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Abstract

In mathematics we require a proof for any hypothesis. But in the past
160 years ago a man called Bernhard Riemann refused to give a proof for
his hypothesis about zeta function which he thought would be the formula
for the number of primes less than a given number ‘x’. He might have a very
‘serious’ reason for not proving this. But for me, after five years of attempt
to stalk his papers and using only a high school mathematical knowledge
and/or a little bit higher to prove it, I can say that all high school students
can learn how to prove this hypothesis whether it is right or wrong. Let me
show you the proof.

Introduction

1. Riemann Zeta Function and Riemann Hypothesis

Riemann Zeta Function is a function of a complex variable s =
(o + it) that can be written as the summation of infinite series
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= Yo (rp(e)7itosny; r = (e)clLogn = (nl)c = modulus or
amplitude and (e)~'*°8" = [cos(tLogn) — isin(tLogn)] = argument or
phasor of each component of {(s) on each complex plane of each value of n

in space.

1.1 Riemann Zeta Function of natural numbers (n=1,2,3,...) on the
positive real line while s = (¢ + it) or any complex numbers which ¢ > 0.

This is the original function of {(s) = X%, (%). The value of

real part, o of complex number s = (¢ + it), which is the origin of the value
of the modulus or amplitude of {(s), points out that {(s) will converge when
real part of s (or o) is more than 1 and will diverge when real part of s (or
o) is equal or less than 1but more than 0 (0 <o < 1 (p-series or
hyperharmonic series).

While the value of imaginary part, it (of complex number s )
which is the origin of the phasor or argument (tLogn) of {(s)
(where Log(n) stands for natural logarithm of n) shows the rotation of

modulus or amplitude (ﬁ) on the complex plane of each positive value of

n in space, the amplitude # of {(s) will lay on real line (axis) when itLogn

=0, £ m, £2m, ... and will lay on imaginary axis when tLogn = + %, + 3711’ -
1

(m)°

will rotate or spread on each complex plane of each positive value of n in

space.

With other angles or arguments (- tLogn), each of all the amplitudes,

1.1.1Case 0 >1,t=0
For 0 =2,t=0 ; {(2+i0) = 3% (r,(e)itkosn)
=1, (e)TI(OL08L 4 1) () THOILOB2 f py (@) HOLOBS 4
= 11—2 [cos(0) + isin(0)]+ 21—2 [cos(0) + isin(0)]

+ 31—2 [cos(0) + isin(0)]+...

=L + = + —+... (Basel Problem)
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I‘3— 3_2
Im 02 +i0)=X727 (ra(e)~*osm)
0 j Re = r, +1r, +r3+ ...
l n = @2
of\ hi| 2|l |3 ~ 1.6449 converges while
\ each amplitude, r, lays on

the real axis of each complex plane of each positive value of n in space.



1.1.2Case 0 >1,t+0
For 0 =2,t#0 ; {(2+it) = X% (r,(e)~tloem)
=r, (e)—itLogl +r, (e)—itLogZ + 13 (e)—itLog3+m
= 1_12 (e)—itLogl + 21_2 (e)—itLogZ + 31_2 (e)_itL°g3+..,

1 . 1
= - [cos(tLogl) —isin(tLogl)] + —-[cos(tLog2) —

isin(tLog2)] + 31—2 [cos(tLog3) — isin(tLog3)]+...

— +o0o

= Yin=1 [rncos(tLogn) —ir,sin(tLogn)]

Then ¢(2 + it) is the summation (vector sum) of all the
11

55 which appears on each of all the complex

amplitudes (moduli)

planes of each value of n with arguments or phasors or angles of
—tLog1, —tLog2, —tLog3, .... {(2 + it) will converge when looks over the
whole complex planes of all the positive values of n in space.

( Note that summation of scalar quantities > summation of vector
quantities of the same amplitudes (moduli) up to the differences of angles
or phasors tLog1, tLog(2),...)
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| /% = 112 (e)—itLogl + ziz (e)—itLogz

1 .
n +3_2 (e) itlog3 1 ...

2l 3] 4 =y*% [r,costLogn —
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—

\ irpsintLogn]
1.1.3Case 0 =1,t=0
Foro=1,t=0; Z(l + iO) = n+:?1 (rn(e)—itLogn)

= rl(e)—i(O)Logl + I.Z(e)—i(O)LogZ + rg(e)_i(o)L°g3+.__

11 1 1 1.1 1 1 : :
:F+;+[;+E]+[;+;+;+8—l]+... Harmonic series
1 1 1 1 .

So (1 + i0)=+oo (diverges)
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((1+i0)=X1% (ry(e)~thoen)

Im
A
} Re = 1y +71, +13+ ..
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' n =F+;+;+...

= +oo diverges when looks

w
S

\ over the whole complex

fF

planes of all the positive values of n in space.



1.14Case 0 =1,t#0
For 0 =1,t#0 ; {(1+it) =X % (r,(e)ithosn)

=1 (e)—itLogl + r, (e)—itLogZ + rs (e)—itLog3+m

1
(2)*

1

— L1 (e)-it(D)

— g (e)—itLogZ +

(e)ithos3 4 |

¢(1 + it) is summation (vector sum) of all the amplitudes
(moduli) which appear on each of the complex planes of each value of n
with arguments or angles of — tLog1, —tLog2, —tLog3, .... {(1 + it) may
diverge or converge when looks over the whole complex planes of all the
values of n.

