
Notation of zeta function using tangent number
and research irrational number of special value
of Riemann zeta function(n) and L-function(n)

Takamasa Nguchi

2020/11/11

Representation of ζ(2n) using the tangent number and consideration of
ζ(n) and L(n).

1 Introduction

First, this sentence is created by machine translation.[1] There may be some strange
sentences.

The value does not change even if you use a function that uses the tangent num-
ber, but I think it is easier to understand intuitively than the Bernoulli number.

We investigated the zeta function (2n+1) and the L function L (2n). I didn’t know
the exact value, but I investigated the relationship with irrational numbers.

2 Riemann zeta-function and L-function

2.1 Riemann zeta-function

ζ(s) =
∞

∑
n=1

1
ns (s > 1)

2.2 L-function

(Dirichlet L-function)

L(s, χ) =
∞

∑
n=1

χ(n)
ns χ(n) =


0 (n ≡ 0, 2 mod 4)
1 (n ≡ 1 mod 4)
−1 (n ≡ 3 mod 4)

(Euler L-function)

L(s) =
∞

∑
n≧1:(Odd)

(−1)
n−1

2 n−s = 1 − 1
3s +

1
5s −

1
7s +

1
9s − · · · [2]

L(s) =
∞

∏
p;(odd prime)

(1 − (−1)
p−1

2 p−s)−1 =
1

1 + 3−s ×
1

1 − 5−s ×
1

1 + 7−s × · · · [2]

L(2n + 1) =
E2n

(2n)! 22n+2 π2n+1 (n = 0, 1, 2 · · · ) E2n : (Euler number) [3]
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3 Notation of zeta function using tangent number

3.1 Tangent number

tan z =
∞

∑
k=0

Tk
k!

zk

Tn 1 2 3 4 5 6 7 8 9 10 · · ·
tangent number 1 - 2 - 16 - 272 - 7936 - · · ·

3.2 ζ(2n)

(n ≧ 2) n ≡ 0 (mod 2) ζ(n) =
T(n−1) πn

Γ(n) 2n+1 × 2n

2n − 1

3.3 ζ(−n)

(n ≧ 1) n ≡ 1 (mod 2) Bn = Bernoulli number

ζ(−n) = (−1)n B(n+1)

n + 1

Tn =
2n+1(2n+1 − 1) |Bn+1|

n + 1

ζ(−n) = (−1)
n+1

2 × Tn ×
n + 1

2n+1(2n+1 − 1)
× 1

n + 1

= (−1)
n+1

2 × Tn ×
1

2n+1(2n+1 − 1)

4 Abbreviation

4.1 Display method

∞

∏
p;odd
prime

(p≡x mod a)

pn

pn − 1
=

∞

∏
p;odd
prime

( mod a)

 p
f (x)
n

pn −
f (x)
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(a = 8) f (x) =


(p ≡ 1) (p ≡ 1 mod 8)
(p ≡ 5, 7) (p ≡ 5, 7 mod 8)
(prime − all = p) (p ≡ 1, 3, 5, 7 mod 8)

L(n) =
∞

∏
p;odd
prime

(p≡1 mod 4)

pn

pn − 1
×

∞

∏
p;odd
prime

(p≡3 mod 4)

pn

pn + 1
=

∞

∏
p;odd
prime

( mod 4)

 p
(p≡1)

n

pn −
(p≡1)

1
× p

(p≡3)
n

pn +
(p≡3)

1
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ζ(n) =
∞

∏
p;prime

pn

pn − 1
=

∞

∏
p;prime

[
pn

pn − 1

]

4.2 Calculation

∞

∏
p;odd
prime

( mod 4)

 p
(p≡1)

n

pn −
(p≡1)

1
× p

(p≡3)
n

pn −
(p≡3)

1
=

p
(p)
n

pn −
(p)
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∞

∏
p;odd
prime

( mod 4)

 p
(p≡1)

n

pn −
(p≡1)

1
× p

(p≡3)
n

pn +
(p≡3)

1
=

p
(p)
n

(pn −
(p≡1)

1)(pn +
(p≡3)

1)


∞

∏
p;odd
prime

[
pn

pn − 1
× pn

pn + 1
=

p2n

p2n − 1

] ∞

∏
p;odd
prime

[
pn

pn − 1
× pn

pn − 1
=

p2n

(pn − 1)2

]

∞

∏
p;odd
prime

( mod 4)

 p
(p)
n

pn −
(p)

1
× pn

(p≡3)
− 1

pn
(p≡3)

=
p
(p≡1)

n

pn −
(p≡1)

1



∞

∏
p;odd
prime

( mod 4)

 p
(p≡1)

n

pn −
(p≡1)

