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Abstract
We discussed the simulator and test statistic of continuous Bernoulli distribution which is important to test
the pervasive error of variational autoencoders in deep learning. We provided the sufficient statistic, the
point estimator, the confidence interval, test statistic, goodness of fit, and one-way test for continuous
Bernoulli distribution. Besides, continuous binomial distribution can be derived, so the the confidence

interval and the test can be worked under two continuous Bernoulli populations. Continuous trinomial
distribution can also be find.
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Chapter 1, The Continuous Bernoulli distribution

1.The probability density function of Continuous Bernoulli
distribution

The Bernoulli distribution and parameter=p ,

filep)=p (1-p) " x=010<p<l,
X is discrete random variable,

Let X is continuous random variable and A is the parameter which replaces p .
FelA)=Cc(A)A(1-2)7"0<x<10< A <],

ful2)=c@-Af (2 | ax--- (1)

i)
(i) = %,(1. D=c)i-2)~=AL ' _ )22l )
c(a)= In(1 —A)—ln(ﬂ)]

In A In A j
1-1 1-1
1-24

()=c@)f %dx =20(1)=1c(1)=2,

1
0

(ii)A =

1
2

Section 1, The Continuous Bernoulli distribution,

X~ CB(&), this probability distribution for “machine learning”.
(1)The probability density function,
felA)=Cc(A)A(1-2)"0<x<1,0< A <],

2tanh™ (1-24) 1]

’

C(ﬂ,)z 1—121 2
2A=—
2

tanh™ (x)= lloge (l-i-_xj = lln(l-'_—xj,—l <x<l1,
2 l1-x) 2 (l-x
(2)The distribution function,
x(1_ 1-x _
21-4)"+2 PR
Fo(x:4)= ?/1—1 20<x<l

x,A=—
2




(3) The A is the shape parameter,

Let X~Continous Bernoulli( 1), the A is the shape parameter from the below
diagram. The f(X| 1) is the conditional probability density in A4 ,0<A <1, but the
E(X)=A is the function of 4.

The following diagram, let X2=X, X1=4, f(X2|X1)=f(X| 1),

the diagram is (X1=41, f(X2|X1)).

tandom vector 0QIN1)

condtiona! pa image

The red area is the range of (X, 1).



Section 2, The simulator of Continuous Bernoulli distribution,

The inverse of F,(x; 1)
log,(Fy (x;A)x(22-1)-(A-1))-log,(1-4) , , 1

lo (;L j ’ 2
x= &l1-a

1
Fo(xA) A= 3

The random number= RND = F, (x; A) ~ Uniform(0,1),

log,(RND x (24 —1)—(1-1))=log,(1- 1) . 1
' 2
x simulated value = loge(Hj
RND, A=+
2

(1)The simulated data generator,
do
{

getting RND,

converting x simulated value,

}

(2)The probability distribution simulator,
The probability distribution simulated database,
do 100,000,000 times,
{

getting RND,

converting x simulated value and saving the database,

}

This frequency distribution is likely to the probability density function, the sample
mean of database is closed to the population mean and the relative error is below
1/10000.

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_01.exe, which can

compute the simulated data of Continuous Bernoulli distribution.



Section 3, The expectation and variance,

1 if A=

A 1 1

+ - if A#—
uE(X){2,11 2tan” (1-22) 12
2 2




The estimated equation of E(X), Var(X),

7,(X) is skewed coefficient and y,(X) is kurtosis coefficient.

Continuous Bernoulli distribution computed E(X), Var(X),y,(X) and 7,(X) is

complexity, the estimated those moments using A is easy way.
The Curvi-linear analysis(Taylor’s expansion and regression combined) getting the
mathematical model and computing the coefficients, the result could be accurately.

()E(X)=G,(1), A estimated E(X),

The E(X) estimated equationis G,(4),

The 0.001< 4 <0.999, 0.143853919< 121 <0.856221427,

The amount of paired data of (4, E (X )) 18999, A issetting value and E (X ) is
computed by the simulator which has 100,000,000 data.

X=0.279390+0.441311x A,

The estimated equation------

G,(1) =0.50005887293491469+
0.77359483065083623*(X-0.50004573071171143) 1+
-0.015152112930081785000000000000%(X-0.50004573071171143)"2+
-27.27900934219360400%(X-0.50004573071171143)"3+
10.36370790004730200*(X-0.50004573071171143) 4+
15822.38842773437500000%(X-0.50004573071171143)"5+
-2817.42468261718750000%(X-0.50004573071171143) 6+
-3612752.6875%(X-0.50004573071171143)7+
391281.72265625000000000%(X-0.50004573071171143) 8+
452401608.0000%(X-0.50004573071171143)"9+
-31440996.2500%(X-0.50004573071171143)10+
-33874673664.0000%(X-0.50004573071171143) 11+
1540792624.0000%(X-0.50004573071171143)12+
1582581137408.0000*(X-0.50004573071171143)13+
-46642316288.0000%(X-0.50004573071171143) 14+
-46495537037312.0000%(X-0.50004573071171143)15+
850124546048.0000%(X-0.50004573071171143) 6+
834533872107520.0000%(X-0.50004573071171143)* 7+
-8542741594112.0000%(X-0.50004573071171143)*18+
-8357328558489600.0000*(X-0.50004573071171143) 19+
36339642531840.0000%(X-0.50004573071171143)"20+
35775834451083264.0000%(X-0.50004573071171143)"21

ANOVA
Source df SS MS
Regression 21 16.7176990804 0.7960809086
Error 977 0.0001969542 0.0000002016
Total 998 16.7178960346

HO:slopel=....=slope21=0, test statistic=3948994.157065,
sample size=999, R2=0.999988, R2(adj)=0.999988, MSE=0.000000,
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(A, E(X)) scatter diagram (A4,R=G,(1),B=E(X)) scatter diagram

E(X) G,(2),E(X)

08s 085

A A
0.001 0458 oo 0.998

(2)Var(X)=G,(1), A estimated Var(X),

The Var(X) estimated equationis G,(4),

The 0.001< 24 <0.999, 0.019960243 < Var(X ) <0.083352472,

The amount of paired data of (1, Var(X))is 999, A is setting value and Var(X) is
computed by the simulator which has 100,000,000 data.

X=K(X1)=0.073806+-0.000019x A,
The estimated equation ------
G,(1)=0.083298356117438743+

0.951844304800033570*(X-0.073795922003002973)" 1+
-54413612.0%(X-0.073795922003002973)"2+
-200067416064.0*(X-0.073795922003002973)"3+
-50832134216811020000.0*(X-0.073795922003002973)" 4+
72336669158987157000000.0*(X-0.073795922003002973)"5+
7758493160511042700.0*(X-0.073795922003002973)" 6+
-8240695055655714000000.0%(X-0.073795922003002973)"7+
-609322451431830740.0%(X-0.073795922003002973)"8+
443071707403925570000.0*(X-0.073795922003002973)"9+
27276456959807344.0*(X-0.073795922003002973) 10+
-13146338077859939000.0*(X-0.073795922003002973) 1 1+
-739229493988584670000000000.0*(X-0.073795922003002973)"12+
228088785609802220.0%(X-0.073795922003002973)" 13+
12339409252524324000000000.0*%(X-0.073795922003002973)" 14+
-2305399768199785500000000000.0*(X-0.073795922003002973)"15+
-123962875241096120000000.0*(X-0.073795922003002973)"16+
12576265627183818000000000.0*(X-0.073795922003002973)"1 7+
687097336654666920000.0*(X-0.073795922003002973)" 18+
-28621190224551843000000.0*(X-0.073795922003002973)* 19+
-1614141452456421600.0*(X-0.073795922003002973)*20

ANOVA
Source df SS MS
Regression 20 0.1398193120 0.0069909656
Error 978 0.0000154000 0.0000000157
Total 998 0.1398347119

HO:slopel=....=slope20=0, test statistic=443972.489429,
sample size=999, R2=0.999890, R2(adj)=0.999888,MSE=0.000000,



(A,Var(X)) scatter diagram (1,R=G,(4),B=Var(X)) scatter diagram

Var(X) G,(2),Var(X)
0.083336277 0083346377

0.01998024 i 0.0199§034 %2
0.001 0,093 .00 0.999

(3)7,(X)=G,(1), A estimated y,(X),

The 7,(X) estimated equationis G, (/1) ,

The 0.001 < 2 <0.999, -1.7961485553 < y,(X) < 1.795827056,

The amount of paired data of (4, y, (X )) 18999, A is setting value and y, (X ) is
computed by the simulator which has 100,000,000 data.

X=0.984739+-1.969753x A,
The estimated equation ------
G,(1)=0.00015237181619909279+

0.72288572564741571000*(X--0.00013754206206167914)" 1+
-0.07771367823443142700*(X--0.00013754206206167914)"2+
-1.48555698631025730000%(X--0.00013754206206167914)"3+
3.23668327310588210000*(X--0.00013754206206167914)"4+
44.19691285805311100000*(X--0.00013754206206167914)"5+
-52.74214139766991100000*(X--0.00013754206206167914) 6+
-514.35292186448351000000%(X--0.00013754206206167914)"7+
441.66157603263855000000*(X--0.00013754206206167914)"8+
3275.48317032307390000000*(X--0.00013754206206167914)"9+
-2160.62375265359880000000*(X--0.00013754206206167914)"10+
-12449.11081837862700000000*(X--0.00013754206206167914)"11+
6596.01762938499450000000*(X--0.00013754206206167914) 12+
29480.76403187215300000000*(X--0.00013754206206167914)"13+
-12939.83110857009900000000*(X--0.00013754206206167914)" 14+
-43855.79631179571200000000*(X--0.00013754206206167914)* 15+
16311.62740564346300000000*(X--0.00013754206206167914)"16+
39823.57315185666100000000*(X--0.00013754206206167914)*17+
-12768.25018835067700000000*(X--0.00013754206206167914)"18+
-20163.34744052588900000000*(X--0.00013754206206167914)*19+
5647.26117467880250000000*(X--0.00013754206206167914)"20+
4361.87453491799530000000*(X--0.00013754206206167914) 21+
-1078.29322034120560000000*(X--0.00013754206206167914)"22
ANOVA

Source df SS MS
Regression 22 340.2086189293 15.4640281332
Error 976 0.0059924144 0.0000061398
Total 998 340.2146113437

HO:slopel=....=slope22=0, test statistic=2518666.166276,
sample size=999, R2=0.999982, R2(adj)=0.999982,MSE=0.000006,
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(4,7,(X)) scatter diagram (4,R=G, (/1) ,B=7,(X)) scatter diagram
7x) G;(2). A (x)

1.7858 17458

-1. 7961 A -1.7961 A
0.001 0849 0.001 0.993

@y, (X )= G, (/1) , A estimated y, (X ) ,

The 7,(X) estimated equationis G,(4),

The 0.001< A4 <0.999, 1.799857270< ,(X) <7.0808074006,

The amount of paired data of (4, y, (X )) 18999, A is setting value and y, (X ) is
computed by the simulator which has 100,000,000 data.

X=2.292589+0.000951 x A,
The estimated equation ------
G,(1)=1.8082038890859193+

9.0944448420777917*(X-2.293064877314313400)" 1+
-5649327.2372012138000000%(X-2.293064877314313400)"2+
-2840484322.50*(X-2.293064877314313400)"3+
1454772784505248.00*(X-2.293064877314313400)"4+
282173067709382660.00*(X-2.293064877314313400)"5+
-93623181371148578000000.00*(X-2.293064877314313400)"6+
-12843445897786422000000000.00%(X-2.293064877314313400)"7+
30545377164991993.00*(X-2.293064877314313400)"8+
3212971560766148400.00%(X-2.293064877314313400)"9+
-568216426784795810000000.00*(X-2.293064877314313400)10+
-48295690587336284000000000.00%(X-2.293064877314313400) 11+
63968562608824166.00*(X-2.293064877314313400)"12+
4544885501268294000.00*(X-2.293064877314313400)" 13+
-443419149014227060000000.00*(X-2.293064877314313400)" 14+
-26959294213922125000000000.00%(X-2.293064877314313400)"15+
18493181124335300.00*(X-2.293064877314313400)"16+
978467103510877170.00%(X-2.293064877314313400)1 7+
-42541301487946493000000.00*(X-2.293064877314313400)"18+
-1983368251414276600000000.00*(X-2.293064877314313400)"19+
41463158348262657000000000000.00%(X-2.293064877314313400)"20+
17195292699711689.00*%(X-2.293064877314313400)"21

ANOVA
Source df SS MS
Regression 21 553.4887357077 26.3566064623
Error 977 0.4692730413 0.0004803204
Total 998 553.9580087490

HO:slopel=....=slope21=0, test statistic=54872.967861,
sample size=999, R2=0.999153, R2(adj)=0.999135,MSE=0.000480,

11



(A, 7,(X)) scatter diagram (A,R=G,(1),B=7,(X)) scatter diagram

72lX) G, (2], m(x)

o b o T :
L3 o L]
= ]

:

:

[ K
173 i 79 i
0001 [ 0.001 0.639

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_02.exe, which can
compute the E(X), Var(X),y,(X),7,(X) and frequency table when Continuous
Bernoulli distribution( A ). The simulated data amount=100,000,000, the sample mean,
sample variance, sample skewed coefficient and sample kurtosis coefficient is closed
to E(X), Var(X),y,(X),7,(X) and the frequency distribution is similar to
Continuous Bernoulli distribution (4 ).

example 3-1,1=0.1,

X1 pdfand df Coefficient
o) new distibution Mathematical Mean: 0.33015
b Geometrical Mean : 0.20663
Harmonic Mean : 0.01882
Variance : 0.06652
S.D. : 0.25791
Skewed Coef. : 0.74382
Kurtosis Coef. 2.58122
0001852 n.a;aus MAD . 0.21455
T Range : 1.00000
Mid_range : 0.50000
Median : 0.26754
Q1 : 0.11441
Q2 : 0.26754
Q3 : 0.50003
§ IQR : 0.38562
0.001852 0998148 C.V. R 0.78118

example 3-2, 1=0.2,

X1 pdf and df Coefficient
o) new distibution Mathematical Mean: 0.38814
b Geometrical Mean : 0.25589
Harmonic Mean : 0.03197
Variance : 0.07595
S.D. : 0.27558
Skewed Coef. : 0.47578
Kurtosis Coef. 2.11516
0.001852 n.a;zms MAD . 0.23452
. o) Range : 1.00000
Mid_range : 0.50000
Median : 0.33913
Q1 : 0.14981
Q2 : 0.33913
Q3 : 0.59652
§ IQR : 0.44671
0001852 0.998148 CV R 071000

12



example 3-3, 1=0.3,

X1 pdfand df Coefficient
o) new distibution Mathematical Mean: 0.43033
- Geometrical Mean : 0.29538
Harmonic Mean 0.03728
Variance 0.08046
S.D. 0.28365
Skewed Coef. 0.29223
Kurtosis Coef. 1.91812
0087557 Taantsn MAD 0.24399
[T Range 1.00000
Mid_range 0.50000
Median 0.39722
Q1 0.18196
Q2 0.39722
Q3 0.66073
' IQR 0.47877
0.001852 0998148 C.V. 0.65914
example 3-4, 1=0.4,
X1 pdf and df Coefficient
o) new distibution Mathematical Mean: 0.46633
b 1 Geometrical Mean : 0.33176
Harmonic Mean 0.03856
Variance 0.08266
S.D. 0.28751
Skewed Coef. 0.14031
Kurtosis Coef. 1.82714
0.001852 0.9918148 MAD 0-24860
o Range 1.00000
Mid range 0.50000
Median 0.44968
Ql 0.21460
Q2 0.44968
Q3 0.70952
§ IQR 0.49492
0.001852 0998148 C.V. 0.61654
example 3-5, 1 =0.5,[; & Uniform(0,1) °
X1 pdfand df Coefficient
foct) new distribution Mathematical Mean: 0.50002
oo Geometrical Mean : 0.36791
Harmonic Mean 0.04653
Variance 0.08334
S.D. 0.28869
Skewed Coef. -0.00004
Kurtosis Coef. 1.79990
0.001852 0.9918148 MAD 025002
T Range 1.00000
Mid range 0.50000
Median 0.50002
Q1 0.25001
Q2 0.50002
Q3 0.75001
§ IQR 0.50000
0001852 0.998148 CV 057735
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example 3-6, 1 =0.6,

X1 pdfand df Coefficient
o) new distibution Mathematical Mean: 0.53377
e Geometrical Mean : 0.40612
Harmonic Mean 0.06289
Variance 0.08267
S.D. 0.28752
Skewed Coef. -0.14060
Kurtosis Coef. 1.82720
0007857 Taontsn MAD 0.24861
[T Range 1.00000
Mid_range 0.50000
Median 0.55043
Q1 0.29050
Q2 0.55043
Q3 0.78554
§ IQR 0.49504
0.001852 0998148 C.V. 0.53867
example 3-7,1=0.7,
X1 pdf and df Coefficient
o) new distibution Mathematical Mean: 0.56986
st Geometrical Mean : 0.44932
Harmonic Mean 0.08201
Variance 0.08044
S.D. 0.28362
Skewed Coef. -0.29288
Kurtosis Coef. 1.91890
0.001852 0.9918“8 MAD O~24395
. o) Range 1.00000
Mid range 0.50000
Median 0.60297
Ql 0.33959
Q2 0.60297
Q3 0.81822
§ IQR 0.47863
0.001852 0998148 C.V. 0.49770
example 3-8, 1=0.8,
X1 pdfand df Coefficient
o) new aistibuton Mathematical Mean: 0.61200
et Geometrical Mean : 0.50263
Harmonic Mean 0.09574
Variance 0.07590
S.D. 0.27551
Skewed Coef. -0.47608
Kurtosis Coef. 2.11563
oseTeR Taestes MAD 0.23446
T Range 1.00000
Mid_range 0.50000
Median 0.66100
Ql 0.40365
Q2 0.66100
Q3 0.85024
" IQR 0.44659
0001852 0398148 CV 045018
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example 3-9, 1=0.9,

X1 pdfand df Coefficient
1) new disrioution Mathematical Mean: 0.66987
e Geometrical Mean : 0.58009
Harmonic Mean 0.14364
Variance 0.06651
S.D. 0.25790
Skewed Coef. -0.74372
— Kurtosis Coef. 2.58089
0.001852 na;Hus MAD 0.21455
[ Range 1.00000
Mid_range 0.50000
Median 0.73250
Ql 0.49996
Q2 0.73250
Q3 0.88561
§ IQR 0.38565
0.001852 0998148 C.V. 0.38499
example 3-10, 1 =0.99,
X1 pdf and df Coefficient
oo revdstRLon Mathematical Mean: 0.79258
o Geometrical Mean : 0.75294
Harmonic Mean 0.51282
Variance 0.03707
S.D. 0.19253
Skewed Coef. -1.41514
Kurtosis Coef. 4.82773
0.001853 EIB;BW 48 MAD 0‘14894
” fo Range 1.00000
Mid range 0.50000
Median 0.85137
Ql 0.70480
Q2 0.85137
Q3 0.93816
IQR 0.23336
0.001853 EIB;EW 48 CV 0.24292
example 3-11, 1=0.001,
X1 pdfand df Coefficient
o rr Mathematical Mean: 0.14384
Geometrical Mean : 0.08110
Harmonic Mean 0.00953
Variance 0.01999
S.D. 0.14138
Skewed Coef. 1.79668
Kurtosis Coef. 7.08231
MAD 0.10543
ol Range 0.99999
Mid_range 0.50000
Median 0.10020
Q1 0.04161
Q2 0.10020
Q3 0.20031
, IQR 0.15870
0.001852 008142 C.V. 0.98292
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Chapter 2, The sufficient statistic of Continuous Bernoulli
distribution

The sufficient statistic of parameter is bassis on the parameter point estimator and the

test statistic and confidence interval statistic.
iid
X,,X,,.., X, ~CB(1), there are n independent random variables and same
Continuous Bernoulli distribution (4 ).
Section 1, The sufficient statistic of 1,

(1)The likelihood function of A,
iid
X, X,,..X,~CB(4),

>
fxl,xz,,,.xn(xlrxz’--vxn;;t)zfo,(xi; )Z(C(;L))n;tl (1 ﬂ) Zv,

(2) The sufficient statistic of A,

(2P
Frone s, 2)=(1-2)C2) [nj ,
Let T = sz O<x,=t- Zx <1, Zx <t and min(0,r-1)< Zx,

fi(t:2) H j W A (1=A)" dx,dx,..dx,

(0-2)ca)r (*JZ

1-4
H @)y #(-a) dxdx,...dx,

fXI,XZ,,,.X,I‘T:t (xl,xz,..., Xy

B 1
_I J. .[ ldx,dx, ...dx,

is independent with A,

ZX . 1s the sufficient statistic of A ,(Fisher-Neymana factorization theorem).
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Section 2, The sampling distribution of ZX . is Continuous Binomial(n, 1),

i=1

iid

X,,X,,...., X, ~ Continuous Bernoulli( 4 ),

1.The X=X, +X,+...+X, pdf,

(1)n=2,

The probability density function,

fro, (i An)=C(A)A"(1-2) " 0<x, <10< A <],

fr, (i Am)=C(A)A(1-2) " 0<x, <10< A <],

X |, X, areindependent random variables,
f)(,,)(2 (x] ’xzfﬂ”n) = le ('xl ;ﬂ,,n) X, (xz "ﬂ"”)
C(CRP A= (1= AP 0<x, <0<, <1,
fXI,X(xl’x"ﬂ“’n) = fxl,xz (xl'xz =X=X ;/1’”)’
= (CA)P A (1=AY " x o(x,,x,) ox,,x,) =1,

6(361 ,x) ' 8()61 ,x)

X=X,+X,0<x,=x—x <],
max(0,x—1)< x, < min(l,x)0 < x<2,
O<x, <x if0<x<l,

{x—l<x1 <l if1<x<2,

min(1,x)

felbeiam)=["" " (CQ)] 2" (1=2)dx,

max(0,x-1)
Sele:2m)=(CA) 2 (=2)" [ 1w, ir0<x<,
fex:an)=(CA)) 2 (1-2)" I:_l ldx, if1<x<2,
o €@ 27" ossi
(€ M»22-ﬂ%( AV ifl<x<2
for example, A =

fx(x;/’tn)={

x if0<x<1
2—x if1<x<2

17



(DA=0.1,0=2, X =X, + X, +..+ X,

f(x), F(x) Coefficient
e newdistiton Mathematical Mean: 0.66038
oy Geometrical Mean : 0.54178
Harmonic Mean 0.38075
Variance 0.13309
S.D. 0.36481
Skewed Coef. 0.52557
Kurtosis Coef. 2.78969
0003859 1991455n MAD 0.29911
o 1 Range 1.99819
Mid range 0.99925
Median 0.62012
Ql 0.37209
Q2 0.62012
Q3 0.90821
\ IQR 0.53612
0.003859 1.994650 CV 0.55243
(2)n=3,
x2
(c(2)y 7/1)‘(1—1)3 if0<x<l
—2x> +6x-3 - .
frlx;Am)= (C(/l))3£f)(2—x) (1-A)"  ifl<x<2
2-x) _
o B a2y raexes
2
A=0.10=3, X=X, + X, +...+ X,
f(x), F(x) Coefficient
[0 new dstriufion Mathematical Mean: 0.99053
e Geometrical Mean : 0.87677
Harmonic Mean 0.73594
Variance 0.19966
S.D. 0.44683
Skewed Coef. 0.42949
Kurtosis Coef. 2.86040
0007223 za%ws MAD 0.36187
o I Range 2.97520
Mid_range 1.48932
Median 0.95720
Ql 0.65421
Q2 0.95720
Q3 1.28357
IQR 0.62936
0.007223 29711409 C.V. 0.45110
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(3=,

3

(c@)y % A-a)

if0<x<1

(C(ﬂ,))‘l (—3)(?3 +12x2 —12x+4)(2_x) x(l—ﬂ,)“ﬂ( zf1£x<2

6

Sx (x; A, n)
3x® —24x* +60x —44 . .
(c(r)) ( )/1)“ (1-A)"™  if2<x<3
6
4—xY x .
() 6 Vo2 if3<xcd
f(x), F(x) Coefficient
o ewdbiriuton Mathematical Mean: 1.32053
555555 Geometrical Mean : 1.20985
Harmonic Mean 1.08000
Variance 0.26608
S.D. 0.51583
Skewed Coef. 0.37208
Kurtosis Coef. 2.89474
0.016511 MAD 0.41595
(" Range 3.92936
Mid_range 1.97392
Median 1.28631
Q1 0.94296
Q2 1.28631
Q3 1.65965
IQR 0.71668
C.V. 0.39062
(4)n=5,
4
X —x .
(c(r)y ﬁ/lx(l—ﬂ)s if0<x<l
—4x* +20x° =30x> +20x-5 . .
(C(ﬂ,))s( )(2—x)/1~*(1—,1)5 fl<x<2
24
_ o (6x" —60x* +210x* =330x+155) . .
feles2,n)=1(c(1)) o 2(1-2) if2<x<3
—4x* +60x° —330x> + 780x — 655 . )
oy V(o 3cx<a
24
5—x) x .
o) S o2y iracass
24
f(x), F(x) Coefficient
o Mathematical Mean: 1.65072
e Geometrical Mean : 1.54198
Harmonic Mean 1.41864
Variance 0.33267
S.D. 0.57677
Skewed Coef. 0.33307
Kurtosis Coef. 2.91623
0.036332 Toses MAD 0.46410
[ Range 4.75698
Mid_range 2.40601
Median 1.61668
Q1 1.23424
Q2 1.61668
Q3 2.03011
IQR 0.79587
C.V. 0.34941

aaaaaaa

5555555
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X ~ Continuous Binomial distribution( A4 ),

iid
X, X,,... X, ~Uniform(a =0, =1),
X=X, +X,+..+ X, h(x) is irwin-hall distribution and parameter 7 .

The pdf of Continuous Binomial distribution( 4 ) is

el An)=hlxXCQA) 2 (1-A)"0<x<n0<A<l.

and X=Zn:Xi—,H—w%Normal(E(X=Zn:Xij,Var(X=Zn:XjD.
i=1

i=1 i=1

20



Section 3, The simulator of ZX i

i=1

The Continuous Bernoulli simulated data x(RND, A1) when random number= RND

and parameter is A4,

log,(RND X(ZA—1)—(2—1))—loge(l—/1),/l n

lo [i ) 2
&1 ,

x(RND,2)=

RND,/1zl
2

(1)The simulation process,

(1) Getting random number, RND,,RND, ..., RND, are independently,

(i) x,(RND,, 1), x,(RND,, A)....., x,(RND, , 1)

(iii) x, = ix,.(RND[,l), j=1.2,.....,100000000,

i=l1

Repeat (i)~(iii) 100000000 times, the database of simulated data will be gotten.

This database can convert frequency distribution and E(X), Var(X),y,(X),r,(X),

This database is approached to Continuous Binomial distribution( 4 ).

(D=2, A=0.1,W24=X, + X, +...+ X,

f(w24), F(w24) Coefficient
. 'YV“) rewdstiauton Mathematical Mean: 0.66035
Geometrical Mean : 0.54183
Harmonic Mean 0.38106
Variance 0.13306
S.D. 0.36478
Skewed Coef. 0.52586
Kurtosis Coef. 2.79028
0.003792 WBVBVF;AM MAD 0‘29908
o0 [ Range 1.99976
Mid_range 0.99997
Median 0.62011
Q1 0.37209
Q2 0.62011
Q3 0.90807
e IQR 0.53598
0.003792 1.998142 C.V. 0.55240
2n=3,1=0.1,W24=X, + X, +...+ X,
f(w24), F(w24) Coefficient
[ e dismten Mathematical Mean: 0.99087
. Geometrical Mean : 0.87710
Harmonic Mean 0.73638
Variance 0.19978
S.D. 0.44696
Skewed Coef. 0.42939
Kurtosis Coef. 2.85937
it Tonarsn MAD 0.36198
. W2y Range 2.97278
Mid_range 1.48888
Median 0.95754
Q1 0.65442
Q2 0.95754
Q3 1.28397
IQR 0.62955
CV. 045108
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(3)n=4,1=0.1,W24=X, + X, +...+ X,

f(w24), F(w24) Coefficient
e f:'m) e dstuton Mathematical Mean: 1.32058
Geometrical Mean : 1.20983
Harmonic Mean 1.07988
Variance 0.26622
S.D. 0.51597
Skewed Coef. 0.37193
Kurtosis Coef. 2.89496
0.028034 3 B‘;VEI;EG MAD 0'4 1 608
L Range 3.86326
Mid range 1.95251
Median 1.28629
Q1 0.94276
Q2 1.28629
Q3 1.65998
IQR 0.71722
0028030 33‘/7\/52:59 C.V. 0.39071
(4)n=5,1=0.1,W24=X, + X, +...+ X,
f(w24), F(w24) Coefficient
e e staon Mathematical Mean: 1.65079
i o Geometrical Mean : 1.54207
Harmonic Mean 1.41874
Variance 0.33261
S.D. 0.57672
Skewed Coef. 0.33301
Kurtosis Coef. 2.91701
2 070 Terau MAD 0.46402
) Range 4.64033
" Mid_range 2.36447
Median 1.61687
Q1 1.23445
Q2 1.61687
Q3 2.03022
IQR 0.79577
o C.V. 0.34936
0.052896 4.676044
(5)n=30,1=0.1,W24=X, + X, +...+ X,
f(w24), F(w24) Coefficient
jire rewdismon Mathematical Mean: 9.90661
e Geometrical Mean : 9.80458
Harmonic Mean 9.70068
Variance 1.99611
S.D. 1.41284
Skewed Coef. 0.13588
Kurtosis Coef. 2.98513
3.803481 WH\S/WZHA[Iﬂﬁ MAD 1'12887
. Funze) Range 14.26745
Mid_range 10.91078
Median 9.87436
Q1 8.93257
Q2 9.87436
Q3 10.84534
IQR 1.91278
3.603481 m\;vwz:nss C.V. 0.14262

22




(6)n=100, 1 =0.1,W24= X, + X, +... + X,

f(w24), F(w24) Coefficient
jr new it Mathematical Mean: 33.02027
e Geometrical Mean : 3291910
Harmonic Mean 32.81740
Variance 6.65598
S.D. 2.57992
Skewed Coef. 0.07459
Kurtosis Coef. 2.99595
20327851 47 BBZ:HEH MAD 2.05937
N Range 27.15750
Mid range 33.85641
Median 32.98780
Ql 31.25982
Q2 32.98780
Q3 34.74515
IQR 3.48533
20327951 67?;:353 CV 0'07813
(7)n=1,000, 1 =0.1,W24=X, + X, +...+ X,
f(w24), F(w24) Coefficient
[ e dtnon Mathematical Mean: 330.20226
e Geometrical Mean : 330.10147
Harmonic Mean 330.00063
Variance 66.53806
S.D. 8.15709
Skewed Coef. 0.02381
Kurtosis Coef. 2.99953
205335017 e MAD 6.50920
w Range 84.48889
Mid_range 331.02390
Median 330.16686
Q1 324.67916
Q2 330.16686
Q3 335.68862
. IQR 11.00946
288.935914 373.111878 C.V. 0.02470

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_03.exe, which can

compute the sample mean ()_( =

X +X,+...+X

Continuous Bernoulli distribution.
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i=1

Section 4, Zn:Xi—H—w%Normal E in Var Zn:Xi ,
i=1 i=l1

iid n
XX, X, ~ CB(/”L) X2= ZX ; » the simulator and transformation can get

i=1

f(X2|X1=1), 0<A<I1, the simulated data number=1,000,000,000.

The diagram is (X1=41, f(X2|X1)).

n=2, n=3,

rangom vector 0261)
conditions! pat mage

random wetor 020X1)
tandom vector (425¢1) range mag conationsi pdf maoe
Red area 13 e conation) 5at s grea than
Biack ar9a 5 Ihe conoional odfs eqsl 0

rangom vector (<20
condiional pfimage

w2

random vector 0C20X1)

Red area i the conotticnai pat s great man 0
Black area 1s the conationa: par s eqal §

n=4, n=>5,

random vectar G(2X1)
condtional pdf mage

rangom vector 021xt)
random vector (251} range map. candiianal pt image
Red araa 15 the candifiona! pef 1= great han 0
Black #rea s the condiliona! pof s eaal

random vector 021)
condiional gaf image

4975180,

random vector <24t

R 310415 the conaon3) paris great #ian 0
Biack area i Ihe condisonal pars eqsi 3

n=6, n=7,

Fandom vactor OXT)
condibonat pefimage

007467 0997817
11

random vector OC2{X1)
random vector 0<211) range map condtional pef image

es area is the condiional pdf is great han 0

Black ara 12 the condanal pdf 1= sasl ¢

24

Elack area 1s e condiional pof s egal 0 !‘

random veetor 0CZIK1)

conditionsl pfimage

099512

random vectar 021}
randam vectar GC2X1) range map conationat pdf mage
Rad area s the conditonal pat 1= great nan 0




n==_,, n=10,

random vector 0(2iX1) rangom vector (<2R1)
condtional paf mage canditionsi pefimage

0662915,

01211 026190]
o 0997517 afoonw 0997512
random vector (2t random vactor OC2p1)
+andom vector OC2I) range mag conational pdf mage 24 z
Red area is the condmonal pdrs great tan 0 Fed area s the conditanal pal is great an 0

Black area is Ihe condional paf is qal 0 PEwes i S tuadiioul Wis 30

n=20, n =30,
O
pvenlpasbos

random vector 02X1)
conationai pafimage

1 005801 1885231
pooras s iz 57
a

random vector (X21)
random vector O2PY) range map condtional pof image
Rad area is the conditional pa i great than 0

Black are i the condiona! pafis ea 0

rangom vector CIX1)

Red area 15 the condmond) 9dfs great han 0
Brack atea s e condibonal pa s aqal 0

n=100, n =500,
random vector ((ZiX1) random vedtor 0QX1)
conational paf image condibonal pdf image

4899328

1o S oreer
o DouE? 0997512 of

aaarens

random vector 025C1)
random vector 0<2¢1) e >
randam vector (X2JK1) range m: congitional pdf im: 14

-~ g o Red area 5 e conamons: par e greatinan 0
Red area s e conational patis geeat man 0
Black area is the conational pat s 833l

Black area is e congons| paris #9al 0

The red area is the range of ( ZXi JA).

i=1

The A4 in ZX . which is changed to the shape parameter to the location parameter
i=1

iid
when n is very large. When X, X,,.... X, ~ CB(/l) and n is very large (n >2500) ,

iXiT)Normal E Zn:Xi Var Zn:Xi
i=1 i=1

i=1
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Chapter 3, The A point estimator of Continuous Bernoulli
distribution

id
X, X, X, ~ CB(/I), n random samples come from the Continuous Bernoulli
distribution ().