(Note a. When t = 0; tLog1, tLog2, ... = 0

1 1
[3(1+it) I 4(1+it)] ~ [31 I 41]

1 1 1 1

101,01 1
[5(1+it) + 6(1+it) + 7(1+it) + 8(1+it)] ~ [E + 61 + 71 + g]

1 1 1 1 1 1 1 1
Then —om + 57w Thamtiaml tieam T samm T oam T 5arml Toee

1,01 1 ,14,,.1 1 1 1 o

~ ot ottt + o+ op + 5l + - which diverges (= +o0).

. 1 1 1 1 1 1 1

So¢(1+it) = erT) + S+ + 3+ I 24D + S+ + S(+iD) + W) +...

diverges whent =~ 0 ; tLogl,tLog2,...~ 0

b. Whent > 0; tLog2 > tLogl; tLog3 > tLog2; ...

1

+4(1+it)]

: 11
This may cause vector sum [m <or = [§+E] scalar sum

1 1 1

[5(1+it) T toam T

1 1 1 1
and 8(1+it)] <or z[; + o1 + -1 + ;]

1 1 1 1 1 1 1 1

Then 1(1+i) + 2(1+it) +[3(1+it) : 4(1+it)] +[5(1+it) + 6(1+it) + 7(1+it) + 8(1+it)] ...

1 1 1 1 1 1 1 1
<or z—-l-—-|-[;-|'z]-|'[;-|'E-|';'|'§]-|-...

11 21



So ¢(1 + it) may diverge or converge up to the differences between angles
or phasors tLogl, tLog2,tLog3, ...

Im
T r, = —, (e)”ito8! = [cos(tLogl
1 P g )
01 Re —isin(tLogl)]
Im r,= 21—1 (e)~ttho82 =[cos(tLog?2)

—isin(tLog2)]

N =T, (e)—itLogZ

- =r,costLog2
I =ir,sintLog2
Im ry;= 31—1 (e)~tLo83 = [cos(tLog3)
—isin(tLog3)]
Re « = ry(e)ithos3
- = rgcos(tLog3)
I = irzsin(tLog3)
Im (1 +it) =%35 (rn(e)™"ho8m)
N } Re — 1i1 (e)—itLogl + 2_11 (e)—itLogZ
’ X, n _|_3_11 (e)—itLOg?) + e
1 Z‘ 3] 4 = Y+ [r,cos(tLogn)
\ —ir,sin(tLogn)]




1.1.5Case 6 <1,t=0

1 4+_Nn . 1, .4) _ v+ 1
For o=5t=0; Z(z + ‘0) -t (n)(%m))
e T T
mz @22 @2
1 1 1
SOLROLEROLI
1 2 3
But from Harmonic series 1 + % + % +... =+oo (diverges)

1.414 1.732

Andfrom1 + 222 ¢ 1782 94101,
2 3 2 3

Then Z(%+ iO) =1 +%+%+... = +oo (diverges too)
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Im ((5+i0)=2t7 (ra(e)7itLosm)
\ j Re = 1, +71, +13+F ..
’ n =L+ 4+ 4
: nz @2 @3)2
1/ j 3/ 4 = 400 (diverges)
\

1.1.6Case 0 <1,t#0
For o =2,t#0 ; ZG + it) =Y+® (r,(e)ithosn)
=r, (e)—itLogl + 1, (e)—itLogZ + 13 (e)—itLog3+m

= 5 ()M = ()78 + — (&) OB+
(1)z (2)2 (3)2

1 1
5(a)—itLog2 5(a)—itLog3
— 1+ (2)2(6)2 + (3)2(e) +

3

(G + it) are summation of amplitudes (moduli) 1,1—1, 1—1 v = (ry)

(22 (3)2
which appear on each of the complex planes of each value of n with
arguments or angles —tLogl, —tLog2, —tLog3, ... { G + it) may diverge or

converge when looks over the whole complex planes of all the values of n.

(Note a. When t = 0; tLog1,tLog2 ...~ 0

1 1 1 1
| ~ [—rt—r
[(3)(%"“) (4)(%"“)] [(3)(%) (4)(%)]
1 1 1 1 1 1 1 1
+ + ~ +—r+—+
(5)(%*“) (6)(%”0 (7)(%*“) (8)(%+it)] [(5)(%) (6)(%) (7)(%) (3)(%)]
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1 1 1 1 1 1 1
+ + + +
(1)(%’”“) (2)(%*“) [(3)(%‘”“) (4)(%*“)] [(5)(%+it) (@(%“t) (7)(%”)
1
~+......
(8)(%+it)]
&+ o [t [+ — o+ —p] +
(1)(5) (2)(5) (3)(5) (4)(5) (5)(5) (6)(7) (7)(5) (8)(7)

So ¢ G + it) diverges when t =0 ; tLogl,tLog2,...~ 0

b. When t > 0; tLog2 > tLogl; tLog3 > tLog2; ...

1 1
This may cause vector sum | < or ® [—x+—-=] scalar sum
y Lot~ ot @
1 1 1 1 1 1 1 1
and + + <Or = + | +
[(5)(%“0 (@(%”t) (7)(%*’“) (8)(%”0] [(5)(%) (6)(%) (7)(%) (8)(%)]
1 1 1 1 1 1 1
+ + | + + +
(1)(%+ it) (2)(%+ it) [ (3)(%+ it) ) (%+ it) | ( 5)(%+it) 6) (%+it) (7)(%+it)
1
+......
(8)(%"'“)]
1 1 1 1 1 1
<orw +—+ | + +t—rt+—5+ + ...
PC N RN RN ) ANy RN 3 g 31

So ¢ G + it) may diverge or converge up to the differences between angles

or phasors tLogl,tLog2,tLog3, ...

