimated=0.4491854617+-0.4366398480*X1---(1),

ANOVA
Source df
Regression 1
Error 598
Total 599

SS
9.2367592600

19.2683756739
28.5051349338

MS
9.2367592600
0.0322213640

HO:slope=0, test statistic=286.665681 , p value=0.000000
R2=0.324038, R2(adj)=0.322908, MSE=0.032221,
HO:residual population~Double exponential(lamda=6.768197,mu=-0.012384)

chi square test statistic=6.233333, p value=0.513014,

99% C.I. for slope, [ -0.5031877405, -0.3698841085]

95% C.L for slope, [ -0.4870872569, -0.3858901854]

90% C.I. for slope, [ -0.4790252329, -0.3940294138]

99% C.I. for intercept, [ 0.4131903612, 0.4849617060]

95% C.I. for intercept, | 0.4217917666, 0.4763984502]

90% C.I. for intercept, [ 0.4262203631, 0.4720513735]

X3 estimated=0.4566418452+-0.4466298823*X1---(2),

ANOVA
Source df SS MS
Regression 1 9.6642564026 9.6642564026
Error 598 17.0207424856 0.0284627801
Total 599 26.6849988882

HO:slope=0, test statistic=339.540142 , p value=0.000000

R2=0.362161, R2(adj)=0.361094, MSE=0.028463,
HO:residual population~Double exponential(lamda=6.935862,mu=-0.004213)
chi square test statistic=4.800000, p value=0.683910,

99% C.I. for slope, [ -0.5090200305, -0.3840812166]
95% C.L for slope, [ -0.4940971964, -0.3989777740]
90% C.I. for slope, [ -0.4865093762, -0.4066151594]
99% C.I for intercept, [ 0.4229012444, 0.4903102891]
95% C.1. for intercept, [ 0.4309646390, 0.4822696465]
90% C.L for intercept, [ 0.4351163981, 0.4781254718]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(1-5)4,=0.5, 4,=0.2, 4,=0.2,
Getting (X1,X2),(X1,X3), the paired sample size=1,000, the simple linear model

estimated line as,

X2 estimated=0.4630697351+-0.4538824909*X1---(1),

ANOVA
Source df SS MS
Regression 1 16.8049934059 16.8049934059
Error 998 27.4608388325 0.0275158706
Total 999 44.2658322384

HO:slope=0, test statistic=610.738205 , p value=0.000000
R2=0.379638, R2(adj)=0.379016,MSE=0.027516,
HO:residual population~Double exponential(lamda=7.695409,mu=-0.007662)

chi square test statistic=9.200000, p value=0.239140,

99% C.1I. for slope, [ -0.5011554561, -0.4064404323]

95% C.L for slope, [ -0.4898994567, -0.4178727315]

90% C.I. for slope, [ -0.4840951343, -0.4236390197]

99% C.1I. for intercept, [ 0.4353661411, 0.4906974028]

95% C.1. for intercept, [ 0.4420581130, 0.4840838563]

90% C.I. for intercept, [ 0.4454288187, 0.4806902407]

X3 estimated=0.4783162121+-0.4751158701*X1---(2),

ANOVA
Source df SS MS
Regression 1 18.4141027313 18.4141027313
Error 998 25.3598927231 0.0254107142
Total 999 43.7739954544

HO:slope=0, test statistic=724.659001 , p value=0.000000
R2=0.420663, R2(adj)=0.420083,MSE=0.025411,
HO:residual population~Double exponential(lamda=7.723562,mu=-0.003510)

chi square test statistic=7.520000, p value=0.376774,

99% C.I. for slope, [ -0.5206122948, -0.4296316246]
95% C.L for slope, [ -0.5097508967, -0.4404781011]
90% C.I. for slope, [ -0.5041733671, -0.4460973173]
99% C.I for intercept, [ 0.4517766585, 0.5049290000]
95% C.1. for intercept, [ 0.4581328880, 0.4985061270]
90% C.L for intercept, [ 0.4613651579, 0.4952664412]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=4, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(1-6) 4, =0.6, 4,=0.2, lamda3=0.2,
Getting (X1,X2),(X1,X3), the paired sample size=10,000, the simple linear model
estimated line as,

X2 estimated=0.4972740446+-0.4963751688*X1---(1),

ANOVA
Source df SS MS
Regression 1 205.2646841590 205.2646841590
Error 9998 249.4085924593 0.0249458484
Total 9999 454.6732766183

HO:slope=0, test statistic=8228.410625 , p value=0.000000

R2=0.451455, R2(adj)=0.451400,MSE=0.024946,

HO:residual population~Double exponential(lamda=8.059910,mu=-0.000900)
chi square test statistic=153.684800, p value=0.000000,

99% C.I. for slope, [ -0.5105275404, -0.4823032986]

95% C.I for slope, [ -0.5071248031, -0.4856406637]

90% C.I. for slope, [ -0.5053877760, -0.4873629938]

99% C.I. for intercept, [ 0.4887571666, 0.5058082031]

95% C.I. for intercept, | 0.4907690108, 0.5037733909]

90% C.I. for intercept, [ 0.4918201040, 0.5027260455]

X3 estimated=0.4984923677+-0.4970769275*X1---(2),

ANOVA
Source df SS MS
Regression 1 205.8454872494 205.8454872494
Error 9998 241.8182997371 0.0241866673
Total 9999 447.6637869865

HO:slope=0, test statistic=8510.700736 , p value=0.000000

R2=0.459822, R2(adj)=0.459768, MSE=0.024187,

HO:residual population~Double exponential(lamda=8.308334,mu=-0.000965)
chi square test statistic=174.735200, p value=0.000000,

99% C.I. for slope, [ -0.5109631119, -0.4831694513]
95% C.L for slope, [ -0.5076272862, -0.4865089631]
90% C.I. for slope, [ -0.5059384323, -0.4882173325]
99% C.I for intercept, [ 0.4900805287, 0.5069101491]
95% C.1. for intercept, [ 0.4921015927, 0.5048933574]
90% C.L for intercept, [ 0.4931208441, 0.5038680330]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=A4, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(1-7) 4, =0.7, 1,=0.2, 4,=0.2,
Getting (X1,X2),(X1,X3), the paired sample size=100,000, the simple linear model
estimated line as,

X2 estimated=0.4544066094+-0.4455589390*X1---(1),

ANOVA
Source df SS MS
Regression 1 1599.9554899405 1599.9554899405
Error 99998 2180.7799874919 0.0218082360
Total 99999 3780.7354774324

HO:slope=0, test statistic=73364.736471 , p value=0.000000

R2=0.423186, R2(adj)=0.423181,MSE=0.021808,

HO:residual population~Double exponential(lamda=9.189179,mu=-0.006494)
chi square test statistic=3080.792000, p value=0.000000,

99% C.I. for slope, [ -0.4497952344, -0.4413179904]

95% C.L for slope, [ -0.4487783660, -0.4423336246]

90% C.I. for slope, [ -0.4482588992, -0.4428564080]

99% C.I. for intercept, [ 0.4517114431, 0.4570976150]

95% C.I. for intercept, | 0.4523512712, 0.4564597594]

90% C.I. for intercept, [ 0.4526813031, 0.4561304077]

X3 estimated=0.4520659909+-0.4439618493*X1---(2),

ANOVA
Source df SS MS
Regression 1 1588.5060832073 1588.5060832073
Error 99998 2149.2945365358 0.0214933752
Total 99999 3737.8006197430

HO:slope=0, test statistic=73906.776669 , p value=0.000000

R2=0.424984, R2(adj)=0.424978, MSE=0.021493,

HO:residual population~Double exponential(lamda=9.274119,mu=-0.006352)
chi square test statistic=3143.425780, p value=0.000000,

99% C.I. for slope, [ -0.4481806887, -0.4397685374]
95% C.L for slope, [ -0.4471687978, -0.4407583139]
90% C.I. for slope, [ -0.4466511525, -0.4412736583]
99% C.I for intercept, [ 0.4493794171, 0.4547406661]
95% C.1. for intercept, [ 0.4500239255, 0.4541056786]
90% C.L for intercept, [ 0.4503541488, 0.4537796389]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=4, from two CI’s about slope and intercept at

significant= 1%.
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(2)24,=0.2, 1,=0.3,
2-1)4, =0.1, 4,=0.2, 1,=0.3,