Section 1, UMV U(Uniformly minimum variance unbiased),

: X
E(ij ZE )=nu,E| X ==— |=p,
i=1 n
A 1
5 ifA#
= E(X)= ?/1—1 2tan” (1-24) 12
- if A =—
2 rA=3

Let U ()_() is the functionof A and FE (U ()_())z A,but U ()_() cannot be found.
The A of UMVUE is not existed.

Section 2, Maximum likelihood estimator,
LA, %y x, )= (C(/l))" AT (1= A)yT,

lnL(/1|)c1,x2 ..... xn) nin(C Zx xIn(A +(n—zn:xij><ln(l—ﬂ),
i=1

a’lnL(ﬂ.|x1,x2 ..... xn) nC' Zx n—;x,-:

dA C(/I) PR
nC'(2), Zx i ;xi -2 )
=0, =x= — ,
c(a) /1><(1 1) n Ax(1=4) C(1)
A= ¢()_c) cannot be derived from the above equation,
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Section 3, The A point estimator using sufficient statistic and estimated
equation,

From chapter 2 and section 3, the # and A is oneto one, E(X) can be computed
using Monte Carlo method and the relative error below 1/10000. This is a way to find
the MLE of A but using the software program and numerical analysis. It is the
remedy method to construct the function of A4 using u, the analytics process is

below,

(DA=¢ (1) E(X)=p, the 1 estimated equation of

The A estimated u using curvi-linear model (Taylor’s expansion and regression
analysis) and ux is computed by the simulatorin A4 specific range (appendix 2).
The 0.001< 4 <0.999, 0.143853919< 11 <0.856221427,

(1)(A, i) scatter diagram, (i) (4,Redis u estimated, Blueis ),

" o estimated . u

099 0.9

0.0m

A
0.14 0866221 3931 94RE.

A
014 0856221

(2)A=¢ (1), ¢ (1) estimated equation,
The estimated equation,
X=-0.596698+2.193196 x 1,

4=0.49997386580423608+1.36802409685464270*(X-0.5056)"1+
-0.000924747670069336890*(X-0.5056)"2+-2.73607823707760640*(X-0.5056)"3+
0.095109043642878532*(X-0.5056)"4+5.7483773675921839*(X-0.5056)"5+
-1.8419988453388214*(X-0.5056)"6+-12.357242575206328*(X-0.5056)"7+
16.361405849456787*(X-0.5056)"8+26.41792850010097*(X-0.5056)"9+
-80.02126121520996*(X-0.5056)"*10+-48.621550429612398*(X-0.5056)"11+
228.76872253417969%(X-0.5056)"12+64.702439151704311*(X-0.5056)"13+
-380.75874328613281*(X-0.5056)"14+-51.895506033673882*(X-0.5056)"15+
341.66360473632812*(X-0.5056)"16+18.360968290828168*(X-0.5056)"17+
-127.70810317993164*(X-0.5056)"18,

ANOVA
Source df SS MS
Regression 18 83.0834922851 4.6157495714
Error 980 0.0000077149 0.0000000079
Total 998 83.0835000000

HO:slopel=....=slope18=0, test statistic=586328245.808614, p value=0.000000,
sample size=999, R2=1.000000, R2(adj)=1.000000,MSE=0.000000,

The R2—1 and MSE=0, ¢"( ) is not error when ¢"(z) converting 1.
¢( ) estimated equation is ¢*( ), the MLE of A4 which estimated equation

is A=g(x)=¢"(x).
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3) A= ¢()_() ¢(}) is 4 MLE estimated equation,

n—w ’ n—»w

)_(:y+g,E(g):O,E(52)=Var(X) £ >0
n

The A= (u)g (X —e)———¢'(X), 2 MLE=¢(x)=¢"(x).
¢()_() hqw asymptotic unbiased, E (¢()_())¢ A, but E (¢()_())T>’1 , the estimated
error is very small can be seen as 0.

But 4=0.5, E()_()=ﬂ=0.5, the 2 MLE=X is unbiased estimator if A =0.5.

(4)The limitation of estimated equation, ¢()_(),
0.143853919< X <0.856221427, the 1= ¢()_() could be reasonable number which is
0.001< 2<0.999.
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Section 4, The simulator of 4= ¢()_() sampling distribution,

(1)The simulation process,
(1) Getting random number, RND,,RND,,...., RND, are independently,

(i) x,(RND,, 1), x,(RND,, A)....., x,(RND, , 1)
Y% (RND, 2)
(iii) 4, =g “—— |, j=1.2,.....,100000000, ¢( ) is estimated function.
’ n

Repeat (i)~(iii) 100000000 times, the database of simulated data will be gotten.
This database can convert frequency distribution and £ (/i), Var(ﬂz), 7 (i), Vs (/7:),
This database is approached to Continuous Binomial distribution( A4 ).

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_04.exe, which can

compute the A= ¢()_() sampling distribution of Continuous Bernoulli distribution.
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Section 5, A being the consistent point estimator,

The simulator data to verified £ (¢(X ))T}t and Var(¢()_()) closing to 0.
(5-1) The sampling distribution A= ¢5()_()

B} ———2 and Var(i)———0 and Varli)}———E(i- 1) ).

The simulated data number of each time is 100,000,000.

(5-1),

iid
X, X,,..., X, ~CB(1),4=0.1, E(X)= 0.33015, sigma(X)= 0.25791, Var(X)= 0.06652,
samplesize | £]) varlj) Hiif] | ral®)
n=10 0.1370130162 | 0.0172280181 | 0.0185979815 | 0.006552
n=20 0.1195725332 | 0.0077028605 | 0.0080859445 | 0.003326
n=40 0.1100317818 | 0.0034962175 | 0.0035968541 | 0.001663
n=70 0.1057841817 | 0.0018941683 | 0.0019276250 | 0.000950
n=100 0.1040493104 | 0.0012945459 | 0.0013109428 | 0.0006652
n=150 0.1027003427 | 0.0008468626 | 0.0008541544 | 0.0004435
n=500 0.1007918487 | 0.0002466378 | 0.0002472648 | 0.00013304
n=5000 0.100050906 | 0.0000244040 | 0.0000244066 | 0.000013304

A =0.1, the sampling distribution of A= ¢()_() ,
(5-1-1)n=10, 1=0.1,

f(L1),F(L1),L1=A= ¢(X) , Coefficinet
e new dtriton Mathematical Mean: 0.13701
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.01723
S.D. : 0.13126
Skewed Coef. : 1.65015
Kurtosis Coef. 6.10894
0.001837 DBI;DMB MAD : 009930
[ Range : 0.99199
”'” Mid_range : 0.49599
Median : 0.09554
Q1 : 0.04110
Q2 : 0.09554
Q3 : 0.19140
IQR : 0.15030
0.001837 UBI;UME CV 095798
(5-1-2) n=20, A=0.1,
f(L1),F(L1),L1=A = ¢(X), Coefficinet
e new istbion Mathematical Mean: 0.11957
passmo Geometrical Mean : none
Harmonic Mean :none
Variance : 0.00770
S.D. : 0.08777
Skewed Coef. : 1.44830
Kurtosis Coef.  : 5.79970
0.001704 naL11s7n9 MAD : 0.06706
[ Range : 0.92041
b Mid_range : 0.46021
Median : 0.09779
Q1 : 0.05523
Q2 : 0.09779
Q3 : 0.16103
IQR : 0.10580
" C.V. : 0.73400

0.001704 0918709
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(5-1-3)n=70, 1=0.1,

FL1),F(LI),LI=1=g(X), Coefficinet
e newdeon Mathematical Mean: 0.10578
T Geometrical Mean : 0.09715
Harmonic Mean 0.08849
Variance 0.00189
S.D. 0.04352
Skewed Coef. 0.89480
Kurtosis Coef. 4.20560
o si MAD 0.03411
w Range 0.55601
Mid_range 0.28227
Median 0.09936
Ql 0.07414
Q2 0.09936
Q3 0.13050
L IQR 0.05635
0.005298 0559249 C‘v. 0.41 142
(5-1-4) n=100, 1=0.1,
f(L1),F(L1),L1=A = ¢(X), Coefficinet
0 new distibution Mathematical Mean: 0.10405
e Geometrical Mean : 0.09799
Harmonic Mean 0.09193
Variance 0.00129
S.D. 0.03598
Skewed Coef. 0.75937
Kurtosis Coef. 3.87646
0.010835 [IQTHM MAD 002834
o 1" Range 0.43211
Mid_range 0.22609
Median 0.09953
Q1 0.07804
Q2 0.09953
Q3 0.12517
IQR 0.04712
C.V. 034580
(5-1-5)n=150, 1=0.1,
f(L1),F(L1),.L1=A= ¢(X), Coefficinet
(v rewdistiton Mathematical Mean: 0.10270
e Geometrical Mean : 0.09865
Harmonic Mean 0.09460
Variance 0.00085
S.D. 0.02910
Skewed Coef. 0.62631
Kurtosis Coef. 3.59876
0.016756 n]L;maﬁ MAD 0.02301
w1 Range 0.32458
Mid_range 0.17745
Median 0.09968
Q1 0.08182
Q2 0.09968
Q3 0.12030
IQR 0.03847
0.015758 03;19136 C.V. 0.28336
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(5-1-6) n=500, 1=0.1

b
F(L1).F(L1).L1=A=¢(X), Coefficinet
v rewdisLon Mathematical Mean: 0.10079
sy Geometrical Mean : 0.09958
Harmonic Mean 0.09836
Variance 0.00025
S.D. 0.01570
Skewed Coef. 0.34669
Kurtosis Coef. 3.18418
0.036122 DZ\EI17BEI4 MAD 0'01250
- Range 0.17242
Mid_range 0.12201
Median 0.09989
Q1 0.08976
Q2 0.09989
Q3 0.11083
IQR 0.02107
0.038122 nzﬁwm C.V. 0.15581
(5-1-7) n=5000, 1=0.1,
FL1).F(L1).LI=A=¢(X), Coefficinet
o e dtibuton Mathematical Mean: 0.10005
Frepe Geometrical Mean : 0.09993
Harmonic Mean 0.09981
Variance 0.00002
S.D. 0.00494
Skewed Coef. 0.10760
Kurtosis Coef. 3.01920
0.074762 01‘216555 MAD 0'00394
e Range 0.05202
i Mid_range 0.10068
Median 0.09996
Q1 0.09667
Q2 0.09996
Q3 0.10333
IQR 0.00666
L C.V. 0.04938

0074762 0126595
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(5-2),

iid
X, X,,.., X, ~CB(1),1=0.2, E(X)= 0.38814, sigma(X)= 0.27558, Var(X)= 0.07595,

samplesize | p(7) i) | diap] | vald)
n=10 0.2394982408 | 0.0329158192 | 0.0344759302 0.007595
n=20 0.2219193607 | 0.0170552531 | 0.0175357114 0.0037975
n=40 0.2116025519 | 0.0085570515 | 0.0086916707 0.00189875
n=70 0.2068029237 | 0.0048734547 | 0.0049197345 0.001085
n=100 0.2048065669 | 0.0034028042 | 0.0034259073 0.0007595
n=150 0.2032259079 | 0.0022625926 | 0.0022729991 0.0005063
n=500 0.2009754695 | 0.0006751068 | 0.0006760583 0.0001519
A=0.2, the sampling distribution of A= ¢()_() ,
(5-2-1) n=10, 1=0.2,
f(L1),F(L1),L1=4 = ¢()_(), Coefficinet
e e e e Mathematical Mean: 0.23950
222222 Geometrical Mean : none
Harmonic Mean : none
Variance : 0.03292
S.D. : 0.18143
Skewed Coef. 1.00124
Kurtosis Coef. 3.53251
MAD 0.14571
wl Range 0.99883
Mid_range 0.49941
Median : 0.19530
Q1 : 0.09619
Q2 : 0.19530
Q3 : 0.34298
p IQR : 0.24678
0.001850 0.996976 CV N 0,75753
(5-2-2) n=20, 1=0.2,
f(L1),F(L1),L1=4 = ¢()_(), Coefticinet
fen newslistibution Mathematical Mean: 0.22192
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.01706
S.D. : 0.13060
Skewed Coef. 091215
Kurtosis Coef. 3.69857
0.001778 0. 8‘513175 MAD 0 10393
I Range 0.95995
Mid_range 0.47998
Median : 0.19764
Ql : 0.12244
Q2 : 0.19764
Q3 : 0.29732
B IQR : 0.17488
0.001778 0.858176 C-v N 0.58848
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(5-2-3) n=40, 1=0.2,

FL1),F(LI),LI=1=g(X), Coefficinet
(" new st Mathematical Mean: 0.21160
e Geometrical Mean : 0.19129
Harmonic Mean 0.16997
Variance 0.00856
S.D. 0.09250
Skewed Coef. 0.74971
Kurtosis Coef. 3.58262
0.004267 DB‘;B[IN MAD 0.07350
| Range 0.83185
Mid_range 0.41865
Median 0.19886
Ql 0.14313
Q2 0.19886
Q3 0.26680
B IQR 0.12367
0.004267 0.833034 C‘V. 0.43716
(5-2-4)n=70, 1=0.2,
f(L1),F(L1),L1=A = ¢(X), Coefticinet
fen new disriaution Mathematical Mean: 0.20680
senape Geometrical Mean : 0.19502
Harmonic Mean 0.18290
Variance 0.00487
S.D. 0.06981
Skewed Coef. 0.60669
Kurtosis Coef. 3.41690
0.016164 07513513 MAD 005551
ol Range 0.72504
Mid_range 0.37734
Median 0.19935
Q1 0.15608
Q2 0.19935
Q3 0.24961
L IQR 0.09353
0.016164 0.738519 CV 033’757
(5-3-5)n=100, 1=0.2,
f(L1),F(L1),L1=A = ¢(X), Coefficinet
(o rewdstiRLen Mathematical Mean: 0.20481
o Geometrical Mean : 0.19650
Harmonic Mean 0.18804
Variance 0.00340
S.D. 0.05833
Skewed Coef. 0.52275
Kurtosis Coef. 3.32176
0025693 naLz:mB MAD 004642
[ Range 0.60484
i Mid_range 0.32689
Median 0.19952
Ql 0.16284
Q2 0.19952
Q3 024113
IQR 0.07829
- C.V. 0.28482

0026693 06231965
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(5-4-6) n=150, 1=0.2,

FL1),F(LI),LI=1=g(X), Coefficinet
fn new dstrbution Mathematical Mean: 0.20323
s Geometrical Mean : 0.19766
Harmonic Mean 0.19203
Variance : 0.00226
S.D. : 0.04757
Skewed Coef. 0.43533
Kurtosis Coef. 3.22559
0035353 0 sLaTaeae MAD 0.03788
FiLT) Range 0.50119
b Mid_range 0.28502
Median : 0.19968
Q1 : 0.16934
Q2 : 0.19968
Q3 : 0.23329
IQR : 0.06395
— — C.V. : 0.23406
(5-3)3
iid
X, X, X, ~ CB(1),2=0.3, E(X)= 0.43033, sigma(X)= 0.28365, Var(X)= 0.08046,
sample size E (ﬂ:) Var(i) E((/i - ,1)2 ) Var()_()
n=10 0.330882733 | 0.0438956694 | 0.0448494126 0.008046
n=20 0.3175563401 | 0.0244554511 | 0.0247636762 0.004023
n=40 0.3094689186 | 0.0129434440 | 0.0130331045 0.0020115
n=70 0.3055935638 | 0.0075789217 | 0.0076102096 0.001149
n=100 0.3039595950 | 0.0053585155 | 0.0053741939 0.0008046
n=150 0.3026521277 | 0.0035982319 | 0.0036052657 0.0005364
n=500 0.3007796649 | 0.0010899490 | 0.0010905569 0.00016092
(5-4),

iid
X, X,,... X, ~ CB(1), 2=0.4, E(X)= 0.46633, sigma(X)= 0.28751, Var(X)= 0.08266,

sample size | p(7) var(i) Eli-4f) var(X)
n=10 0.4165747103 | 0.0502580047 | 0.0505327257 0.008266
n=20 0.4095618209 | 0.0290600732 | 0.0291515016 0.004133
n=40 0.4052120362 | 0.0158184881 | 0.0158456534 0.0020665
n=70 0.4030819931 | 0.0094032042 | 0.0094127029 00.001181
n=100 0.4021657080 | 0.0066885366 | 0.0066932269 0.0008266
n=150 0.4014417469 | 0.0045177751 | 0.0045198537 0.0005511
n=500 0.4004011412 | 0.0013804965 | 0.0013806574 0.00016532
example 5-5,

iid
X, Xy, X, ~CB(),2=0.5, E(X)= 0.50002 sigma(X)= 0.28869, Var(X)= 0.08334,

samplesize | g(3) i) i) | vl
n=10 0.4999456967 | 0.0524223792 | 0.0524223822 0.008334
n=20 0.4999339358 | 0.0306200021 | 0.0306200064 0.004167
n=40 0.4999608371 | 0.0168066054 | 0.0168066069 0.0020835
n=70 0.4999558386 | 0.0100385116 | 0.0100385135 0.0011906
n=100 0.4999539881 | 0.0071605540 | 0.0071605561 0.0008334
n=150 0.4999515346 | 0.0048435585 | 0.0048435608 0.0005556
n=500 0.4999531707 | 0.0014845850 | 0.0014845872 0.00016668
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Section 6, A= ¢()_()m—> Normal(E (/i) Var(/i)),

The simulator and transformation can get A= ¢()_() sampling distribution and
conditional probability density functionin A4 to be explained.
Let X2=1= ¢()_() and f(X2|X1= 1), the simulated data number=100,000,000.

(5-2-1)0.01 < 2 <0.99 for E(i}——>2 and Var{i)}——0.

The diagram is (X1=41, f(X2|X1)).
n=10,

randomn vector ((2p(1)
conationsl parimage

0996499
55148021

000341
012438 765:
L 0987667

random weetor (25¢1)
condisonal pafimage.

randam veetor (<2t range map
Red area is the conditional pdf s preat than 0
Black ares 15 the conational pdt s £asi 0

n=12,

random vector 02JKt)
condibonal pof image

0896499,
5792979

0003481
012438 0882662
e 5:

random vector 0211
condisanal pot image

V.

rangom vactor (G201 range map
Rad area s the conditonal pef s preat than 0
Black atea s e condiional paf s 93l 0

n=20,

rangiom vector 0QIXY)
ondiions! pdf image

0995495
1132408

0003494
0012438 082662
00

rangom vactor 0Q2pcs)
condiona pdt mage

V.

random vector 021 range map
Red area 5 the condibonal pat is great than 0

n=11,

random veclor G2X1)
conditonal pdf image

foxzpery

© 996499

56 227f02

[l

00348}
012438 098286
oz 2662

random vector (2Ix1)
random vectar (<20X1) range map candtional gt image
Red area s the condivonal pdris greattnan 0
Black area is the condional pdvs eqal 0

Ay &

n=15,

random vector 0(25X1)
conetional sl mage

0996492,

090348}
Qpo12e%

random vector 021t

I
Red area is the condiona! pdf s greatthan 0
Black area s the conational odf s 8qal 0

n =30,

random veetor (GIT)
congisonal paf image

00034
g 012638 0982662

random vector G211

V. 4

Red 4103 5 e conannal paf s greal han 0
Black area s fhe condmonal pais eqal 0
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n=>50,
random vector (X211}
o

0996435,

0.00348
124
0012438 0932662

rangom vactor Q21
random vector 02 range map condional pafimage

Rad area is ihe condional pais greathan 0

Brack area is the condional pof s egal )

n =200,

random vector O2pt}
condibanal pdf mage

2994799,

108 atfor3

000414/
ot

rangom vector OPT)
random vector 0CZ1X1) tangs map condibonal pdf image
Rod area is e condional paf is great than

Black area is the conditonal pof is eaal 0

v 4

The red area is the range of(}: = ¢()_(), ).
From 7=10,11,12,15,20,30,50, (4,E(1)) diagram is not 45° line.
From »=100, 200, (/1,E (/{)) diagram is approaching to 45° line.
m#ﬂ@dﬂd%mMmMﬂo%OMQ

E(I——24 and Var(i}——>0,but £(

n—0

size.
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n=100,

randor vector OC2p1)
condional pdfimage.

CL

996450

83.27af92

000349
pgmas

random vectar (X2IX1) tange map.
Red area s e CondIvona! par s greatthan 0
Black area s the condibonal pfis eqal 0

n =400,

random vector (<201)
cenaionai pafimage.

0992783,
133 034780

000485
124
o §012438

random veclor 02HT)
condtonal pd image

v 4

0937062

random vector OC2IXT)

) range
Red awa is he condiional pafis greatthan 0
Bisck area i< the conditional pel1s #2310

V4

})=/1 =0.5if A=0.5 in any sample



Chapter 4, The test statistic of Continuous Bernoulli
distribution

iid
XX, X, ~ CB(/I), n random samples from CB(4).
There are two test statistic,

Jn ()_( - ,u( ) ~E(1
one 1is , the other is
O'(X) N Vari/l )

5)
NN
§|
t

, but X) 1s better than

G(X )

A-EA

\/Vari/ﬂ .

Section 1, The difference of and A-Eld

\/Vari/{i’
e VX -px)) -

and E(ﬂf) sampling distributions
O'(X ) Var(A

ii _ in .
when X, X,,... X, ~dCB(}t), X=4 J= ¢(X) (chapter 3, section 3).
n

The \/;(X(—X,L;(X)) P Normal(O,l) and /\1/_7E(i)) =) ,Normal(O,l),
o ) Var\A)
because A= ¢()_() is the non-linear function of X and E (/7:)7& A, n()_() is less
VX - p(X)
a(X)

(¥ - u(x))

O'(X) nZn(})

than n(4) , is the good test statistic.

> Normal(0,1),

(H n()_():? when

N

X - u(x))
)

Wl15= (
Getting the simulated data of W15 and standard normal distribution using the
simulator and the simulated data number=100,000,000.

Calculating the n()_() using the Strong Law of Large Number, the requirement is
P{F,,(715)-@(W15) < 0.1}=1, P{F,,,;(W15)- d(W15) < 0.05}=
P{Fy,s(W15)- d(W15) < 0.01f=1, P{F,,s(W15)- ®(W15) < 0.005} =1,

VnlX - p(x)
o(X)

T Normal(0,1),

when — Normal(0,1).

®(z)=Pz<z)=[

1 z2 . . .
exp| — 7sz is the distribution function of standard
T

2z

normal distribution.

38



(1-1) A =0.5,n(X ) =6,

f(W15),F(W15), Coefficinet
o rew e Mathematical Mean: 0.00020
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00007
S.D. 1.00004
Skewed Coef. 0.00025
Kurtosis Coef. 2.80095
Py e MAD 0.80472
ol Range 8.08346
Mid_range -0.01824
Median 0.00008
Ql 0.68912
Q2 0.00008
Q3 0.68947
IQR : 1.37859
s 0tt008 e C.V. : none
The almost surely limiting theory
E(] W15 distribution function - Z distribution function|*2)=0.0000109107,
Pr(]| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0010000000)= 0.164155,
Pr(]| W15 distribution function - Z distribution function|<0.0005000000)= 0.078938,
Pr(] W15 distribution function - Z distribution function|<0.0001000000)= 0.015383,
(1-2) A= 0.4,n(X)=11,
f(W15),F(W15), Coefficinet
o e distibution Mathematical Mean: 0.00029
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00043
S.D. 1.00021
Skewed Coef. 0.04193
Kurtosis Coef. 2.89399
e MAD 0.80179
o Fis) Range 9.43320
Mid_range 0.16914
Median -0.00678
Ql -0.68659
Q2 -0.00678
Q3 0.67890
IQR : 1.36549
P C.V. : none

The almost surely limiting theory

E(] W15 distribution function - Z distribution function|*2)=0.0000064069,

Pr(] W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0010000000)= 0.219017,
Pr(] W15 distribution function - Z distribution function|<0.0005000000)= 0.105682,
Pr(]| W15 distribution function - Z distribution function|<0.0001000000)= 0.023000,
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(1-3) A =0.6,n(X)=11,

flw15),F(w15) Coefficient
e e daBton Mathematical Mean: -0.00011
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00030
S.D. 1.00015
Skewed Coef. -0.04186
Kurtosis Coef. 2.89406
ey Tisaser MAD 0.80161
i Range 9.42974
Mid_range -0.23874
Median 0.00698
Ql 0.67838
Q2 0.00698
Q3 0.68630
IQR : 1.36468
-4.936143 44v5\/;5557 C.V. . none
The almost surely limiting theory
E(| W15 distribution function - Z distribution function|[*2)=0.0000060964,
Pr(]| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0010000000)= 0.209822,
(1-4) A =0.3,n(x)=25,
f(W15),F(W15), Coefficinet
[ e s Mathematical Mean: -0.00006
vy Geometrical Mean : none
Harmonic Mean :none
Variance : 0.99993
S.D. 0.99996
Skewed Coef. 0.06069
Kurtosis Coef. 2.95441
-4.923589 EZV'/VJSZE MAD 0‘79950
» Fon1s) Range 10.23593
Mid range 0.17542
Median -0.01031
Q1 -0.68362
Q 0.01031
Q3 0.67262
IQR : 1.35624
-4.923580 5zv;/:fza C.V. . none

The almost surely limiting theory

E(] W15 distribution function - Z distribution function|*2)=0.0000069808,

Pr(]| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0010000000)= 0.197691,
Pr(]| W15 distribution function - Z distribution function|<0.0005000000)= 0.105150,
Pr(] W15 distribution function - Z distribution function|<0.0001000000)= 0.017595,
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(1-5) A =0.7,n(X ) =24,

flw15),F(w15) Coefficient
[ e dstbton Mathematical Mean: 0.00001
ey Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00017
S.D. 1.00009
Skewed Coef. -0.06003
Kurtosis Coef. 2.95459
-6.292167 ﬂ7v4vl;;49 MAD 0'79958
. Fo1s) Range 10.07634
Mid_range -0.27266
Median 0.01029
Ql 20.67251
Q2 0.01029
Q3 0.68351
IQR : 1.35602
-5.292167 ﬂ7v4\fl;B549 C'\/’ - none
E(| W15 distribution - Z distribution [*2)=0.0002347298
ersiiorier | WIS distribution function - Z distribution function)| ¥ s sskeek
The almost surely limiting theory
E(] W15 distribution function - Z distribution function|*2)=0.0000070229,
Pr(]| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0010000000)= 0.191289,
(1-6) A = 0.2,n(X ) =45,
flw15),F(w15) Coefficient
e e st Mathematical Mean: 0.00027
ey Geometrical Mean : none
Harmonic Mean 1 none
Variance : 1.00030
S.D. 1.00015
Skewed Coef. 0.07156
Kurtosis Coef. 2.98005
-4.715052 55‘2‘31;25 MAD 079888
ol Range 10.32301
Mid_range 0.42644
Median -0.01140
Q1 -0.68296
Q2 -0.01140
Q3 0.67016
» IQR : 1.35312
-4.715052 5668825 CV . none

The almost surely limiting theory

E(] W15 distribution function - Z distribution function|*2)=0.0000089662,

Pr(| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0010000000)= 0.174623,
Pr(]| W15 distribution function - Z distribution function|<0.0005000000)= 0.089743,
Pr(] W15 distribution function - Z distribution function|<0.0001000000)= 0.015884,
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(1-7) 4= 0.8,n(X )= 50,

f(w15),F(w15) Coefficient
e e siepton Mathematical Mean: 0.00010
s Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00003
S.D. 1.00002
Skewed Coef. -0.06710
Kurtosis Coef. 2.98280
-5.680884 aEvEV[I15513 MAD 0.79865
ol Range 10.48031
Mid_range -0.36024
Median 0.01144
Ql 20.67018
Q2 0.01144
Q3 0.68215
s IQR : 1.35233
-5.580084 4860513 C.V. . none
The almost surely limiting theory
E(] W15 distribution function - Z distribution function|*2)=0.0000079026,
Pr(]| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0010000000)= 0.194868,
Pr(]| W15 distribution function - Z distribution function|<0.0005000000)= 0.092056,
Pr(] W15 distribution function - Z distribution function|<0.0001000000)= 0.016767,
(1-8) 4 = 0.1,n(x )= 100,
f(w15),F(w15) Coefficient
e v dstbuten Mathematical Mean: 0.00000
. Geometrical Mean : none
Harmonic Mean : none
Variance : 0.99968
S.D. 0.99984
Skewed Coef. 0.07413
Kurtosis Coef. 2.99644
-5.108206 54\/4‘/;7520 MAD 079804
o Range 10.59717
Mid_range 0.17076
Median -0.01230
Ql -0.68177
Q2 -0.01230
Q3 0.66822
IQR : 1.35000
-5.108206 50‘/0\/;7520 C'V - none

The almost surely limiting theory

E(] W15 distribution function - Z distribution function|*2)=0.0000093035,

Pr(]| W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(| W15 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0010000000)= 0.174883,
Pr(| W15 distribution function - Z distribution function|<0.0005000000)= 0.084831,
Pr(] W15 distribution function - Z distribution function|<0.0001000000)= 0.017134,
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(1-9) 4 = 0.9,n(x )= 100,

f(w15),F(w15) Coefficient
fots) new distrbution Mathematical Mean: -0.00004
pomsat Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00030
S.D. 1.00015
Skewed Coef. -0.07337
Kurtosis Coef. 2.99442
-5.830280 wngaﬁn MAD 0.79833
ol Range 10.77881
Mid_range -0.46083
Median 0.01243
Q1 -0.66874
Q2 0.01243
Q3 0.68179
. IQR : 135052
5830280 4908613 C.V. : none

The almost surely limiting theory

E(] W15 distribution function - Z distribution function|*2)=0.0000094424,

Pr(] W15 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W15 distribution function - Z distribution function|<0.0050000000)= 0.976842,
Pr(| W15 distribution function - Z distribution function|<0.0010000000)= 0.172794,
Pr(] W15 distribution function - Z distribution function|<0.0005000000)= 0.087209,
Pr(]| W15 distribution function - Z distribution function|<0.0001000000)= 0.015426,
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i-E(i)

W ()0

Getting the simulated data of W1 and standard normal distribution using the simulator
and the simulated data number=100,000,000.

() n(A)=? Wi=

> Normal(O,l),

Calculating the n(/l) using the Strong Law of Large Number, the requirement is
P{F,,(w1)- (1) <0.1{=1, P{F,,(w1)-d(W1) < 0.05}=1,
P{F,,(w1)- (1) <0.01{=1, P{F,, (w1)- oW1} < 0.005}=1,

when A E — Normal(0,1).

éﬁ

N
=
g

—~~

2
- %)dz 1s the distribution function of standard

0e)= Az 22)-] Aex

normal distribution.