Im

1

(v

1 r; = , (e)tLosl = [costLogl

1
2

0 1 |Re —isintLog1]
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Im r,= —, (e)~t°82 = [costLog2

(2)2

—isintLog?2]
Re N =r,(e)ithos2

- =r,costLog?2

I =1ir,sintLog2

Im rs= —, (e)~to83 = [costLog3
(3)2

11 —isintLog3]
Re s = ry(e)itkoss

- = r3cos(tLog3)

I = irzsin(tLog3)

Im S(G+it) =25 (ra(e)itosn)

\ Re — % (e)—itLogl + % (e)—itLogZ
(1)2 (2)2

‘ n +L1 (e)—itLogS 4 e
> (3)2

/f 1/ j\s 4 =Y+ [rpcos(tLogn)

— irysin(tLogn)]

1.2 Riemann Zeta Function of natural numbers on the negative real
Line (in addition to Riemann Zeta Function of natural numbers on the
positive real line as mentioned before) while s = (o + it) or any complex
numbers which o > 0.

Riemann tried to find the Riemann Zeta Function of natural
numbers on the negative real Line as well as on the positive real line when s
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= (o + it) = any complex numbers by applying analytic continuation on an
equation. He started from using Pi function, [J(s—1) = Gamma function,

I'(s) = f0+°°(e)(‘“) (u)® P du as source of his new derived equation

[o'e) (s-1)
[T(s—D(s)=/ 0+ Z’)‘—l) dx. Next he applied analytic continuation
oo (—x)6-1
technique to get functional equation 2sin(7s)[[(s—1)(s)=i :oo % dx

of x on the whole real line and then he gave out trivial zeroes or Res =0 =

—2,—4,—6,...which he thought that caused the functional equation
+oo (=x)6~1

2 sin(ms)[J(s—1)T(s) =i o de = 0.

The interesting connection between the Riemann Zeta Function
and Prime numbers was discovered by Euler as

2 = 1 [

1
p prime ( p° )

1

p =2,3,5, ... (all prime numbers)

Whil ! = i
e M len! = oo oes). ©

called the Euler Product Formula

In Riemann’s 1859 article “On the Number of Primes Less Than a
Given Magnitude”, he extended the Euler Product Formula to a complex
variable, presented its meromorphic continuation and functional equation,
and established the relation between its zeroes (if existed) and the
distribution of prime numbers.

The Riemann Zeta Function was hoped to satisfy the Riemann
Functional Equation below

i(s) = OnEDsin(Z)r(1 - s)g(1 - s).

This equation showed relation of Riemann Zeta Function at point
s and (1— s).The functional equation implied that {(s) had zeroes at each
negative even integer s =—2, —4, —6,...(which has to be proved whether it
is true or false).

Riemann also defined a function
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M(3) G-D@ D46 = i + 1w E D460~ )dx

And then he sets = % + it

N—

So, T1(2) ¢ -1)@ Dy = 2+ L5 17 46060~ (Deos(ttogeyax

2
=&
( Note that Log x = natural logarithm of x)

Riemann Hypothesis states that all nontrivial zeroes of the
Riemann Zeta Function have their real parts equal to % or one can say that
all nontrivial zeroes are in the open strip { s e C: 0 < Res < 1} which is
called the critical strip, and the line Res = %which all of the nontrivial

zeroes lie on is called the critical line.
2. Gamma function

Gamma function is an extension of the factorial function n! (which
is the product of all positive integers less than or equal to n) to real line and
complex plane with its argument shifted by 1.

['(n) =(n-1)! ,forn=1, 2,3, ... (positive integers)
['(s+1) =(s)! = sT(s)
And I'(s) = f0+°o(e)(‘x) (x)~Ddx, for s = complex numbers
(o + it) with a positive real part, Res=0=1, 2, 3, ...

This improper integral can be extended by analytic continuation
technique to all real and complex numbers except the non-positive integers
(where I'(s) has simple poles) yielding the meromorphic function.

3. Gamma function on the whole complex plane

Gamma function, which defines in positive half- complex plane, has a
unique analytic continuation to the negative half- complex plane.

I'(s+k)
s(s+1)(s+2)...(s+k-1)

I'(s) =
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k=0,1,2,3,.. and s+k>0,ors> -k, s#+0,—1,-2,...,—(k—1).

The product of the denominator is zero when s equals any integer 0,
—1,—2, ... Then the gamma function must be undefined at those points. It is
a meromorphic function with simple poles at those non-positive integers.

The gamma function is non-zero everywhere along the real line,

although it comes nearly close to zero as s = oo. There is no complex
number s for which I'(s) = 0 and hence the reciprocal gamma function %

is an entire function with zeroesats =0, -1, -2, -3, ...
4. Analytic function and analytic continuation technique

Analytic function is a function that is locally given by a convergent
power series. There are both real and complex analytic functions. Analytic
functions of each type are infinitely differentiable. A function is analytic if
and only if its Taylor series about x, converges to the function in some
neighborhood for every x; in its domain.