(1)Getting (X1,X2),(X1,X3), the paired sample size=100, the simple linear model
estimated line as,

X2 estimated=0.4500600570+-0.4887984472*X1---(1),

ANOVA
Source df SS MS
Regression 1 1.4571394458 1.4571394458
Error 98 4.4564085230 0.0454735564
Total 99 5.9135479688

HO:slope=0, test statistic=32.043666 , p value=0.000000
R2=0.246407, R2(adj)=0.238717,MSE=0.045474,
HO:residual population~Rayleigh(lamda=4.261469,c=-0.437442)
chi square test statistic=1.080000, p value=0.897605

99% C.1I. for slope, [ -0.7117796602, -0.2581742030]

95% C.L for slope, [ -0.6580273028, -0.3156752785]

90% C.1I. for slope, [ -0.6311015570, -0.3443721105]

99% C.1I. for intercept, [ 0.3579241020, 0.5373913935]

95% C.1. for intercept, [ 0.3807148704, 0.5162268352]

90% C.I. for intercept, [ 0.3922227106, 0.5055458723]

X3 estimated=0.4346447103+-0.4153610497*X1---(2),

ANOVA
Source df SS MS
Regression 1 1.0521872053 1.0521872053
Error 98 42616188999 0.0434859071
Total 99 5.3138061052

HO:slope=0, test statistic=24.196051 , p value=0.000006
R2=0.198010, R2(adj)=0.189827,MSE=0.043486,

HO:residual population~Trapezoid(mu=-0.016762,c=0.277612)
chi square test statistic=1.920000, p value=0.749848,

99% C.1I. for slope, [ -0.6372483910, -0.1939934111]
95% C.I for slope, [ -0.5831758073, -0.2478757508]
90% C.1I. for slope, [ -0.5558250546, -0.2752429781]
99% C.I for intercept, [ 0.3468612197, 0.5225016672]
95% C.1. for intercept, [ 0.3684659125, 0.5008945186]
90% C.L for intercept, [ 0.3793055210, 0.4900305551]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(i1)The sample size=2,000,

X2 estimated=0.4092801106+-0.3803705801*X1---(1),

ANOVA
Source df SS MS
Regression 1 18.8541689195 18.8541689195
Error 1998 82.1859008342 0.0411340845
Total 1999 101.0400697537

HO:slope=0, test statistic=458.358783 , p value=0.000000,
R2=0.186601, R2(adj)=0.186194, MSE=0.041134,

HO:residual population~Rayleigh(lamda=4.670435,c=-0.393868)
chi square test statistic=25.188000, p value=0.001503

99% C.I. for slope, [ -0.4258331321, -0.3343525206]

95% C.I. for slope, [ -0.4150809223, -0.3453416849]

90% C.L for slope, [ -0.4095538842, -0.3510307124]

99% C.I. for intercept, [ 0.3900026261, 0.4283468612]

95% C.I. for intercept, | 0.3946095577, 0.4238069295]

90% C.I. for intercept, | 0.3969567571, 0.4214834426]

X3 estimated=0.4594935989+-0.4446468803*X1---(2),

ANOVA
Source df SS MS
Regression 1 25.7646386150 25.7646386150
Error 1998 81.0093548710 0.0405452227
Total 1999 106.7739934860

HO:slope=0, test statistic=635.454362 , p value=0.000000
R2=0.241301, R2(adj)=0.240921,MSE=0.040545,

HO:residual population~Normal(mu=0.000805,sigma*sigma=0.045034)
chi square test statistic=18.962000, p value=0.015214,

99% C.I for slope, [ -0.4902001543, -0.3992382791]
95% C.I. for slope, [ -0.4792262150, -0.4100465517]
90% C.I for slope, [ -0.4736466336, -0.4156211911]
99% C.1I. for intercept, [ 0.4404564246, 0.4784882306]
95% C.I for intercept, [ 0.4449852794, 0.4739762627]
90% C.1I. for intercept, [ 0.4473138580, 0.4716575407]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,

Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or
5% or 1%.
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(ii1)The sample size=10,000,

X2 estimated=0.4071366232+-0.3824829770*X1---(1),

ANOVA
Source df SS MS
Regression 1 98.4240035353 98.4240035353
Error 9998 405.5401357729 0.0405621260
Total 9999 503.9641393082

HO:slope=0, test statistic=2426.500118 , p value=0.000000
R2=0.195300, R2(adj)=0.195219,MSE=0.040562,

HO:residual population~Rayleigh(lamda=4.948718,c=-0.396943)
chi square test statistic=137.122800, p value=0.000000,

99% C.I. for slope, [ -0.4025134828, -0.3624684937]
95% C.I. for slope, [ -0.3977309963, -0.3672793752]
90% C.I. for slope, [ -0.3952545016, -0.3697172546]
99% C.I. for intercept, | 0.3987185486, 0.4155453199]
95% C.I. for intercept, | 0.4007440413, 0.4135303131]
90% C.I. for intercept, | 0.4017660409, 0.4125051701]
X3 estimated=0.4470003038+-0.4288725546*X1---(2),

99% C.I. for slope, [ -0.4489545415, -0.4087633245]
95% C.I. for slope, [ -0.4441527809, -0.4135929874]
90% C.I. for slope, [ -0.4416912960, -0.4160485760]
99% C.I. for intercept, | 0.4385801961, 0.4554371449]
95% C.I. for intercept, | 0.4405714154, 0.4534161342]
90% C.I. for intercept, | 0.4416116065, 0.4523905709]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(2-2)4,=0.2, 2,=0.2, 4,=0.3,
Getting (X1,X2),(X1,X3), the paired sample size=200, the simple linear model

estimated line as,

X2 estimated=0.4529433281+-0.4686956300*X1---(1),

ANOVA
Source df SS MS
Regression 1 2.9561293947 2.9561293947
Error 198 7.8611093267 0.0397025724
Total 199 10.8172387214

HO:slope=0, test statistic=74.456873 , p value=0.000000

R2=0.273279, R2(adj)=0.269609,MSE=0.039703,

HO:residual population~Rayleigh(lamda=5.220063,c=-0.394618)

chi square test statistic=3.520000, p value=0.619837

99% C.I. for slope, [ -0.6090093255, -0.3261377601]

95% C.L for slope, [ -0.5752669422, -0.3609793378]

90% C.I. for slope, [ -0.5581957418, -0.3784859035]

99% C.1I. for intercept, [ 0.3876789559, 0.5163003748]

95% C.I. for intercept, [ 0.4034327210, 0.5011411285]

90% C.I. for intercept, [ 0.4114501306, 0.4933438186]

X3 estimated=0.4543067502+-0.4456556395*X2---(2),

ANOVA
Source df SS MS
Regression 1 2.6726398811 2.6726398811
Error 198 7.7136071187 0.0389576117
Total 199 10.3862469998

HO:slope=0, test statistic=68.603792 , p value=0.000000
R2=0.257325, R2(adj)=0.253574, MSE=0.038958,
HO:residual population~Normal(mu=-0.011025,sigma*sigma=0.039737)

chi square test statistic=1.120000, p value=0.952391,

99% C.I. for slope, [ -0.5858048685, -0.3061002757]
95% C.L for slope, [ -0.5518373204, -0.3397737324]
90% C.I. for slope, [ -0.5346562462, -0.3567288672]
99% C.I for intercept, [ 0.3904057780, 0.5180853485]
95% C.1. for intercept, [ 0.4059382942, 0.5027084210]
90% C.L for intercept, [ 0.4138058192, 0.4948349866]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(2-3)24, =03, 1,=0.2, 4,=0.3,

Getting (X1,X2),(X1,X3), the paired sample size=400, the simple linear model
estimated line as,

X2 estimated=0.4398168494+-0.4282379854*X1---(1),

ANOVA
Source df SS MS
Regression 1 5.2322288130 5.2322288130
Error 398 14.3025632565 0.0359360886
Total 399 19.5347920695

HO:slope=0, test statistic=145.598172 , p value=0.000000

R2=0.267842, R2(adj)=0.266002,MSE=0.035936,

HO:residual population~Double exponential(lamda=6.075102,mu=-0.016875)
chi square test statistic=2.975000, p value=0.811149,

99% C.I. for slope, [ -0.5202457790, -0.3366287684]