(2-1)n(2 = 0.5)=100,

f(W1),F(W1), Coefficinet
o rewdetibiten Mathematical Mean: 0.00000
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. : 1.00000
Skewed Coef. : 0.00074
Kurtosis Coef. 2.82063
BT T MAD : 0.80427
100 Range : 8.96206
Mid_range : 0.02886
Median : -0.00006
Q1 : -0.68846
Q2 : -0.00006
Q3 : 0.68861
i IQR : 1.37707
-4.435579 4.493290 C‘v. - none

The almost surely limiting theory
E(| W1 distribution function - Z distribution function|*2)= 0.0000097307,

Pr(]| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.172468,
Pr(]| W1 distribution function - Z distribution function|<0.0005000000)= 0.082425,
Pr(]| W1 distribution function - Z distribution function|<0.0001000000)= 0.016093,
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(2-2) n(A = 0.4) =900,

f(W1),F(W1), Coefficinet
o rewdistbton Mathematical Mean: -0.00000
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.05973
Kurtosis Coef. 2.98411
-6.005386 55\{5\/:325 MAD 079862
ol Range 10.30001
Mid_range 0.42119
Median -0.01003
Q1 0.68174
Q2 -0.01003
Q3 0.67056
IQR : 1.35230
-5.005388 552/:325 C.V. : none
E(| W1 distribution - Z distribution |*2)=0.0002080453
gk | W distribution function - Z distribution function| ## s sk
The almost surely limiting theory
E(] W1 distribution function - Z distribution function|*2)=0.0000066983,
Pr(] W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0010000000)= 0.208039,
Pr(] W1 distribution function - Z distribution function|<0.0005000000)= 0.101090,
Pr(] W1 distribution function - Z distribution function|<0.0001000000)= 0.019154,
(2-3)n(A = 0.6)=1000,
f(W1),F(W1), Coefficinet
o e AR Mathematical Mean: 0.00000
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.05636
Kurtosis Coef. 2.98622
-5.005386 55‘/5\’1525 MAD 079855
o I Range 10.30557
Mid_range -0.35668
Median 0.00937
Ql -0.67102
Q2 0.00937
Q3 0.68115
IQR : 135217
-5.005386 55\/;:925 C.V. : none

E(| W1 distribution - Z distribution |[*2)=0.0001808311

sk s sk sk sk skokoskoskok |

The almost surely limiting theory

W1 distribution function - Z distribution function| **###kkx

E(] W1 distribution function - Z distribution function|*2)=0.0000053620,

Pr(]| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(| W1 distribution function - Z distribution function|<0.0010000000)= 0.244898,
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.118409,
Pr(] W1 distribution function - Z distribution function|<0.0001000000)= 0.023120,
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(2-4) n(A = 0.3)=2400,

f(W1),F(W1), Coefficinet
o rewsihton Mathematical Mean: -0.00000
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.07410
Kurtosis Coef. 3.00307
-5.005386 55\/;:525 MAD 079794
o 17 Range 10.49939
Mid_range 0.42904
Median -0.01258
Q1 -0.68095
Q2 -0.01258
Q3 0.66808
IQR : 1.34903
-5.005386 55\/;1525 C.V. - none
E(| W1 distribution - Z distribution [*2)=0.0003012279
FHRFFHERRHRRRE | W distribution function - Z distribution function| ####s&skxk:k
The almost surely limiting theory
E() W1 distribution function - Z distribution function|*2)=0.0000098990,
Pr(] W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0050000000)= 0.897146,
Pr(] W1 distribution function - Z distribution function|<0.0010000000)= 0.174774,
Pr(| W1 distribution function - Z distribution function|<0.0005000000)= 0.085842,
Pr(] W1 distribution function - Z distribution function|<0.0001000000)= 0.016369,
(2-5)n(A = 0.7) =2600,
f(W1),F(W1), Coefficinet
o rewdisiton Mathematical Mean: 0.00000
ey Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.07069
Kurtosis Coef. 3.00036
50557 Thosazs MAD 0.79808
w Range 10.15801
Mid_range -0.27947
Median 0.01130
Q1 -0.66846
Q 0.01130
Q3 0.68181
" IQR : 1.35027
-5.005386 5504825 CV . none

E(| W1 distribution - Z distribution |*2)=0.0002813453
FddckikorkRk | W distribution function - Z distribution function| *#### sk

The almost surely limiting theory

E(] W1 distribution function - Z distribution function|*2)=0.0000081742,

Pr(] W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0010000000)= 0.176549,
Pr(]| W1 distribution function - Z distribution function|<0.0005000000)= 0.086442,
Pr(]| W1 distribution function - Z distribution function|<0.0001000000)= 0.016321,
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(2-6) n(A = 0.2) =6000,

F(W1),F(W1), Coefficinet
[ new distriouton Mathematical Mean: -0.00000
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.07422
Kurtosis Coef. 3.00972
-4 BBBOSE. 51\2/;593 MAD 079779
w Range 9.98965
Mid_range 0.30827
Median -0.01161
Q1 -0.68095
Q2 -0.01161
Q3 0.66732
IQR : 1.34827
-4.668058 512/;593 C.V. none
E(| W1 distribution - Z distribution [*2)=0.0003061605
ook | W distribution function - Z distribution function| s
The almost surely limiting theory
E(] W1 distribution function - Z distribution function|*2)=0.0000089389,
Pr(]| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(| W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0010000000)= 0.176264,
Pr(] W1 distribution function - Z distribution function|<0.0005000000)= 0.087118,
Pr(] W1 distribution function - Z distribution function|<0.0001000000)= 0.015256,
(2-7)n(A = 0.8)=5800,
f(W1),F(W1), Coefficinet
feeiny new distiouion Mathematical Mean: 0.00000
oIy Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. -0.06899
Kurtosis Coef. 3.00322
-5.419329 OOBQBSE MAD 079809
ol Range 9.95503
Mid_range -0.46025
Median 0.01204
Ql -0.66815
Q2 0.01204
Q3 0.68150
IQR : 1.34965
-5.419329 44\/;;935 C.V. . none

The almost surely limiting theory

E(] W1 distribution function - Z distribution function|*2)=0.0000087477,

Pr(] W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0010000000)= 0.167440,
Pr(] W1 distribution function - Z distribution function|<0.0005000000)= 0.081499,
Pr(] W1 distribution function - Z distribution function|<0.0001000000)= 0.013535,
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(2-8) n(A = 0.1)=10000,

F(W1),F(W1), Coefficinet
e new distbton Mathematical Mean: -0.00000
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00000
S.D. 1.00000
Skewed Coef. 0.07874
Kurtosis Coef. 3.01369
-4.950741 55[”1951 MAD 079758
Fo) Range 10.49156
e Mid_range 0.27561
Median -0.01294
Q1 -0.68058
Q2 -0.01294
Q3 0.66668
IQR : 1.34726
] i C.V. : none
E(| W1 distribution - Z distribution [*2)=0.0003423204
FHddkkRx | W distribution function - Z distribution function| ## sk
The almost surely limiting theory
E(] W1 distribution function - Z distribution function|*2)=0.0000099227,
Pr(]| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(| W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0050000000)= 0.892561,
Pr(]| W1 distribution function - Z distribution function|<0.0010000000)= 0.181459,
Pr(] W1 distribution function - Z distribution function|<0.0005000000)= 0.085919,
Pr(] W1 distribution function - Z distribution function|<0.0001000000)= 0.018578,
(2-9) n(A = 0.9)=120000,
f(W1),F(W1), Coefficinet
" e dBon Mathematical Mean: 0.00000
pane Geometrical Mean : none
Harmonic Mean :none
Variance 1.00000
S.D. 1.00000
Skewed Coef. -0.07167
Kurtosis Coef. 3.01126
-5, 4(?/312251 47“7&‘335 MAD 079761
100 Range 10.27871
Mid_range -0.34593
Median 0.01234
Q1 -0.66727
Q 0.01234
Q3 0.67985
wi IQR : 1.34712
-5.486251 4.774388 C.V : none

E(| W1 distribution - Z distribution |[*2)=0.0002921814

FRFFHERIHRERRE | W distribution function - Z distribution function| ## %k

The almost surely limiting theory

E(| W1 distribution function - Z distribution function|*2)=0.0000090084,
Pr(]| W1 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W1 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W1 distribution function - Z distribution function|<0.0010000000)= 0.179855,
Pr(] W1 distribution function - Z distribution function|<0.0005000000)= 0.085605,
Pr(] W1 distribution function - Z distribution function|<0.0001000000)= 0.018494,
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VX - u(x)

Section 2, f(

o Il - p(x))
o(x)
the simulated data number=100,000,000.
The probability distribution shape is affected by sample size and 4.
n=3

random vector C20X1)
candtianal pdfimage

n=2,

conditional pdfimage

02t

0.499:

0997512
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random vector <2ixt)
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e
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n=10,
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Black area Is Ihe condiional peris eaal 0

random vector 0P)
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n=15

random vector (<25x1)
condibonal pdfimage
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, the simulator and transformation can get f(X2|X1=1), 0<A<]1,
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1angom vector 0201
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n=25

randorm vector (<20¢1)
condsonal gdf mage

n=20,

random vector <2xt)
conditional pdfimage
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I
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randorm vector ((2{x1) range map conditional peifimage
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n=100,

rangom vector 021}
conditional pefimage

50,

random vector C2IX1)
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o)

=
e

===

==

=

=

49837
0§ 007487

random vector (C20K1)
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randam vector (C21)
conditional pefimage

random vector (<2[1) range map
Red areais the conditional pofis greatthan 0
Black area s the condiional paris egal 0

n=400, the data number=1,000,000,000

random vector D21}
candibonal pdfimage

n=200,

randor vector OC2pCT)
canailional pat image

-5 9985¢
007487
of
rangom vector 020C1)
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o g o0Tee?
random vector OCZ1)
random vector (251 range map condtional pef image
Red 31¢3 Is e condional pef 1 5reat han 0
Biack area s the condtional pdfis egal 0
-

50



Section 3, f(

VX —pu(X)
f( o(X) n),

X2= n X(_X’L;(X) and X1=n=sample size and n=1,2,..,200, the simulated data
o

number=1,000,000,000,the shape of f(X2|X1) can show the sample size effect.

The skewed coefficient will more away from 0 when |lamda-0.5] is increased. The

sample size is increasing if test statistic approaching standard normal distribution.

|[n=sample size),

1=0.01, 4=0.05,

randam vector (<2i1) random vactor 02X1)
conditional pdfimage conaiiona paf mage
2T}
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4=0.3,

randarn vector (<2i1)
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4=0.9, 4=0.95,

tandom vectan 020c1)
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iid
Section 4, The parameter 1 test statistic when X, X,,., X, ~CB(1),

(1) The Z test statistic for large sample,
n>6+250x|1-0.5/,if0.1< 1 <0.9,
n>100+2000x(A-0.1), if 1 <0.1,
n>100+2000x%( 4-0.9),if 1>0.9,

¥ = ()
G(X)

H,:A=c H;:A=c,

. }—GI(C)

G,lc

V0

G,(1) is E(X) estimated equation and G,(A) is Var(X) estimated equation.
G,(1) and G,(1) please see chapter 1, section 3.

> Normal(0,1),

z —Z~ Normal(01).|Z°|> Z,,, rejected H, and P(z>Z,,)=

R

The test statistic distribution to computing the P( H,,| H,,),
pr(1- & )=P(doesn’t rejected H, |H,:A=4,)=1-a, a=significant
level=0.1,0.05,0.01 and pr(1- & ) =(the times right test result)/100,000, each

probability is from 100,000 times simulated and each time simulated data is the
sample size. The simulated data is from Continuous Bernoulli( 4 ) simulator.

n pr(90%) ,pr(95%) pr(99%)

41=0.01

E(X)=0.207514 400 0.901270 0.950920 0.989900

Var(X)=0.037087 | 500 0.901350 0.950620 0.989690

600 0.898450 0.949300 0.989780

1,000 0.899510 0.950370 0.990090

5,000 0.900170 0.950940 0.990500

10,000 | 0.899170 0.949220 0.989930

A=0.05

E(X)=0.283806 210 0.899670 0.950210 0.989900

Var(X)=0.056654 | 300 0.901510 0.950950 0.990060

500 0.900320 0.950260 0.989820

1,000 0.900810 0.950750 0.989770

5,000 0.898540 0.950460 0.990170

10,000 | 0.895140 0.946430 0.989330

A=0.1

E(X)=0.329809 100 0.900700 | 0.950820 | 0.989910

Var(X)=0.066461 | 200 0.901030 0.950390 0.989740

400 0.898730 0.949230 0.989730

600 0.899860 0.950230 0.990100

1,000 0.898840 0.948990 0.990440

10,000 | 0.897180 0.947060 0.989190
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n pr(90%) pr(95%) pr(99%)

A=0.2

E(X)=0.387832 50 0.900730 0.951580 0.990470

Var(X)=0.075884 | 100 0.901610 0.950830 0.990080
200 0.900560 0.949700 0.989740
500 0.899290 0.949630 0.989850
1,000 0.898650 0.950200 0.990020
10,000 | 0.897680 0.948620 0.989100

A1=0.3

E(X)=0.430251 25 0.901120 0.951770 0.990770

Var(X)=0.080441 | 40 0.900970 0.951300 0.990860
50 0.898790 0.949480 0.990160
100 0.898340 0.950300 0.989930
1,000 0.900160 0.951080 0.989840
10,000 | 0.900280 0.949150 0.989940

A=0.4

E(X)=0.466538 12 0.902500 0.952870 0.991340

Var(X)=0.082677 | 20 0.899200 0.950250 0.990560
30 0.900090 0.951240 0.990610
50 0.900430 0.949730 0.990700
100 0.899370 0.950800 0.990370
1,000 0.901830 0.951070 0.990070
10,000 | 0.898590 0.949070 0.989920
n pr(90%) ,pr(95%) pr(99%)

A=0.5

E(X)=0.500057 10 0.901550 0.953000 0.991380

Var(X)=0.083346 | 20 0.899020 0.950100 0.990750
30 0.900090 0.950110 0.990020
50 0.899000 0.950340 0.990650
100 0.898840 0.950440 0.990670
1,000 0.900320 0.949950 0.990170
10,000 | 0.901130 0.951080 0.990490

1=0.6

E(X)=0.533567 12 0.899030 0.950130 0.991150

Var(X)=0.082673 | 20 0.900840 0.950440 0.990970
30 0.899500 0.950020 0.990590
50 0.901080 0.951550 0.990790
100 0.899800 0.950220 0.990780
1,000 0.900360 0.950150 0.990220
10,000 | 0.898490 0.949730 0.990280

A=0.7

E(X)=0.569850 25 0.900730 0.951260 0.991100

Var(X)=0.080434 | 40 0.900240 0.951790 0.990380
50 0.900210 0.949890 0.990880
100 0.899950 0.950380 0.990340
1,000 0.900170 0.951070 0.990090
10,000 | 0.900540 0.950900 0.990260
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n pr(90%) pr(95%) pr(99%)

A=0.8

E(X)=0.612235 50 0.900520 0.950540 0.989800

Var(X)=0.075875 | 100 0.899560 0.950060 0.989830
200 0.899480 0.949820 0.990020
500 0.902130 0.951240 0.990410
1,000 0.900730 0.950280 0.990510
10,000 | 0.898910 0.949800 0.989580

1=0.9

E(X)=0.670253 100 0.900170 0.949210 0.989910

Var(X)=0.066451 | 200 0.900730 0.950720 0.990360
400 0.900080 0.950210 0.989730
600 0.899610 0.950270 0.990150
1,000 0.899590 0.949320 0.989420
10,000 | 0.898450 0.949720 0.989650

2=0.99

E(X)=0.792923 400 0.900020 0.949940 0.990110

Var(X)=0.036975 | 500 0.899650 0.949330 0.990030
600 0.899690 0.950160 0.989600
1,000 0.899920 0.950330 0.989790
5,000 0.897040 0.947930 0.989480
10,000 | 0.894170 0.946400 0.988960
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(2) The test statistic sampling distribution from simulator for small sample,
n<6+250x|4-0.5[,if0.1<1<0.9,
n<100+2000x (A -0.1), if 1 <0.1,
n<100+2000x (1 -0.9),if 1>0.9,
The critical value of test statistic is computed by the simulated sampling distribution
o NnX —u(x))
olx)
H,:A=c H:A=c, the test statistic value= X_—G‘(c) ,
G,\c
n
G,(1) is E(X) estimated equation and G,(4) is Var(X) estimated equation.
(2-4) The test statistic distribution to computing the P(H | H,),
pr(1- & )=P(doesn’t rejected H, |H,:A=4,)=1-a, a=significant
level=0.1,0.05,0.01 and pr(1- & ) =(the times right test result)/100,000, each
probability is from 100,000 times simulated and each time simulated data is the
sample size. The simulated data is from Continuous Bernoulli( A ) simulator.

n pr(90%) ,pr(95%) pr(99%)

4=0.01

E(X)=0.207514 5 0.899920 | 0.950160 | 0.990650

Var(X)=0.037087 | 10 0.899220 | 0.950070 | 0.989420
30 0.899780 | 0.950870 | 0.989760
50 0.900250 | 0.950480 | 0.990180
100 0.899770 | 0.949790 | 0.990010
250 0.899360 | 0.949510 | 0.989880

1=0.05

E(X)=0.283806 5 0.901300 | 0.949930 | 0.990690

Var(X)=0.056654 | 10 0.900010 | 0.949400 | 0.989400
20 0.899670 | 0.949880 | 0.989690
30 0.898830 | 0.950860 | 0.989900
50 0.900220 | 0.950820 | 0.989980
100 0.900160 | 0.949200 | 0.989990
190 0.901250 | 0.950520 | 0.989750

1=0.1

E(X)=0.329809 5 0.900970 | 0.949890 | 0.990610

Var(X)=0.066461 | 20 0.899580 | 0.950130 | 0.989640
30 0.898750 | 0.950660 | 0.990000
40 0.898360 | 0.948760 | 0.989640
80 0.899540 | 0.949370 | 0.989460
100 0.899570 | 0.949700 | 0.990220

A=0.2

E(X)=0.387832 5 0.901110 0.950330 | 0.990610

Var(X)=0.075884 | 10 0.899830 | 0.949390 | 0.989590
20 0.899490 | 0.950080 | 0.989820
30 0.898890 | 0.949960 | 0.989780
40 0.898660 | 0.948730 | 0.989820
70 0.900970 | 0.950750 | 0.990480
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n pr(90%) pr(95%) pr(99%)
A=0.3 5 0.900820 0.950350 0.990440
E(X)=0.430251 10 0.900150 0.949480 0.989590
Var(X)=0.080441 | 15 0.901220 0.950820 0.990430
20 0.900120 0.950060 0.990060
A1=0.4
E(X)=0.466538 5 0.900700 0.950430 0.990450
Var(X)=0.082677 | 8 0.900010 0.951130 0.989670
10 0.900590 0.949510 0.989840
A1=0.5
E(X)=0.500057 2 0.899090 0.949920 0.989680
Var(X)=0.083346 | 5 0.900740 0.950550 0.990440
8 0.898010 0.950420 0.991350
1=0.6
E(X)=0.533567 5 0.901090 0.950800 0.990390
Var(X)=0.082673 | 8 0.900670 0.951360 0.989670
10 0.900610 0.949810 0.989730
A=0.7
E(X)=0.569850 5 0.901300 0.950780 0.990440
Var(X)=0.080434 | 10 0.900610 0.949470 0.989520
20 0.900640 0.950130 0.989850
A=0.8
E(X)=0.612235 5 0.901260 0.950580 0.990430
Var(X)=0.075875 | 10 0.900670 0.949350 0.989420
20 0.900710 0.950070 0.989760
30 0.899230 0.948630 0.989930
40 0.898500 0.948990 0.989640
70 0.901220 0.951200 0.990440
1=0.9
E(X)=0.670253 5 0.901190 0.950590 0.990300
Var(X)=0.066451 | 10 0.900700 0.949300 0.989680
20 0.900620 0.949950 0.989690
30 0.898880 0.949140 0.989720
50 0.900280 0.950360 0.990260
80 0.898800 0.949970 0.989740
100 0.900490 0.950770 0.989940
1=0.99
E(X)=0.792923 5 0.901590 0.950590 0.990210
Var(X)=0.036975 | 10 0.900390 0.949260 0.989740
30 0.898980 0.948610 0.990020
50 0.899220 0.950230 0.990470
100 0.900970 0.950680 0.990280
250 0.897500 0.949580 0.989850

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_05.exe, which is the

testing of A4 when population is Continuous Bernoulli population.
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Chapter 5, The confidence interval of Continuous Bernoulli
distribution

The statistic = ‘/Z(X — (X )))_( _ =l
n

, E(X),Var(X
s(x) (X),Var(X)
cannot get the value when A is unknown, the statistic could infer the confidence
interval of 4. \/Z(X ~ #(X)) —— Normal(0,1).

S(X) nZn(X)

The sample size must very large when this statistic approaching standard normal
distribution, because the A is shape parameter. The exception of this statistic is not 0
and variance is not 1 when A is not 0.5. The sample size is infinite, the exception is
0 and variance is 1.

V(X - p(x))

S( X) nzn
Getting the simulated data of W17 and standard normal distribution using the
simulator and the simulated data number=100,000,000.

Calculating the n()_() using the Strong Law of Large Number, the requirement is
P{F,,,(W17)-o(W17) < 0.1} =1, P{F,,,(W17)- ®(W17) < 0.05}=1,
P{F,,,(w17)-®(W17) < 0.01}=1, P{F,,,(W17)- ®(W17) < 0.005} =1,

Section 1, n(X)=7 W17= > Normal(0.1),

when Jn X~ p(X) — Normal(0,1).
S(x)
=1 z’ . e .
D(z)=P(Z<z)= Lo T exp| — ?sz is the distribution function of standard

normal distribution.
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(1-1) 4 = 0.01,7(X )= 2000,

f(Wl 7),F(W1 7) Coefficient
ot new distrution Mathematical Mean: -0.01584
by Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00286
S.D. : 1.00143
Skewed Coef. -0.06361
Kurtosis Coef. 3.01442
-5.658572 09\2/;5719 MAD 0'79862
el Range 10.66359
Mid_range -0.34653
Median : -0.00544
Ql : -0.68481
Q2 : -0.00544
Q3 : 0.66454
IQR : 1.34935
-5.658572 a;:;;a C.V. : none
The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000094662,
Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.008583,
Pr(]| W17 distribution function - Z distribution function|<0.0005000000)= 0.003156,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.000403,
(1-2) A =0.03,n(x )=1550,
f(w17),F(w17) Coefficient
o) new distriputon Mathematical Mean: -0.01437
faesnyt Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00310
S.D. : 1.00155
Skewed Coef. -0.05744
Kurtosis Coef. 3.01418
-5.576405 Aﬁ\gggﬂﬂ MAD 0.79879
Fein Range 10.49086
e Mid_range -0.35040
Median : -0.00506
Ql : -0.68398
Q2 : -0.00506
Q3 : 0.66593
IQR : 1.34991
i C.V. : none

-5

576405 4875600

The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000079172,
Pr(] W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.010497,
Pr(]| W17 distribution function - Z distribution function|<0.0005000000)= 0.003637,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.000452,
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(1-3) A =0.05,2(X )=1250,

f(w17),F(w17) Coefficient
oo new distibuton Mathematical Mean: -0.01383
pasey Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00330
S.D. 1.00165
Skewed Coef. -0.05606
Kurtosis Coef. 3.01392
-5.420005 5. [IVSV':;EI[I MAD 0'79885
i Range 10.51062
Mid_range -0.18416
Median -0.00508
Q1 -0.68330
Q2 -0.00508
Q3 0.66660
IQR : 1.34990
-5.420005 EEIVSVJ;B[I C'\/’ : none
The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000072482,
Pr(] W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.009918,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.003701,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.000484,
(1-4) 4 =0.06,1(X )= 1100,
flw17),F(w17) Coefficient
[ e detion Mathematical Mean: -0.01392
. Geometrical Mean : none
Harmonic Mean :none
Variance 1.00306
S.D. 1.00153
Skewed Coef. -0.05546
Kurtosis Coef. 3.01492
-5.396731 EEIVA:/;;E MAD 0.79878
ol Range 10.48414
Mid_range -0.17408
Median -0.00518
Ql -0.68371
Q2 -0.00518
Q3 0.66612
IQR : 1.34982
-5.386731 5 nv;;;m C.V. . none

The almost surely limiting theory

E(]| W17 distribution function - Z distribution function|[*2)=0.0000076046,

Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.010557,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.003876,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.000477,
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(1-5) 4 =0.08,n(X ) =800,

fiwl17),F(wl17) Coefficient
o newdistrinution Mathematical Mean: -0.01455
i Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00400
S.D. : 1.00200
Skewed Coef. : -0.05885
Kurtosis Coef. 3.01682
-5.669378 5 19;4743 MAD . 0.79905
T Range : 10.92529
Mid_range : -0.24697
Median : -0.00485
Q1 : -0.68419
Q2 : -0.00485
Q3 : 0.66581
e IQR : 1.34999
-5.689378 5195448 C.V' : none

The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000080681,

Pr(] W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.010068,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.003465,
Pr(]| W17 distribution function - Z distribution function|<0.0001000000)= 0.000442,

(1-6) A =0.1,n(X ) =528,

f(w17),F(w17) Coefficient
[ e Lo Mathematical Mean: -0.01629
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00566
S.D. : 1.00283
Skewed Coef. : -0.06572
Kurtosis Coef. 3.02463
-5.020875 5 6\/5\/['11744 MAD : 0.79947
Wl Range : 11.52370
Mid_range : -0.28037
Median : -0.00514
Ql : -0.68547
Q2 : -0.00514
Q3 : 0.66440
IQR : 1.34988
-5.020875 54\/5\/;1744 C.V. - none

The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000102790,

Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0010000000)= 0.008997,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.003328,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.000399,
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(1-7) A = 0.2,n(X ) =264,

fiwl17),F(wl17) Coefficient
e rewdstbuon Mathematical Mean: -0.01487
pamap Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00903
S.D. 1.00451
Skewed Coef. -0.06051
Kurtosis Coef. 3.04095
-56.786130 53\2/;1754 MAD 0'80025
- i Range 11.18070
: Mid_range -0.21648
Median -0.00462
Q1 -0.68436
Q2 -0.00462
Q3 0.66533
IQR : 1.34969
-5.786130 53?311754 CVv. - hone
The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000085055,
Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0010000000)= 0.011238,
Pr(]| W17 distribution function - Z distribution function|<0.0005000000)= 0.004477,
Pr(]| W17 distribution function - Z distribution function|<0.0001000000)= 0.000616,
(1-8) A =0.3,n(x)=132,
flw17),F(wl17) Coefficient
e e dismBen Mathematical Mean: -0.01310
e Geometrical Mean : none
Harmonic Mean 1 none
Variance : 1.01690
S.D. 1.00841
Skewed Coef. -0.05465
Kurtosis Coef. 3.07245
-6.338242 SBVJV;[I?EGI MAD 080230
I Range 12.22960
Mid_range -0.24609
Median -0.00433
Q1 -0.68346
Q2 -0.00433
Q3 0.66719
IQR : 1.35065
-6.338242 EEVAIV;[TEB C‘v . none

The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000068368,

Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.024788,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.009720,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.002386,
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(1-9) 4 = 0.4,n(X ) = 66,

f(w17),F(w17) Coefficient
o new distiouton Mathematical Mean: -0.00905
oo Geometrical Mean : none
Harmonic Mean :none
Variance : 1.03332
S.D. 1.01653
Skewed Coef. -0.03977
Kurtosis Coef. 3.14851
5118168 MAD 0.80642
I Range 12.62432
Mid_range 0.17362
Median -0.00294
Q1 -0.68123
Q2 -0.00294
Q3 0.67055
IQR : 1.35179
6115168 C.V. . none
The almost surely limiting theory
E(]| W17 distribution function - Z distribution function|[*2)=0.0000043226,
Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0010000000)= 0.158343,
Pr(]| W17 distribution function - Z distribution function|<0.0005000000)= 0.068154,
Pr(]| W17 distribution function - Z distribution function|<0.0001000000)= 0.013522,
(1-10) A =0.5,n(x)=33,
fiw17),F(w17) Coefficient
[ e detrion Mathematical Mean: -0.00008
ey Geometrical Mean : none
Harmonic Mean :none
Variance : 1.06952
S.D. 1.03418
Skewed Coef. -0.00071
Kurtosis Coef. 3.32993
7608501 MAD 0.81510
T Range 16.03103
Mid _range 0.29024
Median 0.00010
Ql 0.67684
Q2 0.00010
Q3 0.67669
IQR : 1.35353
-7.605501 C.V. . none

The almost surely limiting theory

E(] W17 distribution function - Z distribution function|*2)=0.0000051275,

Pr(] W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0010000000)= 0.541121,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.448275,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.311869,
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(1-11) A =0.6,n(X )= 66,
fiwl17),F(wl17) Coefficient
o new distibuton Mathematical Mean: 0.00889
psenye Geometrical Mean : none
Harmonic Mean :none
Variance : 1.03293
S.D. 1.01633
Skewed Coef. 0.03923
Kurtosis Coef. 3.14945
-6.565003 6. 3‘/3\‘1342 MAD 0'80620
o FON1T) Range 12.94700
Mid_range -0.11548
Median 0.00266
Ql -0.67004
Q2 0.00266
Q3 0.68114
IQR : 1.35119
-6.565003 ﬁav::;az C.V. . none
The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000040656,
Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0010000000)= 0.177088,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.065803,
Pr(]| W17 distribution function - Z distribution function|<0.0001000000)= 0.012367,
(1-12) A= 0.7,n(X)=132,
flw17),F(w17) Coefficient
o e s Mathematical Mean: 0.01303
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.01659
S.D. 1.00826
Skewed Coef. 0.05436
Kurtosis Coef. 3.07218
-6.4B7665 59{;31;77 MAD 0.80218
7y Range 11.51379
e Mid_range 0.24791
Median 0.00426
Ql -0.66690
Q2 0.00426
Q3 0.68338
IQR 1.35028
] 7 C.V. 77.40926

E(] W17 distribution - Z distribution [*2)=0.0004408079

* | W17 distribution function - Z distribution function| *#*## sk
The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000063504,

sk skosk sk sk sk skokokok

Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0010000000)= 0.028075,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.011185,
Pr(]| W17 distribution function - Z distribution function|<0.0001000000)= 0.002317,

65




(1-13) A = 0.8,n(xX )=264,

f(w17),F(w17) Coefficient
e new distinuton Mathematical Mean: 0.01480
paonge Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00902
S.D. 1.00450
Skewed Coef. 0.06034
Kurtosis Coef. 3.04041
- MAD 0.80026
- [ Range 11.08604
Mid_range 0.25952
Median 0.00500
Ql 0.66543
Q2 0.00500
Q3 0.68441
IQR 1.34984
vy C.V. 67.87240
E(| W17 distribution - Z distribution [*2)=0.0004513547
FHRFFHEIHERE | W17 distribution function - Z distribution function| *# ¥ &k
The almost surely limiting theory
E(] W17 distribution function - Z distribution function|*2)=0.0000079659,
Pr(| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0010000000)= 0.011788,
Pr(]| W17 distribution function - Z distribution function|<0.0005000000)= 0.004322,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.000513,
(1-14) 2 = 0.9,n(x ) =528,
ftw17),F(w17) Coefficient
17y e distiution Mathematical Mean: 0.01628
taswps Geometrical Mean : none
Harmonic Mean :none
Variance : 1.00576
S.D. 1.00288
Skewed Coef. 0.06598
Kurtosis Coef. 3.02388
MAD 0.79951
o Range 11.23184
" Mid_range 0.24582
Median 0.00535
Ql -0.66478
Q2 0.00535
Q3 0.68535
IQR 1.35013
5349205 C.V. 61.60868

E(] W17 distribution - Z distribution [*2)=0.0005164726
FAdckRRdkRk | W17 distribution function - Z distribution function| sk

The almost surely limiting theory

E(]| W17 distribution function - Z distribution function|[*2)=0.0000096211,

Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.008793,
Pr(]| W17 distribution function - Z distribution function|<0.0005000000)= 0.003211,
Pr(] W17 distribution function - Z distribution function|<0.0001000000)= 0.000362,
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(1-15) 2 =0.99,2(X )= 2000,

flw17),F(w17)

Coefficient

A7) new distrioution

0309015

Wi T
-5.136988 5431098
FOAMT)

WiT
-6.136988 5.431008

Mathematical Mean:
Geometrical Mean : none
Harmonic Mean :none
Variance :
S.D.

Skewed Coef.

Kurtosis Coef.

MAD

Range

Mid_range

Median

0.01586

1.00287
1.00143
0.06289
3.01256
0.79884
10.60737
0.14705
0.00538
-0.66499
0.00538
0.68549
1.35048
63.14381

The almost surely limiting theory

E(] W17 distribution function - Z distribution function|*2)=0.0000093140,

Pr(]| W17 distribution function - Z distribution function|<0.1000000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0500000000)= 1.000000,
Pr(] W17 distribution function - Z distribution function|<0.0100000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0050000000)= 1.000000,
Pr(]| W17 distribution function - Z distribution function|<0.0010000000)= 0.009328,
Pr(] W17 distribution function - Z distribution function|<0.0005000000)= 0.003253,
Pr(]| W17 distribution function - Z distribution function|<0.0001000000)= 0.000389,
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Section 2, f(

Al

(_X‘)’(X) ),

X2= n XS (_X 'L;(X) , the simulator and transformation can get f(X2|X1=1), 0<A<]1,
the simulated data number=100,000,000.

The probability distribution shape is affected by sample size and 4.

n=3, two tailed pr removing 0.01 n=5, two tailed pr removing 0.005

random vector 021X random vector OC24t)
condibanal pdfimage condibonal pafimage

206694 11,089
F oa7487 neersiz
agooneer 0e91512 o

random vectar (21} rangom vactor 021 )

random vector 021} range map conomions! par mage g -
Red area 1 the congienal pdf 5 greatthan i Red 410 s e congBOnal pAf15 great han 0 1
Black area s the condibanal pur s eqal 0
-_—

n=10, two tailed pr removing 0.001 n=20,
rangom ector (<21x1) random vector O2X1)

81961
0007487
of

12 365
e [T
of
random vactor OC2<1)
random vector (<21} range map conasanal pdf image
Red ares 1 the condibional pef s great han 0

Back area s he conaional por s eaal
— Elack area 1s e conditonal pofis eqat 0

= =

n=30, n=50,

rangom vector 02x1) random vector 020X1)
condibonal pef image conamonal odf mage

random vector 0CZpX1)

w

Red are s the conditanal potis great han 0

BRI
007487
off

80836
o §ooreat
rangom vector 0X2jx1) random vector (X2X1)
rangom vectsr (<2{1) range map conditional pef image random vector OCIIX1) 1anga map conamionai patimage

Fed area s the condibonal pdf 12 great than 0 1 Red area Is e condiiona! pat is greatman 0
Elack area 1 he condibonal pofis 0aa 0 Black 3rea is the conation! pa s eqal §
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n=100,

random vecor OCZT)
condwonal pdf mage

o § 007487

[T

rangom vector (2f1)
randorn vectar 0C21X1) range map conditonal paf i
Red area s the condibonal pdiis greatthan 0

Black area s the condibenal pdf 1= eal 0

n=300,

randorm vector 0Pet)
condiscnal pdfimage

B

0687517

59,
0§ 907487

rangom vector OX2T)
random vector 021 range map condibonal pdfimage
Red area s Bie condivonal pdfis great than 0

Black area is the condibonal pdfis 6031 0

n=1000,

condions pdfimage

5192
NIz 0997512

random vertor (<20X1)
random voclor (CZIXY) range map constional pet mage
#ed 31ea 13 the coadlional Bar s real than O

Slack area i ha concitional pat is eqal 0
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n=200,

random vacter 02P1)
congionsi pef imags

0997812

562081
o §ooreat

random vector O<201)
condibonal pdf nage

random vector (X2IX1) range map
Red area 1s the conditionat pafis graal han 0
Black area is the condiional pdfis

n=500,
random vector (X2x1)
el

E

1700
goorde?r 0997513
o

random vector (X2pc1)

.-

Fed a0 1s the constiona: paf s great man 0
Black area i the conational paris eqal 0

n=2000,

random vector OCIKY)
condivonal pa image

e
074
of

0887512

random wetor DR}
condmonal pafimage

rangor vector GCI1) range map
Red ares 1s the condibonal por s great tan 0
Black ares s tha conditons pot s 33l 0




Section 3, f( Jnlx - £ (X) |[n=sample size),

S(x)

X2=ﬂ/§(_+)()()) and X1=n=sample size, n=10,11,12,...,208,209, the simulated
data number=1,000,000,000,the shape of f(X2|X1) can show the sample size effect.
The A is more far from 0.5 and the skewed coefficient of this statistic is more far
from 0 when sample size is small. The statistic will be approaching to the symmetric
when n is very large. The following each diagram two tailed probabilities are
removing 0.00001.