Any real analytic function on some open set on the real line can be
extended to a complex analytic function on some open set of the complex
plane. However, not every real analytic function defined on the whole real
line can be extended to a complex analytic function defined on the whole

is not defined for

complex plane. For example, the function f(x) =
X=7l.

x24+1

Analytic continuation is a technique to extend the domain of a given
analytic function. Analytic continuation often succeeds in defining further
values of a function, for example in a new region where an infinite series
represent in terms of which it is initially defined to be divergent.

Suppose f is an analytic function defined on a non-empty open
subset U of the complex plane C. If V is a larger open subset than U of C (U is
contained in V), and F is an analytic function defined on V such that F(z) =
f(z), then F is called an analytic continuation of f. The restriction of F to U is
the function f we started with.

5. Pi function
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Pi function is an alternative notation which was originally
introduced by Gauss which in term of the gamma function is

[I(s) =T(s+1)
= sI'(s)

= [y (@0 dx

Or [[(n) =n!,forn=1, 2, 3,... (positive integers)
6. Functional equation

A functional equation is any equation that cannot be reduced to
algebraic equation easily. The equation relates the values of a function (or
functions) at some points with its values at the other points, for example

f(x +y) =£() +1f(y)

A main method to solve elementary functional equation is
substitution.

7. Cauchy’s Integral Theorem

Cauchy’s Integral Theorem implies that the line integral of every
holomorphic function along a loop vanishes.

gﬁy f(z)dz=0

Here y is a rectifiable path in a simply connected open subset U of
the complex plane C whose starting point is equal to its end point, and
f: U- Cis a holomorphic function.

Disproof of Riemann Zeta Function’s derivation and Riemann
Hypothesis

I (s-1)
1. Proof that {(s)[J[(s — 1) # f0+ iz—_l)dx ,s=0+1it ,Resoro

>1, x = zero and positive real numbers
From [](s—1) = I'(s)

= fo+oo(e)(_x) (x)*Pdx ,s=0+it ,Resoro>0
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When defined I'(s) in term of an improper integral, s = all complex
numbers (o + it) with positive real part, and x = zero and positive real
numbers, or in term of a limit

b
= I (%) () -1 o4
[1(s—1) a—»()l,lbr2+oo fa @)™ ®dx ,s=0+it ,Resorcg>0

Riemann tried to substitute nx for x as the starting variable in the
integrands, he derived his equation as

[1(s=1) = f0+oo(e)(‘nx) (nx)®Pdnx ,s=o0+it ,Resoro>0,

n=1,23,...,+o

Or in term of a limit,

M- =_lim _ [7)™ (x)*dnx

a—0,b—-+o0o

But he forgot to change the boundaries of the integral (or the value
of nx) after he separated out the variable of the integrands from nx to n and
x, and moved term (n)® to the left hand side as he might have done below

[1(s-1) = - (},ibm fab(e)(—nx) (n)®(x) 5 Vdx

—+00

Multiply by (ni) both sides

(%) [1(s—1) = lim fab(e)(—x)(n) (X)(S—l)dx

a—0,b—>+c0

(%) [[(s-1)= lim fab(e)(—x)(l) (x) S Ddx

a—0,b—>+c0

1 1) = : b S(=X)(2) (o) (s-1)
GHNED=_lim, [0 (9 dx

1 b
Iy Mse1) = i (0(B) () (5D
(PN =_ lim [ (™ ()¢ dx

Then Riemann took summation of the above equations from (%) [1(s-1)

to (0%) [1(s—1) and he thought that terms (e)¥®) of all the right hand
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side integrals could be sum to infinite or :blirP Yb_ ()™M Sohe

made the summation.

= lim fab[(e)(_x)(l) + (e)(—x)(Z) 4ot (e)(—X)(b) 1 (%) (s-1) 4y

a—0,b—-+co

i (%) [1(s—-1) = lim fab[zgzl (e)(—X)(n)] ()6 dx

a—0,b—>+co

(e)(=® _ 1
1—(e)(-X>) N ((e)<x)—1)

From Geometric series Y% (e)™0M = (

. . (X)(s—l)
Then (OG-0 = m, | 5o
+00 (X)(s—l)
Or ((s)[I(s-1) = f @1 dx ,s=og+it,Resoro>1..(A)
0

As you can see, the above equation (integral) is wrong because the
boundaries of the new integral were still from a=0 to b=+oc0. Actually the
boundaries had to be changed after separating variable of the integrands
from nx,, to x, and n, preparing for moving (n)® to the left hand side.

From [[(s-1) = lim fab(e)(‘x) (x)Pdx ,s=0+it

a—0,b->+c

,Resoro >0

n=1,2,3,.,+%;x=nx, andnx, = b,x, = b/n;nx, = a,x, = a/n

Then [](s-1) = a—>01,ibIE+oo fab(e)(‘xn)(n) (nx,)®* P dnx, ,s =0 +it
,Resoro>0
MG6-D = lim [ @) ) ™ dxy,s =0 +it
,Resoro >0

Term (n)® is separated out from the integral and moved to the left hand
side of the equation and then n is increased in value from 1 to 400 in each

equation and finally combined to become Y723 %) or {(s) at the left

hand side. The values of nx, change from 0 to +oc0 and x,, is also changing
upto increasing value of n of those integrals at the right hand side. The
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lower boundaries of those new integrals vary from a/1 to a/+, (a/n,n =
1,2,3,...,+0 ) and the upper boundaries vary from b/1 to b/+o0,(b/n,n =
1,2,3,...,+).