95% C.I. for slope, [ -0.4981122020, -0.3585451576]

90% C.I. for slope, [ -0.4868108441, -0.3697337237]

99% C.I. for intercept, | 0.3942665880, 0.4854163531]

95% C.I. for intercept, [ 0.4053091283, 0.4744201702]

90% C.I. for intercept, | 0.4108646946, 0.4688460137]

X3 estimated=0.4836523642+-0.4727123255*X1---(2),

ANOVA
Source df SS MS
Regression 1 6.3754406332 6.3754406332
Error 398 12.9560046658 0.0325527755
Total 399 19.3314452990

HO:slope=0, test statistic=195.849372 , p value=0.000000

R2=0.329796, R2(adj)=0.328112,MSE=0.032553,

HO:residual population~Double exponential(lamda=6.526101,mu=0.002725)
chi square test statistic=1.400000, p value=0.965899,

99% C.I. for slope, [ -0.5601529871, -0.3852032277]
95% C.L for slope, [ -0.5391175851, -0.4064034178]
90% C.I. for slope, [ -0.5283807836, -0.4171110810]
99% C.I for intercept, [ 0.4403973726, 0.5270526941]
95% C.1. for intercept, [ 0.4508099297, 0.5165639324]
90% C.L for intercept, [ 0.4560561108, 0.5112423094]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(2-4) 2, =04, 1,=0.2, A,=0.3,

Getting (X1,X2),(X1,X3), the paired sample size=600, the simple linear model
estimated line as,

X2 estimated=0.4491854617+-0.4366398480*X1---(1),

ANOVA
Source df SS MS
Regression 1 9.2367592600 9.2367592600
Error 598 19.2683756739 0.0322213640
Total 599 28.5051349338

HO:slope=0, test statistic=286.665681 , p value=0.000000

R2=0.324038, R2(adj)=0.322908, MSE=0.032221,

HO:residual population~Double exponential(lamda=6.768197,mu=-0.012384)
chi square test statistic=6.233333, p value=0.513262,

99% C.I. for slope, [ -0.5033791502, -0.3700214650]

95% C.L for slope, [ -0.4872907143, -0.3859602502]

90% C.I. for slope, [ -0.4791375917, -0.3942159993]

99% C.1I. for intercept, [ 0.4133927218, 0.4851031459]

95% C.I for intercept, [ 0.4219022863, 0.4765116323]

90% C.I. for intercept, [ 0.4262895083, 0.4721005284]

X3 estimated=0.5075745576+-0.5090632479*X1---(2),

ANOVA
Source df SS MS
Regression 1 12.5549902071 12.5549902071
Error 598 17.5167214888 0.0292921764
Total 599 30.0717116959

HO:slope=0, test statistic=428.612406 , p value=0.000000

R2=0.417502, R2(adj)=0.416528, MSE=0.029292,

HO:residual population~Double exponential(lamda=6.630370,mu=0.004720)
chi square test statistic=5.133333, p value=0.643633,

99% C.I. for slope, [ -0.5724398071, -0.4454198501]
95% C.L for slope, [ -0.5574128538, -0.4608009842]
90% C.I. for slope, [ -0.5496151698, -0.4685075740]
99% C.I for intercept, [ 0.4732428448, 0.5417933661]
95% C.1. for intercept, [ 0.4814688696, 0.5336165696]
90% C.L for intercept, [ 0.4856627723, 0.5294176441]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.

165




(2-5)4,=0.5, 2,=0.2, 4,=0.3,
Getting (X1,X2),(X1,X3), the paired sample size=1,000, the simple linear model
estimated line as,

X2 estimated=0.4630697351+-0.4538824909*X1---(1),

ANOVA
Source df SS MS
Regression 1 16.8049934059 16.8049934059
Error 998 27.4608388325 0.0275158706
Total 999 44.2658322384

HO:slope=0, test statistic=610.738205 , p value=0.000000

R2=0.379638, R2(adj)=0.379016,MSE=0.027516,

HO:residual population~Double exponential(lamda=7.695409,mu=-0.007662)
chi square test statistic=9.200000, p value=0.238097,

99% C.I. for slope, [ -0.5013094707, -0.4065059375]

95% C.L for slope, [ -0.4899740890, -0.4178660281]

90% C.I. for slope, [ -0.4842268613, -0.4236870533]

99% C.I. for intercept, [ 0.4354102938, 0.4907341163]

95% C.I. for intercept, | 0.4420258760, 0.4841202262]

90% C.I. for intercept, [ 0.4454210655, 0.4807585743]

X3 estimated=0.5362176107+-0.5450277025*X1---(2),

ANOVA
Source df SS MS
Regression 1 24.2319654622 24.2319654622
Error 998 25.5115416112 0.0255626669
Total 999 49.7435070734

HO:slope=0, test statistic=947.943558 , p value=0.000000

R2=0.487138, R2(adj)=0.486624, MSE=0.025563,

HO:residual population~Double exponential(lamda=7.966259,mu=0.007243)
chi square test statistic=9.400000, p value=0.224676,

99% C.I. for slope, [ -0.5909645059, -0.4993107088]
95% C.L for slope, [ -0.5798060655, -0.5103391834]
90% C.I. for slope, [ -0.5741645116, -0.5158998724]
99% C.I for intercept, [ 0.5096150645, 0.5628980104]
95% C.1. for intercept, [ 0.5160003616, 0.5564881647]
90% C.L for intercept, [ 0.5192440892, 0.5532110390]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(2-6) 4, =0.6, 1,=0.2, 1,=0.3,

Getting (X1,X2),(X1,X3), the paired sample size=10,000, the simple linear model
estimated line as,

X2 estimated=0.4972740446+-0.4963751688*X1---(1),

ANOVA
Source df SS MS
Regression 1 205.2646841590 205.2646841590
Error 9998 249.4085924593 0.0249458484
Total 9999 454.6732766183

HO:slope=0, test statistic=8228.410625 , p value=0.000000

R2=0.451455, R2(adj)=0.451400,MSE=0.024946,

HO:residual population~Double exponential(lamda=8.059910,mu=-0.000900)
chi square test statistic=153.684800, p value=0.000000,

99% C.I. for slope, [ -0.5104391541, -0.4823078092]

95% C.L for slope, [ -0.5071043324, -0.4856512618]

90% C.I. for slope, [ -0.5053767487, -0.4873627544]

99% C.I. for intercept, [ 0.4887290770, 0.5058270830]

95% C.I. for intercept, | 0.4907836193, 0.5037853786]

90% C.I. for intercept, [ 0.4918187627, 0.5027350406]

X3 estimated=0.5741215969+-0.5868731619*X1---(2),

ANOVA
Source df SS MS
Regression 1 286.9344135446 286.9344135446
Error 9998 233.7897345139 0.0233836502
Total 9999 520.7241480585

HO:slope=0, test statistic=12270.728108 , p value=0.000000

R2=0.551030, R2(adj)=0.550985,MSE=0.023384,

HO:residual population~Double exponential(lamda=8.608603,mu=0.010219)
chi square test statistic=239.398400, p value=0.000000,

99% C.I. for slope, [ -0.6005749981, -0.5732216764]
95% C.L for slope, [ -0.5972662426, -0.5764825387]
90% C.I. for slope, [ -0.5955815917, -0.5781472918]
99% C.I for intercept, [ 0.5658233872, 0.5823890556]
95% C.1. for intercept, [ 0.5678197849, 0.5804134114]
90% C.L for intercept, [ 0.5688396742, 0.5794072895]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(3)2,=0.2, 1,=0.4,
(3-1)2, =0.1, 1,=0.2, A,=04,

(1)Getting (X1,X2),(X1,X3), the paired sample size=100, the simple linear model
estimated line as,

X2 estimated=0.4500600570+-0.4887984472*X1---(1),

ANOVA
Source df SS MS
Regression 1 1.4571394458 1.4571394458
Error 98 4.4564085230 0.0454735564
Total 99 5.9135479688

HO:slope=0, test statistic=32.043666 , p value=0.000000
R2=0.246407, R2(adj)=0.238717,MSE=0.045474,

HO:residual population~Rayleigh(lamda=4.261469,c=-0.437442)
chi square test statistic=1.080000, p value=0.897482,

99% C.1I. for slope, [ -0.7112864793, -0.2580842344]