A1=0.01, 1=0.05,

random vector OCI(1) random vactor 0C2x1)
conational petimage conations! pafimage

et
ooo2p?
-19.902 '
22037 o 4502500 100497500

1
e
o 8 502600 200 437500

rangam vector pC2pc1),

rangom veclor OC2pT)
random vactor G2 range map conditional pdr image
Red are3 is the condiional pafis greatthan 0
Biack a2 is the conMonal paf is eai 0

Fed area 1s the condibonal gl 1= grea than 0
Black area s he condivonal pdf is eaal 0

a4
A1=0.1, 1=0.2,

random vector 0<24x1)
conditiona gdfimage

fandom vector DY)
condisonal pafimage

18030

502500 T 1
o8 50250 708 447500

805
o S02800 206497300
rangom vector 02t )

random vector (C2X1) range map condiional pat i f rangom vestor 02pct)
e area 15 the canditional pat is greatman 0 )
Black 3723 is e conamonal par s saal 0 Red 316 5 the congtonal adfis grest han §

4 Black area s the condional pdfis eqal 0

/1:(139 /1:0.4,

fangom vector 025¢1) random vector 024t}
conaiional pafimiage condivansl pafimags

ezt

12790
16240
s s o 8802600 208437500

rangom vector ((21) rangom veetor (<2jX1)

random vector 0251 range map. condibanal pdf m; " -
e are iz the condibanal pat s great han
Biack area is the conditonal pdr s eqai 0 '

) rang
Red area ¢ the condnonal pdris greatthan 0
Black area is the condibonal pol1s eqal 0

ay 4
y
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A1=0.5,

randor vector 02pc1)
condtional paf image

11,035
502500 209497500
0

ndom vector (<201)
random vestor 0C21X1) range map conaional pdfimage
Ree wrea is the condiional pdlis great :ian 0
Black ares s e conational adfis eqal 0

4=0.7,

1andom vector 021
condmona: pat mage

43033
502500 203 497500
0

rangom wector 02t

vandor vector (<211} rangs map condgaral pel mags

Fa area 15 e conaonal patis great han 0
e contiions pef iz scal 0

4

4=0.9,

random vector (<26X1)
consonal pet mage

6 45701
o 502500 0% 437500

rangom vector <2i<1)
random vectar (25<t) range map condtionai odf image.
Red area 15 t1g conotonal pat s great than 0
Black area 1s e congonal par s eqal 0

1=0.99,

random vactor G21)
contions! pa image

545701
o §502500 200497500

rangom vector 02pc1)
randorm vector GC2iX1) range map. candibonal pdfimage
Red area 15 tha conditonal pat s greathan 0
Erack area s the condional pof s eat 0

A=0.6,

rangom vector GC2X1)
condiionai pafimage

10631
o4 502500 209497500

random vecter 021

0
Red a1ea s the conional oI5 great wan 0
Biack srea s the consnoaal pf s eusi 0

4=0.8,

rangom vastor (2001)
conssonal o mage

75671
Q4502500 0887500

random vectos 0261)

| 4

Red area 1 the condiional pa 1s great han 0
Black atea 1= e conanonai e = eaal 0

4=0.95,

random vactor 0<ZiK1)
anamanal pdfimage

64570
#5020
o

rangom vector 0C2Ixt)

oge map
Red area s the condibonat pof s great
Black area 15 e condional pet s sqat 0

1=0.995,

rangom vector 020¢1)
conaitions! paf mage

4571
gs0zse0 200487500
o

random vctar 0Q9CT)
random vector Q1) tange mas conatmional pdfmage
Red at2a is the conationa! pdt s great han
Bhack area is the condaional odfis eqal 0




Section 4, The Confidence interval of 1,

(1) The confidence interval of A for large sample,
The sample size is affected by the A when this statistic approaching standard normal
distribution.

A =¢(X). 0143853919 < X <0.856221427 and 0.001 < £ <0.999.
n>334350x| A=g(X)-0.5),if 0.1<1<0.09,
n>500+15000 (0.1- A = g(X ), if 1 =g(x)<0.1,
n>500+15000 (4 = ¢(X)-0.9),if 1 =g(x)>0.9,

n

()_( ;('L)_l(())()) > Normal(0,1), X = izln | S(x)=

(1-a)x100% C.I for E(X)=u
X2, xS(X)< u<x¥+2,,s°(x),
P(Z >Z, ) =a, Z is the standard normal distribution,

(1-a)x100% C.I for A
dx -2, xs(x)<1<g(x+2,,x5(x)

Checking the right probability when the C.I. for A at the confidence interval,
computing the right probability of confirming and the simulated times is changed to
1,000,000 for the accurate when using Z distribution to do confidence interval.

P(C.L containing A )=1-«, the C.L is the confidence interval of 4 at 1—«,
a=0.1,0.05,0.01.

(1-1) The A is continuous bernoulli parameter value and computing the sample size
requirement for CLT,

n>33+350x|4-0.5],if 0.1<41<0.9,

n>500+15000x%(0.1- 1), if 4 <0.1,

n>500+15000x (A -0.9),if 1>0.9,

n 90% C.L 95% C.L 99% C.L
1=0.01

3,000 0.900505 0.950215 0.989620

4,000 0.901065 0.949845 0.990065

5,000 0.899645 0.949640 0.990120

8,000 0.899790 0.949340 0.989860

10,000 | 0.900485 0.949685 0.989845
A=0.05

2,000 0.900240 0.950140 0.989960

4,000 0.898095 0.948985 0.989640

5,000 0.900680 0.949720 0.989860

6,000 0.901025 0.951080 0.989895

8,000 0.899695 0.950215 0.989920

10,000 | 0.898615 0.949430 | 0.989370

72



n 90% C.L 95% C.L 99% C.L
A=0.1
600 0.899075 0.948880 0.989335
800 0.898905 0.949465 0.989505
1,000 0.899815 0.949840 0.989500
2,000 0.899545 0.949715 0.989455
5,000 0.899170 0.949555 0.989715
10,000 | 0.899660 0.949290 0.989855
A1=0.2
270 0.899140 0.949290 0.989145
400 0.897890 0.948295 0.989275
800 0.899545 0.950140 0.989660
1,000 0.898120 0.948460 0.989420
5,000 0.899440 0.949610 0.989960
10,000 | 0.900520 0.950720 0.990195
A1=0.3
150 0.898825 0.948715 0.988950
200 0.898350 0.948335 0.989060
500 0.900060 0.950120 0.990155
1,000 0.898745 0.949560 0.989920
5,000 0.899595 0.949775 0.989905
10,000 | 0.900160 0.950070 0.990300
A=0.4
70 0.895365 0.945905 0.987150
100 0.897145 0.947800 0.988630
200 0.898160 0.948260 0.988735
500 0.899235 0.949195 0.989555
1,000 0.899085 0.948885 0.989775
5,000 0.901930 0.949910 0.989815
10,000 | 0.898610 0.949410 0.989975
A4=0.5
35 0.891346 0.941718 0.984796
50 0.893659 0.943555 0.986068
100 0.898384 0.947118 0.988253
200 0.899027 0.948804 0.989157
500 0.899124 0.949427 0.989530
1,000 0.899107 0.949654 0.989860
10,000 | 0.899831 0.949755 0.990077
A=0.6
70 0.895914 0.945756 0.987593
100 0.897033 0.947035 0.988277
200 0.898369 0.948562 0.988939
500 0.899249 0.949378 0.989691
1,000 0.899834 0.950020 0.989984
5,000 0.899699 0.949652 0.990061
10,000 | 0.900199 0.950187 0.989956
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n 90% C.L 95% C.L 99% C.L
A=0.7
150 0.897281 0.947588 0.988693
200 0.898266 0.948077 0.988858
500 0.899269 0.949266 0.989517
1,000 0.899945 0.949908 0.989812
5,000 0.900028 0.949633 0.989840
10,000 | 0.900385 0.950264 0.990192
4=0.8
270 0.898917 0.948731 0.989265
400 0.898715 0.948703 0.989392
1,000 0.899571 0.949728 0.989903
2,000 0.899534 0.949790 0.989785
5,000 0.899893 0.949936 0.989942
10,000 | 0.899537 0.949818 0.989918
4=0.9
600 0.899140 0.949255 0.989555
800 0.899185 0.949140 0.989556
1,000 0.899433 0.949262 0.989836
2,000 0.899854 0.949810 0.989978
5,000 0.900380 0.950224 0.990090
10,000 | 0.898989 0.949133 0.989589
4=0.99
3,000 0.899048 0.949600 0.989948
4,000 0.899391 0.949511 0.989852
5,000 0.899889 0.949950 0.989842
8,000 0.900068 0.950004 0.989882
10,000 | 0.900071 0.950004 0.990086
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(1-2) The computing the sample size by A= ¢(X’) ,

The confidence interval is from Z distribution when the sample size is large sample

and the confidence interval is from sampling distribution of X when sample size is
small sample.

7 =¢(x),0.143853919 < X <0.856221427 and 0.001 < £ <0.999.
The large sample is n>33+350x | A= ¢()_() -0.5,if 0.1< A< 0.9,
n>500+15000 (0.1- A = g(X ), if 1=g(x)<0.1,
n>500+15000x (4 = ¢(X)-0.9),if 1 =g(x)>0.9,

n 90% C.L 95% C.IL. 99% C.L
1=0.01
2,000 0.899814 0.949779 0.989928
3,000 0.899950 0.949887 0.989921
5,000 0.899825 0.950076 0.990035
10,000 | 0.899739 0.949491 0.989734
A1=0.05
1,500(*) | 0.900188 0.949617 0.989673
3,000 0.900190 0.950375 0.990107
5,000 0.900071 0.950028 0.989892
10,000 | 0.900127 0.949951 0.989982
A1=0.1
1080(*) | 0.899839 0.949582 0.989695
1,500 0.900126 0.949749 0.989797
3,000 0.900331 0.950092 0.989928
5,000 0.899697 0.949476 0.989911
1=0.2
400(*) | 0.900024 0.949660 0.989641
800 0.899517 0.949793 0.989745
1,000 0.899321 0.9499296 | 0.989530
2,000 0.900125 0.949884 0.989761
A=0.3
170¢*) | 0.898181 0.948315 0.988909
300 0.899103 0.948971 0.989288
500 0.899457 0.949406 0.989773
1,000 0.899878 0.949736 0.989885
A=0.4
140(*) | 0.898391 0.948058 0.988730
300 0.898572 0.948802 0.989357
500 0.899625 0.949655 0.989614
1,000 0.899966 0.949842 0.9897811
A1=0.5
120(*) | 0.897300 0.947570 0.988611
200 0.898299 0.948476 0.989197
500 0.899565 0.949496 0.989712
1,000 0.900089 0.949858 0.989823
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n 90% C.L 95% C.IL 99% C.L
A=0.6

150(*) | 0.897906 0.948188 0.988869

500 0.899677 0.949765 0.989730

1,000 0.899784 0.949707 0.989904
A4=0.7

168(*) | 0.898060 0.948317 0.989046

500 0.898918 0.949052 0.989493

1,000 0.899404 0.949638 0.989665
1=0.8

405(*) | 0.899247 0.949639 0.989602

1,000 0.899669 0.949710 0.989831

2,000 0.899972 0.949771 0.989888
1=0.9

1,050(*) | 0.899274 0.949087 0.989627

3,000 0.899349 0.949414 0.989901

5,000 0.900296 0.950281 0.989971

10,000 | 0.900017 0.950119 0.989804
A=0.99

2,000 0.899705 0.949349 0.989560

3,000 0.899470 0.949437 0.989469

5,000 0.899218 0.949684 0.989927

10,000 | 0.899529 0.949559 0.989802

(*) is the part of confidence interval critical value is used to the sampling distribution,
part is from the standard normal distribution.
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(2)The small sample,

n<33+350x| A = ¢(x)-0.5], if0.1< 1 <0.9,
n<500+15000 (0.1- 1 = g(X )). it 1 =g(x)<0.1,
n<500+15000% (A =¢(X)-0.9).if 1=g(X)>0.9,

(1-a)x100% C.Lfor E(X)=u
X W, xS(¥)< u< X +w,,[s*(X),

P(W >W, ) =a, W isthe sampling distribution of X - /iX)

which can be
simulated using the continuous bernoulli distribution simulator. The A and sample

size will be a specific sampling distribution, the software computing critical value is a
essentially way.

Warning:

Because the sample size too small that A = ¢()_() might be not used when X is not
in [0.143853919, 0.856221427], the minimum sample number requirement as follows.
The simulated times=100,000, A= ¢()_() cannot work which is “error”.

A=0.01, n>=270, P(error)=0.001098,
A=0.1, n>=55, P(error)=0.001420,
A1=0.2, n>=38, P(error)=0.001198,
A=0.3, n>=30, P(error)=0.001250,
A1=0.4, n>=25, P(error)=0.001296,
A1=0.5, n>=22, P(error)=0.001613,
A=0.6, n>=25, P(error)=0.001289,
A =0.7, n>=30, P(error)=0.001238,
A1 =0.8, n>=38, P(error)=0.001119,
A=0.9, n>=55, P(error)=0.001425,
1=0.99, n>=260, P(error)=0.001399,

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_6.exe.
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Chapter 6, The test statistic and confidence interval of two
Continuous Bernoulli populations,

The test statistic is about two independent continuous Bernoulli populations g, — 4,

and inferring to A, — A,, which is in according to the chapter 5 and chapter 6.

iid — : ,
X, Xy X, ~CB(2,), X1 =8, =

1,

b

1, =G,(4,), (G,( ), chapter 1, section 3).

iid _ ZXZJ Z(le _)_(2)2
X, Xppn Xy, ~CB(A,), X2 =2 — 8, =4[ 2|
’ ' ” n, n, —1

1, =G,(4,), (G,(),chapter 1, section 3).

Section 1, The test statistic of H: y,=u,+c, c#0,

A, and A, are unknown, 2; =¢()_(1 ),/;t2=¢()_(z), and A =¢(u,), 1, =d(u, ).
(¢( ).chapter 3, section 3).

If :ul ;t/u25 //i] ;é/lz’

s A
the test statistic= — 2 (ﬂ‘ ﬂ2)

(1) The large sample,

J, = ¢(X1),0.143853919< X\ <0.856221427 and 0.001 < 4, <0.999.
The large sample is 7, >233+350x]| il -0.5,if 0.1< /il <0.9,

n, >500+15000% (0.1- 4,), if 1, <0.1,

n, >500+15000 (4, -0.9),if 4 >0.9,

and

A, =¢(X2).0.143853919< X <0.856221427 and 0.001 < 4, <0.999.
The large sample is n, 233»+350><|}C2 -0.5,if 0.1< iz <0.9,

n, >500+15000x (0.1- 1,), if A, <0.1,

n, >500+15000x ( 4,-0.9),if 1,>0.9,

H,:p=p,+c,c#0,

AR Xi-Xoc >Z (standard normal distribution),

n.oon,

A >Z,,, H, isrejected.
pvalue=2xP(Z<Z7"),if P(z<Z')<0.5
pvalue=2x(1-P(z<2")),if P(z<Z")>05
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(2) The small sample,
J, = ¢(X1).0.143853919< X\ <0.856221427 and 0.001 < 4, <0.999.

The large sample is n, <33+350x|4,-0.5), if 0.1< 4, <0.9,
n, <500+15000%(0.1- 4,), if A, <0.1,

n, <500+15000x ( 4,-0.9),if 1,>0.9,
or
7, = ¢()2),0.143853919< X, <0.856221427 and 0.001 < 4, <0.999.
The large sample is n, <33+350><|}C2 -0.5,if 0.1< /7:2 <0.9,
n, <500+15000x (0.1- 4,), if 4, <0.1,
n, <500+15000x ( 4,-0.9),if 1,>0.9,
H,:p=p,+c,c#0,
e X = X, —2c’
5,5

ngn,

the sampling distribution of W = will be simulated using the

probability simulator and f, = Gl(
the simulated data is based on

n

iid N ZXU
X, X Xy, ~CB4 ), X1 =5 s, = ,
nl
iid N — ZZ:XZ’/ Zz(XZJ _)_(2)2
Xy Xy Xy ~CB(2,), Xo = 2§, =g
o - n, n, —1

pvalue=2x P <W"),if P(z<Z')<05
pvalue=2x(1—P(W <w")),if P(z<z")>05

(3)The A, and A, estimated value,
(1) H,:pu=u,+c, c#0is rejected,
A=¢x\), 4 =¢(x2).

(i) H,: = u,+c, c#0 is not rejected,

i ZXl,i+Z(X2,j+c) . Z(Xl,i_c)—‘rZXZ,j
/’Ll — ¢ i=1 J=1 ) ﬂ,z — ¢ i=1 Jj=1
n, + n, n, + n,

Note: The computer program is C:\C_Bernoulli\C Bernoulli_09.exe.
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Section 2, The test statistic of H: u,= p,,
A, and A, are unknown, /il =¢(}1),/i2=¢()_(2), and A =¢(u,), 4, =d(u, ).

If w=p, h=4 =4,

D N i Iy g
ZomXitmXe ZI: g Z */

n, +n,, P n +n,—1
X —Xa—(u —
the test statistic= — 22 (Mz ,uz)
S, 5
ng.on,

(1) The large sample,

A= ¢()=(),o.143853919 < X <0.856221427 and 0.001 < 4 <0.999.
The large sample is n, +n, >33+350x]| A -0.5),if 0.1< 1<0.9,
n, +n, >500+15000x (0.1- 4,), if 4 <0.1,

n, +n, >500+15000x (4, -0.9),if 1>0.9,

Hy: u=p,,
c Xi-X o
Z = 12 22 Z (standard normal distribution),
Sp . Se
non

Z'>Z7Z,,, H, isrejected.

pvalue=2xP(z<Z7"),if P(z<Z')<05
pvalue=2x(1-P(z<2")),if P(z<Z")>05

(2) The small sample,

A= ¢():(),0.143853919 < X <0.856221427 and 0.001 < 4 <0.999.
The large sample is n, +n, <33+350x| A -0.5),if 0.1< 1<0.9,
n, +n, <500+15000x (0.1- 4,), if 4 <0.1,

n, +n, <500+15000x (1, -0.9),if 1>0.9,

* }1 - }2
Hy:p=p,, W T,
s S
Sr P
nn
o Xi-X» : : .
the sampling distribution of W = — will be simulated using the probability
Sp Sp
— J’_ —
nyn

simulator and A = ¢()=(),
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the simulated data is based on

iid ~ iid A
X Xaooo X, ~CB(A), X, X, X, ~CB(A),
L Z(XU —)Z()z + ZZZ(XLA —)Z()Z
)=(:an1+n2X2,Si:i:1 = J ’
n, +n,, n +n,—1

pvalue=2x P <W"),if P(Z<Z')<05
pvalue=2x(1- P <w")),if P(z<Z")>05

(3)The A, and A, estimated value,
(1) H,:pu=u, isrejected,
A=g(X1), 4, =¢(X2).

(i) H,:u=u, # isnotrejected,

A

i =i, =i=gx).

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_10.exe.
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Section 3, The confidence interval of g, —u, and A, —A4,

A, and A, are unknown, /i]=¢(}1),ﬂ:2=¢()_(2), and 4 =¢(1,), A, =d(u, ).

If /ul ;t/uza //i] i/lza
X=X~ — 1))

the statistic=

(1) The large sample,
J, = ¢(X1),0.143853919< X\ <0.856221427 and 0.001 < 4, <0.999.

The large sample is n, >233+350x| 2; -0.5,if 0.1< /il <0.9,
n, 2500+15000x (0.1- 4,), if 4, <0.1,

n, >500+15000x ( 4, -0.9),if 4,>0.9,
and
A, = ¢(X2).0.143853919< X» <0.856221427 and 0.001 < 4, <0.999.

The large sample is n, 233+350><|}C2 -0.5,if 0.1< iz <0.9,
n, >500+15000x (0.1- 1,), if A, <0.1,
n, >500+15000x ( 4,-0.9),if 1,>0.9,
X -X, _(M _,Uz)
n, n,

(1-a)x100% C.I of u —u,

= = /Sz S; = = S:S;
Xi-X2-Z,, —1+—2S,u1—,u2SX1—X2+Za/2 L 4+=
oo nooom

(2) The small sample,
/il = ¢(X1 ),0.1438539193 X1 <0.856221427 and 0.001 < il <0.999.

The large sample is 1, <33+350x|4,-0.5], if 0.1< 4, <0.9,
n, <500+15000x (0.1- 4,), if 4, <0.1,

n, <500+15000x ( 4,-0.9),if 4,>0.9,
or
A, = ¢(X:),0.143853919< X, <0.856221427 and 0.001 < 4, <0.999.

The large sample is n, <33+350><|/{2 -0.5,if 0.1< ﬂ:z <0.9,
n, <500+15000x (0.1- 4,), if 4, <0.1,
n, <500+15000x ( 4,-0.9),if 1,>0.9,

> Z (standard normal distribution),
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X=X — (- )
s} S:
7+7

ngn,

the statistic=

the sampling distribution of W =

will be simulated using the

probability simulator and z, = G1(
the simulated data is based on

n

ZXL[

iid N
XX Xy, NCB(Z,I),XI — =l

n

Xz,vX\z,zwv X,

My

(l—a)XIOO% ClLof u —pu,

_ 2 2 . 2 2

Xi—-X24+W_, /S—1+S—2£u,—,u2£X1—Xz+Wa [S—1+S—2
n non

PW>W,)=a,

Note: (1—a)x100% C.L of g, —u, cannot convert to
(1-a)x100% C.Lof A, —4,.

_— . o 2 2 . . 2 2
Lot Azij(xz),ﬁl,l:{mma S_1+S_2J,AU_1:¢(X1+Wa S_S_J

n.on
(1-a)x100% C.I of A, -4,
Aypy =2y S =2y < Ay = Ay

Note: The computer program is C:\C_Bernoulli\C Bernoulli_11.exe.
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Chapter 7, Goodness of fit about Continuous Bernoulli
distribution,

iid
X,,X,,... X, ~CB(4), n random samples is from CB(1), the frequency table of

sample is getting and suppose population is CB(ﬂ,). The goodness of fit will be
applied to determine the samples is from CB(/i) population.

Section 1, A is known,
(1)The goodness of fit,

X, X,,..X, ifCB(/i),.

H , :X~Continuous Bernoulli(4 ) and A is known,
H,:against H,
The test process,

The frequency distribution setting,
(1)The class number and the probability of each class,

The class number=k = log, (n) +1, each class probability is setting to

| =

(i1)The class limit,
The first class lower limit=0 and the last class upper limit=1.

Zoge[i><(2/1—1)—(/1—1))—log6(1—/1)

A 2
c, = l — =12, k-1,
{, NEN )

Joi-1
k 2
The first class upper limit=c,=the second class lower limit,.....,

The j—th class upper limit= c;=the ( j+ 1)— th class lower limit, j =1,2,....,k—1.

(ii1)The frequency table for testing and computing the observed number and expected
number,

class  class limit frequency= 0O E=nx %
1 0~c, 0, E,

2 c,~c, 0, E,

k ¢ ~1 0, E,

The chi square test statistic,

2 _Zk:(Oi _Ei)2

> 2. rejected H,.
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(2)Confirming the test,
H : X~Continuous Bernoulli( A = 4,), H,:against H,
The chi square test statistic,

2 _ < (Oi — Ei )2
X1 = 12:1: E,
pr(1- o )=P(doesn’t rejected H,, |H,:X~ Continuous Bernoulli(1))=1-«,

The pr(1- e ) =(the times right test result)/100,000, each probability is from 100,000
times simulated and each time simulated data is the sample size. The simulated data is
from Continuous Bernoulli( A ) simulator.

> y2 .. rejected H .

sample size | pr(90%) ,pr(95%) pr(99%)
A=0.1=4,
10 0.891491 0.963930 0.988730
20 0.901961 0.949261 0.990490
100 0.902461 0.952280 0.990100
1,000 0.898181 0.949021 0.990010
10,000 0.898951 0.948471 0.989840
A=0.2=1,
10 0.891491 0.963930 0.988730
20 0.901771 0.949391 0.991020
100 0.901991 0.951860 0.990080
1,000 0.900401 0.949901 0.989730
10,000 0.899321 0.949491 0.989910
A=0.3=1,
10 0.891491 0.963930 0.988730
20 0.901771 0.9499391 | 0.991020
100 0.901991 0.951860 0.990080
1,000 0.900401 0.949901 0.989730
10,000 0.899321 0.949491 0.989910
A=0.4= 4,
10 0.891491 0.963930 0.988730
20 0.901771 0.949391 0.991020
100 0.901991 0.951860 0.990080
1,000 0.900401 0.949901 0.989730
10,000 0.899321 0.949491 0.989910
A=0.5=14,
10 0.891491 0.963930 0.988730
20 0.901771 0.949391 0.991020
100 0.901991 0.951860 0.990080
1,000 0.900401 0.949901 0.989730
10,000 0.899321 0.949491 0.989910

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_7.exe.
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Section 2, A is unknown,
(1)The goodness of fit,

n

X,

1

iid L
X, X,,..X,~CB(1),X =—,
n

H , :Continuous Bernoulli( A ), H,:against H,
A= ¢()_() is the estimated equation of the A (chapter 3,section 3).

The test process,
(1)The class number and the probability of each class,

The class number=k = log, (n) +1, each class probability is setting to % .

(i1)The class limit,
The first class lower limit=0 and the last class upper limit=1.

loge(ix (i-1)-(1 —1)j—loge (1-)

A

A #E—

The first class upper limit=c,=the second class lower limit,.....,
The j—th class upper limit= c,=the ( j+ 1)— th class lower limit, j =1,2,...,k—1.

(ii1)The frequency table for testing and computing the observed number and expected
number,

class  class limit frequency= 0O E=nx %
1 O~c, 0, E,

2 c,~c, 0, E,

k ¢ ~1 0, E,

The chi square test statistic,

k _ 2
Xia= ZM >y, . rejected H,.
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(2)Confirming,

pr(1- o )=P(doesn’t rejected H,, |H,:X~ Continuous Bernoulli(4))=1-«,

The pr(1- ¢ ) =(the times right test result)/100,000, each probability is from 100,000
times simulated and each time simulated data is the sample size. The simulated data is
from Continuous Bernoulli( A ) simulator.

H,: X~Continuous Bernoulli( A= ¢()_()), H,:against H,,

sample size | pr(90%) ,pr(95%) pr(99%)
A=0.1
10 0.90995 0.93887 0.987210
20 0.894591 0.947381 0.988890
100 0.901551 0.949801 0.989830
1,000 0.901041 0.950400 0.990150
10,000 0.898031 0.948891 0.989680
1=0.2
10 0.918301 0.943211 0.991730
20 0.895291 0.947921 0.989130
100 0.901351 0.950730 0.989550
1,000 0.900781 0.950630 0.990130
10,000 0.898831 0.949031 0.989670
1=0.3
10 0.922111 0.944091 0.992030
20 0.895911 0.947831 0.989160
100 0.901831 0.951140 0.989660
1,000 0.901561 0.950240 0.990000
10,000 0.898721 0.949161 0.989530
1=0.4
10 0.923581 0.944241 0.991690
20 0.896271 0.948331 0.989000
100 0.901141 0.949891 0.989760
1,000 0.901551 0.950450 0.990260
10,000 0.898311 0.949501 0.989490
1=0.5
10 0.923761 0.944291 0.991690
20 0.896471 0.948801 0.989190
100 0.901001 0.949941 0.989760
1,000 0.902111 0.950620 0.990090
10,000 0.898431 0.950130 0.989790

Note: The computer program is C:\C_Bernoulli\C_Bernoulli_8.exe.
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Chapter 8, One way analysis when population is Continuous
Bernoulli distribution

Section 1, The one way analysis,

There are k independent Continuous Bernoulli distributions, the random samples from
each population and the same size.