1
× pn

(p≡3)
− 1

pn
(p≡3)

=
p
(p≡1)

n × (pn
(p≡3)
− 1)

pn
(p≡3) × (pn −

(p≡1)
1)



5 Factorization

(n = 1, 2, 3, 4 · · · )

(xn − 1) = (x − 1)(xn−1 + xn−2 + · · ·+ x + 1)

(xn − 1) = (x + 1)(xn−1 − xn−2 + xn−3 · · · − 1) n ≡ 0 (mod 2)

(xn + 1) = (x + 1)(xn−1 − xn−2 + xn−3 · · · − 1) n ≡ 1 (mod 2)

(x2n − 1) = (xn − 1)(xn + 1)

(x3n − 1) = (xn − 1)(x2n + xn + 1) = (x2n − 1)(xn +
1

xn + 1
)

(x3n + 1) = (xn + 1)(x2n − xn + 1) = (x2n − 1)(xn +
1

xn − 1
)

(x4n + x2n + 1) = (x2n + xn + 1)(x2n − xn + 1) = (x2n + 1)(x2n +
1

x2n + 1
)

(x4n + x2n + 1) = (x3n − 1)(xn +
1

xn − 1
) = (x3n + 1)(xn +

1
xn + 1

)
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(x4n − x2n + 1) = (x2n − 1)(x2n +
1

x2n − 1
)

(xn +
1

xn − 1
) =

(x2n − xn + 1)
(xn − 1)

(xn +
1

xn + 1
) =

(x2n + xn + 1)
(xn + 1)

6 Euler product and L-function

(n ≧ 2) (n = 2, 3, 4, · · · )

ζ(n) =
∞

∏
p;prime

pn

pn − 1

L(n) =
∞

∏
p;odd
prime

(p≡1 mod 4)

pn

pn − 1
×

∞

∏
p;odd
prime

(p≡3 mod 4)

pn

pn + 1

6.1 Special value zeta-function

(n ≧ 2) n ≡ 1 (mod 2)

ζ(n) =
∞

∏
p;odd
prime

( mod 4)

 p
(p)
n

(pn −
(p≡1)

1)(pn +
(p≡3)

1)
× pn

(p≡3)
+ 1

pn −
(p≡3)

1

× 2n

2n − 1

(n ≧ 1) (n = 1, 2, 3, · · · )

ζ(3n) =
∞

∏
p;prime

[
p2n

(p2n − 1)
× pn

(pn + 1
pn+1)

]

6.2 Special value L-function

(n ≧ 1) (n = 1, 2, 3, · · · )

L(2n) =
∞

∏
p;odd
prime

( mod 4)

 p
(p)
2 n

(p2n −
(p)

1)
× p2n

(p≡3)
− 1

p2n +
(p≡3)

1



6.3 Other

(n ≧ 2) n ≡ 1 (mod 2)

∞

∏
p;odd
prime

( mod 4)

 p
(p)
2 n

(pn −
(p)

1)(pn +
(p)

1)
× (pn

(p≡1)
− 1)(pn

(p≡3)
+ 1)

pn
(p)

=
p
(p)
n

(pn −
(p≡3)

1)(pn +
(p≡1)

1)



4



∞

∏
p;odd
prime

( mod 4)

 p
(p)
n

(pn −
(p≡1)

1)(pn +
(p≡3)

1)
=

p
(p)
n

(pn −
(p)

1)
× pn

(p≡3)
− 1

pn +
(p≡3)

1



∞

∏
p;odd
prime

( mod 4)

 (pn
(p≡1)
− 1)(pn

(p≡3)
+ 1)

pn
(p)

× p
(p)
n

(pn −
(p≡3)

1)(pn +
(p≡3)

1)
=

(pn
(p≡1)
− 1)(pn

(p≡3)
+ 1)

(pn +
(p≡1)

1)(pn −
(p≡3)

1)



∞

∏
p;odd
prime

( mod 4)

 p
(p)
n

(pn −
(p≡1)

1)(pn +
(p≡3)

1)
+

p
(p)
n

(pn −
(p≡3)

1)(pn +
(p≡1)

1)
=


∞

∏
p;odd
prime

( mod 4)

 =
p
(p)
n

(pn −
(p)

1)
×

 pn
(p≡1)
− 1

pn +
(p≡1)

1
+

pn
(p≡3)
− 1

pn +
(p≡3)

1




(n ≧ 1) (n = 1, 2, 3, · · · )

∞

∏
p;odd
prime

[
p6n

(p6n − 1)
=

p6n

(p3n − 1)(p3n + 1)
=

p6n

(p2n − 1)(p4n + p2n + 1)