95% C.L for slope, [ -0.6582549870, -0.3156318116]

90% C.1I. for slope, [ -0.6312484617, -0.3442115890]

99% C.1I. for intercept, [ 0.3579836822, 0.5375016183]

95% C.1. for intercept, [ 0.3806440712, 0.5163456668]

90% C.I. for intercept, [ 0.3921114570, 0.5055162881]

X3 estimated=0.4698000226+-0.4608558628*X1---(2),

ANOVA
Source df SS MS
Regression 1 1.2953040200 1.2953040200
Error 98 44715059772 0.0456276120
Total 99 5.7668099972

HO:slope=0, test statistic=28.388600 , p value=0.000000

R2=0.224614, R2(adj)=0.216702,MSE=0.045628,

HO:residual population~Normal(mu=0.022103,sigma*sigma=0.057588)
chi square test statistic=2.760000, p value=0.599023,

99% C.I. for slope, [ -0.6880346733, -0.2333789395]
95% C.I for slope, [ -0.6327473771, -0.2891895383]
90% C.1I. for slope, [ -0.6046427698, -0.3172111066]
99% C.I for intercept, [ 0.3802094912, 0.5595909019]
95% C.1. for intercept, [ 0.4020697563, 0.5376184285]
90% C.1I. for intercept, [ 0.4131109904, 0.5265629337]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(1) The paired sample size=500,

X2 estimated=0.4034269015+-0.3784359630*X1---(1),

ANOVA
Source df SS MS
Regression 1 43263125190 4.3263125190
Error 498 21.2205817891 0.0426116100
Total 499 25.5468943081

HO:slope=0, test statistic=101.528962 , p value=0.000000
R2=0.169348, R2(adj)=0.167680,MSE=0.042612,

HO:residual population~Rayleigh(lamda=4.873070,c=-0.383776)
chi square test statistic=3.640000, p value=0.724511,

99% C.I. for slope, [ -0.4748576431, -0.2805726640]

95% C.I. for slope, [ -0.4519251251, -0.3041832960]

90% C.L for slope, [ 0.3636465040, 0.4421678806]

99% C.I. for intercept, | 0.3636641958, 0.4423975411]

95% C.I. for intercept, | 0.3733152996, 0.4330482374]

90% C.I. for intercept, | 0.3781342349, 0.4282808252]

X3 estimated=0.4901590013+-0.4760637962*X1---(2),

ANOVA
Source df SS MS
Regression 1 6.8464177830 6.8464177830
Error 498 20.4238133192 0.0410116733
Total 499 27.2702311022

HO:slope=0, test statistic=166.938270 , p value=0.000000

R2=0.251058, R2(adj)=0.249554, MSE=0.041012,

HO:residual population~Normal(mu=-0.004855,sigma*sigma=0.046933)
chi square test statistic=3.748000, p value=0.710596,

99% C.I for slope, [ -0.5714403732, -0.3806005127]
95% C.I. for slope, [ -0.5486777060, -0.4035978364]
90% C.I for slope, [ -0.5368969941, -0.4152420868]
99% C.1I. for intercept, [ 0.4515558020, 0.5288883003]
95% C.IL for intercept, [ 0.4607824167, 0.5194940073]
90% C.1I. for intercept, [ 0.4655373993, 0.5147475326]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,

Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or
5% or 1%.
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(3-2)4,=0.2, 2,=0.2, 4,=04,
(1)Getting (X1,X2),(X1,X3), the paired sample size=200, the simple linear model

estimated line as,

X2 estimated=0.4529433281+-0.4686956300*X1---(1),

ANOVA
Source df SS MS
Regression 1 2.9561293947 2.9561293947
Error 198 7.8611093267 0.0397025724
Total 199 10.8172387214

HO:slope=0, test statistic=74.456873 , p value=0.000000

R2=0.273279, R2(adj)=0.269609,MSE=0.039703,

HO:residual population~Rayleigh(lamda=5.220063,c=-0.394618)

chi square test statistic=3.520000, p value=0.620292,

99% C.I. for slope, [ -0.6091430858, -0.3263912230]

95% C.L for slope, [ -0.5752344923, -0.3609857203]

90% C.I. for slope, [ -0.5581187567, -0.3785649610]

99% C.I. for intercept, | 0.3877589453, 0.5166330167]

95% C.I. for intercept, [ 0.4035222351, 0.5010519752]

90% C.I. for intercept, | 0.4114990143, 0.4933080103]

X3 estimated=0.4907498944+-0.4917281553*X1---(2),

ANOVA
Source df SS MS
Regression 1 3.2538069536 3.2538069536
Error 198 7.8993487160 0.0398957006
Total 199 11.1531556696

HO:slope=0, test statistic=81.557835 , p value=0.000000
R2=0.291739, R2(adj)=0.288162,MSE=0.039896,
HO:residual population~Normal(mu=-0.008766,sigma*sigma=0.043072)

chi square test statistic=1.360000, p value=0.928695,

99% C.I. for slope, [ -0.6334043502, -0.3500219828]
95% C.L for slope, [ -0.5991980759, -0.3842687447]
90% C.I. for slope, [ -0.5818681530, -0.4016529050]
99% C.I for intercept, [ 0.4262341640, 0.5552685668]
95% C.1. for intercept, [ 0.4417933296, 0.5397213605]
90% C.L for intercept, [ 0.4497133348, 0.5317688767]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A,=4, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(i1)The paired sample size=500,

X2 estimated=0.4162456888+-0.3975529019*X1---(1),

ANOVA
Source df SS MS
Regression 1 5.5488279581 5.5488279581
Error 498 18.9528612654 0.0380579543
Total 499 24.5016892234

HO:slope=0, test statistic=145.799428 , p value=0.000000

R2=0.226467, R2(adj)=0.224914, MSE=0.038058,

HO:residual population~Normal(mu=-0.014812,sigma*sigma=0.036106)
chi square test statistic=11.812000, p value=0.066126,

99% C.I. for slope, [ -0.4829273861, -0.3125882771]

95% C.I. for slope, [ -0.4622109621, -0.3328932197]

90% C.I. for slope, [ -0.4517714889, -0.3433977489]

99% C.I. for intercept, | 0.3766153146, 0.4557426753]

95% C.I. for intercept, | 0.3862131997, 0.4461932382]

90% C.I. for intercept, | 0.3911087582, 0.4413964327]

X3 estimated=0.5077533659+-0.5025282522*X---(2),

ANOVA
Source df SS MS
Regression 1 8.8660947813 8.8660947813
Error 498 17.9482170123 0.0360405964
Total 499 26.8143117936

HO:slope=0, test statistic=246.002998 , p value=0.000000
R2=0.330648, R2(adj)=0.329304,MSE=0.036041,

HO:residual population~Logistic(mu=0.016729,sigma=0.113521)
chi square test statistic=4.648000, p value=0.590465,

99% C.I. for slope, [ -0.5850556664, -0.4200209365]
95% C.I. for slope, [ -0.5653152183, -0.4396168191]
90% C.I. for slope, [ -0.5552130572, -0.4497977282]
99% C.I. for intercept, | 0.4693800304, 0.5460635755]
95% C.I for intercept, | 0.4785714637, 0.5368573880]
90% C.I. for intercept, | 0.4832577748, 0.5321833855]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(3-3)4, =03, 1,=0.2, 1,=0.4,

Getting (X1,X2),(X1,X3), the paired sample size=400, the simple linear model
estimated line as,

X2 estimated=0.4398168494+-0.4282379854*X1---(1),

ANOVA
Source df SS MS
Regression 1 5.2322288130 5.2322288130
Error 398 14.3025632565 0.0359360886
Total 399 19.5347920695

HO:slope=0, test statistic=145.598172 , p value=0.000000

R2=0.267842, R2(adj)=0.266002,MSE=0.035936,

HO:residual population~Double exponential(lamda=6.075102,mu=-0.016875)
chi square test statistic=2.975000, p value=0.812039,

99% C.I. for slope, [ -0.5201330733, -0.3365402665]

95% C.L for slope, [ -0.4979490273, -0.3585649066]

90% C.I. for slope, [ -0.4867471562, -0.3697993497]

99% C.1I. for intercept, [ 0.3944897135, 0.4852281963]

95% C.I for intercept, [ 0.4052880424, 0.4743839438]