Multiply by ni both sides

. b _ .
(ni) [Is-1)=_lim fa//nn(e)( )M (x ) D dx,

a—0,b—>+o0

Substitute s = (¢ + it) and (x,)®™? = (e)@*it-DLog(xn)
1 1 .
(E) H(S_l) = ((e)(a+it)Log(n)) H(O- + lt_l)

b/n .
= i (—%Xn)(n) (o+it—1)Log(xp)
wodm  Jn © (e) dxp,

= llm b/n(e) (_Xn)(n)+((7+it—1)LOg(Xn) an

a—-0,b->+o Ja/n

d .
- (=%xp)(n) (o+it-1)Log(xp)
From o (e) . (e)

=[(e)(—Xn)(n) % (e)(a+it—1)Log(xn) ]_l_[(e)(a+it—1)Log(xn) 4 (e)(—Xn)(n)]

dx,

=(e) XM (g)(o+it-Dlog(xn) (THTD | (o) (o+it-DLog(n) ()X (—p)

(Xn)
— [_(n) + % + % ] [(e)(—xn)(n)+(0'+it—1)Log(xn) ]
1 b/n ,
= _1) = ; (=%xp)(n)+(o+it—1)Log(xn)
Then (ns) [1(s—1) a—>01,lbr2+oo a/n (e) dx,

1

GG
Gn) G

= lim
a—0,b—»+co0 —(n)+

1[(e) (—Xn)(n)+(0'+it—1)Log(xn)] ]E;rr:

(o-1) (iv)
— lim [ (Xn) (Xn) b/n

0.b—+ e)xn)(mdL [CE N G) a/n
a—0b—+oo - (€) [—(n)+ oo +(Xn)]

(b/n)@=D (b /n) (a/m)(?~D(a/n)(
n(o—1) n(it) - e(a/n)n[_(n)+n(a—1) n(iv)

ORMOL @ @)

a—0,b—+0c0 “e(b/mn|_(n)+

(b) (o+it-1)

= lim _
a—0,b—-+c0 [(n)(a+it—1)(e)(b)[_(n)+n(a—1)+n(zt) ]

(CI )] ]
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(a) (o+it-1)

—[

n(o-1) n(lt)]

()1 (@)@ [ (m)+ =5

. [ 1 ] [ z(+oo)(a+it_1) ]
= (n)(a+it—1) (e)z(+°o)[_(n)+n(0'—1)+ n(it) ]

~(+e0) " ~(+)

1 z(0)(0"}'“:—1)

o] [<e>~~'(°>[—(n)+“(f(5>1 )+2((i§>)]]

_ 1 ~(+00) . 1 ~(0)
- [(n)(a+it—1)] [z(+oo)] [(n)(a+it—1)] [z(+oo)]

= [:%] indeterminate form

And from % (x,) @D (x,)®

=— (e)(" DLog(xn) (g)(iLog(xn)

= (e)(o- 1)Log(xn) — (e)(lt)Log(Xn)+ (e)(lt)Log(xn) — (e)(a DLog(xn)

— ()(@-DLog(xn) (p)(iLog(xn) (iLog(xn) (a)(@—1Log(xn) (=1
(e) .(e) e +(e) .(e) .

= ()0~ DLog(xn) () ((OLO(n) (@) ~LoB(Xn) (jt)

+(e) DLog(xn) (@) (0-DLog(n) (¢) ~Lo8(n) (¢ — 1)

= [(i)+(o — D][ (e)@~DLogln) (¢)~Logkn) () ((DLOE(XN)]

= (o + it — 1) [ (e) [(0-D-1]Log(xn) (¢)(iDLOE(Xn)]
= (0 +it—1) [ )72 ()]

Then —din (o +it—1)(x,) 2 (x,)®
d .
- it — 1) — (o—-2)Log(xp) (@) (it)Log(xn)
(c+it—1) v [(e) (e) ]
— T (0-2)Log(xn) 4 (o) (it)Log(xn)
(c+it—1)[(e) e (e)

+ (e)(iLog(xn) & (e)(@~2)Log(xn)]
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= (0 + it — 1)[(e)@~DLogkn) (¢)IOLog(xn) (D

Xn

+(e) (D108 (¢)(9-2)Loglxn) T=2) 4

Xn

= (o + it — 1)[(e)(@~2Log(xn) (¢) ((DLOEXn) (@) ~Lo8(xn) (jt)
+(e)(iOLog(xn) () (0-2)Log(xn) (¢) ~Lo8(n) (5 — 2)]

= (o + it — D[(it)+(c — 2)][ (e)(e~2)Loglxn) (¢)~Lo8(n) () ((DL0B(Xn)]

= (o + it — 1) (o + it — 2) [ (e)l(e=2)~1]Log(xn) () ((DL0g(xn)]

=(c+it— 1D (o +it—2) [ (x ) (x,) D]

d 2 _ . . . - [
Or =25 () ™D () @]=(o + it = 1) (0 + it = 2) [ ()T ()]

dk _ .
(an)k [(Xn) (o- 1) (Xn) (lt)]

Hence

=[(o+it—1) (0 + it —2) ... (6 + it — K) ][ (x4) @179 (x,) ]

d(o’—l) _ 3
And so = [(%n) 7D (xn) ]