]

∞

∏
p;odd
prime

[
p6n

(p2n − 1)(p4n + p2n + 1)
× (p2n − 1)

p2n =
p4n

(p4n + p2n + 1)

]

∞

∏
p;odd
prime

[
p4n

(p4n + p2n + 1)
× (p2n − 1)

p2n =
p2n(p2n − 1)

(p4n + p2n + 1)
=

p2n

(pn + 1
pn+1)(pn + 1

pn−1)

]

∞

∏
p;odd
prime

[
p6n

(p6n + 1)
=

p6n

(p2n + 1)(p4n − p2n + 1)

]

7 special value of Riemann zeta function(n) and L-function(n)
∞

∏
p;odd
prime

[
p4

(p2 − 1)(p2 + 1)
× (p2 − 1)

p2 =
p2

(p2 + 1)

]
=

π4

96
× 8

π2 =
π2

12

∞

∏
p;odd
prime

[
p2

(p2 − 1)
× (p2 + 1)

p2 =
(p2 + 1)
(p2 − 1)

]
=

π2

8
× 12

π2 =
3
2
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∞

∏
p;odd
prime

( mod 4)

 p
(p)
3

(p3 −
(p≡1)

1)(p3 +
(p≡3)

1)
+

p
(p)
3

(p3 −
(p≡3)

1)(p3 +
(p≡1)

1)
=


∞

∏
p;odd
prime

( mod 4)

 =
p
(p)
3

(p3 −
(p)

1)
×

 p3
(p≡1)
− 1

p3 +
(p≡1)

1
+

p3
(p≡3)
− 1

p3 +
(p≡3)

1


 =

π3

32
+

π3

30
=

31π3

480

∞

∏
p;odd
prime

( mod 4)

 (p3
(p)
− 1)(p3

(p)
+ 1)

p6
(p)

× p
(p)
3

(p3 −
(p)

1)
×

 p3
(p≡1)
− 1

p3 +
(p≡1)

1
+

p3
(p≡3)
− 1

p3 +
(p≡3)

1

 =



∞

∏
p;odd
prime

( mod 4)

 =
(p3

(p)
+ 1)

p3
(p)

×

 p3
(p≡1)
− 1

p3 +
(p≡1)

1
+

p3
(p≡3)
− 1

p3 +
(p≡3)

1


 =

960
π6 × 31π3

480
=

62
π3

∞

∏
p;odd
prime

( mod 4)

 (p3
(p)
+ 1)

(p3 −
(p)

1)
×

 p3
(p≡1)
− 1

p3 +
(p≡1)

1
+

p3
(p≡3)
− 1

p3 +
(p≡3)

1


2

 =
31π3

480
× 62

π3 =
961
240

∞

∏
p;odd
prime

[
p6

(p2 − 1)(p4 + p2 + 1)
× (p2 − 1)

p2 =
p4

(p4 + p2 + 1)

]
=

π6

960
× 8

π2 =
π4

120

∞

∏
p;odd
prime

[
p4

(p4 + p2 + 1)
=

p4

(p3 − 1)(p + 1
p−1)

=
p4

(p3 + 1)(p + 1
p+1)

]

∞

∏
p;odd
prime

( mod 4)

 (p
(p)
+ 1

p−1)

(p +
(p)

1
p+1)

×

 p3
(p≡1)
− 1

p3 +
(p≡1)

1
+

p3
(p≡3)
− 1

p3 +
(p≡3)

1


2

 =
31
4π

× 31π

60
=

312

240

None of
(

3
2

,
961
240

,
312

240

)
contains π.

From this, I think that
∞

∏
p;odd
prime

( mod 4)

 pn
(p≡1)
− 1

pn +
(p≡1)

1

 and
∞

∏
p;odd
prime

( mod 4)

 pn
(p≡3)
− 1

pn +
(p≡3)

1

 do not

contain π.
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(n ≧ 3) {n = 3, 4, 5, . . . } n ≡ 1 (mod 2)

ζ(n) =
∞

∏
p;odd
prime

( mod 4)

 p
(p)
n

(pn −
(p≡1)

1)(pn +
(p≡3)

1)
× pn

(p≡3)
+ 1

pn −
(p≡3)

1

× 2n

2n − 1

(n ≧ 1) (n = 1, 2, 3, · · · )

L(2n) =
∞

∏
p;odd
prime

( mod 4)

 p
(p)
2 n

(p2n −
(p)

1)
× p2n

(p≡3)
− 1

p2n +
(p≡3)

1



From this, I think that special value of zeta function(n) and L-function(n) contain
π.
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