90% C.I. for intercept, [ 0.4108239943, 0.4688036001]

X3 estimated=.5257587288+-0.5254373170*X---(2),

ANOVA
Source df SS MS
Regression 1 7.8769516652 7.8769516652
Error 398 13.1729087827 0.0330977608
Total 399 21.0498604479

HO:slope=0, test statistic=237.990471 , p value=0.000000

R2=0.374204, R2(adj)=0.372632,MSE=0.033098,

HO:residual population~Double exponential(lamda=6.298914,mu=0.006913)
chi square test statistic=2.165000, p value=0.904184,

99% C.I. for slope, [ -0.6135266651, -0.4375055977]
95% C.IL for slope, [ -0.5924618735, -0.4586440965]
90% C.I. for slope, [ -0.5815801423, -0.4693455642]
99% C.I for intercept, [ 0.4820891772, 0.5693595631]
95% C.1. for intercept, [ 0.4926083658, 0.5589328586]
90% C.L for intercept, [ 0.4979981742, 0.5535623804]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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3-4)4,=04, 1,=0.2, 4,=04,
Getting (X1,X2),(X1,X3), the paired sample size=600, the simple linear model
estimated line as,

X2 estimated=0.4491854617+-0.4366398480*X1---(1),

ANOVA
Source df SS MS
Regression 1 9.2367592600 9.2367592600
Error 598 19.2683756739 0.0322213640
Total 599 28.5051349338

HO:slope=0, test statistic=286.665681 , p value=0.000000

R2=0.324038, R2(adj)=0.322908, MSE=0.032221,

HO:residual population~Double exponential(lamda=6.768197,mu=-0.012384)
chi square test statistic=6.233333, p value=0.511786,

99% C.I. for slope, [ -0.5032194659, -0.3699413424]

95% C.L for slope, [ -0.4873864050, -0.3860382699]

90% C.I. for slope, [ -0.4791849417, -0.3942013988]

99% C.1I. for intercept, [ 0.4131211387, 0.4850761369]

95% C.I for intercept, [ 0.4218690050, 0.4764470851]

90% C.I. for intercept, [ 0.4262713579, 0.4721048314]

X3 estimated=0.5466550078+-0.5504748116*X,

ANOVA
Source df SS MS
Regression 1 15.1177603457 15.1177603457
Error 598 16.1254624184 0.0269656562
Total 599 31.2432227641

HO:slope=0, test statistic=560.630167 , p value=0.000000

R2=0.483873, R2(adj)=0.483010,MSE=0.026966,

HO:residual population~Double exponential(lamda=7.839228 mu=0.004343)
chi square test statistic=9.133333, p value=0.243129,

99% C.I. for slope, [ -0.6104538383, -0.4906072116]
95% C.L for slope, [ -0.5961604217, -0.5048027776]
90% C.I. for slope, [ -0.5888354224, -0.5121144803]
99% C.I for intercept, [ 0.5122229833, 0.5810923492]
95% C.1. for intercept, [ 0.5204589099, 0.5728651492]
90% C.L for intercept, [ 0.5247114975, 0.5686316294]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(3-5) 4, =0.5, 1,=0.2, A,=0.4,

Getting (X1,X2),(X1,X3), the paired sample size=10,000, the simple linear model
estimated line as,

X2 estimated=0.4589181377+-0.4486377830*X1---(1),

ANOVA
Source df SS MS
Regression 1 167.0015922365 167.0015922365
Error 9998 277.4465455090 0.0277502046
Total 9999 444.4481377455

HO:slope=0, test statistic=6018.031027 , p value=0.000000

R2=0.375750, R2(adj)=0.375688, MSE=0.027750,

HO:residual population~Double exponential(lamda=7.603999,mu=-0.006377)
chi square test statistic=128.860000, p value=0.000000,

99% C.I. for slope, [ -0.4635456530, -0.4337848721]

95% C.L for slope, [ -0.4599767319, -0.4373241257]

90% C.I. for slope, [ -0.4581394877, -0.4391357493]

99% C.I. for intercept, [ 0.4503661695, 0.4675035752]

95% C.I. for intercept, | 0.4523906356, 0.4654414546]

90% C.I. for intercept, [ 0.4534405612, 0.4643943790]

X3 estimated=0.5970149857+-0.6171628311*X---(2),

ANOVA
Source df SS MS
Regression 1 316.0300977594 316.0300977594
Error 9998 264.4405696129 0.0264493468
Total 9999 580.4706673723

HO:slope=0, test statistic=11948.502917 , p value=0.000000

R2=0.544438, R2(adj)=0.544392, MSE=0.026449,

HO:residual population~Double exponential(lamda=7.964709,mu=0.014488)
chi square test statistic=271.315600, p value=0.000000,

99% C.I. for slope, [ -0.6317185283, -0.6026430103]
95% C.L for slope, [ -0.6282224047, -0.6060881360]
90% C.I. for slope, [ -0.6264433488, -0.6078782864]
99% C.I for intercept, [ 0.5886552131, 0.6054127043]
95% C.1. for intercept, [ 0.5906517779, 0.6033868532]
90% C.L for intercept, [ 0.5916781040, 0.6023674941]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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#)4,=02, 4=05,
@4-1)4 =0.1, 2,=02, 4,=0.5,

Getting (X1,X2),(X1,X3), the paired sample size=100, the simple linear model
estimated line as,

X2 estimated=0.4102521186+-0.3563533378*X1---(1),

ANOVA
Source df SS MS
Regression 1 0.7210065843 0.7210065843
Error 98 4.4823547961 0.0457383142
Total 99 5.2033613804

HO:slope=0, test statistic=15.763733 , p value=0.000153

R2=0.138566, R2(adj)=0.129775,MSE=0.045738,

HO:residual population~Normal(mu=-0.015320,sigma*sigma=0.056879)
chi square test statistic=0.520000, p value=0.971612,

99% C.I. for slope, [ -0.5927151831, -0.1206578480]

95% C.I. for slope, [ -0.5345344170, -0.1777416412]

90% C.I. for slope, [ -0.5055649800, -0.2068218559]

99% C.I. for intercept, | 0.3215401120, 0.4992829523]

95% C.I. for intercept, | 0.3431311388, 0.4774256570]

90% C.I. for intercept, | 0.3541354356, 0.4663855177]

X3 estimated=0.5564132267+-0.6430398183*X1---(2),

ANOVA
Source df SS MS
Regression 1 2.3477578480 2.3477578480
Error 98 4.3764560293 0.0446577146
Total 99 6.7242138773

HO:slope=0, test statistic=52.572279 , p value=0.000000

R2=0.349150, R2(adj)=0.342508, MSE=0.044658,

HO:residual population~Normal(mu=-0.005046,sigma*sigma=0.048352)
chi square test statistic=2.200000, p value=0.699006,

99% C.1I. for slope, [ -0.8765475268, -0.4098035110]
95% C.I for slope, [ -0.8193559557, -0.4669252525]
90% C.1I. for slope, [ -0.7904596294, -0.4955934096]
99% C.I for intercept, [ 0.4685477214, 0.6440279786]
95% C.1. for intercept, [ 0.4901496709, 0.6226710056]
90% C.1I. for intercept, [ 0.5009287422, 0.6118187712]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.