=[(it+0—1)(it+0—2)..(it+ 1) [ (x,)P(x,) ]

d@ .
Also W[(Xn)(a)(xn)(lﬂ]

=[(it+o)(it+o—1) .3t + 1) [ (%)@ (x,)]

(o+it—1)

And from % [(e)®n)(™M[(—n) + 11

Or 2o =) (@™ 4 [(0 + it — 1) (e) 70w () Cn) ]
=—(n)@ (e)*)M 4 (g + it — 1)[(e)L08%n) (n) (e) *n)(™) 4

(€)@ (f) (e)-Logxn) |

=_(n)(2)(e)(xn)(n) +(c+it—1) (e)(xn)(n)[(n)(e)(—Loan) — (e)(—ZLoan)] _H

And
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7o H == (@0 ® 4 (o + it — DI[(M)@ () “Loexn
+(n) (&) Fm ™ ( ) () (~Logxn)] — [(e) (-2Lo8xn) () () ) (™)
+(e)(xn)(n>( )(e)( Logxn)]]
—— ()@ (e)EM | (g + it — 1)(e) )M (1)@ (e)(-Logxn) _
(2n)(e) 2LoBxn) 4(2) () (-3Lo8xn)] ]
ﬁ 1] = —(0)® (&)E0M 4 (g + it — 1)(e) M ()3 (¢)(-Logxn)
— 3(n)® (e)2Lorxn) 4 (6n) (e)(T3108n) — (6)(e) THoB )] ]
ﬁ ] = —(0)® (&)™ 4 (g + it — 1)(e) )M [(n) @) (¢)(~Logxn)
— 4(n)® () “2Logxn) 4 12(n)@ (e)(-3Logxn) _ (24n)(e)~4logxn)
+(24) (e)(~5Logxn)] K
ﬁ (K] = —(n)(© ()™ 4 (g + it — 1)(e)E @ (1)) (e)(-Logxn)
— 5(n)® (e)(2Logxn) } 20(n)3) (e)-3L0gxn) — 60 (1)@ (e) (~*Logxn)
+(120n)(e)~5Logxn) — (120)(e)-0Lo8%n)]
So S [(e) 0™ (—n) + )

= —(n)@ ()™ 4 (g + it — 1) (e) F) @ [(n)@=D () (-Logxn)
— (0 = D)@ (e)2o8%) 4 (5 — 1)(g — 2)(n) @~ (e)(~2LoExn)
— (60— 1)(0 — 2)(o — 3)(n)(TY (e)(F4Losxn) 4 ]
Now apply L’ Hospital’s Rule to

(%) ™D (x,y) 0 b/n
] ]a/n

lim
a-0,b->+0 _(n)(e)(Xn>(n)+<f’ 1>(e)(><n)(n)+(‘t) (e)xn)(m)

Repeat L’ Hospital’s (¢ — 1) times until (x,)©Y = (x,)® =1
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(xn) 77D (x) b/n
] ]a/n

Then lim = @)
a—0,b—>+c0 ~ —(n)(e)xn) (M) 427" (e)xXn) () 4 () (Xn)(1)
(xn) (Xn)

=a—>01,1br2+oo [ (&))@ [—(n) (D +(g+it-1)][(n) (=D (e)(-LogXn) - (¢-1)(n)(?~2)..]

(it+0—1) (it+0—2)...(it+1) (x) @ (x,) O b/n
] ]a/n

= i (it+o—1)(it+0-2)...(it+1) (b) 1D (n) -V
= a—>0,1br2+oo [ (@) —(n)(@) +(o+it—1)[(n)(@) (e)(~Logb) — (g—1)(n)(?) (e)(~2Logb) ] ]

—[ (it+o—-1)(it+0-2)..(it+1) () O (n) V) |
(e)(a)[ —()@ +(o+it—1)[(n) (@) (e)(-Loga) — (5—1)(n)(0)(e)(-2Loga) ]

= i (it+o—-1)(it+o-2)..(it+1)(e) (itLoeb)
R L oy o e e e S e R e S e

- (it+o-1) (it+o—2)...(it+1) (e) (itloga) |
(e) (@) (n) (o+it) [ —1+(o+it—1)[(e) (-=Log(a) —(o-1) (e) (-2Loga) ]

[Let “r%]_‘og (a) =z, or Log(= 0) = z, then (e) (z) ~ 0,but (E)(—OO) = (e)l(oo)
a—

~ 0 Solim Log (a) or lim Log (= 0) = —c0 ]
a—0 a—0

— lim (it+0-1)(it+0-2)...(it+1)[cos=(+oot) + isin=(+ocot)]

a—0,b—+00 [ (n)(@+i) (e)~(+)[ —1+(g+it—1)[(e)(-Log*(+®))— (g—1)(e)(-2Log=(+x)) |

_[ (it+o—-1)(it+0—-2)...(it+1)[cos=(—oot) + isin~(—oot)] ]
(n)(@+i) (e)~(0[ -1+ (o+it—1)[(e)(-L08~(0) —(g—1) (e)(~2Log=~(0) |

. (it+o—1)(it+o—2)..(it+1) ~(1)+~(0)
= asoil o | (m+D oo =cr=o—=or1
_[(it+a—1)(it+a—2)...(it+1) ] [ ~(1)+=(0) ]
(n)(@+iD) (©)*O[x(=1)+~(0) —=(0)+--]
. (it+o—-1)(it+o0-2)...(it+1)
e L (D = (0]
_ [(it+a—1)(it+a—2)...(it+1) ][ ~(1) ]
(n)(o+iD ~(-1)
_ . (it+o—-1)(it+0-2)...(it+1)
o a—>01,lbn—1>+oo (n)(o+it) ]
_ (o+it-1)!
- (n)(a+it)
_ (s—1)!

m)®

]
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— ! 1= | B/ ) (—x) (1) (¢, Y (-1
Forn=1 L [1(s—1) a—>01,1br£1>+oo fa/l (e) VM (%)) dx,
(s—=1)!