X11:X12’ ’X CB(ﬂ“)
X, X0 X, ~CB(/12), ,

iid
X, X, X, ~CB(2,),
X, J=uta, +5U, =12,k j=12,.

n,,,

iid
XI,I’XI,Z’“ rX NCB(AI)

XZ,I’X2,2" 4 2,n CB(ﬂ' )

iid

X, X, 0 X, ~CB(2,),
X, =pu+o,+e,,i=12,k j=12,..,n,

X, “cBE(X,)). B(X,)=u=p+e, =G,(A)i=12..k

Hy:A=4=.= k’(/’ll /’lzz'"zlukZ/’I)’(al:aZZ'“:ak:O)’
XX, Z(X”—X,
Xi=— §t=1 i=12,..k
n n—1
k n
_ 22X,
The grand mean X === My =nxk
Ny
SST:Zk:Zn:(XU—T()Z Zk:z(X ~Xi+ X, - X)2
i=l j=I i=l1 1
k n ' — v k n _1 =
:Z (XIJ_XI) +Z (X’_X)Z

SST degree of freedom =n, -1, SSTR degree of freedom=k-1,
SSE degree of free=n, -k, MSTR=SSTR/(k-1), MSE=SSE/( n, -k).
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Section 2, ANOVA and test statistic,

ANOVA

Source SS df MS

Treatment SSTR k-1 MSTR=SSTR/(k-1)
Error SSE ny-k MSE=SSE/(n,-k)
C Total SST np-1

The test statistic=MSTR/MSE and the rejected region is the right region.
The p vlaue=P(MSTR/MSE>W), p vlaue< e, rejected HO.
W~MSTR/MSE probability distribution.

the sampling distribution of ' will be simulated using the probability simulator and
the simulated data is based on

X, Xyren X, ~CBA) A = ¢( )

Xy Xyron X, ~CBA). oo

iid ~
Xkl’sz’ ’Xk,nNCB( )’
sst=33l, xf =33 (x, %+ X -x]
k n111=l & nlzli —
:Z (Xi‘j_Xi) +Z (Xi—X)Z,
=l j=1 =l j=1
LS (= = L MSTR
SSTR = (X,-—X)Z,SSEz X, Xl W =—-
;; zz=1:1=1( ) MSE
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Section 3, The sampling distribution of MSTR/MSE,

Let WI= MSTR/MSE,

G-1) Hy: A =2 =..=2,=02,
(B-1-Dk=3, H,: A =4, =..=2,=02, n=5,
The right tailed probability is removing 0.01,
flwl), F(wl) Coefficient
o e ditibution Mathematical Mean: 1.21681
1 Geometrical Mean : 0.60534
Harmonic Mean 0.04355
Variance 2.58886
S.D. 1.60899
Skewed Coef. 5.56376
Kurtosis Coef. 101.93343
0.0136a7 Titsa0 MAD 0.99676
wl™ Range 167.55616
Mid_range 83.77808
Median 0.72408
Q1 0.28834
Q2 0.72408
Q3 1.55208
IQR 1.26374
0.013647 73‘/9\’21550 C'V 1'32230
(B-1-20k=4, H,: A =4, =..=1,=02, n=5,
The right tailed probability is removing 0.01,
fwl), F(wl) Coefficient
O rew st Mathematical Mean: 1.15101
R Geometrical Mean : 0.73240
Harmonic Mean 0.32904
Variance 1.37442
S.D. 1.17235
Skewed Coef. 3.39320
Kurtosis Coef. 30.98498
0070317 THsanna MAD 0.79263
wl™ Range 66.01058
Mid_range 33.00530
Median 0.81608
Q1 0.40147
Q2 0.81608
Q3 1.50546
" IQR 1.10398
0010317 5552019 CV 1.01854
(3-1-3)k=5, H,: A =4 =..=2,=02, n=5,
The right tailed probability is removing 0.01,
f(wl), F(wl) Coefficient
oo e disbtion Mathematical Mean: 1.11625
e Geometrical Mean : 0.80000
Harmonic Mean 0.49614
Variance 0.91651
S.D. 0.95735
Skewed Coef. 2.62111
Kurtosis Coef. 18.49106
e MAD 0.67527
ol Range 45.45590
Mid_range 22.72838
Median 0.86350
Ql 0.47576
Q2 0.86350
Q3 1.46216
" IQR 0.98640
0.008969 4602137 C.V. 0.85764
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B-1-4k=3, H,: 4 =4, =...=4=02, n=10,
The right tailed probability is removing 0.01,

flwl), F(wl) Coefficient
o rew SO Mathematical Mean: 1.08266
e Geometrical Mean : 0.57923
Harmonic Mean 0.05058
Variance 1.43484
S.D. 1.19785
Skewed Coef. 2.77287
Kurtosis Coef. 17.76549
0.010406 553@595 MAD 0.83411
I Range 57.99537
Mid_range 28.99768
Median 0.70490
Q1 0.28751
Q2 0.70490
Q3 1.45489
IQR 1.16738
0.010408 552151695 C‘\/‘ 1'10639
(-1-5k=4, H,: A =2, =..=1,=02, n=10,
The right tailed probability is removing 0.01,
flwl), F(wl) Coefficient
o newdistiion Mathematical Mean: 1.05975
T Geometrical Mean : 0.70832
Harmonic Mean 0.33087
Variance 0.89068
S.D. 0.94376
Skewed Coef. 2.14046
Kurtosis Coef. 11.26122
0008258 aujma MAD 0.68596
Wl Range 27.69103
Mid_range 13.84553
Median 0.79947
Ql 0.40236
Q2 0.79947
Q3 1.42686
" IQR 1.02450
0008254 4.444105 C‘\/. 0.89055
(3-1-6)k=5, H,: 4, =4, =..=4,=0.2, n=10,
The right tailed probability is removing 0.001,
flwl), F(wl) Coefficient
jrm rew st Mathematical Mean: 1.04733
. Geometrical Mean : 0.77842
Harmonic Mean 0.49747
Variance 0.64337
S.D. 0.80211
Skewed Coef. 1.81112
Kurtosis Coef. 8.80527
0.010728 5.7“4VU1135 MAD 059601
Lo " Range 18.26582
Mid_range 9.13299
Median 0.84887
Q1 0.47773
Q2 0.84887
Q3 1.39626
Wt IQR 0.91853
0010728 5.740136 CV 076586
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B-1-Nk=3, H,: 4 =4, =..=4=0.2, n=30,
The right tailed probability is removing 0.005,

flwl), F(wl) Coefficient
[ renssHbLen Mathematical Mean: 1.02354
e Geometrical Mean : 0.56665
Harmonic Mean 0.06268
Variance 1.10964
S.D. 1.05340
Skewed Coef. 2.18523
Kurtosis Coef. 10.60897
Farsoms MAD 0.76357
" Range 20.80437
Mid_range 10.40219
Median 0.69674
Q1 0.28746
Q2 0.69674
Q3 1.40628
. IQR 1.11882
0.010531 5.675803 C‘V 1.0291 7
(-1-8)k=4, H,: A =2, =..=2,=02, n=30,
The right tailed probability is removing 0.005,
flwl), F(wl) Coefficient
o) new distiouton Mathematical Mean: 1.01771
prETe Geometrical Mean : 0.69665
Harmonic Mean 0.33411
Variance 0.72754
S.D. 0.85296
Skewed Coef. 1.77455
Kurtosis Coef. 8.01920
0008415 os;@mo MAD 0.63710
ol Range 16.97153
Mid range 8.48578
Median 0.79176
Q1 0.40378
Q2 0.79176
Q3 1.38681
" IQR 0.98304
0.008416 4.520764 CV 0483812
(B-1-9k=5, H,: 4 =4, =..=2,=02, n=30,
The right tailed probability is removing 0.001,
fiwl), F(wl) Coefficient
P rewdisibuten Mathematical Mean: 1.01390
e Geometrical Mean : 0.76767
Harmonic Mean 0.49924
Variance 0.53911
S.D. 0.73424
Skewed Coef. 1.52253
Kurtosis Coef. 6.66105
Tozzens MAD 0.55742
™ Range 12.12546
Mid_range 6.06287
Median 0.84192
Q1 0.47972
Q2 0.84192
Q3 1.36123
. IQR 0.88151
0.008272 4822444 C.V. 0.72418
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(3-1-10)k=3, H,: A4 =4, =..=4,=0.2, n=50,
The right tailed probability is removing 0.005,

flwl), F(wl) Coefficient
[ e disHbLen Mathematical Mean: 1.01417
pee Geometrical Mean : 0.56463
Harmonic Mean 0.04872
Variance 1.06428
S.D. 1.03164
Skewed Coef. 2.10523
Kurtosis Coef. 9.87547
0.010233 551;755 MAD 075247
- W Range 18.23656
Mid_range 9.11828
Median 0.69516
Q1 0.28762
Q2 0.69516
Q3 1.39855
" IQR 1.11093
0010232 5515756 C.V. 1.01722
G-1-11)k=4, H, : A =A, =..=2,=0.2, n=50,
The right tailed probability is removing 0.005,
flwl), F(wl) Coefficient
ety new distution Mathematical Mean: 1.01733
sz Geometrical Mean : 0.69629
Harmonic Mean 0.33356
Variance 0.72631
S.D. 0.85224
Skewed Coef. 1.76675
Kurtosis Coef. 7.94218
! MAD 0.63684
L o Range 15.94130
100 Mid range 7.97066
Median 0.79178
Q1 0.40350
Q2 0.79178
Q3 1.38662
IQR 0.98311
i C.V. 0.83772
(-1-12)k=5, H,: A =24, =..=2,=02, n=50,
The right tailed probability is removing 0.0001,
flwl), F(wl) Coefficient
o newsisribution Mathematical Mean: 1.00783
e Geometrical Mean : 0.76552
Harmonic Mean 0.49971
Variance 0.52276
S.D. 0.72302
Skewed Coef. 1.48005
Kurtosis Coef. 6.38969
0.011731 E1BE1533 MAD 055065
™ Range 10.68217
Mid_range 5.34132
Median 0.84047
Q1 0.47989
Q2 0.84047
Q3 1.35457
. IQR 0.87467
0.011731 6136583 C‘V 0‘71 740
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(32 Hy: 4 =4,=..=4,=04,
(3-2-1)k=3, H,: A4 =4, =..=4,=04, n=5,
The right tailed probability is removing 0.01,

fiwl), F(wl)

Coefficient

1)

new distribution

Mathematical Mean: 1.22328
R Geometrical Mean : 0.60119
Harmonic Mean 0.04488
Variance 2.68109
S.D. 1.63740
Skewed Coef. 5.37063
Kurtosis Coef. 93.15497
0.014071 75‘/5\"1345 MAD 101279
™ Range 180.86351
Mid range 90.43176
Median 0.71578
Ql 0.28387
Q2 0.71578
Q3 1.54731
" IQR 1.26344
0.014071 7584345 CV 133854
(3-22)k=4, H,: A =4 =..=1,=04, n=5,
The right tailed probability is removing 0.01,
f(wl), F(wl) Coefficient
o new distioution Mathematical Mean: 1.15369
ot Geometrical Mean : 0.72925
Harmonic Mean 0.32578
Variance 1.39653
S.D. 1.18175
Skewed Coef. 3.30174
Kurtosis Coef. 29.67488
. MAD 0.80135
0010419 5509279 Range 73.76990
oo Mid_range 36.88496
Median 0.81059
Q1 0.39711
Q2 0.81059
Q3 1.50678
IQR 1.10967
C.V. 1.02432
W1
0010419 5.609279
(3-2-3)k=5, H,: A=A =..=1,=04, n=5,
The right tailed probability is removing 0.01,
fwl), F(wl) Coefficient
o e Mathematical Mean: 1.11772
e Geometrical Mean : 0.79747
Harmonic Mean 0.49050
Variance 0.92527
S.D. 0.96191
Skewed Coef. 2.53699
Kurtosis Coef. 17.18906
0008605 05211577 MAD 0.68151
Wl Range 49.42579
Mid_range 24.71293
Median 0.85943
Ql 0.47161
Q2 0.85943
Q3 1.46605
" IQR 0.99444
0.008605 4621677 CV 0.86060
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(3-2-4)k=3, H,: A, =4, =..=4,=04, n=10,
The right tailed probability is removing 0.01,

flwl), F(wl) Coefficient
" e disbiuten Mathematical Mean: 1.08341
B Geometrical Mean : 0.57737
Harmonic Mean 0.04849
Variance 1.45638
S.D. 1.20681
Skewed Coef. 2.78902
Kurtosis Coef. 17.51837
o MAD 0.83765
w Range 52.41545
Mid_range 26.20773
Median 0.70186
Q1 0.28585
Q2 0.70186
Q3 1.45158
IQR 1.16574
Sessos C.V. 1.11389
(3-2-5)k=4, H,: 4 =4, =..=1,=04, n=10,
The right tailed probability is removing 0.01,
flwl), F(wl) Coefficient
oo new distton Mathematical Mean: 1.06079
e Geometrical Mean : 0.70695
Harmonic Mean 0.32992
Variance 0.90130
S.D. 0.94937
Skewed Coef. 2.14696
Kurtosis Coef. 11.22040
0.008319 447‘1265 MAD 068941
vty Range 29.44046
i Mid_range 14.72025
Median 0.79741
Ql 0.40049
Q2 0.79741
Q3 1.42750
IQR 1.02700
0008319 uv7vjmﬁ C.V. 0.89496
(3-2-6)k=5, H,: A =4, =..=1,=04, n=10,
The right tailed probability is removing 0.001,
flwl), F(wl) Coefficient
[ rewdstbuen Mathematical Mean: 1.04800
e Geometrical Mean : 0.77764
: Harmonic Mean 0.49610
| Variance 0.64799
S.D. 0.80498
Skewed Coef. 1.80272
| Kurtosis Coef. 8.62824
| 0.010825 57‘/3\/37119 MAD 059821
wn Range 15.07232
b Mid range 7.53635
| Median 0.84780
! Ql 0.47631
Q2 0.84780
Q3 1.39722
| IQR 0.92092
| Wi C.V. 0.76811
0.010825 5.730743
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Chapter 9, The Continuous Trinomial distribution and trial
number=1,

The trinomial distribution and trial number=1,

fx, X, (xl’xz y P1, P2 ) =p'py (l —P1— P> )17,(]7);2 % =0Lx, =0Lx +x, =01
0<p <0< p, <],

analysis by Bayesian Theorem,

———P(x, =0lx,=1)=1,

P(X, =1)=p, ——pP(x, =1x, =1)=0,

P(Xlzo)zl_pl p_pl
———P(x, =1lx,=0)= L2

1-p,
P(X1 =04X, :0):p1’P(X1 =04, ZI)ZPZ’P(XI =04, =O)=(l—p1 _pz))

———P(x, =0lx, =0)=1—1L,

X, ~ Bernoullip, ), X, ~ Bernoull{p, )1 - X, — X, ~ Bernoull{l— p, — p,),
X, +X, ~ Bernoulll(p, +p, )

X, and X, are discrete random variables,

Let X, and X, be continuous random variablesand p, =4, , p, =4, to find
the Continuous Trinomial distribution and trial number=1,

fxl,xz (xl VX5 A, Ay ) = C(/ll Ay )lfl A (1 -4 -4 )Hq -,

0<x, <10<x,<10<x +x,<10<A <L0<A, <0< A +4, <],
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Section 1, Setting X, ~ Continuous Bernoulli( 4, ) , X, ~ Continuous Bernoulli( 4, )
to find the f, o (x,.%,,4.,4,),
I, (x4 )=CO A (1-2) 7" 0<x <10< 2 <1,
fro, (6 4)=C(4,)5 (1= 2,) ™ 0<x, <10< A, <1,
-1
2tanh™(1- 2/1,.)’&_ n
C(//{/[): 1_121 2’121’2},

2,4 =~
2

Getting the  f (xl 21) from joint probability density function of (x,, x, )
=x x| X, =X =X,
fxl ('xl :'/11): _[0 C(/II’//LZ )/11 A (1_/11 -4, )1 dx,,

X, 1=x;—x,
— er(ﬂ/1 )iic] (1 _ ﬂ/l )l—xl J'(;*/\H C(/ll ,2«2 )( A’Z J (1 _ A’Z J dxz )
1

c(4) (1-2 1-2,

X, I—x;—x,
A 1-x, A A 1-x 1—x,—x.
a=L 2| 1--22 de, = [ 22 (1=2) " dxy, ———(9.1
-4 J (1—/11]£ 1—11] =) A=)y === (0)

x, dx
w=—2,—2=1—x1,0<w<1,
1-x, dw

©.1)= [ A (1= 2) 0 (1= Jdw= (1, ) A (1= 2) 1 x, Jaw

(l_xl )W
)22 -2 ()

(- 1= ) e (-, )wxlog((%jndw

(- i) oo 2 )] -
(1-x,)x log((l_ﬂ“ﬂj]
(1 ’ ,J -

=(1-x J1-2)"" (

1) (log(1) —log(1 1)
@A
“log)—tog-2)" 7%
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(l)fXI,XZ (xl’xz;ﬂ’l’ﬂ’z): le (xl"ﬂ“l )f)(z\xl (x2|x1)
A

A= #0.5,

c(/ll,/12)1 . log(1)-1log(1- 2
A fiE

sz\xl (x2 |x1 ) =C (/1,)(1 ),1"2 (1 _ /«L)l—xl_xz ,

1-x,

C (A)A(1-4)™dx, =1,

PR =o.5,C(’1“ﬂ2)= ! =C"(4,x,),
1-2, c(4)  1-x
* 1-x; 1
fXZ‘xl(x2|x1):C(/1),0<x2<1—x1,.[) 1_xdxz:1
1

lesz (xl "XZ ’./11 11’2 ) = C(/ll ’22 )/1?' A;z (1 — /11 — 2{2 )l’xl’xz
= fxl (Xl A )f%‘xl (x2|x1)
= CAA (1= 2)7 x C (2 )2 (1= 2)

X5 I=x;—x,
_ A A A ]
=CO(1=2,)"" xC"| A =2, 2  ——
( 1) | ( 1) x ( - le(l—ﬂu]J ( 1‘%}

=4 )c*[z = ’12/1 X, jﬂ;ﬁ 22(1=4=24,) ™ 0<x, <x,0<x<]1,

!

a=to ,c(/ll,zz)=c(,11)c*[/1 A ,xlj,

1-2 1-4
2wank(1-22) . 1 log(2)—log(1-2)
o 2 ()™ =2y
c(x)= 1 ,C*(ﬂz—z,xljz
2 = 1 1-4 1 ) zl
M _E 1-x, ' 2
Fro, (13,0 20,4, )= C(AL A A2 (1= 2, = 4,) 070
= fx, (xl"ﬂ“l )fxz\xl (x2|x1)

= CAA (=2, < C" (A A= (1= 2) 7

X5 1=x;—x,
- A A A
=CA(1-4) " xCT| A=, 21—
(A (=2) 7 ( 7 le(l_/IJ[ 1-4}

yl e
2/1 ,xl]ﬂf‘ﬂ?(l—ll —4,) 70 <x, < x,,0 <x,<1,

1

4mwp1

A , A
A=—2-CA,1,)=CA4)C| 1=—2—,
=) (1 2) (1) [ -1 xl]

X,~Continuous Bernoulli (4, ), X, is not Continuous Bernoulli (4, ),
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) fx x, (xl:xz FA Ay ) =/, (xz";tz )fX,\xz (xl |x2)¢ I, (xl A )fxz\xl (x2|x1)
1=

o)) 8Dt )

fxl\xz (e, )= € (R, A7 (1= 2) 770,

C™(A,x, A" (1= A) ™M dy, =1,

#=0.5,

le»Xz ('xl ’x2 "//{’I ’/12 ) = C(//L] :/12 )/Ifl /1)2‘2 (1 - ﬂq - /12 )1—x1—x2
- sz (x2’./12 )fxl\xz (xl |x2)¢
= C(4, )25 (1=24,) 7 < €™ (2, A" (1= 2)

Xy 1-x,—x
x A A A
=C(A)A2(1-4,) " xC"| A=, 1 Q-
( 2) 2( 2) X ( -4, X2J(1—/12j ( 1—/12J

=C(1,)C (

jﬂd‘%’” (1-24-4,) "™ 0<x, <x,,0<x,<1,

A,
A= ,C(4,,4 )| 2= LE|
) ( ) 4 [ -1, xzj
() log(4)—log(1- 4 1
e SN i e
Cc(4,)= Bk ,c**(,1=—1,x2J: :
1 1-1, 1
2,4, =— —— A=

1
2 1-x, 2
)

X, ~Continuous Bernoulli (4, ), X, is not Continuous Bernoulli( 4, ),

(3)Conclusion,
S, (xz A, )fxl\xz (xl |x2 ) =/, (xl A )fxz\xl (xz |x1 ),
f)(2 (xz A, )fxl x> (xl |x2 ) and le (xl A )fxz\xl (

probability density function.

) do not have the property of joint

The requirement of X, ~ Continuous Bernoulli( 4, ) and X, ~ Continuous
Bernoulli( 4,) cannot derive the joint probability density function f (xl,x2 AL A, )
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Section 2, Following property of joint probability density function,

fxl,xz (xl’x2;/11’ﬂ’2)zc(ﬂ’l’ﬂ’ )/IXI;LXZ (1 A =4 )] R

O0<x, <L0<x,<L0<x +x,<10< A <1,0<A, <L0<A +4, <],

C(ﬁ'lj’z):?
Ouzl l(ﬁi—am,%i)

1- —X]—X,
fx1 (xl Ay Ay ) = _[0 C(/Il A )/ﬁcl Ay (1 —A4 =4 )I dx,,

1-x, ¥ —X| =X,
= C(ﬂ’l Ay )’1?1 .[0 A (1 -A-4 )l dx,

X, —X 1= /1 K
:Cu“ky*ﬁ_%_iﬂl‘4)(TTZ%Ein%__@2)

/’i’Z

S E—,
1-4, - 4,

(9'2) = C(ﬂ“l e )/If] (1 -4 =4 )l_xl M‘l o \

ﬁ f2ATM‘1
=C(A, ) (=2 =2, x2

Wt
1= 4, — 4,

/1ixl (/12 )I_XI B ﬂ'fl (1 B 2’1 B ﬂ’z )I_XI

= C(lvﬁz)
i)
1-4, -4,
1 C(4,,4, N Y - .
_[ole (xl’.j‘l’ﬂﬁ)dxl z(—(_[ /11] 1 dx, _J-Oﬂ’l (1_/11 _Az)l dxlj_(9'3)
Zn(2 J
1-2, -4,

(4, 4,) A=ty =2 =22

X
P2 ECCT B % T S B
1= 4, — 4, , 1-24, -4,
2
1- 4, — 4,

—1,-24

()4, # 4,,(9.3)= =1,
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FXI (xl S A, ) = J:l le (xl S A, )dxl

1 A A )
= M 1= -4) | —2—]| -1}
A=ty 1=, =24 {2&@j ]( : 2{&-@—@} D
Y8 1-2, -4,

0<x <1,

C(4,4,)
i)
1-4, -4,

ln(l 2?2 A j
C(ﬂl’ﬂz)z —
PR A7}

1-4 -4,

FxI ('xl S A, ) = J:l fxl (xl S A, )dxl

1 A
A —(=2 -2 | —2— | —1lo<x <1,
ﬂ_+1ﬂ?2il[]xl =4 2{(1—11—12J JJ :
1

(ii)2, = 1,,(9.3)=

C(;tl:ﬂz):
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2)4, =ﬂ,(11 =% and A, =%)
C(4,.4,)

fX,,X2 (xlle’.ﬂ'l’;i’Z): T}

0<x, <10<x,<10<x +x,<10<4, <0<, <1,0< 4, +4, <],

C(j“l A )JZ J‘:ﬁ %dxzdxl = C(/ll Ay )J-Ol @ dx, = % =1 C(/ll Ay ) =1
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2. The marginal probability distribution and the conditional probability distribution,

(/1;‘1 (/12 )H1 — /ﬁcl (1 — /11 — /12 )H1 ) j'2
I R T R ¥ I Ty Sy R R

+
P S
2, -4 -4,
(L -a0-4-2)") 4
1 = 1
=7, -2/, ,1_11_12;&,/11 A, 0<x, <1,

P
1-4, -4,

A
—x)—L2 =
( XI))l—ﬂ,]—ﬂz

fxl (xl"/llj'z):
A+

1;

The marginal probability distribution parameters are 4,4, ,
fx, (xl’.j’l =, A, = cz);’5 le (xl"ﬂ’l =, A, = 03)’5'2 SR

- 4,
(1 - ﬂ«l - ﬂz) ln(l B ﬁl _ /12 j 12 X, Zz
sz\XFxl (x2|x1)= (/12 )H] _(1_11 -4 )Hl {1_/11 _ﬁzj 1
1 b
l-x, ' 1-4, -4,

0<x, <l=-x,

The conditional probability distribution parameters are A, 4,.

sz\X1=x1 (x2|xl,‘/ll =c, A = cz);t sz\X1=x1 (x2|x1,'ﬂq =c, 4, =c¢; ),02 #c;.
This joint probability density function is

Fro, (0120020, 2,) = C(AL A A (1= 2, = 24,) 7,

A=A =2 fyx (0,20 4,4, )= C(A, A (1-24) ™77,

O0<x, <L0<x,<l0<x +x,<1,0<1<0.5,

A A
In x [n
1-24 1-24 1
,/1#5

C(4.4)= 1-34

6 A==

1= X qx —X =X, X -x
_[0 C(’ll Ay )/11 Ay (1 —A-4 )1 dx, # C(/ll )/11 (1 -4 )l ’
o C(/ll ’ ﬂz )ﬂixl /1;2 (1 - 11 - /12 )l_xl o dxl # C(/Iz )/1;1 (1 - Az )l_xI ’
X, 1is not Continuous Bernoulli( 4,),i =12,

X, +X, isnot Continuous Bernoulli( 4, + 4,).
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3. The simulated data is from numerical analysis
The range of (x,,x,),0<x, <L0<x, <LO<x +x, <1,

random wector (<1 X2) range map
Red area is the pdfis greatthan 0

Black area is the pdfiseqal 0

This area is cutting many very small area, the range of x;, and x, many small same
width segement.

1 1-x
S, (s 2, 20) 2 33 O A A 2 (1= 2y = 2,) ™7 A Ay,
1-x
(i) = 3 AR A1 2 ) v,
l—2x2
sz (xz "21 ,2,2 ) = zc(ﬂ'lrﬂ'z )/1le1 ﬂgxz (] — 11 — 12 )I’Axl’sz A)Cl

X
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4.The joint probability density function and marginal probability density function,
The joint probability distribution of (x,, x,)’,
(4-1) 2,=0.3333, 1,=0.3333, C(4,4,)=6.0003000300,

f(x1,x2) F(x1,x2)
rangom vector (X1 X2) tandom vector (1,X2)
y
y u:?;ﬁiﬂi 0087375 O[‘: 0997375
random vector (X1,X2) rangom vector (X1 X2)
ootk jr— . o s i it e
Black area is the paris 2qal 0 Brack a1ea 13 the patis eoal 0
E(X1)= 0.3334, Var(X1)= 0.0556, E(X2)= 0.3332, Var(X2)= 0.0555,
Cov(X1,X2)=-0.0278, X1 and X2 correlation coefficient=-0.5002.
f(x1), F(x1) Coefficient
0 rew deirien Mathematical Mean: 0.33339
e Geometrical Mean : 0.22317
Harmonic Mean : 0.04606
Variance : 0.05560
S.D. : 0.23579
Skewed Coef. : 0.56652
Kurtosis Coef. 2.40224
0001677 naagnza MAD : 0.19759
o 1 Range : 0.99985
Mid_range : 0.49995
Median : 0.29292
Q1 : 0.13397
Q2 : 0.29292
Q3 : 0.50002
IQR : 0.36605
0.001877 DBBgUZB C«v N 0.70724
f(x2), F(x2) Coefficient
) new distBuon Mathematical Mean: 0.33318
. Geometrical Mean : 0.22285
Harmonic Mean : 0.03883
Variance : 0.05553
S.D. : 0.23566
Skewed Coef. : 0.56645
Kurtosis Coef.  : 2.40166
0.001876 naazmu MAD . 0.19747
| Range : 0.99975
Mid_range : 0.49990
Median : 0.29272
Q1 : 0.13387
Q2 : 0.29272
Q3 : 0.49967
, IQR : 0.36580
0001876 0.007524 C.V. N 0.70729
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d1=X1-X2,

f(dl), F(dl) Coefficient
o e disrouton Mathematical Mean: 0.00021
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.16671
S.D. : 0.40830
Skewed Coef. : 0.00048
Kurtosis Coef. 2.40146
-0.995887 ne;m 47 MAD . 0.33334
o | Range : 1.99955
Mid_range : 0.00007
Median : 0.00025
Q1 : -0.29270
Q2 : 0.00025
Q3 : 0.29300
IQR : 0.58570
-0.995087 0. ;9151 47 C.V. . none

(4-2) 2,=0.01, 1,=0.01, C(4,,4,)=22.7474317294,

f(x1,x2) F(x1,x2)
randorm vector (41 X2) rangom vector (X1.X2)

y

002526

0025 7375
o §002525 099

randam vector 01 X2) random vector 012)

random vector (41 X2) 1ange map foint pdtimage rangom vector (X1 X2) range map oint patimage
Red 312315 he pis greathan 0 Red area is the paf 15 greatthan 0

Black area s the pat s egal 0

Black area i the pot s eqal 0

E(X1)=0.1933, Var(X1)=0.0304, E(X2)= 0.1933, Var(X2)= 0.0304,
Cov(X1,X2)=-0.0035, X1 and X2 correlation coefficient=-0.1140.

f(x1), F(x1) Coefficient
[ e diston Mathematical Mean: 0.19334
e Geometrical Mean : 0.11314
Harmonic Mean : 0.02131
Variance : 0.03043
S.D. : 0.17445
Skewed Coef. : 1.33583
Kurtosis Coef. 4.59905
0 MAD : 0.13624
e Range : 0.99985
o Mid_range : 0.49995
Median : 0.14187
Q1 : 0.05943
Q2 : 0.14187
Q3 : 0.27792
IQR : 0.21850
) C.V. : 0.90230

0.001677 0.098023
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f(x2), F(x2) Coefficient
A e ditibution Mathematical Mean: 0.19331
e Geometrical Mean : 0.11311
Harmonic Mean 0.02106
Variance 0.03042
S.D. 0.17440
Skewed Coef. 1.33473
Kurtosis Coef. 4.59486
0.001876 [IBBZ?GN MAD 013622
o | Range 0.99975
Mid_range 0.49990
Median 0.14187
Q1 0.05943
Q2 0.14187
Q3 0.27792
. IQR 0.21850
0.001878 0.997824 C.V. 0.90219
d1=X1-X2,
f(dl), F(dl) Coefficient
jm newdeton Mathematical Mean: 0.00003
e Geometrical Mean : none
Harmonic Mean
Variance 0.06778
S.D. 0.26036
Skewed Coef. 0.00120
Kurtosis Coef. 3.90703
-0.995047 EIB;mU MAD 0.19330
i 1 Range 1.99950
Mid_range 0.00010
Median 0.00000
Q1 -0.14185
Q2 0.00000
Q3 0.14180
IQR : 0.28365
-0.895047 0. ed;au? C.V. . none

(4-3) 2,=0.05, 1,=0.05, C(,,4,)=11.8420874605,

f(x1,x2)

F(x1,x2)

random veclor 0¢1,X2)
jomt pat mage

0996677,

0002521
002525
o4 00252

random vector 061 X
Fandom vector 063 2) range mag ot adf image

Red 2104 15 e par s geoal han 0

Black area s the par s 893l 0

Ay &V

Tandom vector 011 )2)
Jasntodt mage

random vector (X1 X2) range map
Red area 1s e petis great han 0
Black area (s the pef s easl 0
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f(x1), F(x1)

Coefficient

o e isrbution Mathematical Mean: 0.17531
S Geometrical Mean : 0.10133
Harmonic Mean 0.01915
Variance 0.02638
S.D. 0.16241
Skewed Coef. 1.45749
Kurtosis Coef. 5.15666
0.001877 0. 9915023 MAD O 12523
an IF Range 0.99985
Mid_range 0.49995
Median 0.12642
Ql 0.05278
Q2 0.12642
Q3 0.24957
IQR 0.19680
0.001877 0 9513023 C.V. 0.92640
f(x2), F(x2) Coefficient
S e disitan Mathematical Mean: 0.17531
e Geometrical Mean : 0.10129
Harmonic Mean 0.01910
Variance 0.02638
S.D. 0.16241
Skewed Coef. 1.45640
Kurtosis Coef. 5.15078
0.001876 05527524 MAD 0. 12526
I Range 0.99935
Mid range 0.49970
Median 0.12642
Q1 0.05273
Q2 0.12642
Q3 0.24962
. IQR 0.19690
0.001876 0.987524 CV 0.92644
d1=X1-X2,
f(d1), F(d1) Coefficient
[ e dsiten Mathematical Mean: -0.00000
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.05711
S.D. 0.23898
Skewed Coef. 0.00089
Kurtosis Coef. 4.22160
Ry Taon49 MAD 0.17532
o Range 1.99895
Mid_range 0.00037
Median 0.00000
Q1 -0.12645
Q2 0.00000
Q3 0.12640
) IQR : 0.25285
-0.995398 0.996148 C.V. : none
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(4-4) 1,=0.1, 1,=0.1,

C(4,,1,)=8.7879702452,

f(x1,x2)

F(x1,x2)

Tandom vector 01 X2)
joirt pas image

0997375

0.002¢:
0§ 002525

rangom vector 01,X2)
random veclor 0¢1 X2) range map iomt paf image
Roa 3093 is e pfis great than 0

Black area s the po is ecsl 0

A v

Tandom veclor 01,x2)
jomt pdf amage

08902525

rangom vector {61 X2)
foint pof image

random vector 0¢1 X2} range map
Red area s the pdfis great than 0
Black area (s e 9df s egal 0

p

E(X1)= 0.2696, Var(X1)= 0.0458, E(X2)=

0.2696, Var(X2)= 0.0458,

Cov(X1,X2)=-0.0135, X1 and X2 correlation coefficient=-0.2947.

f(x1), F(x1) Coefficient
foe new ditribuion Mathematical Mean: 0.26964
e Geometrical Mean : 0.16911
Harmonic Mean 0.03274
Variance 0.04577
S.D. 0.21395
Skewed Coef. 0.88087
Kurtosis Coef. 3.05649
0.001877 [IGG;DZH MAD 0'17491
[o0 Range 0.99985
" Mid_range 0.49995
Median 0.21772
Q1 0.09447
Q2 0.21772
Q3 0.40087
IQR 0.30640
0001877 0 aagnza C.V. 0.79347
f(x2), F(x2) Coefficient
o e e ton Mathematical Mean: 0.26959
Geometrical Mean : 0.16901
Harmonic Mean 0.03104
Variance 0.04576
S.D. 0.21391
Skewed Coef. 0.87989
Kurtosis Coef. 3.05258
0001877 u.aazeoza MAD 0.17489
a1 Range 0.99985
Mid_range 0.49995
Median 0.21767
Q1 0.09442
Q2 0.21767
Q3 0.40092
IQR 0.30650
0.001877 0 eezxnza C.V. 0.79345
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d1=X1-X2,

f(dl), F(dl) Coefficient
jan new lisroution Mathematical Mean: 0.00005
sy Geometrical Mean : none
Harmonic Mean :none
Variance : 0.11850
S.D. : 0.34424
Skewed Coef. : 0.00072
Kurtosis Coef. 291709
-0.096147 0 a;mw MAD : 0.26968
o 1 Range : 1.99970
Mid_range : 0.00000
Median : -0.00005
Q1 : -0.21770
Q2 : -0.00005
Q3 : 0.21790
Y IQR : 0.43560
-0.996147 0996147 C.V. . none

(4-5) 2,=0.2, 24,=0.2, C(4,4,)=6.6951731777,

f(x1,x2) F(x1,x2)
random vector 0 X2) rangom vector 001 X2)

G

b

0997375 0897375

sandom vector (41 2) random vector (1X2)
jont pat mage rangom vector (X1 X2 range map Joint pafimage
Red area is the pfis greatthan 0

Eiack area 1 the pdfis eqal 0

E(X1)=10.3009, Var(X1)= 0.0509, E(X2)= 0.3007, Var(X2)= 0.0509,
Cov(X1,X2)=-0.0198, X1 and X2 correlation coefficient=-0.3894.

f(x1), F(x1) Coefficient
oo rewdstiLen Mathematical Mean: 0.30094
e Geometrical Mean : 0.19485
Harmonic Mean : 0.03875
Variance : 0.05094
S.D. : 0.22571
Skewed Coef. : 0.72040
Kurtosis Coef.  : 2.68484
0.001877 Shonnzs MAD : 0.18705
a1 Range : 0.99985
Mid_range : 0.49995
Median : 0.25352
Q1 : 0.11257
Q2 : 0.25352
Q3 : 0.45047
IQR : 0.33790
0.001877 ne;xnza C.V. : 0.75002

110




f(x2), F(x2) Coefficient
[ rewasRLon Mathematical Mean: 0.30073
e Geometrical Mean : 0.19462
Harmonic Mean 0.03507
Variance 0.05088
S.D. 0.22557
Skewed Coef. 0.72049
Kurtosis Coef. 2.68469
0.001876 DBBZWN MAD 018693
[ Range 0.99980
Mid_range 0.49992
Median 0.25337
Q1 0.11257
Q2 0.25337
Q3 0.45007
IQR 0.33750
0001876 DEBZWN C.V. 0.75007
d1=X1-X2,
f(d1), F(d1) Coefficient
o ';’”’ e Mathematical Mean: 0.00021
Geometrical Mean : none
Harmonic Mean :none
Variance : 0.14147
S.D. 0.37613
Skewed Coef. 0.00028
Kurtosis Coef. 2.63806
-0.996097 DBBLHJ? MAD 030091
v 1 Range 1.99965
Mid_range 0.00002
Median 0.00025
Q1 -0.25335
Q2 0.00025
Q3 0.25365
. IQR : 0.50700
-0.996097 0996147 C.V. . none
(4-6) 4,=0.3, 2,=0.3, C(,,4,)=6.0432595817,
f(x1,x2) F(x1,x2)