175




(4-2)2, =02, 1,=0.2, A,=0.5,

Getting (X1,X2),(X1,X3), the paired sample size=200, the simple linear model
estimated line as,

X2 estimated=0.4480620871+-0.4550130194*X1---(1),

ANOVA
Source df SS MS
Regression 1 3.1210162351 3.1210162351
Error 198 8.3468181182 0.0421556471
Total 199 11.4678343533

HO:slope=0, test statistic=74.035543 , p value=0.000000

R2=0.272154, R2(adj)=0.268478, MSE=0.042156,

HO:residual population~Normal(mu=-0.001638,sigma*sigma=0.041248)
chi square test statistic=1.120000, p value=0.952421

99% C.I. for slope, [ -0.5923882529, -0.3174032928]

95% C.L for slope, [ -0.5592743876, -0.3506950352]

90% C.I. for slope, [ -0.5423769949, -0.3676992331]

99% C.I. for intercept, [ 0.3825406390, 0.5136968262]

95% C.I. for intercept, | 0.3983488892, 0.4977622747]

90% C.I. for intercept, [ 0.4064708930, 0.4897192859]

X3 estimated=0.5384528223+-0.5085331368*X1---(2),

ANOVA
Source df SS MS
Regression 1 3.8984044652 3.8984044652
Error 198 7.0887154237 0.0358015930
Total 199 10.9871198889

HO:slope=0, test statistic=108.889134 , p value=0.000000

R2=0.354816, R2(adj)=0.351557,MSE=0.035802,

HO:residual population~Double exponential(lamda=6.278256,mu=-0.003435)
chi square test statistic=2.080000, p value=0.838355,

99% C.I. for slope, [ -0.6350131446, -0.3821098871]
95% C.I for slope, [ -0.6046467810, -0.4124930911]
90% C.I. for slope, [ -0.5891951584, -0.4279592180]
99% C.I. for intercept, | 0.4781851323, 0.5988555569]
95% C.I. for intercept, | 0.4927046599, 0.5842022143]
90% C.1I. for intercept, [ 0.5001108445, 0.5768450447]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(4-3)4,=0.3, 1,=0.2, 4,=0.5,
Getting (X1,X2),(X1,X3), the paired sample size=200, the simple linear model
estimated line as,

X2 estimated=0.4962436076+-0.5037276816*X1---(1),

ANOVA
Source df SS MS
Regression 1 4.1656356470 4.1656356470
Error 198 6.1033077597 0.0308247867
Total 199 10.2689434067

0:slope=0, test statistic=135.139156 , p value=0.000000

R2=0.405654, R2(adj)=0.402652,MSE=0.030825,

HO:residual population~Double exponential(lamda=6.978237,mu=0.000006)
chi square test statistic=1.760000, p value=0.881942,

99% C.I. for slope, [ -0.6161731064, -0.3911799429]

95% C.I. for slope, [ -0.5891839951, -0.4181054916]

90% C.I. for slope, [ -0.5753984505, -0.4319928091]

99% C.I. for intercept, [ 0.4320445489, 0.5605111645]

95% C.I. for intercept, | 0.4475547035, 0.5449958171]

90% C.I. for intercept, | 0.4554122115, 0.5371673379]

X3 estimated=0.5913909700+-0.6141527199*X1---(2),

ANOVA
Source df SS MS
Regression 1 6.1921633571 6.1921633571
Error 198 5.1627213302 0.0260743502
Total 199 11.3548846874

HO:slope=0, test statistic=237.481023 , p value=0.000000

R2=0.545330, R2(adj)=0.543034,MSE=0.026074,

HO:residual population~Double exponential(lamda=7.176221,mu=0.016168)
chi square test statistic=3.200000, p value=0.669881,

99% C.I. for slope, [ -0.7176777581, -0.5112262948]
95% C.L for slope, [ -0.6926396271, -0.5357285978]
90% C.I. for slope, [ -0.6800106446, -0.5482990203]
99% C.I for intercept, [ 0.5324461474, 0.6503860944]
95% C.1. for intercept, [ 0.5466495295, 0.6362937594]
90% C.L for intercept, [ 0.5539063572, 0.6290071792]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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4-4)4,=04, 21,=0.2, 4,=0.5,
Getting (X1,X2),(X1,X3), the paired sample size=200, the simple linear model
estimated line as,

X2 estimated=0.4173234049+-0.4022691858*X1---(1),

ANOVA
Source df SS MS
Regression 1 2.9259033391 2.9259033391
Error 198 5.8595987013 0.0295939328
Total 199 8.7855020404

HO:slope=0, test statistic=98.868351 , p value=0.000000

R2=0.333038, R2(adj)=0.329669,MSE=0.029594,

HO:residual population~Double exponential(lamda=7.052457,mu=-0.010024)
chi square test statistic=3.840000, p value=0.572391,

99% C.I. for slope, [ -0.5074486601, -0.2972878746]

95% C.I. for slope, [ -0.4819723425, -0.3225717051]

90% C.I. for slope, [ -0.4690767275, -0.3355297213]

99% C.I. for intercept, | 0.3584115261, 0.4764843639]

95% C.I. for intercept, [ 0.3726216676, 0.4622718479]

90% C.I. for intercept, | 0.3798711455, 0.4549729930]

X3 estimated=0.6905948185+-0.7406017745*X1---(2),

ANOVA
Source df SS MS
Regression 1 9.9173567964 9.9173567964
Error 198 4.1176396173 0.0207961597
Total 199 14.0349964136

HO:slope=0, test statistic=476.884047 , p value=0.000000

R2=0.706616, R2(adj)=0.705135,MSE=0.020796,

HO:residual population~Logistic(mu=0.005076,sigma=0.080874)
chi square test statistic=7.040000, p value=0.217801,

99% C.I. for slope, [ -0.8278040781, -0.6532168947]
95% C.L for slope, [ -0.8069629467, -0.6740951287]
90% C.I. for slope, [ -0.7963677857, -0.6847507699]
99% C.I for intercept, [ 0.6416852452, 0.7395446915]
95% C.1. for intercept, [ 0.6533476375, 0.7279121231]
90% C.L for intercept, [ 0.6593209670, 0.7219677052]

Checking slope and intercept of X3 estimated whether in the CI of (1) estimated line,
Checking slope and intercept of X1 estimated whether in the CI of (2) estimated line,
Conclusion, A, # A, from two CI’s about slope and intercept at significant=10% or

5% or 1%.
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(5)Heterskedastic analysis

(5-1H)4,=0.1, 2,=0.1, 4,=0.1,
Getting (X1,X2),(X1,X3), the paired sample size=200, the simple linear model
estimated line as,

X2 estimated=0.3160617529+-0.2518647259*X1---(1),

ANOVA
Source df SS MS
Regression 1 0.8172972849 0.8172972849
Error 198 7.2355129259 0.0365429946
Total 199 8.0528102108

HO:slope=0, test statistic=22.365362 , p value=0.000004
R2=0.101492, R2(adj)=0.096954,MSE=0.036543,

HO:residual population~Gumbel(mu=-0.092967,sigma=0.166022)
chi square test statistic=3.840000, p value=0.571795

[residual|=0.219877+-0.204069* X+resodual *=G(X)+residual *,
ANOVA

Source df SS MS
Regression 1 0.5365369955 0.5365369955
Error 198 224.5893769122 1.1342897824
Total 199 225.1259139077

HO:slope=0, SSR/MSE=test statistic=0.473016 , p value=0.491556
R2=0.002383, R2(adj)=-0.002655,MSE=1.134290,

Residual plot of (1), The estimated line and scatter diagram,
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X3 estimated=0.3452359296+-0.3016360616*X---(2),

ANOVA
Source df SS MS
Regression 1 1.1722274409 1.1722274409
Error 198 6.6277723596 0.0334735978
Total 199 7.7999998005

HO:slope=0, test statistic=35.019464 , p value=0.000000
R2=0.150286, R2(adj)=0.145994, MSE=0.033474,

HO:residual population~Rayleigh(lamda=6.922531,c=-0.336291)
chi square test statistic=0.400000, p value=0.995344,

[residual|=0.206310+-0.183159* X+resodual*=G(X)+residual*,
ANOVA

Source df SS MS
Regression 1 0.4322177348 0.4322177348
Error 198 48.2035052421 0.2434520467
Total 199 48.6357229769

HO:slope=0, SSR/MSE=test statistic=1.775371 , p value=0.540349
R2=0.008887, R2(adj)=0.003881,MSE=0.243452,

Residual plot of (2), The estimated line and scatter diagram,
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(5-2)2, =02, 1,=0.2, A,=0.2,

Getting (X1,X2),(X1,X3), the paired sample size=10,000, the simple linear model
estimated line as,

X2 estimated=0.4217986386+-0.4035518362*X1---(1),

ANOVA
Source df SS MS
Regression 1 121.5177399937 121.5177399937
Error 9998 366.2937996725 0.0366367073
Total 9999 487.8115396662

HO:slope=0, test statistic=3316.830275 , p value=0.000000
R2=0.249108, R2(adj)=0.249033,MSE=0.036637,

HO:residual population~Normal(mu=-0.013781,sigma*sigma=0.037864)
chi square test statistic=324.526800, p value=0.000000,

[residual|=0.242311+-0.239039* X +resodual *=G(X)+residual *,
ANOVA

Source df SS MS
Regression 1 42.6361801416 42.6361801416
Error 9998 95.6256012450 0.0095644730
Total 9999 138.2617813866