6O
Forn=2 ! [1(s-1) = lim fb/z(e)(—Xz)(Z)(X )(s—l)dx
(Z)S a—)O’b—)+oo a/2 2 2

(s—1)!
2)®

1 b/+
— D= I (—Xo0) (+0) (s—1)
Forn=co —==[l(s-1)=_lim famo (e) (Xeo) S Vdx,,
(s
() ®

Actually the correct method of integration of the above equations
should be.

(5)+ @) ++Z) e
- Ll L 0 e

fb/(Z)

@ (e)(*2)@)(x,)(-D(x,

+...

b/(+0) © .
o /irony @) (x)C D, |

w 1 (s—1)!
5 PIGC-D =55

(s—1)!

T e

+...

(s—1)!
(+00)()

__ (s-1)! (s—1)! (s—1)!
Or U(s) [](s—-1) = 0 + 250 + .. +—(+Oo)(s)
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= 225 () (s—1)!

(X) (s-1)

+ 00
((s)[1(s—-1) # J (e)T_ldx, because infinite summation
0

(Geometric series), Y12 (e)(™9" = of one of the integrand, (e) ™"

(e)®)-1
can be taken only when value of (x) does not change while n changes. But
in this case the value of x changes to x4, X5, ..., X, While n changes, and

b/(1) b/(2)
(s-1) (s—1)
fa/(l) (x1) dx; # fa/(z) (x2) dx,
:'& vee
b/+(0)
(s—1)
fa £ +(o0) (X)) ¥ 7 dX o,

so infinite summation of the integrands (e)(=®n

not be done as Riemann did.

of the above integrals can
. . rtoo (=x)C
2. Proof that 2 sin(ms)[[(s-1){(s)#i [, e

= ¢ > 1. And {(s) of this functional equation has no trivial zeroes (-2, —4,
—6,...).

dx ,s =0 +it, Res

Start from finding {(s) for x on the whole real line (negative and
positive integers) especially for x = negative integers using analytic
continuation while s = complex number (o + it)

From Riemann’s equation

+oo (s-1)
¢(s)[1(s-1) = f (gzx)_l dx ,s=o0+it, Resoro>1 .. (A)
0

= lim O™ 4x
a—0,b—+oo A (e)® -1

Apply analytic continuation technique (by stalking Riemann’s
work, and to do this we have to assume that equation ... A is correct) then

(_1)(5—1)(_)()(5—1)

b
(©N6-D = Jlim | O -(B)
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)(5—1)

b
_ (s-1) (=x

From (cosm —isinm) = —1; (cosmt = —1, sint= 0)

b
(s) ) (s-1)
¢(s)[1(s-1) = (cosm—Istnm) blim+ f .l

D RocE

From (cosm — isinm) = ()™

b (s-1)
Z(S)H(S—l) = _(e)(—ﬂfis) lim (=%)

bo+oo J_ (e)® -1

Multiply by —(e)™s) both sides

— (©™I(s)[(s~1) = hmj (0

(e)®— 1 (C)
From (cosm + isint) = —1; (cosm = —1, sint= 0)
b
(cosm+isinm)(®) . (—x)6D
Z(S)H(S 1) (-1) b1—1>I-Poo J—b (&)®—1 X

b
- (@ pm [ E2
b-o+oo ) 1 (e)®-1

Multiply by —(e)(~™) both sides

—(@)CTO(S)[[(s-1) = llm f ()(3: 11) X .. (D)

©-MD ; [ @™+ @TIY(s-1)

b b
i (_X)(s—l) . (_X)(s—ll
= lim ——dx — lim —_—
bo+oo J_ (e)®-1 b+ J (e)®-1

[—cosms — isinmts + cosms — isinms]{(s)[[(s—1)

) b (—x)&D ) b (—x)CD

= ol | ewa XTI, ) e

. . ) b (—x)&D . b (—x)6D
—2isinms{(s)[[(s—-1) = bl_l}grnOo N (e)(x)—1dX +bl_1>rJ{1oo : o 19X
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. (—x)&1
= lim
b-+oo Ji (e)®-1

oo (_X)(s—l)
= dx
(e)®-1

+00
Multiply by i both sides
. R
2sinmts{(s)[[(s—1) =1J+oo ©®1 ... (E)

= 0 (by Cauchy’s Integral Formula and by method
which was used to derive the equation above)
But the above derivation (all red characters) is wrong because it
starts from wrong equation

(s~ D = [, - dx - ()