Ao e 001 X2)

foint adf mage

00025244
002525
of

random vector 041,2)
Joine pot image

rangom vector 01 X2) range map
Red area is e paf 1s greatihan 0
Black area 1s e pdf s 6aal 0

random vector (1 X2)
joint pfimage

FOc1 )

0.00252
0.002525
00

random vector (1 ) range map
Red areals the paf is greatthan 0
Blackarea s the pdfis eqal 0

randam vector (<1 X2)

joint pif image

0997375

E(X1)=10.3253, Var(X1)= 0.0545, E(X2)= 0.3252, Var(X2)= 0.0544,
Cov(X1,X2)=-0.0257, X1 and X2 correlation coefficient=-0.4713.
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f(x1), F(x1) Coefficient
s v rewderuon Mathematical Mean: 0.32525
Geometrical Mean : 0.21595
Harmonic Mean 0.04417
Variance 0.05449
S.D. 0.23343
Skewed Coef. 0.60408
Kurtosis Coef. 2.46500
000877 0. BB"B[IZB MAD 0 195 12
w Range 0.99985
Mid_range 0.49995
Median 0.28287
Ql 0.12837
Q2 0.28287
Q3 0.48777
’ IQR 0.35940
0.001877 0.808023 C.V. 0.71769
f(x2), F(x2) Coefficient
el e Mathematical Mean: 0.32523
Geometrical Mean : 0.21582
Harmonic Mean 0.03818
Variance 0.05445
S.D. 0.23334
Skewed Coef. 0.60257
Kurtosis Coef. 246178
DO 0997924 MAD 0.19507
10 Range 0.99975
Mid_range 0.49990
Median 0.28297
Ql 0.12837
Q2 0.28297
Q3 0.48782
. IQR 0.35945
0.001876 0.997924 CV 071 747
d1=X1-X2,
f(dl), F(d1l) Coefficient
) new distribution Mathematical Mean: 0.00003
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.16028
S.D. 0.40035
Skewed Coef. 0.00135
Kurtosis Coef. 2.45570
ot MAD 0.32526
o [ Range 1.99955
Mid_range 0.00007
Median -0.00020
Q1 -0.28285
Q2 -0.00020
Q3 0.28290
y IQR : 0.56575
-0.995997 0996147 C.V. . none
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(4-7) 2,=0.4, 2,=0.4, C(4,4,)=6.2191290110,

f(x1,x2) F(x1,x2)
Tandom vector 0CT X2) random vector (X1 X2)
4
o randorn vector (0X1,X2) random vector (X1 X2
pecsisoppdpin iy reisod s b
E(X1)=0.3518, Var(X1)= 0.0580, E(X2)= 0.3516, Var(X2)=0.0579,
Cov(X1,X2)=-0.0329, X1 and X2 correlation coefficient=-0.5680.
f(x1), F(x1) Coefficient
[ rewas RN Mathematical Mean: 0.35176
e Geometrical Mean : 0.23972
Harmonic Mean : 0.05057
Variance : 0.05796
S.D. : 0.24076
Skewed Coef. : 0.48401
Kurtosis Coef. 2.27791
0001877 DHE:EDZS MAD : 020279
[oo Range : 0.99985
e Mid_range : 0.49995
Median : 0.31597
Ql : 0.14712
Q2 : 0.31597
Q3 : 0.52732
IQR : 0.38020
0001877 naaL*nza C.V. : 0.68445
f(x2), F(x2) Coefficient
[ rewsistbuien Mathematical Mean: 0.35161
e Geometrical Mean : 0.23941
Harmonic Mean : 0.04041
Variance : 0.05791
S.D. : 0.24065
Skewed Coef. : 0.48326
Kurtosis Coef. 2.27646
2 MAD : 0.20270
0.001876 0.997974
Foc Range : 0.99980
" Mid_range : 0.49992
Median : 0.31587
Q1 : 0.14707
Q2 : 0.31587
Q3 : 0.52707
IQR : 0.38000
2 C.V. : 0.68440
0.001876 0.997974
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d1=X1-X2,

f(dl), F(dl) Coefficient
[ e disbten Mathematical Mean: 0.00014
ey Geometrical Mean : none
Harmonic Mean :none
Variance : 0.18169
S.D. : 0.42626
Skewed Coef. : 0.00088
Kurtosis Coef. 2.28701
-0.996097 09515167 MAD : 0.35174
o 1 Range : 1.99965
Mid_range : 0.00002
Median : 0.00000
Q1 : -0.31590
Q2 : 0.00000
Q3 : 0.31610
" IQR : 0.63200
-0.996007 0.096147 C.V. . none

(4-8) 1,=0.48, 1,=0.48, C(4,,4,)=8.2036882336,

f(x1,x2) F(x1,x2)

Tangom vector 012) Tandom vector 01 X2
oint ad image

Joint paf mage

0987375

fandom vector 061 X2)
rangom vector 01 X3} range map. Joint pafimage

random vector 041 X2)
rangom vector 01 X2) 1ange map Joirt pafimage
Rad area is the 9df 15 great an 0
Black area is Ihe pdfis eqal &

E(X1)=10.3900, Var(X1)= 0.0625, E(X2)= 0.3897, Var(X2)= 0.0625,
Cov(X1,X2)=-0.0448, X1 and X2 correlation coefficient=-0.7169.

f(x1), F(x1) Coefficient
o rewetben Mathematical Mean: 0.38996
R Geometrical Mean : 0.27491
Harmonic Mean : 0.06058
Variance : 0.06251
S.D. : 0.25003
Skewed Coef. : 0.32090
Kurtosis Coef. 2.08239
0.001877 uaeguza MAD : 0.21242
o | Range : 0.99985
Mid_range : 0.49995
Median : 0.36517
Q1 : 0.17622
Q2 : 0.36517
Q3 : 0.58252
! IQR : 0.40630
0001877 0998023 C.V. : 0.64115
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f(x2), F(x2) Coefficient
S e s Mathematical Mean: 0.38969
R Geometrical Mean : 0.27428
Harmonic Mean 0.04124
Variance 0.06247
S.D. 0.24994
Skewed Coef. 0.32051
Kurtosis Coef. 2.08063
0.001877 neeénza MAD 0.21236
o 1 Range 0.99985
Mid_range 0.49995
Median 0.36492
Q1 0.17602
Q2 0.36492
Q3 0.58227
IQR 0.40625
0.001877 Deeéma C.V. 0.64139
d1=X1-X2,
f(d1), F(d1) Coefficient
e e st Mathematical Mean: 0.00028
i Geometrical Mean : none
Harmonic Mean :none
Variance : 0.21458
S.D. 0.46323
Skewed Coef. 0.00045
Kurtosis Coef. 2.08761
-0.996147 0. 99151 47 MAD 038995
w Range 1.99970
Mid_range 0.00000
Median 0.00030
Q1 -0.36505
Q2 0.00030
Q3 0.36535
IQR : 0.73040
-0.996147 0. ;915147 C.V. . none
(4-9) 4,=0.1, 2,=0.2, C(4,4,)=7.6357730188,
f(x1,x2) F(x1,x2)

Tandom vector 001 33

foinit pef image

000252
0002626

111
random vestor 0(1 X2) range map.

Red area is he pdtis preat than 0
Black area is the pdfis egal 0

E(X1)=0.2634, Var(X1)= 0.0443, E(X2)= 0.3082, Var(X2)= 0.0524,
Cov(X1,X2)=-0.0164, X1 and X2 correlation coefficient=-0.3403.

Tandom vector 0¢1 )2)
Joint pot image

[ITIED

rangom vector 0¢1.X2)
foint pa image.

random vactor 01 X2)
joirt pat image

(G

I
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f(x1), F(x1) Coefficient
e newstouton Mathematical Mean: 0.26338
e Geometrical Mean : 0.16462
Harmonic Mean 0.03182
Variance 0.04432
S.D. 0.21052
Skewed Coef. 0.90974
Kurtosis Coef. 3.14231
0.001877 [IBBWEEIZ] MAD 0'17159
- [ Range 0.99985
Mid_range 0.49995
Median 0.21162
Ql 0.09167
Q2 0.21162
Q3 0.39067
IQR 0.29900
1 C.V. 0.79931
0.001877 0998023
f(x2), F(x2) Coefficient
[ rewesBLon Mathematical Mean: 0.30818
e Geometrical Mean : 0.20049
Harmonic Mean 0.03692
Variance 0.05235
S.D. 0.22881
Skewed Coef. 0.68722
Kurtosis Coef. 2.61003
0.001878 09927974 MAD 0'1 9020
(2 Range 0.99980
Mid_range 0.49992
Median 0.26152
Q1 0.11647
Q2 0.26152
Q3 0.46217
IQR 0.34570
0001876 ) 9927974 CV. 0.74246
d1=X1-X2,
f(dl), F(d1) Coefficient
e ewdistinton Mathematical Mean: -0.04480
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.12946
S.D. 0.35980
Skewed Coef. 0.02978
Kurtosis Coef. 2.76650
-0.998047 D99151 47 MAD 0'28543
T Range 1.99960
Mid_range 0.00005
Median -0.03805
Q1 -0.28480
Q2 -0.03805
Q3 0.18695
IQR : 0.47175
-0.996047 0;9151 47 CV - hone
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(4-10) 4,=0.1,

2,=0.3, C(4,,4,)=7.1455294994,

f(x1,x2)

F(x1,x2)

random vector 013)

Joint paf image

000252
p062525
od

rangom vector (01 X2)

Joint pdf mage
Etack area is the pofis easl 0

ay v

tandom vector (X1X2) range map
Red area i¢ the patis grest han §

random vectar (41 X2)
1ot pat image

rangom vector (X1,62)
foint pdfimage

g area 15 e pdfis g
Black 319 i5 the pa

p

0897375

E(X1)= 0.2604, Var(X1)= 0.0436, E(X2)=

0.3359, Var(X2)= 0.0563,

Cov(X1,X2)=-0.0186, X1 and X2 correlation coefficient=-0.3753.

f(x1), F(x1) Coefficient
o [ e e Mathematical Mean: 0.26041
Geometrical Mean : 0.16249
Harmonic Mean 0.03141
Variance 0.04365
S.D. 0.20892
Skewed Coef. 0.92426
Kurtosis Coef. 3.18602
0.001877 [IBB:Z[IZGI MAD 017003
[e Range 0.99985
" Mid_range 0.49995
Median 0.20867
Q1 0.09037
Q2 0.20867
Q3 0.38582
IQR 0.29545
0.001877 na;snza C.V. 0.80228
f(x2), F(x2) Coefficient
@ e dstiuton Mathematical Mean: 0.33585
e Geometrical Mean : 0.22456
Harmonic Mean 0.04100
Variance 0.05632
S.D. 0.23732
Skewed Coef. 0.55704
Kurtosis Coef. 2.37828
0.001876 09927924 MAD 0'1991 1
a1 Range 0.99975
Mid_range 0.49990
Median 0.29532
Q1 0.13472
Q2 0.29532
Q3 0.50447
IQR 0.36975
C.V. 0.70663
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d1=X1-X2,

f(dl), F(dl) Coefficient
o ':”’ rewestbton Mathematical Mean: -0.07545
Geometrical Mean : none
Harmonic Mean :none
Variance 0.13718
S.D. 0.37038
Skewed Coef. 0.06820
Kurtosis Coef. 2.66832
-0.996047 09915147 MAD 0'29674
o 1 Range 1.99960
Mid_range 0.00005
Median -0.06845
Q1 -0.33250
Q2 -0.06845
Q3 0.16675
IQR : 0.49925
-0.996047 DB?EM? C'V' : none
(4-11) 24,=0.1, 4,=0.4, C(1,,1,)=6.945348179,
f(x1,x2) F(x1,x2)

joms pat image

0.00252)

B
28902625 0997375

random vestor (<1 X2)
loint pdf mage

random vector 041 X2) rangs map
80 3193 13 the p1s great han 0
Black area s the pafs egal 0

Fandom vactor 061 )2)
Jout po image.

000252
0002526
00

random vector (X1 X2) range map
Fed area 1s the piis greal man 0
Black area 1s the pa s eqal 0

foint paf mage

E(X1)=10.2591, Var(X1)=0.0433, E(X2)=
Cov(X1,X2)=-0.0206, X1 and X2 correlation coefficient=-0.4077.

0.3594, Var(X2)= 0.0591,

random vector (<1 X2)

¥

0997376

f(x1), F(x1) Coefficient
e [ Rt Mathematical Mean: 0.25910
Geometrical Mean : 0.16156
Harmonic Mean 0.03123
Variance 0.04335
S.D. 0.20820
Skewed Coef. 0.93048
Kurtosis Coef. 3.20533
0.001877 naawxnza MAD 0.16934
o 1 Range 0.99985
Mid_range 0.49995
Median 0.20742
Q1 0.08982
Q2 0.20742
Q3 0.38367
IQR 0.29385
0.001877 nee‘xnu C.V. 0.80356

1
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f(x2), F(x2) Coefficient
S e s Mathematical Mean: 0.35936
B Geometrical Mean : 0.24622
Harmonic Mean 0.04503
Variance 0.05907
S.D. 0.24304
Skewed Coef. 0.45046
Kurtosis Coef. 2.22760
0001876 nwzmm MAD 0.20517
w1 Range 0.99970
Mid_range 0.49987
Median 0.32542
Q1 0.15232
Q2 0.32542
Q3 0.53892
IQR 0.38660
0.001876 DBBZWN C'\/‘ 0'67630
d1=X1-X2,
f(dl), F(d1) Coefficient
Y rewdsiuton Mathematical Mean: -0.10026
e Geometrical Mean : none
Harmonic Mean :none
Variance 0.14368
S.D. 0.37905
Skewed Coef. 0.10956
Kurtosis Coef. 2.59600
-0, 9(9:@67 0. 9915147 MAD 0.30605
0 Range 1.99950
Mid_range 0.00010
Median -0.09580
Q1 -0.37190
Q2 -0.09580
Q3 0.15095
p IQR : 0.52285
-0.995047 0.896147 C‘V. . none

(4-12) 4,=0.1,

2,=0.5, C(1,,4,)=6.9453825633,

f(x1,x2)

F(x1,x2)

Tangom vector (X1 X2
foint 9o image

rangom vector 001 X2) range map
Fied area Is e par s great han 0
Blatk aroa is the pdfis aqal 0

E(X1)=10.2591, Var(X1)= 0.0434, E(X2)= 0.3814, Var(X2)=0.0611,
Cov(X1,X2)=-0.0227, X1 and X2 correlation coefficient=-0.4411.

rangom vedtor 041 X2)
Joiet gt image

random vector 001 2)
Joint paf image

119

0002525
o

rangom veclor 041521

o
Red ares is the pof I3 greatthan 0
Brack ares is the pofis aqal 0

y

9997375




f(x1), F(x1)

Coefficient

Tew distibution

Mathematical Mean: 0.25909
e Geometrical Mean : 0.16156
Harmonic Mean 0.03126
Variance 0.04335
S.D. 0.20821
Skewed Coef. 0.93096
Kurtosis Coef. 3.20695
MAD 0.16933
ol Range 0.99985
Mid_range 0.49995
Median 0.20737
Ql 0.08982
Q2 0.20737
Q3 0.38362
\ IQR 0.29380
0.001877 0.998023 C.V 0.80362
f(x2), F(x2) Coefficient
s et Mathematical Mean: 0.38144
Geometrical Mean : 0.26749
Harmonic Mean 0.04904
Variance 0.06115
S.D. 0.24728
Skewed Coef. 0.35341
, Kurtosis Coef. 2.12112
0 Fn(:(g)ﬂ 0.002023 MAD 0.20965
100 Range 0.99985
Mid_range 0.49995
Median 0.35457
Ql 0.17052
Q2 0.35457
Q3 0.56957
2 IQR 0.39905
0.001877 0.998023 C‘\/, 0.64827
d1=X1-X2,
f(dl), F(d1l) Coefficient
[ rewasRLon Mathematical Mean: -0.12235
Rl Geometrical Mean : none
Harmonic Mean :none
Variance : 0.14992
S.D. 0.38719
Skewed Coef. 0.15481
Kurtosis Coef. 2.53994
-0.998147 EIB;BWU MAD 031466
- (e Range 1.99970
Mid_range 0.00000
Median -0.12260
Ql -0.40740
Q2 -0.12260
Q3 0.13725
IQR : 0.54465
1 C.V. : none

-0.996147 0536147
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(4-13) 4,=0.1, 1,=0.6, C(4,1,)=7.1456533130,

f(x1,x2)

F(x1,x2)

ot adfimage

ransom veetor (1 K2)
random vactor (<1 X2) range map ot image
pdfis greatian 0
@ pif 15 ol §

P

E(X1)=10.2604, Var(X1)=0.0437, E(X2)= 0.4037, Var(X2)= 0.0628,
Cov(X1,X2)=-0.0251, X1 and X2 correlation coefficient=-0.4786.

randam vectar 041 )2)
0wt peimage

Red area s the pof 1 great than 0

Black ar2a s the pot s eaal 0

9997378

f(x1), F(x1) Coefficient
[ e etaen Mathematical Mean: 0.26044
e Geometrical Mean : 0.16251
Harmonic Mean 0.03146
Variance 0.04367
S.D. 0.20898
Skewed Coef. 0.92525
Kurtosis Coef. 3.18932
Soannzs MAD 0.17006
ol Range 0.99985
Mid_range 0.49995
Median 0.20867
Q1 0.09042
Q2 0.20867
Q3 0.38577
, IQR 0.29535
0.001877 0.998023 C.V. 0.80242
f(x2), F(x2) Coefficient
o st ten Mathematical Mean: 0.40367
. Geometrical Mean : 0.28974
Harmonic Mean 0.05218
Variance 0.06276
S.D. 0.25052
Skewed Coef. 0.25837
Kurtosis Coef. 2.04391
0001877 DBEZBDZS MAD 0'21302
. 0@ Range 0.99985
Mid range 0.49995
Median 0.38457
Q1 0.19052
Q2 0.38457
Q3 0.59882
IQR 0.40830
C.V. 0.62060
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d1=X1-X2,

f(d1), F(d1)

Coefficient

new distribution

Mathematical Mean: -0.14323
ey Geometrical Mean : none
Harmonic Mean :none
Variance 0.15654
S.D. 0.39566
Skewed Coef. 0.20392
Kurtosis Coef. 249334
s MAD 0.32344
™ Range 1.99970
Mid_range 0.00000
Median -0.15020
Q1 -0.44170
Q2 -0.15020
Q3 0.12510
IQR : 0.56680
I Tasetir C.V. : none
(4-14) 2,=0.1, 1,=0.7, C(4,,2,)=7.6360121679,
f(x1,x2) F(x1,x2)

random vector 0¢1X2)
joint gt mage

s19a7pe

00025
o§ 002528

0687375

rangom vector (X1,2)
rangom vettor (¢1.X2) range map. foint paf image
Fed area IS the paf s greatthan 0
Black area is the pot s eqal 0

fandom vector (X1 X2)
jont adtimage

002525

random vectar (1 X2)
foint pdf imags

random vector (<1 X2) range man
Rad area is the pdf s great man
Black wi2a is the s eqal 0

y

E(X1)= 0.2635, Var(X1)= 0.0444, E(X2)=

0.4283, Var(X2)= 0.0639,

Cov(X1,X2)=-0.0280, X1 and X2 correlation coefficient=-0.5252.

f(x1), F(x1)

Coefficient

[0
1
\l
0.001877 0898023
oa)
/ 1

0.001877 0998023

Hew distribution
2.0867

1.00

Mathematical Mean:
Geometrical Mean :
Harmonic Mean
Variance

S.D.

Skewed Coef.
Kurtosis Coef.
MAD

Range

Mid_range

Median

Q1

Q2

Q3

IQR

C.V.

0.26345
0.16465
0.03183
0.04436
0.21062
0.91087
3.14641
0.17165
0.99985
0.49995
0.21162
0.09172
0.21162
0.39077
0.29905
0.79948
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f(x2), F(x2) Coefficient
o newdistibution Mathematical Mean: 0.42835
By Geometrical Mean : 0.31557
Harmonic Mean 0.05597
Variance 0.06393
S.D. 0.25285
Skewed Coef. 0.15523
Kurtosis Coef. 1.99025
0.001877 DBBZB[IZ3 MAD 021536
o2 Range 0.99985
' Mid_range 0.49995
Median 0.41812
Q1 0.21517
Q2 0.41812
Q3 0.62932
IQR 0.41415
0.001877 DBBZE[IZ3 C.V 0.59029
d1=X1-X2,
f(dl), F(dl) Coefficient
o e disbuten Mathematical Mean: -0.16490
e Geometrical Mean : none
Harmonic Mean :none
Variance 0.16423
S.D. 0.40526
Skewed Coef. 0.26130
Kurtosis Coef. 2.45371
-0.996147 [IB;EWU MAD 0-33313
o [ Range 1.99970
Mid _range 0.00000
Median -0.18125
Q1 -0.47745
Q2 -0.18125
Q3 0.11310
. IQR : 0.59055
-0.996147 0.996147 C.V. :none
(4-15) 4,=0.1, 1,=0.8, C(4,1,)=0.87884271088,
f(x1,x2) F(x1,x2)
random vector 01 X2) randam vector (<1X2)
y
WL G e
soymge— — oy —

E(X1)=10.2697, Var(X1)= 0.0458, E(X2)= 0.4606, Var(X2)= 0.0646,
Cov(X1,X2)=-0.0323, X1 and X2 correlation coefficient=-0.5940.
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f(x1), F(x1) Coefficient
o rewsistb e Mathematical Mean: 0.26971
e Geometrical Mean : 0.16914
Harmonic Mean 0.03275
Variance 0.04583
S.D. 0.21407
Skewed Coef. 0.88238
Kurtosis Coef. 3.06223
0.001877 [IGB;[IZGI MAD 017498
1 Range 0.99985
e Mid_range 0.49995
Median 0.21777
Ql 0.09447
Q2 0.21777
Q3 0.40092
IQR 0.30645
0.001877 0991B023 C.V 0.79369
f(x2), F(x2) Coefficient
[ e e Mathematical Mean: 0.46061
e Geometrical Mean : 0.35072
Harmonic Mean 0.05938
Variance 0.06459
S.D. 0.25414
Skewed Coef. 0.02217
Kurtosis Coef. 1.96643
0001876 naazwu MAD 0.21644
o 1 Range 0.99975
Mid_range 0.49990
Median 0.46217
Ql 0.25067
Q2 0.46217
Q3 0.66607
IQR 0.41540
0.001876 [IBBZWN C‘v 0'55175
d1=X1-X2,
f(d1), F(dl) Coefficient
e e distbton Mathematical Mean: -0.19090
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.17505
S.D. 0.41839
Skewed Coef. 0.33967
Kurtosis Coef. 2.42189
-0.996047 UBQLWU MAD 0.34583
o 1 Range 1.99960
Mid_range 0.00005
Median -0.22195
Q1 -0.52110
Q2 -0.22195
Q3 0.09930
IQR : 0.62040
nnnnnnn oy C.V. : none
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(4-16) 2,=0.1, 1,=0.89,

C(4,,1,)=13.9288280159,

f(x1,x2)

F(x1,x2)

Tandom vector 01 X2)
foir peimage

0002521
poeszs 9997375
o
randorm vector 0(1 X2)
randomn vector (<1 )2) rangs map fom pat image
Red 3193 s the pdfis great than 0
Black arwa s the paris waat 0

random vector (X1 2)
loint p image

random vector 041 X2)
random vector (1 X2) rangs map 1ot pof image
Red area i the pa 1= great tan 0

Black sted 16 the pa s 931 0

E(X1)=10.2891, Var(X1)=0.0507, E(X2)=
Cov(X1,X2)=-0.0434, X1 and X2 correlation coefficient=-0.7639.

0.5273, Var(X2)= 0.0636,

f(x1), F(x1) Coefficient
o e st Mathematical Mean: 0.28912
e Geometrical Mean : 0.18262
Harmonic Mean 0.03519
Variance 0.05068
S.D. 0.22513
Skewed Coef. 0.80025
Kurtosis Coef. 2.82457
0.001877 EIB;E[IZGI MAD 0‘18567
el Range 0.99985
Mid_range 0.49995
Median 0.23647
Q1 0.10252
Q2 0.23647
Q3 0.43327
IQR 0.33075
0.001877 na;xnza CV 077868
f(x2), F(x2) Coefficient
s v AsBton Mathematical Mean: 0.52728
e Geometrical Mean : 0.42671
Harmonic Mean 0.05734
Variance 0.06355
S.D. 0.25209
Skewed Coef. -0.24858
Kurtosis Coef. 2.06515
0.001877 UBBZEUZS MAD 021319
o 1 Range 0.99985
Mid _range 0.49995
Median 0.55107
Q1 0.33292
Q2 0.55107
Q3 0.73382
IQR 0.40090
ey : C.V. 0.47810

0998023
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d1=X1-X2,

f(dl), F(dl) Coefficient
fan) newdlsitiion Mathematical Mean: -0.23816
pemee Geometrical Mean : none
Harmonic Mean :none
Variance : 0.20094
S.D. 0.44826
Skewed Coef. 0.49886
Kurtosis Coef. 2.41031
-0.996147 w;mﬂ MAD 0.37308
o [ Range 1.99970
Mid_range 0.00000
Median -0.30470
Q1 -0.60250
Q2 -0.30470
Q3 0.07485
. IQR : 0.67735
-0.896147 0.996147 C.V. . none

(4-17) 4,=0.01, 2,=0.5, C(4,,4,)=10.5265104948,

f(x1,x2) F(x1,x2)

random vector 041 X2) Tardom vector 001 X2)
Jortptimage

foint patimage

random vector (<1 X2 random vector 001 )2)
ot pat image random vactar (¢t 32 range map fort pdtimage
Red area 1s e pt s great han 0

random vactar (<1 X2) range map
Fed area 15 e pdf 5 greathan 0
Black ar2a 15 e 9l 15 eqal 0

Brack atea 15 e pal s eqal O

y

owarie

E(X1)=0.1773, Var(X1)= 0.0259, E(X2)= 0.4125, Var(X2)= 0.0651,
Cov(X1,X2)=-0.0130, X1 and X2 correlation coefficient=-0.3166.

f(x1), F(x1) Coefficient

mew distibuton Mathematical Mean:

e Geometrical Mean :
Harmonic Mean :
Variance :
S.D. :
Skewed Coef. :
Kurtosis Coef.
MAD :

1
0.001876 0.997874

Range

1)

Mid_range
Median
Q1
Q2
Q3
IQR

1 C.V.

0.001878 0.097874

0.17732
0.10387
0.01982
0.02586
0.16082
1.39661
4.94160
0.12481
0.99970
0.49987
0.13017
0.05473
0.13017
0.25382
0.19910
0.90698
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f(x2), F(x2)

Coefficient

new distribution

o Mathematical Mean: 0.41251
Geometrical Mean : 0.29594
Harmonic Mean 0.06718
Variance 0.06506
S.D. 0.25507
Skewed Coef. 0.22824
Kurtosis Coef. 1.99682
0.001877 [IBEZEEWS MAD 021763
n = Range 0.99990
Mid_range 0.49997
Median 0.39487
Ql 0.19417
Q2 0.39487
Q3 0.61457
IQR 0.42040
0001877 naazanm C.V. 0.61833
d1=X1-X2,
f(d1), F(dl) Coefficient
ks e Mathematical Mean: -0.23520
Geometrical Mean : none
Harmonic Mean :none
Variance : 0.11690
S.D. 0.34191
Skewed Coef. 0.14965
Kurtosis Coef. 2.65729
-0.996197 0. 9915397 MAD 0‘27932
o " Range 1.99950
Mid_range -0.00015
Median -0.22775
Q1 -0.49110
Q2 -0.22775
Q3 0.00085
» IQR : 0.49195
-0.996197 0995897 CV :none
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6.The conditional probability f, M (x2 |x1 ),
A=A —4,) "™
=%, 1-x,—x,
_[0 Ay (1 A4 ) dx,

1% x| X —X1—X Xx) -X
.[o C(/ll A )ﬂql A (1 -4 =4, )1 dx, # C(ﬂ“l )ﬂq (1 -4 )l :
The numerical analysis,

1-x

fxl (xl A2, ) = z C(ﬂq Ay );le1 /ﬁxz (l -4 -4 )17&17&2 Ax,,

X2

s (-2 -2)""
Z/ﬁxz (1 - ]“1 - /12 )IiM]iMZ sz

X2

fxz\xl (x2|x1):

0<x,<Il-x,

(1)4,=0.2, 1,=0.4,

(1-1) x1=0,
f(x2[x1), F(x2[x1) Coefficient
e e disbutn Mathematical Mean: 0.50000
e Geometrical Mean : 0.36789
Harmonic Mean 0.05082
Variance 0.08334
S.D. 0.28868
Skewed Coef. -0.00003
Kurtosis Coef. 1.79981
0.001852 [IBBZBME MAD 0.25002
- F(<2x1=0.000000) Range 1.00000
Mid_range 0.50000
Median 0.50001
Ql 0.24997
Q2 0.50001
Q3 0.74997
. IQR 0.50000
0001852 0.998148 C.V. 0.57737

x, =0, IOHI 22(1=24,) " " dx, = I()l 0.40.4' dx, = 1/2.5 (numerical analysis),

(1-2) x1=0.2,
f(x2[x1), F(x2[x1) Coefficient
v ([ e st Mathematical Mean: 0.40008
Geometrical Mean : 0.29432
Harmonic Mean 0.04496
Variance 0.05335
S.D. 0.23097
Skewed Coef. -0.00033
. Kurtosis Coef. 1.79987
S e MAD 0.20004
100 Range 0.80000
Mid range 0.40000
Median 0.40009
Q1 0.20002
Q2 0.40009
Q3 0.60017
. IQR 0.40015
0.001482 0798518 CV 0.57732

x =02,[ " 22 (1-2,) " d,

= [[*0.4%0.4"%* dr, 21/2.6017288003 (numerical analysis),
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(1-3) x1=0.5,

f(x2[x1), F(x2x1) Coefficient
e (e e N Mathematical Mean: 0.25005
Geometrical Mean : 0.18396
Harmonic Mean 0.02864
Variance 0.02084
S.D. 0.14436
Skewed Coef. -0.00020
Kurtosis Coef. 1.80002
0.000926 DOBZB[WA MAD 0 12502
P e Range 0.50000
Mid_range 0.25000
Median 0.25003
Ql 0.12504
Q2 0.25003
Q3 0.37508
IQR 0.25004
0.000926 DOBZB[WA C‘\/. 0.5773]
1-x, —x —
x, =0.5, IO 22 (1= 24,) ™ dx,
0.5
= J.O 0.420.4""" dx, =1/3.1622777168(numerical analysis),
(1-4) x1=0.8,
f(x2[x1), F(x2[x1) Coefficient
s (e e e Mathematical Mean: 0.10001
Geometrical Mean : 0.07359
Harmonic Mean 0.01116
Variance 0.00333
S.D. 0.05774
Skewed Coef. -0.00013
Kurtosis Coef. 1.80000
2000778 THasan MAD 0.05001
» FO2Ix1=0.800000) Range 0.20000
Mid range 0.10000
Median 0.10001
Q1 0.05001
Q2 0.10001
Q3 0.15002
IQR 0.10001
C.V. 0.57732
1-x; —x —
x, =0.8, IO 22 (1= 24,) ™ dx,
0.2
= J.O 0.420.4"* dx, = 1/6.0056222271(numerical analysis),
(1-5) x1=0.99,
f(x2[x1), F(x2x1) Coefficient
[leapa=n es000n e dtbuion Mathematical Mean: 0.00500
B Geometrical Mean : 0.00368
Harmonic Mean 0.00051
Variance 0.00001
S.D. 0.00289
Skewed Coef. -0.00072
Kurtosis Coef. 1.79982
e MAD 0.00250
100 Range 0.01000
Mid_range 0.00500
Median 0.00500
Q1 0.00250
Q2 0.00500
Q3 0.00750
. IQR : 0.00500
0.000019 0.009981 C.V : none

% =099,[ " 23 (1-2,) " " dx,

= ["0.470.4"" dx, = 1/100.9255571552(numerical analysis).
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(2)4,=02, 1,=0.2,,

(2-1) x1=0,
f(x2[x1), F(x2x1) Coefficient
e e et Mathematical Mean: 0.41032
Geometrical Mean : 0.27624
Harmonic Mean : 0.03384
Variance : 0.07856
S.D. : 0.28029
Skewed Coef. : 0.37814
Kurtosis Coef.  : 1.99835
nn&xwﬁj:n 000000 H;ﬂﬂs MAD : 0.24002
100 Range : 1.00000
Mid_range : 0.50000
Median : 0.36917
Q1 : 0.16594
Q2 : 0.36917
Q3 : 0.63115
2 IQR : 0.46520
0.001852 0.938148 C.V . 0.68309

x =0, _LI_XI A (1 -4 )l_x} “dx,

= J.Ol 0.220.6' dx, =1/2.7465307527(numerical analysis),

(2-2) x1=0.2,
f(x2[x1), F(x2[x1) Coefficient
Joe2i1=0.200000) new distioLon Mathematical Mean: 0.34223
e Geometrical Mean : 0.23435
Harmonic Mean : 0.03093
Variance : 0.05136
S.D. : 0.22662
Skewed Coef. : 0.30325
Kurtosis Coef.  : 1.92736
0.001481 D792B513 MAD 0 19483
o (42p1=0200000) Range : 080000
Mid range : 0.40000
Median : 0.31485
Q1 : 0.14391
Q2 : 0.31485
Q3 : 0.52560
IQR : 0.38170
0.001481 07928513 CV : 0‘66217