HO:slope=0, SSR/MSE=test statistic=4457.765740 , p value=0.000000,
R2=0.308373, R2(adj)=0.308304,MSE=0.009564,

HO:residual* population~Logistic(mu=0.000000,sigma=0.053915),

chi square test statistic=146.945200, p value=0.000000,

Residual plot of (1), The estimated line and scatter diagram,
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X3 estimated=0.4188089952+-0.3992240938*X1---(2),

ANOVA
Source df SS MS
Regression 1 118.9253712559 118.9253712559
Error 9998 364.0191304651 0.0364091949
Total 9999 482.9445017210

HO:slope=0, test statistic=3266.355426 , p value=0.000000
R2=0.246251, R2(adj)=0.246175,MSE=0.036409,

HO:residual population~Normal(mu=0.003053,sigma*sigma=0.038560)
chi square test statistic=364.396000, p value=0.000000,

[residual|=0.240881+-0.236303*X+resodual *=G(X)+residual *,
ANOVA

Source df SS MS
Regression 1 41.6659458471 41.6659458471
Error 9998 95.4829124201 0.0095502013
Total 9999 137.1488582672

HO:slope=0, SSR/MSE=test statistic=4362.834313 , p value=0.000000
R2=0.303801, R2(adj)=0.303731,MSE=0.009550,

HO:residual* population~Normal(mu=-0.002345,sigma*sigma=0.009470)
chi square test statistic=133.421200, p value=0.000000,

Residual plot of (2), The estimated line and scatter diagram,
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Section 2. X, ~ CB(4,)0<x, <LX,|x, ~ CB(4,4,.x,)0<x, <1-x,,
X3|x1,x2 ~ CB(Zl,ﬂ,z,ﬂ3.xl +x2),OSx3 <l-x,—x,,

X, and X, aretwo random variables,

X, 1-X,
P 1-p,
X, =0
X, I-X, -X,
P | p
1-p, 1-p,
l_Xl_X2:X3+(1_ 17 2_X3)
X, I-X, -X, - X,
A A
1-4, -4, 1-4, -4,

le (x1 "ﬂ«l )sz‘x] (x2|xl )sz‘xlez (X3 |_x1 ,xz)
- Cl (/11 )CZ (ﬂ“l’lz:xl )(ﬂ,l )x1 (ﬂz )xz (1 — 2’1 — /12 )17"1 Y,

C3(ﬂ“l’ﬂ“2’ﬂ“3’xl +x2{

:Cl(ﬂl)Cz(/ll’ﬂz:xl)Cs(ﬂ“l’lz’/islxl +x2)><
()" (2,)7 (2)" (1= 2, = 2, =2, ) "
0<x,<10<x,<1-x,0<x; <1-x, —x,,

-

1-4, -4,

1.The probability density function,

fx3\x1,x2 (x3|x1,x2)= G (ﬂl’/iz’ﬂs:xl +x2{

(M=, -4, #24,,

1-x,—x,

Io sz‘xl’Xz (x3 |x1 Xy )dx3
1-4,-4,-4

:C3(il,lz,l3,x1+x2{ _1/11 _212 3
1-4,-4,-4

ZCJAJTAWQ+%{ :%jﬂzj

13 1—x—xy—x3
-4, -4,

/13 h 1 _ /13
-4 -4, -4 -,

j 1=x,—x,
1=x;—x,
2’3
YW”l—A—@—%
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)l—xl —Xp—X3

I o i
0 1=, -2, -4 )

In 4
1=~ 2, -2,

-1
=1,



A
ln[l pR j
C3(ll,/12,/13,x1+x2): 1 2 3

l—ll _22 _/13 1-x,—x, ﬂ} 1-x;—x, _1
-4 -4, =4 =24, — 4
@GN =24, — A, =22,

X -
J. f)@‘xl Xy x3|x1 x2 )dx3

1-x;
1-4, -4, -4
:C3(/11,12,/13,x1+x2{ 1_121 _2/12 3} (l—xl—xz)ZL

C3(/'Ll,/12,/13,x1 +x2)=

1
=
1 2

1-4, -4,
Please see appendix 2.

2. The chosen a random variable each time, the selecting order of random variables
having the different joint probability density function.

X, ~ CB(/’LI),Ole Sl,)(2|x1 ~ CB(/LI,/lz.xl),OSx2 <l-x,
X3|x1,x2 ~ CB(AI,Az,/13.x1 +x2),0 <x;<1-x,—x,,

S, (xl A )fxz\xl (x2|x1 )fx3\xl 2 (x3|xl ’xz)

=C(4)C, (A4, 4,,x,)C5 (A, Ay, Ay, x, +x, )%

(/11 )X1 (/12 )xz (/13 )x3 (1 - 11 - /12 - /13 )Iix} e
and
X, ~CB(4,)0<x, <1LX||x, ~ CB(4,,4,.x,)0 < x, <1-x,,

X3|x1,x2 ~ CB(/’LI,EZ,/%.xl +x2),0 <x; <1-x,—x,,
S, (xz A, )fxl\xz (xl |x2 )fX3‘xl % (x3 |x1 ’xz)
=C,(4,)C,(2,,2,,x,)C (A, 4y, A5, x, +x, )x

(}“1 )x1 (/12 )x2 (2“3 )x3 (1 —A =4, = A )Hl_x2 -

CI(Z’Z )Cz(/lz’ipxz)i G (/11 )Cz(ﬂ'v/?“z’xl)-
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3. The image of f(x,,x, ), £(x,,x;), f(x,,x,),
X, ~ CB(/II),O <x < 1,)(2|x1 ~ CB(/II,/IZ.XI), X3|x1,x2 ~ CB(/?,l,ﬂz,/13.x1 +x2),
(1) 4,=0.1, 1,=0.2, 4,=0.3,

f(x1,x2)

E(X1)=10.3301, Var(X1)=0.0665, E(X2)= 0.2821, Var(X2)= 0.0505,
Cov(X1,X2)=-0.0255, X1 and X2 correlation coefficient=-0.4395.

f(x1 ,‘x_3) F(x1,x3)

e

e

cmmn T -

E(X1)=0.3301, Var(X1)=0.0665, E(X3)= 0.1887, Var(X3)= 0.0332,
Cov(X1,X3)=-0.0197, X1 and X3 correlation coefficient=-0.4196.

f(x2,x3)

E(X2)=0.2821, Var(X2)= 0.0505, E(X3)=0.1887, Var(X3)= 0.0332,
Cov(X2,X3)=-0.0120, X2 and X3 correlation coefficient=-0.2924.
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f(x1),F(x1)

Coefficient

Mathematical Mean: 0.33011
) Geometrical Mean : 0.20661
Harmonic Mean 0.02353
Variance 0.06650
S.D. 0.25788
Skewed Coef. 0.74400
Kurtosis Coef. 2.58171
MAD 0.21453
Range 1.00000
Mid_range 0.50000
Median 0.26749
Q1 0.11438
Q2 0.26749
Q3 0.49999
IQR 0.38561
C.V. 0.78121
f(x2),F(x2) Coefficient
M Mathematical Mean: 0.28209
Geometrical Mean : 0.17158
Harmonic Mean 0.00193
Variance 0.05051
S.D. 0.22474
Skewed Coef. 0.80854
Kurtosis Coef. 2.82741
— MAD 0.18557
Range 0.99991
Mid_range 0.49996
Median 0.22865
Ql 0.09459
Q2 0.22865
Q3 0.42647
IQR 0.33188
C.V. 0.79670
f(x3),F(x3) Coefficient
4 — Mathematical Mean: 0.18871
) “ Geometrical Mean : 0.09287
Harmonic Mean 0.00111
Variance 0.03320
S.D. 0.18221
Skewed Coef. 1.23307
Kurtosis Coef. 4.01427
MAD 0.14529
Range 0.99790
Mid_range 0.49895
Median 0.13000
Ql 0.04356
Q2 0.13000
Q3 0.28411
| IQR 0.24055
C.V. 0.96557
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2) 4,=0.6, 4,=0.1, 1,=0.2,

f(x1,x2)

E(X1)= 0.5337, Var(X1)= 0.0826, E(X2)=

0.2060, Var(X2)= 0.0383,

Cov(X1,X2)=-0.0341, X1 and X2 correlation coefficient=-0.6060.

f(x1,x3)

i

F(:1.x3)

ey o

E(X1)= 0.5337, Var(X1)= 0.0826, E(X3)=

0.1371, Var(X3)= 0.0255,

Cov(X1,X3)=-0.0262, X1 and X3 correlation coefficient=-0.5713.

f(x2,x3)

F(x2,x3)

2.