5 =02,[ " 22 (1-2,) " d,

= J.OO'gO.ZX2 0.6"% dx, =1/2.8271477494(numerical analysis),

(2-3) x1=0.5,
f(x2[x1), F(x2[x1) Coefficient
maﬁmwmm) e Mathematical Mean: 0.22723
Geometrical Mean : 0.15976
Harmonic Mean : 0.01920
Variance : 0.02052
S.D. : 0.14326
Skewed Coef. : 0.18990
Kurtosis Coef. 1.84970
o= so0mn) MAD : 0.12371
100 Range : 0.50000
Mid_range : 0.25000
Median : 0.21611
Q1 : 0.10162
Q2 : 0.21611
Q3 : 0.34702
. IQR : 0.24540
0.000926 0499074 C.V. : 0.63048

1= X, 1—x;—x, 0.5 X, 0.5-x, | .
x =05 A (1-2,) " dx, = [0.270.6" 7 dx, =1/3.3557494792(numerical

analysis),
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(2-4) x1=0.8,

f(x2[x1), F(x2x1) Coefficient
(=B rewdetuen Mathematical Mean: 0.09636
o Geometrical Mean : 0.06960
Harmonic Mean 0.00979
Variance 0.00333
S.D. 0.05767
Skewed Coef. 0.07584
Kurtosis Coef. 1.80779
° F[Efﬁg\z(?:[l 800000) ’ 192%3“ MAD 0.04992
100 Range 0.20000
Mid_range 0.10000
Median 0.09454
Ql 0.04604
Q2 0.09454
Q3 0.14576
) IQR 0.09973
0.000370 0.188630 C‘\/. 0.59854
1-x —x—
x =08 [ A (1-2,) ™" dx,
0.2
= L 0.20.6"* " dx, = 1/6.1684864632(numerical analysis),
(2-5) x1=0.99,
f(x2]x1), F(x2[x1) Coefficient
{210 230000) rewdstibutin Mathematical Mean: 0.00499
B Geometrical Mean : 0.00367
Harmonic Mean 0.00054
Variance 0.00001
S.D. 0.00289
Skewed Coef. 0.00376
Kurtosis Coef. 1.80001
0.000018 [IEIEIZBBE1 MAD 000250
i F<2[1=0.890000) Range 0.01000
Mid_range 0.00500
Median 0.00499
Q1 0.00249
Q2 0.00499
Q3 0.00749
IQR : 0.00500
: C.V. : none

0000019 0009981

% =099, [ 23 (1-2,) " " dx,

0.01

= "0.220.6°° dx, =1/101.0652638264(numerical analysis),
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(3)4,=0.8, 1,=0.12,

(3-1) x1=0,
f(x2[x1), F(x2x1) Coefficient
i rew st Mathematical Mean: 0.53374
e Geometrical Mean : 0.40612
Harmonic Mean 0.06393
Variance 0.08267
S.D. 0.28752
Skewed Coef. -0.14051
Kurtosis Coef. 1.82713
o TRestes MAD 0.24861
o0 Range 1.00000
Mid_range 0.50000
Median 0.55040
Q1 0.29048
Q2 0.55040
Q3 0.78549
) IQR 0.49500
0.001852 0.938148 C.v 0.53868
1-x; o
x =0, A (1-4,) "
1
= J:) 0.120.08 dx, = 1/10.1366279471(numerical analysis),
(3-2) x1=0.2,
f(x2[x1), F(x2[x1) Coefficient
(b 2D e ditibution Mathematical Mean: 0.42164
e Geometrical Mean : 0.31868
Harmonic Mean 0.05109
Variance 0.05306
S.D. 0.23036
Skewed Coef. -0.11250
Kurtosis Coef. 1.81743
0. W(;(;‘Ej:u 2o000m) 0. 792951 El MAD 0 19929
100 Range 0.80000
Mid range 0.40000
Median 0.43235
Ql 0.22564
Q2 0.43235
Q3 0.62309
) IQR 0.39745
0.001482 0798519 CV 0454633

1-x X, 1—-x;—x, 0.8 X, 0.8—x, . 1
x =02, [ A7 (1=2,) ™" " dx, = [ 0.120.08"" dx, =1/7.9817702346(numerica

| analysis),

(3-3) x1=0.5,
f(x2[x1), F(x2x1) Coefficient
rew=n et rew it Mathematical Mean: 0.25849
e Geometrical Mean : 0.19339
Harmonic Mean 0.03086
Variance 0.02080
S.D. 0.14421
Skewed Coef. -0.07054
Kurtosis Coef. 1.80676
0.000926 U.‘WZEU'M MAD O 12484
. F(x2)1=0.500000) Range 0.50000
Mid_range 0.25000
Median 0.26271
Q1 0.13483
Q2 0.26271
Q3 0.38428
) IQR 0.24945
0000828 0.499074 C.V. 0.55789

x =05 [ 2 (1= 2, ) i,

= [70.120.08"* dx, = 1/6.3785022548 (numerical analysis),
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(3-4) x1=0.8,

f(x2[x1), F(x2x1) Coefficient
(=0 gm0 rew dtibion Mathematical Mean: 0.10136
e Geometrical Mean : 0.07508
Harmonic Mean 0.01078
Variance 0.00333
S.D. 0.05773
Skewed Coef. -0.02819
Kurtosis Coef. 1.80092
MAD 0.04999
. F(2x1=0.800000) Range 0.20000
Mid_range 0.10000
Median 0.10203
Ql 0.05154
Q2 0.10203
Q3 0.15151
) IQR 0.09997
0.000370 0.199630 C.V. 0.56956
1-x —x—
x =08 [ A (1-2,) ™" dx,
0.2
= J:) 0.120.08"* " dx, =1/7.9547016206(numerical analysis),
(3-5) x1=0.99,
f(x2]x1), F(x2[x1) Coefficient
S rew st Mathematical Mean: 0.00500
10075404 Geometrical Mean : 0.00368
Harmonic Mean 0.00055
Variance 0.00001
S.D. 0.00289
Skewed Coef. -0.00166
Kurtosis Coef. 1.79986
0000019 0. nnzﬂam MAD 0.00250
. (+2x1=0.990000) Range 0.01000
Mid_range 0.00500
Median 0.00501
Q1 0.00250
Q2 0.00501
Q3 0.00751
IQR 0.00500
0.000019 D[I[IZBBEW CV

x =099, [ 43 (1-2,) 7" d,

= [7"'0.1270.08""" dx, = 1/102.3501187054(numerical analysis),
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Chapter 10, The Continuous Trinomial distribution and trial
number=n,

Section 1, The joint probability density function,
The function setting,

fX,,X2 (xl X5 AL A ) = C(n’/ll Ay )ﬂ;‘l Ay (1 -4 -4, )n_xl_xz ,

O0<x, <n0<x,<n0<x +x,<n0<4 <10<4,<10<4 +4, <]
le (xl sn AL A, ) = Io B C(nj'p;tz )ﬂ'fl A (1 -4 -4, )mm*x2 dx,,

S Crarmag 2a)= [ Cln a2, ) 25 (1= 2y = Y7 di,
R (= A = A, )

sz‘)ﬂ (‘x2|xl): n—xll Xz ( 1 23)(% ’

/122(1_]1_/12) ' dx,

A (1= =2, )
le‘xz ('x1 |x2): n—2x, 1(( : 2) =X, —X,
b ﬂ“il(l_ﬂ’l_j“Z) U dx,

0<x,<n-x,

0

0<x,<n—x,,
C(n,4,,4,) could be computed using numerical analysis only.

The marginal probability distributions of X, and X, are not the continuous
binomial distribution.
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Section 2, The simulation method,

(1)The simulator,

The joint probability density function can not be found using transformation, but the
probability distribution simulator can compute this function.

The method is

(X 0 Xs ) (X 12:X5, ) (X X ) are independent paired random variables,

(X 10X, )~ Continuous trinomial distribution (4,,4,) and trial number=1,

i=12,..,n.
Let X, =) X,.X,=>X,,,
i=1 i=1
(X,,X, )~ Continuous trinomial distribution (4,,4,) and trial number=n.
The simulated process,
(1) Getting the database of (X X 2’1) using the numerical analysis and random

number simulator. [(X KXoy ) (X 12X, ) (X X 2,,1) are same distribution]

1Ln~>
(i1) Repeat n times using the random number and taking the paired data of (X .o ),
the summation of the 1* part (X, ) is the sample data of X, and the summation of
the 2™ part (X,,) is the sample data of X, .

(i11)Finished 100,000,000 times of process (ii), the new database of (X X 2) can

represent the Continuous trinomial distribution (,,4,) and trial number=n.

135



(2) The joint probability distribution and marginal probability distribution,
(1)The joint probability distribution of ( x,,x,)’,n=2,

(1-1)2,=0.3333, 1,=0.3333,

f(x1,x2)

F(x1,x2)

Tandom vector 041 X2)
Jomt paf mage

000002
o§ 000028 7004743

random vector 661 X2)
Jaint pa image

y 4

Fandom wctor 061 X2) 1anga map
ed a1e4 15 1he par s greatthan 0
Black aea 1s e 940 's paal 0

random vector 041 X2)
foint pdt image

0.0000;
100025
o8 00002

tandom vector (X1 X2) rangs map
Red area s the pdfis great than 0
Black area s the par is eqal 0

random vector 0<1 X2)
|0t pt image

E(X1)=0.6670, Var(X1)=0.1112, E(X2)= 0.6663, Var(X2)=0.1111,
Cov(X1,X2)=-0.0556, X1 and X2 correlation coefficient=-0.5001.

(@

y

f(x1), F(x1) Coefficient
o new distriuion Mathematical Mean: 0.66696
ey Geometrical Mean : 0.56672
Harmonic Mean 0.42307
Variance 0.11123
S.D. 0.33351
Skewed Coef. 0.40035
Kurtosis Coef. 2.70107
0.003753 1 9515007 MAD 0.27229
o Range 1.99970
i Mid_range 0.99990
Median 0.64245
Q1 041110
Q2 0.64245
Q3 0.89175
IQR 0.48065
0003753 19915m7 C.V. 0.50005
f(x2), F(x2) Coefficient
[ rew e Mathematical Mean: 0.66634
e Geometrical Mean : 0.56614
Harmonic Mean 0.42208
Variance 0.11109
S.D. 0.33330
Skewed Coef. 0.40074
Kurtosis Coef. 2.70103
0.003731 193%3355 MAD 0.27212
o Range 1.98800
Mid_range 0.99405
Median 0.64180
Q1 0.41065
Q2 0.64180
Q3 0.89100
IQR 0.48035
o C.V. 0.50020
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d1=X1-X2,

f(dl), F(dl) Coefficient
jun newdistibton Mathematical Mean: 0.00062
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.33351
S.D. : 0.57750
Skewed Coef. : 0.00010
Kurtosis Coef. 2.70089
-1.876573 1 aawzzza MAD : 0.46677
o [ Range : 3.98365
Mid_range : 0.00787
Median : 0.00070
Q1 : -0.40215
Q2 : 0.00070
Q3 : 0.40340
» IQR : 0.80555
-1.876573 1.90232% C.V. . none

(1-2) 4,=0.1, 2,=0.1,

f(x1,x2) F(x1,x2)
randorm vector (<1 x2) randor vector (X1 x2)

y

n00s10)
0905006, 1957743
of

00081
§ 005006 T9eTTes
[
random veetor 041 X2)
randorn wectar 0 X2) range g ot pat mage s ens et i
i Ao Bl random vector (<1 X2) range map Joint pafimage

Black 372 13 e pd 15 8qal 0 Red area s the pefis great han 0
Black area s the pof s 893 0

E(X1)=0.5394, Var(X1)=0.0915, E(X2)=0.5392, Var(X2)=0.0915,
Cov(X1,X2)=-0.0270, X1 and X2 correlation coefficient=-0.2945.

f(x1), F(x1) Coefficient
e ';X” rew et Mathematical Mean: 0.53939
Geometrical Mean : 0.44218
Harmonic Mean : 0.31248
Variance : 0.09155
S.D. : 0.30257
Skewed Coef. : 0.62224
Kurtosis Coef. 3.02668
nnnoa{z)aa Tostnss MAD : 0.24585
10 Range : 1.96260
Mid range : 0.98140
Median : 0.50055
Q1 : 0.30365
Q2 : 0.50055
Q3 : 0.73585
. IQR : 0.43220
0.003734 1.959066 C.V : 0456094
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f(x2), F(x2) Coefficient
[ roveditibuton Mathematical Mean: 0.53916
e Geometrical Mean : 0.44199
Harmonic Mean 0.31267
Variance 0.09147
S.D. 0.30244
Skewed Coef. 0.62212
Kurtosis Coef. 3.02647
0.003834 1 9525355 MAD 024575
w1 Range 1.96230
Mid_range 0.98135
Median 0.50035
Ql 0.30350
Q2 0.50035
Q3 0.73545
IQR 0.43195
0.003834 1952%55 C.V. 0.56095
d1=X1-X2,
f(dl), F(d1) Coefficient
[ revdstbuien Mathematical Mean: 0.00023
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.23692
S.D. 0.48675
Skewed Coef. 0.00074
Kurtosis Coef. 2.95772
4 Fe(aﬂwf)ax Toassen MAD 0.38771
100 Range 3.89465
Mid range -0.00143
Median 0.00020
Q1 -0.32585
Q2 0.00020
Q3 0.32620
i IQR : 0.65205
-1.841538 1.938688 CV : none
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(2)The joint probability distribution of (x,,x,)’,n=>5,
(2-1) 4,=0.3333, A,=0.3333,

f(x1,x2)

F(x1,x2)

rangom vector (<1 X2)
foint pdfimage

005053
4
o QSIS

rangom veclor 0¢1X2) range map
FRed area is 1he pat s greatthan O
Biack ares Is the pot s eqs! 0

rangam vector (¢12)
foint patimage

random vector (1 <2
lownt 0t mage

random vetor (<1 12) range map
Fied area 13 the pd = greatihan §
Black area s e pdrs a3l 0

E(X1)=1.6670, Var(X1)= 0.2779, E(X2)= 1.6668, Var(X2)= 0.2776,
Cov(X1,X2)=-0.1389, X1 and X2 correlation coefficient=-0.5000.

y

randorm vactor 0¢1,52)
Jount po image

f(x1), F(x1) Coefficient
oo new distiution Mathematical Mean: 1.66705
e Geometrical Mean : 1.57712
Harmonic Mean 1.47559
Variance 0.27791
S.D. 0.52717
Skewed Coef. 0.25286
Kurtosis Coef. 2.87998
0.081197 65B125[IZ MAD 0'42401
ol Range 4.54815
Mid_range 2.31685
Median 1.64367
Q1 1.29127
Q2 1.64367
Q3 2.01747
IQR 0.72620
C.V. 0.31623
f(x2), F(x2) Coefficient
s ';XZ) e Mathematical Mean: 1.66678
Geometrical Mean : 1.57695
Harmonic Mean 1.47549
Variance 0.27756
S.D. 0.52684
Skewed Coef. 0.25274
Kurtosis Coef. 2.88158
MAD 0.42367
w1 Range 4.32205
Mid_range 2.20075
Median 1.64352
Q1 1.29112
Q2 1.64352
Q3 2.01682
IQR 0.72570
C.V. 0.31608
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d1=X1-X2,

f(dl), F(dl) Coefficient
oo e disbton Mathematical Mean: 0.00027
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.83322
S.D. : 0.91281
Skewed Coef. : 0.00036
Kurtosis Coef. 2.88168
4180042 ud;auz MAD . 0.73193
v 1 Range : 8.64420
Mid_range : 0.11705
Median : 0.00015
Q1 : -0.62330
Q2 : 0.00015
Q3 : 0.62375
IQR : 1.24705
ioon s C.V. : none
(2-2) 24,=02, 1,=0.2,
f(x1,x2) F(x1,x2)

1018 4210736
0

random vector 041)2)
13ngom vector (1 X2) range mag oint paf image
Rod area is the pfis great than 0
Etack 3723 15 the pdiis sast 0

G

005158
afusen (X

tandorm vactor 01X2)

047
Red area 15 the pais greatthan 0
Black are is the pdis eqal 0

ry

E(X1)=.5045, Var(X1)= 0.2547, E(X2)= 1.5043, Var(X2)= 0.2547,
Cov(X1,X2)=-0.0991, X1 and X2 correlation coefficient=-0.3890.

f(x1), F(x1) Coefficient
o rewshton Mathematical Mean: 1.50455
e Geometrical Mean : 1.41367
Harmonic Mean : 1.31136
Variance : 0.25473
S.D. : 0.50471
Skewed Coef. : 0.32150
Kurtosis Coef. 2.93495
0.054178 44113572 MAD : 0'40565
ol Range : 4.37560
Mid_range : 2.23387
Median : 1.47622
Q1 : 1.14162
Q2 : 1.47622
Q3 : 1.83612
IQR : 0.69450
0.054178 64113572 C'V : 0'33545
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f(x2), F(x2) Coefficient
S e et Mathematical Mean: 1.50432
B Geometrical Mean : 1.41346
Harmonic Mean 1.31120
Variance 0.25466
S.D. 0.50464
Skewed Coef. 0.32207
Kurtosis Coef. 2.93587
MAD 0.40559
w1 Range 4.34190
Mid_range 221167
Median 1.47567
Q1 1.14157
Q2 1.47567
Q3 1.83587
IQR 0.69430
C.V. 0.33546
d1=X1-X2,
f(dl), F(dl) Coefficient
e e dson Mathematical Mean: 0.00023
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.70757
S.D. 0.84117
Skewed Coef. -0.00050
Kurtosis Coef. 2.92547
-4.105445 42d316245 MAD 0'67319
o Range 8.37270
Mid_range 0.06540
Median 0.00045
Q1 -0.57145
Q2 0.00045
Q3 0.57195
IQR : 1.14340
-4105445 4. 2118145 C'V' - none
(2-3) 4,=0.4, 1,=0.4,
f(x1,x2) F(x1,x2)

008193
074955 s anaeas
of

random veclor 041 X7)
rangom vector 01 X2 range map 1ot pfimage
Red area is the pi1s greatthan 0

Plack a2 5 the pd(1s £gsl 0

p 074955
od

random vector 0013}

ed area i e od 13 greathan O

Black area ' the pof 15 eas 0

a

4as46a5

4

E(X1)=1.7587, Var(X1)= 0.2896, E(X2)= 1.7583, Var(X2)= 0.2896,
Cov(X1,X2)=-0.1644, X1 and X2 correlation coefficient=-0.5678.
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f(x1), F(x1) Coefficient
ot new ditribuion Mathematical Mean: 1.75866
e Geometrical Mean : 1.66962
Harmonic Mean 1.56896
Variance 0.28961
S.D. 0.53815
Skewed Coef. 0.21500
Kurtosis Coef. 2.85198
0.07z082 44817513 MAD 043301
[ Range 4.43185
e Mid_range 227980
Median 1.73837
Ql 1.37637
Q2 1.73837
Q3 2.11862
IQR 0.74225
0.072082 60317513 C.V 0.30600
f(x2), F(x2) Coefficient
@ e disiuten Mathematical Mean: 1.75826
e Geometrical Mean : 1.66921
Harmonic Mean 1.56855
Variance 0.28959
S.D. 0.53814
Skewed Coef. 0.21572
Kurtosis Coef. 2.85394
0.059065 44615435 MAD 043296
o0 [ Range 4.42275
Mid range 2.26225
Median 1.73797
Q1 1.37602
Q2 1.73797
Q3 2.11797
) IQR 0.74195
0.059065 4485435 C.V. 0.30606
d1=X1-X2,
f(d1), F(d1) Coefficient
[CT] new disitibuton Mathematical Mean: 0.00040
e Geometrical Mean : none
Harmonic Mean :none
Variance : 0.90807
S.D. 0.95293
Skewed Coef. -0.00035
Kurtosis Coef. 2.85514
-4.263604 42“819504 MAD 076509
fen Range 8.58400
" Mid_range 0.01250
Median 0.00030
Q1 -0.65260
Q2 0.00030
Q3 0.65355
IQR : 1.30615
i C.V. : none

4263604 4288604
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(3)The joint probability distribution of ( x,,x,)’,n=10,

G- 4

=0.3333, 1,=0.3333,

f(x1,x2)

F(x1,x2)

randam vector 012)

oint pdfimage

03227}

045153
pa17334
o

Red atea s he poris greatnan 0
Biack area s the pat s eqal 0

E(X1)=3.3344, Var(X1)= 0.5561, E(X2)= 3.3322, Var(X2)= 0.5554,
Cov(X1,X2)=-0.2780, X1 and X2 correlation coefficient=-0.5003.

7966918,

7674366

randorn vactor 041 X2)
Tandam vector 01 X2 range map ot petimage

y .4

random vector (61X2)
ot odrimage

p

774360

random vecor 001,X2)
Jount pdfimage

f(x1), F(x1) Coefficient
[ e e Mathematical Mean: 3.33442
ey Geometrical Mean : 3.24789
Harmonic Mean 3.15654
Variance 0.55608
S.D. 0.74570
Skewed Coef. 0.17912
Kurtosis Coef. 2.94022
0.412608 75715054 MAD 0.59732
e I Range 7.29350
Mid_range 4.04585
Median 3.31160
Q1 2.81380
Q2 3.31160
Q3 3.83015
IQR 1.01635
0412606 75719094 C'V 022364
f(x2), F(x2) Coefficient
[ e st Mathematical Mean: 3.33218
o Geometrical Mean : 3.24569
Harmonic Mean 3.15438
Variance 0.55536
S.D. 0.74523
Skewed Coef. 0.17876
Kurtosis Coef. 2.93995
0445701 Hines MAD 0.59693
I Range 7.45265
Mid_range 4.15922
Median 3.30945
Q1 2.81185
Q2 3.30945
Q3 3.82755
IQR 1.01570
. C.V. 0.22365

0.446701 7871749
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d1=X1-X2,

f(dl), F(dl) Coefficient
[ e dieiuten Mathematical Mean: 0.00225
e Geometrical Mean : none
Harmonic Mean :none
Variance : 1.66751
S.D. : 1.29132
Skewed Coef. : 0.00024
Kurtosis Coef. 2.93950
-6.859039 6. 7”315039 MAD : l .03296
o [ Range : 13.69480
Mid_range : -0.03700
Median : 0.00230
Q1 : -0.87455
Q2 : 0.00230
Q3 : 0.87890
» IQR : 1.75345
-6.850039 6785039 C.V. . none

(3-2) 4,=0.1, 1,=0.1,

f(x1,x2) F(x1,x2)

7113907

4

027124

83811 073889 Lot
ot 7

g 28381

random vector (<1 X2)
randorm vector (<1 x2) range map. fint pdt mage g

Red area s ne 912 greatthan 0 ‘

random weetor 001 X2)

ot pot image

Red 3rea is the pofis greal an 0

Black 3123 15 ]2 ol 15 2qal 0 Black 3rea 15 the pofis eqal 0

E(X1)=2.6961, Var(X1)= 0.4576, E(X2)= 2.6959, Var(X2)= 0.4576,
Cov(X1,X2)=-0.1348, X1 and X2 correlation coefficient=-0.2946.

f(x1), F(x1) Coefficient
e rew dtbton Mathematical Mean: 2.69606
e Geometrical Mean : 2.60840
Harmonic Mean : 2.51601
Variance : 0.45759
S.D. : 0.67645
Skewed Coef. : 0.27868
Kurtosis Coef.  : 3.00637
0.259375 7EI713315 MAD : 054137
[o Range : 6.84430
i Mid_range : 3.66885
Median : 2.66380
Q1 : 2.21830
Q2 : 2.66380
Q3 : 3.13860
IQR : 0.92030
1 C.V. : 0.25090

0259375 7.078325
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f(x2), F(x2) Coefficient
7 e diiriution Mathematical Mean: 2.69588
. Geometrical Mean : 2.60822
Harmonic Mean 2.51582
Variance 0.45756
S.D. 0.67643
Skewed Coef. 0.27836
Kurtosis Coef. 3.00542
0266785 71123355 MAD 0.54138
w Range 6.87705
Mid_range 3.69257
Median 2.66360
Q1 221815
Q2 2.66360
Q3 3.13845
IQR 0.92030
0.266785 71123355 C'\/‘ 0'25091
d1=X1-X2,
f(dl), F(d1) Coefficient
e rewson Mathematical Mean: 0.00018
o Geometrical Mean : none
Harmonic Mean :none
Variance 1.18476
S.D. 1.08847
Skewed Coef. 0.00021
p Kurtosis Coef. 2.99187
—Ebé[lf)[l? 6111007 MAD 0.86870
100 Range 12.57820
Mid_range -0.15480
Median 0.00020
Q1 -0.73445
Q2 0.00020
Q3 0.73460
e - IQR : 1.46905
C.V. : none
(3-3) 4,=0.2, 1,=0.2,
f(x1,x2) F(x1,x2)
Tanoom vector 6t X2) TARGG VeChor 001 X2)
- d
U— honsdsost S
v omg et

E(X1)=3.0089, Var(X1)= 0.5094, E(X2)= 3.0069, Var(X2)= 0.5089,
Cov(X1,X2)=-0.1980, X1 and X2 correlation coefficient=-0.3890.
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f(x1), F(x1)

Coefficient

[0 v elistibution Mathematical Mean: 3.00886
e Geometrical Mean : 2.92119
Harmonic Mean 2.82866
Variance 0.50941
S.D. 0.71373
Skewed Coef. 0.22809
Kurtosis Coef. 2.96787
MAD 0.57153
ww Range 6.81595
Mid_range 3.80507
Median 2.98095
Ql 2.50745
Q2 2.98095
Q3 3.47975
, IQR 0.97230
0409722 7200428 C.V. 0.23721
f(x2), F(x2) Coefficient
&2 e BT Mathematical Mean: 3.00691
e Geometrical Mean : 2.91925
Harmonic Mean 2.82672
Variance 0.50886
S.D. 0.71334
Skewed Coef. 0.22690
Kurtosis Coef. 2.96726
2 MAD 0.57125
0.213076 7.200374
[0 Range 7.00725
' Mid_range 3.70972
Median 2.97920
Ql 2.50590
Q2 2.97920
Q3 3.47770
IQR 0.97180
2 C.V. 0.23723
d1=X1-X2,
f(d1), F(dl) Coefficient
fen new distibution Mathematical Mean: 0.00195
pes Geometrical Mean : none
Harmonic Mean :none
Variance : 1.41436
S.D. 1.18927
Skewed Coef. 0.00103
Kurtosis Coef. 2.96168
-6.143548 5[&15‘54& MAD 0.95044
ol Range 12.28560
Mid_range -0.02350
Median 0.00185
Q1 -0.80370
Q2 0.00185
Q3 0.80710
IQR : 1.61080
-6.143549 a.ud;eﬁw C.V. - none

146




(3-4) 4,=03, 1,=0.3,

f(x1,x2)

F(x1,x2)

Fandom vector 041 X2)
oot pof image

7651080,

7360931

random vectar 0c1,62)
Joint s image

y .4

random vector (X1 X2) range map
Red area is the paris graathan 0
Black area is Ihe pdf s eqal 0

V. 4

Tandor vectar 001 32)
foint pf image

y

0.375471
455369 7368031
of

random vector 041 X2)
jout pf image

rangom vctor (61 <2) range map
Red area s he 0dr s great than 0
Black area s the po 1= 893l 0

E(X1)=3.2534, Var(X1)= 0.5454, E(X2)= 3.2520, Var(X2)= 0.5443,
Cov(X1,X2)=-0.2571, X1 and X2 correlation coefficient=-0.4720.

f(x1), F(x1) Coefficient
o newdistton Mathematical Mean: 3.25336
e Geometrical Mean : 3.16642
Harmonic Mean 3.07463
Variance 0.54539
S.D. 0.73850
Skewed Coef. 0.19132
Kurtosis Coef. 2.94683
0.451466 7371]]]4 MAD 059147
- [ Range 6.94760
Mid_range 3.91240
Median 3.22905
Q1 2.73705
Q2 3.22905
Q3 3.74330
IQR 1.00625
0.451486 73713334 C.V. 0.22700
f(x2), F(x2) Coefficient
s new sietbton Mathematical Mean: 3.25200
e Geometrical Mean : 3.16519
Harmonic Mean 3.07353
Variance 0.54431
S.D. 0.73777
Skewed Coef. 0.19064
Kurtosis Coef. 2.94644
0.374734 75525515 MAD 059088
Foc Range 7.30815
e Mid_range 4.01527
Median 3.22800
Q1 2.73625
Q2 3.22800
Q3 3.74145
IQR 1.00520
@ C.V. 0.22687

0374734

7655816
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d1=X1-X2,

f(dl), F(dl) Coefficient
[ rew disiiton Mathematical Mean: 0.00136
e Geometrical Mean : none
Harmonic Mean :none
Variance 1.60398
S.D. 1.26648
Skewed Coef. 0.00083
Kurtosis Coef. 2.94676
MAD 1.01271
o 1 Range 13.01660
Mid_range -0.17275
Median 0.00105
Q1 -0.85760
Q2 0.00105
Q3 0.86025
B IQR : 1.71785
-B.B56045 £.311445 C.V. . none
(3-5) 2,=0.4, 1,=0.4,
f(x1,x2) F(x1,x2)
e Ve 0153 e (1 D)

7545684,

040880l
9392666
of 9%

rangom veclor (X12)
Joint pdf image

y .4

randorm vector (<1 X2) range mag
Red s19 5 the pd
Black a12a 5 the pdf1s qal 0

Foc1 x2)

2666

randam vector (C1 2)

random vector (<1 X range map
Red areals the pafis greatthan 0
Black area s the paris eqal 0

joint pdfimage

E(X1)=3.5176, Var(X1)= 0.5791, E(X2)=
Cov(X1,X2)=-0.3287, X1 and X2 correlation coefficient=-0.5677.

3.5161, Var(X2)= 0.5790,

D

f(x1), F(x1) Coefficient
o e dstibuton Mathematical Mean: 3.51759
pee Geometrical Mean : 3.43210
Harmonic Mean 3.34184
Variance 0.57910
S.D. 0.76098
Skewed Coef. 0.15275
Kurtosis Coef. 2.92882
DSFH(;?)BS 7. 5517505 MAD 0-60965
100 Range 7.20630
Mid_range 3.97780
Median 3.49780
Q1 2.98795
Q2 3.49780
Q3 4.02560
' IQR 1.03765
0.387995 7.567605 C.V. 0.21634

148




f(x2), F(x2) Coefficient
e e dietibufion Mathematical Mean: 3.51609
e Geometrical Mean : 3.43058
Harmonic Mean 3.34031
Variance 0.57901
S.D. 0.76093
Skewed Coef. 0.15294
Kurtosis Coef. 2.92712
0.494215 7 EEIEIZEE MAD 060963
Fo Range 7.08230
. Mid_range 4.02225
Median 3.49615
Q1 2.98645
Q2 3.49615
Q3 4.02385
IQR 1.03740
2 C.V. 0.21641
d1=X1-X2,
f(d1l), F(d1l) Coefficient
n new distioution Mathematical Mean: 0.00150
e Geometrical Mean : none
Harmonic Mean :none
Variance 1.81558
S.D. 1.34743
Skewed Coef. -0.00007
Kurtosis Coef. 2.92918
-5.645044 54513394 MAD 1.07831
o 1 Range 13.15215
Mid_range -0.09332
Median 0.00185
Q1 -0.91405
Q2 0.00185
Q3 0.91735
IQR : 1.83140
5645044 [ :513356 C.V. cnone
(3-6) 1,=0.48, 1,=0.48,
f(x1,x2) F(x1,x2)

random wector 001 X2)
Joint pdf mage

7949123,

069152
m
205303

rangom vector (41 X2)
foint 53 image.

y 4

raiacveclor 001 XD rangs g
Red area is he pf s g

Tandom veetor 071 )
Joint pofimage

069152
5
Qg5

sandom vector (1 X2) range map
Red ared 15 e paris graal man 0
Black area is the pofis eqal 0

4

7990456

rangom vector (<1.2)
Joint adf image

E(X1)=3.8992, Var(X1)= 0.6245, E(X2)= 3.8966, Var(X2)= 0.6246,
Cov(X1,X2)=-0.4476, X1 and X2 correlation coefficient=-0.7167.
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f(x1), F(x1)

Coefficient

o e s Mathematical Mean: 3.89918
e Geometrical Mean : 3.81589
Harmonic Mean 3.72798
Variance 0.62455
S.D. 0.79028
Skewed Coef. 0.10165
Kurtosis Coef. 2.90851
0525484 79515315 MAD 0.63328
o I Range 7.49760
Mid_range 4.26040
Median 3.88555
Ql 3.35285
Q2 3.88555
Q3 4.43055
! IQR 1.07770
os2s44 7595310 C.V. 0.20268
f(x2), F(x2) Coefficient
e rew ditibuiion Mathematical Mean: 3.89656
pE Geometrical Mean : 3.81320
Harmonic Mean 3.72521
Variance 0.62461
S.D. 0.79032
Skewed Coef. 0.10178
Kurtosis Coef. 2.90877
0538002 Toanns MAD 0.63332
100 Range 7.29105
Mid_range 4.31882
Median 3.88285
Ql 3.35005
Q2 3.88285
Q3 4.42810
2 IQR 1.07805
0.686802 7.850848 C‘v 0.20283
d1=X1-X2,
f(dl), F(d1l) Coefficient
o e dsthton Mathematical Mean: 0.00262
e Geometrical Mean : none
Harmonic Mean :none
Variance : 2.14439
S.D. 1.46437
Skewed Coef. -0.00029
Kurtosis Coef. 2.90923
-6.946253 e MAD 1.17290
o [ Range 14.06555
Mid_range 0.06048
Median 0.00250
Ql -0.99475
Q2 0.00250
Q3 1.00000
IQR : 1.99475
-5.946253 7 DdELZ[IGI C.V. - none
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(3-7) 4,=0.1, 1,=0.5,

f(x1,x2)

F(x1,x2)

Tandom vector 01 3)
oint pdfimage

Ter9sy

427

Tandorn vectar 0¢1 X2)
random vector 061,X2) tange map Joint patimage
Red area 1s the pot s preathan 0

Brack area s 1he par s eqal 0

y 4 .4

‘random vector 0(1 )2)
joset paf image

o811t
g 204297

random vector (1 )2)
random vector 0(1 X2) range map ot pdf image
Red ares 1s tne pa s greatthan 0

Black atea is the pdf s egal )

E(X1)= 2.5899, Var(X1)= 0.4332, E(X2)=

3.8154, Var(X2)= 0.6118,

Cov(X1,X2)=-0.2269, X1 and X2 correlation coefficient=-0.4408.