E(X2)= 0.2060, Var(X2)= 0.0383, E(X3)=

0.1371, Var(X3)= 0.0255,

Cov(X2,X3)=-0.0024, X2 and X3 correlation coefficient=-0.0765.
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f(xl),F(xl)

Coefficient

_ Mathematical Mean: 0.53369
I Geometrical Mean : 0.40612
Harmonic Mean 0.06876
Variance 0.08265
S.D. 0.28748
Skewed Coef. -0.14024
Kurtosis Coef. 1.82720
""" MAD 0.24857
Range 1.00000
Mid_range 0.50000
Median 0.55031
Q1 0.29049
Q2 0.55031
Q3 0.78540
IQR 0.49490
C.V. 0.53867
f(x2),F(x2) Coefficient
e S Mathematical Mean: 0.20599
1 Geometrical Mean : 0.10693
Harmonic Mean 0.00054
Variance 0.03825
S.D. 0.19559
Skewed Coef. 1.24028
Kurtosis Coef. 4.02964
MAD 0.15543
Range 0.99988
Mid_range 0.49994
Median 0.14372
Q1 0.05159
Q2 0.14372
Q3 0.30631
IQR 0.25473
a C.V. 0.94951
f(x3),F(x3) Coefticient
K Mathematical Mean: 0.13710
N Geometrical Mean : 0.05303
Harmonic Mean 0.00032
Variance 0.02546
S.D. 0.15957
Skewed Coef. 1.69083
Kurtosis Coef. 5.73387
MAD 0.12144
Range 0.99706
Mid_range 0.49853
Median 0.07479
Q1 0.02054
Q2 0.07479
Q3 0.19805
IQR 0.17750
C.V. 1.16391
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Section 3. X~CB(AM + A2),0<x<1

Merge 4, and A,,let X 1isnew random variable.

4 Ay A 1-4, -4, -4
changed to
X X, 1-X-X,
A+ 4, A 1-4, -4, -4,
13
Xix ~CB| —=— [0<x; <1-x,
1-4, -4,

X is one random variable.

fXa‘X(x3|x): C2 (ﬂ“l + 12;/13,)({

0<x,<10<x,<I-x,

X 1-X
A+, 1-4, -4,
1-X=X,+(1-X-X,)
X, 1-X - X,
-3 1_L
1-4, -4, 1-4 -4,

X3 I=x—x3
L ]———53
1-4, -2, 1-2, -4, ’

Sx (x)'ﬂ“l )f)g\x (x3|x) # fxl (xl A )fxz\xl (x2|x1 )f)g\xl,xz (x3 |x1 ’xz)
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Section 4. 2x 2 table

The probability marginal
A A At
Ay A, A+,
marginal A +A, A+, 1
Random variables marginal
X, X, X +X,
X ) X 4 X 2 + X 4
marginal X, X, X,+X, 1
X, X, X, X,
A i A A,

LA+ +A4+4,=LX+ X, + X;+X,=10< X, <Li=1234

The comparison of A4 +A4, and A +A4,, thatis about the difference of 4, and A,,

X, 1-X,
A -4
1-X = 2+(1_X1_X2)
X, I-X,-X,
A, 1— A,
1-4 1-4
and
X, 1-X,
A =4
I_Xl: 3+(1_X1_X3)
X, I-X, - X,
ﬂ’B 1_ //{’3
1-4, 1-

X,|x, and X|x, canbe comparison at the same condition situation.

About statistical analysis, please see section 1 of chapter 7.
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Appendix 1, X2| x1 ~ CB(A, A2, x1), " = A2 / (1 — \1)

X, 1=x,—x,
Lo (6] )=C, (4, 4,.x, A, T 0<x, <l-x,0<A, <14,
2 1-2, 1-4,

= 1:12 S (o], )= Cz(ﬂ*,xl )(/1) (1 2 0<x, <1-x,0< A <1
1
RTINSO P e

ﬂJ
@Vﬁi&iﬂl)(%@imﬁ—ﬂﬂxiﬁﬂ* r_m

1-x, I-x
(i) =0.5,0.1)=C, (4, @ =) =160 n)=
(2 )=n(1-2")

o, (1, )= REEEAE

1-x;

A #0.5,

A #0.5,
1-x,
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The cumulative probability distribution function,
() =0.5,

(]
sz\xl (x2|xl ) = (l* )1—xl _ (1 _ )1—x1
(i) =0.5,

1-x, X
I Sy (x2|x1)dx2: 2-0<x,<l-x,
21
0 g 1-x,

O<x, <l-x,

The Expected value and variance.
()L #0.5,

E(X2|x1)zcz<f:xlxl_f)lXI,EXIxz[ ‘ *J dx,

* I-x * I-x
A p
’ I_XI ’ I_XI (l_xl{ *j [*j _1
_ ()1(1—,1) . (l_xl)z( A ] =) s

() -(-1) -7 2 )=in(1=2 ) (1n(2)-m1- 27 )
_ (ex ) 2(1-x 1) N 2

@) == e )-ml- 2\ = 0=2) ) ()= 20 )
Var(X 5 |xl )
_ ex ) 21— x )2') N 2

@) =2 e )-ml- 2\ ) (=2 ) ) (il )1 20




1 0 2
2
E(X22|x1)— —lxIJZ xzza'x2=1_'_xl_'_x1 Var(X2|x1)—(1 1)261)
P A, )
1-4,
@& =05,
_ex)r) !
Bxke)= () _1(1_ AVl )-in(i-27)
! (l—x, )2 ( P )1-x1 (1_ 7 )1-x1
Varl\X,|x, )= - )
( 2| 1) (l (f)—ln(l—f)f ((f)l,xl —(l—l*)lfx])z
(ii)A =0.5,
E(X[x, )= 2 var(x )—(l_x‘)2
2|x1— 5 ,Var 2|x1— T

The simulator

The random number=RND, =F ol (x2 |xl ) ~ Uniform(O,l),
x, simulated value=
log, ((1 -4 )l_x1 + RND, ((/1 )l_x‘ - (1 _— )l_x1 ))— (1 — X, )loge (l —y ) 205
log (1 )-1og,(1-7") S
RND,(1-x,), A" =0.5
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Appendix 2, X3| x1, x2 ~ CB(A1, A2, A3, X1, X2), A" = A3 / (1 — M1 — D2)

The probability density function

— j“3
1-2,-24,°

fx3\.xl % (x3|xl,x2 ) =G, (/1* Xy, Xy Xﬂ* )X3 (1 -x )lixlixrx3 0<x; <l-x —x,,
()2 #0.5,
_F o fX;‘xl % (x3|x1 Xy )dx3

B C3 (j’* X5 Xy Xl - /1* )I_XI - .E_XI_XZ (;L—**]x} dX3

(
A

I=x,—x,

A

= C3(i*,xl,x2 Xl—/l )l_ e (

171 X2 1

=C3(/1*,x],x2/

/_\\
;—A
@

C3(/1*,x1,x2) ( )1 po— (1 /1 1717,@’
(ii)2 =0.5,

J- o fxg\x, X x3|x1 X3 )dx3
=C3(ﬂ ,xl,x2X1—/1 )1 TR -x - x,) =1,

C3(/1*,x1,x2): — !

(=2)"" 02 )

The cumulative probability distribution function,

()4 =0.5,

@_fynx{ f*j“_ﬁ_fyﬁxz
Foalohion )= —— e 04 <1,
(@)X =0.5,

PkM%QﬂMJ)=I_;iW 0O<x, <l—x,—x,,
|,
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The simulator

The random number= RND,= F P (x3 |x1 , X, ) ~Un iform(O,l),
x, simulated value=

log, ((1 -4 )1—x1—x2 + RND, ((/1* )l_xl T (1 - )1—x1—x2 ))— (l —X, =X, )loge (1 - )
log, (X' )-log,(1- 1)

A #0.5
RND,(1-x, —x,), A" =0.5
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