8472003

f(x1), F(x1) Coefficient
o rew BN Mathematical Mean: 2.58988
e Geometrical Mean : 2.50362
Harmonic Mean 2.41281
Variance 0.43316
S.D. 0.65815
Skewed Coef. 0.29429
Kurtosis Coef. 3.01957
0.260254 54715045 MAD 052660
! Range 6.23890
Mid_range 3.36815
Median 2.55645
Q1 2.12450
Q2 2.55645
Q3 3.01905
IQR 0.89455
0260254 54715n45 CV. 0.25412
f(x2), F(x2) Coefficient
[ e et Mathematical Mean: 3.81536
peee Geometrical Mean : 3.73203
Harmonic Mean 3.64409
Variance 0.61176
S.D. 0.78215
Skewed Coef. 0.11222
Kurtosis Coef. 291218
0606403 75723567 MAD 0.62674
o 1 Range 7.39965
Mid_range 4.29252
Median 3.80035
Q1 3.27385
Q2 3.80035
Q3 4.34060
IQR 1.06675
. C.V. 0.20500

7.078047
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d1=X1-X2,

f(dl), F(dl) Coefficient
o v distibion Mathematical Mean: -1.22549
sy Geometrical Mean : none
Harmonic Mean :none
Variance : 1.49870
S.D. : 1.22421
Skewed Coef. : 0.04863
Kurtosis Coef. 2.95315
- 3;1517)24 5;1[1;524 MAD . 0.97882
100 Range : 12.59590
Mid_range : -1.07410
Median : -1.23550
Q1 : -2.06105
Q2 : -1.23550
Q3 : -0.40100
o IQR : 1.66005
-7.348724 5.200524 C.V. : none

(3-8) 4,=0.01, 4,=0.95, X1 and X2 two tailed probability removing 0.002,

f(x1,x2)

F(x1,x2)

Tandorn vetior 0 2
ot pofimage

8883418,

1

5723}
o §IBE 5881935

random vector (<1 2)
£andom vector (<1 )2) 1ange map

Red area is e pafis great than 0

Black area is the pdfis eaal 0

ot potimage. |

Tandom vector 001 )
foint pafimage

2211 519
oD 5881935

rangom vector (001,12)
randam vector (X1 42) range map Joint patimage
Red area is he paf s great 1han 0
Black area = fhe pd i eqal 0

E(X1)=1.8807, Var(X1)= 0.2880, E(X2)= 5.6784, Var(X2)= 0.5968,
Cov(X1,X2)=-0.2334, X1 and X2 correlation coefficient=-0.5631.

f(x1), F(x1) Coefficient
e rewsistbLton Mathematical Mean: 1.88071
e Geometrical Mean : 1.80270
Harmonic Mean : 1.72138
Variance : 0.28797
S.D. : 0.53663
Skewed Coef. : 0.42748
Kurtosis Coef. 3.17011
0219572 59915477 MAD : 0'42840
[0 Range : 5.46615
" Mid_range : 2.94252
Median : 1.84120
Q1 : 1.49640
Q2 : 1.84120
Q3 : 2.22240
IQR : 0.72600
1 C.V. : 0.28533
0219572 5665477
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f(x2), F(x2)

Coefficient

o new sistibution Mathematical Mean: 5.67838
penepe Geometrical Mean : 5.62389
Harmonic Mean 5.56699
Variance 0.59679
S.D. 0.77252
Skewed Coef. -0.12922
Kurtosis Coef. 2.92499
1.582479 EBEZE171 MAD 061878
I Range 7.33285
Mid_range 5.23532
Median 5.69560
Ql 5.16115
Q2 5.69560
Q3 6.21400
IQR 1.05285
1582479 aeszam C.V. 0.13605
d1=X1-X2,
f(dl), F(d1) Coefficient
[ e etsen Mathematical Mean: -3.79767
ey Geometrical Mean : none
Harmonic Mean :none
Variance : 1.35166
S.D. 1.16261
Skewed Coef. 0.21311
Kurtosis Coef. 2.99849
o THozass MAD 0.92944
o " Range 11.99535
Mid_range -2.47312
Median -3.83975
Q1 -4.60870
Q2 -3.83975
Q3 -3.03215
B IQR : 1.57655
-B.448586 3.502336 CV . none
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(4)The joint probability distribution of ( x,,x, )’,n=20,

(4-1) 2,=0.3333, 1,=0.3333,

f(x1,x2)

F(x1,x2)

Tandorm vector 061 )2)
jourd pa image

1260246}

206969
118785
of

12440815

random vector ¢ X2)
oind patimage

y .4

random vactae (<1 X2) range map
Red area s e pdf s greatthan 0
Black 3122 15 e 0 eqal §

random vector 01 (2)
foint pot mage

2050664
11676
0g 1678

random vector 661 x2)
Joird pof imnage:

random vector 041 X2) rangs mag
Fed ares is the pdfis great than 0
Black area is the pdi s £a) 0

E(X1)=6.6682, Var(X1)=1.1113, E(X2)=
Cov(X1,X2)=-0.5557, X1 and X2 correlation coefficient=-0.5002.

6.6669, Var(X2)=1.1107,

f(x1), F(x1) Coefficient
o e sistiion Mathematical Mean: 6.66816
i Geometrical Mean : 6.58329
Harmonic Mean 6.49623
Variance 1.11129
S.D. 1.05418
Skewed Coef. 0.12570
Kurtosis Coef. 2.96752
2412081 12, 6167535 MAD 0.84281
o 1 Range 10.37390
Mid_range 7.27980
Median 6.64590
Q1 5.94110
Q2 6.64590
Q3 7.37085
IQR 1.42975
C.V. 0.15809
f(x2), F(x2) Coefficient
e rew it Mathematical Mean: 6.66686
e Geometrical Mean : 6.58202
Harmonic Mean 6.49498
Variance 1.11074
S.D. 1.05392
Skewed Coef. 0.12604
Kurtosis Coef. 2.96848
2.052822 12609328 MAD 0.84260
ol Range 10.59575
Mid_range 7.33107
Median 6.64410
Q1 5.94030
Q2 6.64410
Q3 7.36935
. IQR 1.42905
2052822 12608328 C.V. 0.15808
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d1=X1-X2,

f(dl), F(dl) Coefficient
e rewdlsbibuton Mathematical Mean: 0.00130
e Geometrical Mean : none
Harmonic Mean :none
Variance 3.33344
S.D. 1.82577
Skewed Coef. -0.00002
Kurtosis Coef. 2.96763
-8.588231 31‘1917732 MAD 1.45871
™ Range 18.85580
Mid_range -0.19525
Median 0.00135
Q1 -1.23410
Q2 0.00135
Q3 1.23705
IQR : 247115
By Py C.V. : none
(4-2) 4,=0.1, 1,=0.1,
f(x1,x2) F(x1,x2)
random vector (<1 X2) random vecor (€1 X2)
Jod orage ot i image

1.3709

1 47650/

4 " n
24 404788 26163

random vectar 041 X2)
joint pat mage

y .4

random vectar 0(1 )2) range map
fRed area 12 1@ pdi s reatthan ©
Black arsa s the paf s #qal 0

1 478
4047
o 404788

tandom vectot (Xt X2)
joint pufimage

randorn vector (41 X2) range map
Ried area i the pdt = greatthan 0
Black atea s the paf s eqal 0

E(X1)=5.3929, Var(X1)=0.9155, E(X2)=
Cov(X1,X2)=-0.2700, X1 and X2 correlation coefficient=-0.2949.

5.3924, Var(X2)= 0.9156,

p

11261634

f(x1), F(x1) Coefficient
oo e deiriton Mathematical Mean: 5.39290
e Geometrical Mean : 5.30663
Harmonic Mean 5.21818
Variance 0.91554
S.D. 0.95684
Skewed Coef. 0.19732
Kurtosis Coef. 3.00183
1308345 1 2165055 MAD 0.76469
o 1 Range 9.90640
Mid_range 6.33320
Median 5.36085
Q1 4.72725
Q2 5.36085
Q3 6.02380
! IQR 1.29655
1.398345 11268055 C‘V. 0.17743
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f(x2), F(x2) Coefficient
e ';“) e Mathematical Mean: 5.39238
Geometrical Mean : 5.30611
Harmonic Mean 5.21765
Variance 0.91561
S.D. 0.95687
Skewed Coef. 0.19758
Kurtosis Coef. 3.00306
1.470064 " 3275535 MAD 0.76460
o [ Range 9.94360
Mid_range 6.42345
Median 5.36050
Q1 4.72710
Q2 5.36050
Q3 6.02305
, IQR 1.29595
1470088 1 376838 C.V. 0.17745
d1=X1-X2,
f(dl), F(d1) Coefficient
av e ditibuton Mathematical Mean: 0.00051
e Geometrical Mean : none
Harmonic Mean :none
Variance 2.37112
S.D. 1.53985
Skewed Coef. 0.00034
Kurtosis Coef. 2.99497
-8.436592 9 1”[:52“ MAD 1.22876
o 1 Range 17.60805
Mid_range 0.33482
Median 0.00065
Q1 -1.03885
Q2 0.00065
Q3 1.03945
IQR : 2.07830
-8.436592 9 1?5242 C.V. - none
(4-3) 1,=0.3, 1,=0.3,
f(x1,x2) F(x1,x2)

Tandom vector (12)
ot pot mage

1247195

'
12503718

96300}
1922085
00

rangom vector (1.2
random vector (X1,X2) range map aint ndf image
Red atea s the potis great than 0

Biack a1ea 15 the patis eqal 0

y .4

Tandom vector 01 )3)
joirt pat image

random vector (41 X2) range mag
Red atea is the pdf s graat than 0
Biack area is the pd 1s eqat 0

y

random vector 041 X2)
Jont pof image

E(X1)=6.5055, Var(X1)=1.0903, E(X2)= 6.5020, Var(X2)= 1.0895,
Cov(X1,X2)=-0.5142, X1 and X2 correlation coefficient=-0.4717.
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f(x1), F(x1) Coefficient
oo newdstinution Mathematical Mean: 6.50553
s Geometrical Mean : 6.42020
Harmonic Mean 6.33267
Variance 1.09033
S.D. 1.04419
Skewed Coef. 0.13534
Kurtosis Coef. 2.97246
1915993 1251m5n7 MAD 0.834383
o I Range 10.63400
Mid_range 7.21330
Median 6.48165
Ql 5.78460
Q2 6.48165
Q3 7.20050
IQR 1.41590
1.915993 1251105U7 C-V 0.16051
f(x2), F(x2) Coefficient
S remdstbuon Mathematical Mean: 6.50195
e Geometrical Mean : 6.41665
Harmonic Mean 6.32914
Variance 1.08953
S.D. 1.04381
Skewed Coef. 0.13518
Kurtosis Coef. 2.97065
1.8561568 1141755’61 MAD 083455
w1 Range 10.56180
Mid_range 7.21750
Median 6.47820
Ql 5.78110
Q2 6.47820
Q3 7.19675
IQR 1.41565
1.356158 124173341 CAV 0.16054
d1=X1-X2,
f(dl), F(d1l) Coefficient
e rew s RLon Mathematical Mean: 0.00357
e Geometrical Mean : none
Harmonic Mean :none
Variance 3.20817
S.D. 1.79114
Skewed Coef. 0.00035
Kurtosis Coef. 297127
-8.880597 B8.982547 MAD 143090
flem Range 17.92955
e Mid_range 0.05097
Median 0.00370
Ql -1.20865
Q2 0.00370
Q3 1.21550
IQR : 2.42415
M C.V. : none

-8.880597 8982547
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(4-4) 1,=0.45,

2,=0.45,

f(x1,x2)

F(x1,x2)

233948]

Tandom vector 01 )
1ot paf image

1367831

o6 13383621
)

random wector (41,X2)
random vactor 0¢1.X2) range map Joimt paf image
Red arsa 15 the pofis greatthan 0

Black are3 13 the pot is egal 0

V. 4

random vector 0 X2)
loint paf image

Fandom wctor (X1,X2) range mag
Fieg 313 15 the pat s grest than 0
Black aaa 1s the pof s eqal 0

y

13363621

rangom welor 01 }2)
foint pdf image

E(X1)=7.4115, Var(X1)=1.2037, E(X2)= 7.4098, Var(X2)= 1.2046,
Cov(X1,X2)=-0.7712, X1 and X2 correlation coefficient=-0.6405.

f(x1), F(x1) Coefficient
o rewdsiiauten Mathematical Mean: 7.41146
e Geometrical Mean : 7.32870
Harmonic Mean 7.24381
Variance 1.20370
S.D. 1.09713
Skewed Coef. 0.08943
Kurtosis Coef. 2.95914
2.180936 13319[I5M MAD 087724
o | Range 11.25165
Mid_range 7.78592
Median 7.39510
Q1 6.65835
Q2 7.39510
Q3 8.14665
, IQR 1.48830
2180035 13300014 C.V. 0.14803
f(x2), F(x2) Coefficient
s f;“) e st Mathematical Mean: 7.40983
Geometrical Mean : 7.32699
Harmonic Mean 7.24202
Variance 1.20458
S.D. 1.09753
Skewed Coef. 0.08996
Kurtosis Coef. 2.96035
2331164 135232536 MAD 087745
Fo) Range 11.29330
e Mid_range 7.95690
Median 7.39340
Q1 6.65660
Q2 7.39340
Q3 8.14470
IQR 1.48810
2 C.V. 0.14812

2331184 13809678
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d1=X1-X2,

f(dl), F(dl) Coefficient
[ e sk Mathematical Mean: 0.00164
0199843 .
Geometrical Mean : none
Harmonic Mean :none
Variance 3.95075
S.D. 1.98765
Skewed Coef. -0.00063
Kurtosis Coef. 2.96032
-10.307045 10.139845 MAD 1'58860
o ) Range 20.52290
Mid_range -0.08360
Median 0.00160
Q1 -1.34490
Q2 0.00160
Q3 1.34860
IQR : 2.69350
-10.307045 10.1139345 C.V. - none
(4-5) 4,=0.1, 1,=0.5,
f(x1,x2) F(x1,x2)
rangom vector O(1 X2) randomn vector (X1 2)
FOO M)

134003

259981

1322088 0781034
o

random vactor 01 X2)
1ot pat image

Ay

rangom vector 01 X2) range map
Red area s the pafis grestthan 0
Black area i the pat s eqal 0

2066

random vector
random wector (1 X2) range map joint pfimage
Red areais the pafis great than 0

Black area s the pofris eqal 0

E(X1)=15.1797, Var(X1)= 0.8659, E(X2)=
Cov(X1,X2)=-0.4536, X1 and X2 correlation coefficient=-0.4407.

7.6312, Var(X2)= 1.2239,

10761034

001.62)

f(x1), F(x1)

Coefficient

161
0.4280§0

new distribution

/\ |
10767183
ﬁ

1.315917
Fut)
1.00

1315917

10767183

Mathematical Mean:
Geometrical Mean :
Harmonic Mean
Variance

S.D.

Skewed Coef.
Kurtosis Coef.
MAD

Range

Mid_range

Median

5.17968
5.09479
5.00778
0.86587
0.93052
0.20776
3.01049
0.74344
9.48640
6.04155
5.14705
4.53190
5.14705
5.79210
1.26020
0.17965
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f(x2), F(x2) Coefficient
{7 e dpen Mathematical Mean: 7.63116
e Geometrical Mean : 7.54943
Harmonic Mean 7.46562
Variance 1.22393
S.D. 1.10632
Skewed Coef. 0.07987
Kurtosis Coef. 2.95576
2582770 13 Azmasn MAD 0.88460
I Range 10.86485
Mid_range 7.99507
Median 7.61610
Ql 6.87275
Q2 7.61610
Q3 8.37330
, IQR 1.50055
2682770 13.407380 C-V 0.14497
d1=X1-X2,
f(d1), F(dl) Coefficient
o e distibuton Mathematical Mean: -2.45147
e Geometrical Mean : none
Harmonic Mean :none
Variance : 2.99710
S.D. 1.73121
Skewed Coef. 0.03429
Kurtosis Coef. 2.97707
-11.091131 7184031 MAD 1.38267
ol Range 18.34310
Mid_range -1.95355
Median -2.46110
Q1 -3.62745
Q2 -2.46110
Q3 -1.28645
IQR : 2.34100
-11.081131 71“31[31 C'V - none
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(5)The joint probability distribution of ( x,,x,)’,n=100,

(5-1) 2,=0.3333, 1,=0.3333,

f(x1,x2)

F(x1,x2)

vandom vector 0¢1,K2)
jeint paf mage

a3y,

215952
1663995
o 8196398

218815

randam vector 0012
tandom vector (<1.X2) range man Joint pefimage
Red area is the pefis great than 0

Biack area s the pat1s aqal &

&

Tandom vector 001 )
joint patimage

216952
31563095
0

random vector (1 X2) range map.

random vectar 0¢1,62)
|0t pat image

[y

E(X1)=33.3365, Var(X1)= 5.562, E(X2)=33.3325, Var(X2)= 5.5548,
Cov(X1,X2)=-2.7796, X1 and X2 correlation coefficient=-0.5002.

f(x1), F(x1) Coefficient
o fz ! Mathematical Mean: 33.33648
Geometrical Mean : 33.25278
Harmonic Mean 33.16868
Variance 5.56019
S.D. 2.35800
Skewed Coef. 0.05665
Kurtosis Coef. 2.99376
21547003 5. 113n5n7 MAD 1.88222
o 1 Range 24.67400
Mid_range 33.93930
Median 33.31460
Q1 31.73190
Q2 33.31460
Q3 34.91630
IQR 3.18440
21.647993 46, 2130607 C'V 0'07073
f(x2), F(x2) Coefficient
S e sk Mathematical Mean: 33.33254
e Geometrical Mean : 33.24892
Harmonic Mean 33.16488
Variance 5.55483
S.D. 2.35687
Skewed Coef. 0.05658
Kurtosis Coef. 2.99170
21678548 473294002 MAD 1.88133
w1 Range 25.81105
Mid_range 34.53627
Median 33.31020
Q1 31.72855
Q2 33.31020
Q3 3491185
IQR 3.18330
21.678548 47, 3294002 C-V 0.07071
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d1=X1-X2,

f(dl), F(dl) Coefficient
o reweshton Mathematical Mean: 0.00394
e Geometrical Mean : none
Harmonic Mean :none
Variance 16.67426
S.D. 4.08341
Skewed Coef. 0.00032
Kurtosis Coef. 2.99334
-21.866275 ZW’“E:W 3425 MAD 3'25889
o 1 Range 43.94245
Mid_range 0.02357
Median 0.00465
Q1 -2.75305
Q2 0.00465
Q3 2.75965
IQR : 5.51270
-21.888275 21 d;w 3425 C.V. - hone
(5-2) 4,=0.1, 1,=0.1,
f(x1,x2) F(x1,x2)

rangom vector 0¢1,2)
Joint paf image

"

3854053

1
38656739

67241
16126511
0

random vector 0(1.X2)
joit pef image

V4

random vacter 061 X2) range map.
Red area s the pstis great than 0
Black a4 is the paris eqal 0

Tandom vectar 001 )2
(ot 5o image

16126611 38856799
o

random vector (X1 X2)
ot pafimage

random vectar (41, X2) tange mag
Red area 1s the pat is great than 0
Black 3rea 15 e par i eaal 0

y

7

E(X1)=26.9682, Var(X1)=4.5775, E(X2)=26.9591, Var(X2)=4.5718,
Cov(X1,X2)=-1.3471, X1 and X2 correlation coefficient=-0.2945.

f(x1), F(x1) Coefficient
[ e SR Mathematical Mean: 26.96821
e Geometrical Mean : 26.88307
Harmonic Mean 26.79751
Variance 4.57745
S.D. 2.13950
Skewed Coef. 0.08754
Kurtosis Coef. 2.99905
16.111705 SEB1?1565 MAD 1-70780
. Focty Range 22.84445
Mid_range 27.49162
Median 26.93640
Q1 25.50680
Q2 26.93640
Q3 28.39580
IQR 2.88900
16111705 33;715@5 C.V. 0.07933
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f(x2), F(x2) Coefficient
< e distbLen Mathematical Mean: 26.95906
. Geometrical Mean : 26.87400
Harmonic Mean 26.78852
Variance 4.57180
S.D. 2.13818
Skewed Coef. 0.08787
Kurtosis Coef. 2.99812
16710752 38, 5254703 MAD 170673
(6 Range 21.92520
Mid_range 27.63275
Median 26.92775
Q1 25.49760
Q2 26.92775
Q3 28.38540
IQR 2.88780
16710752 38, 5254743 C.V 0.07931
d1=X1-X2,
f(dl), F(d1) Coefficient
s e Mathematical Mean: 0.00915
Geometrical Mean : none
Harmonic Mean :none
Variance 11.84355
S.D. 3.44145
Skewed Coef. -0.00023
Kurtosis Coef. 2.99789
-18.477560 18.504510 MAD 2.74624
ol Range 37.11955
Mid_range 0.01348
Median 0.00880
Q1 -2.31305
Q2 0.00880
Q3 2.33180
i IQR : 4.64485
-18.477560 18.504510 C.V . none
(5-3) 4,=0.3, 1,=0.3,
f(x1,x2) F(x1,x2)
‘random vector 01 2 randorm vector (X1 X2)

4490504

206228
o 41 259645 46157555,

rangam vactor 041 X2)
oIt pe rmage

V4

ranom vectar (61 X2) range map
Fied area s the 9l 15 greathan 0
Slack ares is e pdlis ea# 0

e 4

20

Joird pot image

6228
g 359645

randorm vectar (<1 X2) 13nge map
Red 316 s he 9df 15 great han 0
Black araa s e 915 eqal 1

y

157558

random vectar (1.X2)
ot o image

E(X1)=32.5284, Var(X1)=5.4489, E(X2)=32.5079, Var(X2)= 5.4434,
Cov(X1,X2)=-2.5691, X1 and X2 correlation coefficient=-0.4717.
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f(x1), F(x1) Coefficient
o rewdstiton Mathematical Mean: 32.52845
o Geometrical Mean : 32.44439
Harmonic Mean 32.35993
Variance 5.44889
S.D. 2.33429
Skewed Coef. 0.06084
Kurtosis Coef. 2.99397
Z1FZ(;4<13;$SU 48, 115877U MAD 1 8633 1
. Range 25.01800
Mid_range 33.70610
Median 32.50480
Ql 30.93920
Q2 32.50480
Q3 34.09210
, IQR 3.15290
21243430 45168770 C.V. 0.07176
f(x2), F(x2) Coefficient
@ rewdstten Mathematical Mean: 32.50794
e Geometrical Mean : 32.42391
Harmonic Mean 32.33947
Variance 5.44344
S.D. 2.33312
Skewed Coef. 0.05999
Kurtosis Coef. 2.99436
20606907 44, 3220793 MAD 1 '8622 l
. Fo2) Range 24.30390
Mid_range 32.71385
Median 32.48495
Ql 30.91965
Q2 32.48495
Q3 34.07035
IQR 3.15070
20606907 44, 8220793 CAV 0.071 77
d1=X1-X2,
f(d1), F(dl) Coefficient
e rewsiskon Mathematical Mean: 0.02051
e Geometrical Mean : none
Harmonic Mean : none
Variance : 16.03053
S.D. 4.00381
Skewed Coef. 0.00026
Kurtosis Coef. 2.99384
-2{130508 21118758 MAD 3.19558
o 1 Range 42.46655
Mid_range -0.03588
Median 0.01965
Q1 -2.68185
Q2 0.01965
Q3 2.72280
IQR 5.40465
-21.190508 21 T‘\ B758 C~V 1 95.24265
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(5-4) 2,=0.45, 1,=0.45,

f(x1,x2)

F(x1,x2)

Tandom vector 001 22)

loint pa image

24456
4540368 1472431
of
random vector 01 X2)
random vactor 0¢1,X2) range map. oIt paf mage
Red 5103 is e potis greal than 0
Bta is 0qal 0

Tandom vector 001 X2)
Joint paf imags.

2445891

#
4 540369

of

random vestor 01 X2) 1ange map

Red area s the pdris greatthan 0

PBlack 323 5 e pdf1s eaal 0

51472431

random vector 01 X2)
1ot pofimage

E(X1)=37.0666, Var(X1)= 6.0207, E(X2)= 37.0442, Var(X2)= 6.0195,
Cov(X1,X2)=-3.8565, X1 and X2 correlation coefficient=-0.6406.

4

f(x1), F(x1) Coefficient
[ newdetriniton Mathematical Mean: 37.06658
Geometrical Mean : 36.98506
Harmonic Mean 36.90315
Variance 6.02069
S.D. 2.45371
Skewed Coef. 0.03971
Kurtosis Coef. 2.99081
24522625 51 wa9575 MAD 1.95864
ol Range 27.06740
Mid_range 38.00640
Median 37.05070
Q1 35.40085
Q2 37.05070
Q3 38.71435
IQR 3.31350
24522825 51 4199975 C.V. 0.06620
f(x2), F(x2) Coefficient
[ e s Mathematical Mean: 37.04415
e Geometrical Mean : 36.96260
Harmonic Mean 36.88065
Variance 6.01948
S.D. 2.45346
Skewed Coef. 0.03938
Kurtosis Coef. 2.99251
24440171 50, 0297029 MAD 195841
o | Range 25.74220
Mid_range 37.26360
Median 37.02860
Q1 35.37860
Q2 37.02860
Q3 38.69225
. IQR 3.31365
24 440171 50.087029 C.V 0.06623
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d1=X1-X2,

f(dl), F(dl) Coefficient
(e e dlstion Mathematical Mean: 0.02243
e Geometrical Mean : none
Harmonic Mean :none
Variance 19.75308
S.D. 4.44444
Skewed Coef. -0.00006
Kurtosis Coef. 2.99165
-22.660446 23?24745 MAD 3.54749
ol Range 46.65800
Mid_range 0.58215
Median 0.02305
Q1 -2.97850
Q2 0.02305
Q3 3.02250
IQR 6.00100
CV. 198.15876
(5-5) 4,=0.1, 1,=0.5,
f(x1,x2) F(x1,x2)

Tangom vector (41 X2

oint 9o image

rangom vector 01 X2) 13age map
Red area 1s e par s great nan 0
Blatk aroa is 1he pdfis aqal 0

rangom vector 001 X2)
Joint gt image

Tandom vector 01 X7)
ot par mage

“andom vectot (<1,<2) range map
Reg a0 I8 the par & grest han 0
Black area s he 9ar 13 2qal 0

random veetor (1,42}
jom pat mage

b

7

E(X1)= 25.9058, Var(X1)= 4.3309, E(X2)= 38.1510, Var(X2)= 6.1142,

Cov(X1,X2)=-2.2661, X1 and X2 correlation coefficient=-0.4404.

f(x1), F(x1)

Coefficient

1)
0191748

new distribution

15.992160
)
1.00

1
37413990

1

15.992160

37.113990

Mathematical Mean:
Geometrical Mean :
Harmonic Mean
Variance

S.D.

Skewed Coef.
Kurtosis Coef.
MAD

Range

Mid_range

Median

Q1

Q2

Q3

IQR

C.V.

25.90585
25.82200
25.737175
4.33086
2.08107
0.09273
3.00341
1.66080
21.20035
26.55307
25.87360
24.48425
25.87360
27.29215
2.80790
0.08033
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f(x2), F(x2)

Coefficient

ew distriution

Mathematical Mean: 38.15104
ey Geometrical Mean : 38.07061
Harmonic Mean 37.98979
Variance 6.11417
S.D. 2.47268
Skewed Coef. 0.03589
Kurtosis Coef. 2.99116
26.602071 52 3225179 MAD 1.97393
o 1 Range 26.82245
Mid_range 38.96362
Median 38.13615
Ql 36.47300
Q2 38.13615
Q3 39.81295
IQR 3.33995
25602071 52, 3225175 C'V 0'06481
d1=X1-X2,
f(d1), F(d1) Coefficient
o e Ao Mathematical Mean: -12.24519
e Geometrical Mean : none
Harmonic Mean :none
Variance : 14.97714
S.D. 3.87003
Skewed Coef. 0.01508
Kurtosis Coef. 2.99573
-32.347806 EBT75EIE MAD 308860
fem Range 41.11760
" Mid_range -11.86515
Median -12.25385
Q1 -14.86285
Q2 -12.25385
Q3 -9.63860
IQR : 5.22425
1 C.V. : none

-32.347806

8617506
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(6)The joint probability distribution of ( x,,x,)’,n=1,000,

(6-1) 2,=0.1, 1,=0.05,

f(x1,x2)

TGO e 013
Joint pafmage

203163
739659610 13130000
of

random vector 041 X2)
random vactor 0¢1,x2) rangs map ot pat mage

Red ares s the pat s greatan 0
Biack rea s the pat s eqal 0

V4

203183
Froesasio
0

random vector (<1 X2) range map
Red area is the paf s groat han 0
Biack area (¢ fhe pdf s eqai 0

BT

E(X1)=276.1432, Var(X1)=47.2775, E(X2)= 238.1263, Var(X2)=39.5156,
Cov(X1,X2)=-11.2082, X1 and X2 correlation coefficient=-0.2593.

f(x1), F(x1) Coefficient
o e st Mathematical Mean: 276.14323
e Geometrical Mean : 276.05760
Harmonic Mean 275.97194
Variance 47.27754
S.D. 6.87587
Skewed Coef. 0.02999
Kurtosis Coef. 3.00141
239611748 31311523nz MAD 5.48638
Wl Range 73.84405
Mid_range 276.39702
Median 276.10955
Q1 271.48585
Q2 276.10955
Q3 280.76335
IQR 9.27750
239611748 31311B13D1 C'V 0'02490
f(x2), F(x2) Coefficient
o '1 e Mathematical Mean: 238.12634
Geometrical Mean : 238.04335
Harmonic Mean 237.96031
Variance 39.51559
S.D. 6.28614
Skewed Coef. 0.03196
Kurtosis Coef. 3.00072
203116072 27523[I[I72B MAD 5'01585
ol Range 72.45300
Mid_range 239.20840
Median 238.09265
Q1 233.86725
Q2 238.09265
Q3 242.34780
IQR 8.48055
2 C.V. 0.02640

202116072 275.300728
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d1=X1-X2,

f(dl), F(dl) Coefficient
. ':”) e Mathematical Mean: 38.01689
Geometrical Mean : none
Harmonic Mean :none
Variance 109.20962
S.D. 10.45034
Skewed Coef. 0.00316
Kurtosis Coef. 2.99959
1656077 5752207 MAD 8.33813
v | Range 110.22125
Mid_range 38.84577
Median 38.01360
Q1 30.96235
Q2 38.01360
Q3 45.06290
. IQR 14.10055
-16.060737 93752287 C.V. 0.27489
(6-2) 4,=0.4, 1,=0.4,
f(x1,x2) F(x1,x2)
randorm vector (41 X2) rangom vector (X1 X2)

302303y

ERT
12191615
od
random vector 01 X2 range map
Red srea s the pfis grestthan &
Black area = the pt1s eqal 0

03426135

random vector 041 X2)
Joit pat image.

V. 4

191515 33420135

random vector 961 X3)
Joirt pe image

rangom vector (4152} range map
fed area is the pot s great than 0
Black area 1S the pot = eas 0

E(X1)=351.6462, Var(X1)=57.8745, E(X2)=351.7337, Var(X2)= 57.9124,
Cov(X1,X2)=-32.8920, X1 and X2 correlation coefficient=-0.5681.

f(x1), F(x1) Coefficient
[ e dsBLon Mathematical Mean: 351.64623
e Geometrical Mean : 351.56391
Harmonic Mean 351.48154
Variance 57.87447
S.D. 7.60753
Skewed Coef. 0.01491
Kurtosis Coef. 3.00100
312138595 3931mzn50 MAD 6.06956
| Range 81.64585
Mid_range 352.81032
Median 351.62825
Q1 346.50525
Q2 351.62825
Q3 356.76475
IQR 10.25950
C.V. 0.02163
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f(x2), F(x2)

Coefficient

Tiew drstribLion

sosaehe Mathematical Mean: 351.73371
Geometrical Mean : 351.65135
Harmonic Mean 351.56896
Variance 57.91240
S.D. 7.61002
Skewed Coef. 0.01448
Kurtosis Coef. 2.99717
31;()[5)n753 3922375237 MAD 6.07242
10 Range 81.62780
Mid_range 351.71350
Median 351.71620
Ql 346.58965
Q2 351.71620
Q3 356.85650
s IQR 10.26685
311.050763 392376237 CV 002 1 64
d1=X1-X2,
f(dl), F(dl) Coefficient
[ i SO Mathematical Mean: -0.08748
0029643 .
Geometrical Mean : none
Harmonic Mean :none
Variance : 181.57090
S.D. 13.47482
Skewed Coef. -0.00091
Kurtosis Coef. 2.99825
-74.292850 70827859 MAD 1075132
[ Range 145.66020
" Mid_range -1.73250
Median -0.08725
Ql -9.17590
Q2 -0.08725
Q3 8.99960
IQR : 18.17550
i C.V. 1 none

74202850

70.827859
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