The right derivation in this case should start from equation

b
[1s-1) = lim fa (e)(™™xn) (nx,,)® Vdnx, ,S=0+it

a—0,b->+c

,Resoro >0

Then change the boundaries in accordance with separation of the
variable from nx, to n and x,,, preparing for moving (n)® to the left hand

side.
M-D=__lim  [7"(@C0® m)® (x,)¢ Vi,
Multiply by # both sides
STG-D = lim ()0 (x,) ¢ Ddx,
(n)® a—0,b—+00 “a/n
Set n = 1 to +o0 and take summation of all the equations as above,
then

(O6-1 = 535 = T6-1)
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o . b _ B
= 2n+:1 lim fa//nn(e)( Xpn)(n) (Xn)(S 1) an

a—0,b—o+o

Apply analytic continuation technique for x on the whole real line
especially x = negative integers then

b/(1)
-1)= ' (x0)@W) (—1)-D(—_x -1
(OMG-D=_ lim [[ (TVO(=1)6(—x)¢ Vdx,
b/(2) _ _ _
fa/(z) (e)x)@ (—1)6-D(—x,)"D(x,
+...
b/(+00)
(=Xoo)(+20) (_1)(s -1 (— (s-1)
NG (—1)6 7 (—x0) ¢ Ve, |
b/(1)
=(=1)6E-D [ (=x0)@®) (¢ )-1)
(=DCV dim [[7 (@) VD (—x)E D dx,
b/(2) _ _
f—b/(z)(e)( x2)(2) (—x,)D(x,
+...
b/(+c0)
(=Xeo) (+00) (_ (s-1)
IRORNO (—6) ¢ Ve, |
From (cosm —isinmt) =—1 ; (cosm = —1, sint = 0)
_ __ (cosm—isinm)®®) . b/(1) (=x)(1) (_ (s —1)
(OIN(s-1) === lim [[ | ()DD(=x,)¢ Vex,

b/(2)
(=%x2)(2) (—x.)(s-1)
40 o @D (—x,)6 Vdx,

+...

[0 @ re I o ) D,

—b/(+o0)
From (cosm — isinm) = (&)™ = —1

fb/(l)

o @ ()6 D,

UM(s-1) =—(e)C™*  lim

a+m[

b/(2
[ /@) (&) x@ () Dx,

—b/(2)
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+...

b/(e0)
(=Xe0)(+00) (_y (s =1)
+., 1oy (®) (—%0)" HdXe |

Multiply by — (&)™) both sides

~ @G- = lim [ @O0 (—x,)6 Ddx,
fiﬁg)(e)(_xﬁ(z)(—XZ)(S‘D dx,
+...
[ j::i)(e)(—’(oo><+°°>(—xoo)<s—DdeO . (©)
From (cosm + isint) =—1; (cosmt = —1, sint=0)

(e)(_xl)(l) (—X1)(S —1)dXl

__ (cosm+isinm)®) . b/(1)
SN =0 i 1
fb/(Z)

oy (TP ()¢ D,

+...

fb/(+°°)

e (@) ()¢ Vx|

From (cosm + isinm) = (e)™ =—1

i b/(1)
_ = —(e)@s | (=x)D) (¢ )-1)
OI1G-1) === Tim [ ()W (—x,)EDdx,

b/(2)
+f /@) () x)@ (—x,)-Dx,

—b/(2)
+...

J‘b/("'oo)

o (€ (—x )6 D, |

Multiply by —(e)(=™$) both sides
. b
~@CMY1(s-1) = lim [

lim _b/(l)(e)(—xl)(l) (—x,) 6 Vdx,



30

b/(2)
(=x2)(2) (—x.)(s-1)
47 o @D ()6 Vdx,

+...

fb/(+°°)

oy (O T (%) Ve |

€)= [- @™+ (&TIY(s-1)

b/(1)

T (—x1)(1) (_y.)(5-1)
Jim [ (@O (x)EDdx,

+fb/(2)

o @D ()N,

+...

fb/(+°°)
—b/(+e0)

b
—lim [ f /W

~lim _b/(l)(e)(—xl)(l)(_Xl)(S—l)dxl

fb/ (2)

o (TP (—x) ¢ D,

+...

fb/(+°°)
—b/(+c0)

[—cosms — isinmts + cosms — isinms]{(s)[](s—1)

b/(1)

T (-x1) (D) (_x.)(5-1)
Jim [ @O (—x)Edx,

+fb/(2)

-b/(2) (e) (=%2)(2) (_XZ)(S_l) dXZ

+...

—b/(+)

b
—lim [[

—lim _b/(l)(e)(—xl)(l) (—x,)CVdx,

. (D)

(e)(_X”)(+°°)(—Xoo)(S_1)dXoo ]

(e)(—xoo)(+oo)(_Xoo)(s—1)dXOO ]

(e)(—xoo)(+<>o)(_Xoo)(s—1)dXOo ]
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b/@) N (x)@) (g Y(-1)
) o @D (x)Ddlx,
¥

b/(+0) . < e -
f—b/(+m)(e)( X)) (—x05) ¢ TV dxes |

. _ b/(1) _ B
—2isinms{(s)[](s—1) =b1—1>r-}poo [ f—b/(l)(e)( )M (—x, )6 -Dy,

b/(2) (=x2)(2) (—x.)(s-1)
@ TP () P x

+...

b/(+c0)
(Xe)(he0) (YD)
] e © (—Xe0) ¢ Ddlxop |

(YD S ex) @ g YD)
Sllf?o [fb/(l) (e)* 7 (=x4) dx;

/@) N (x) @) (_y Y1)
+fb/(2) (€27 (=x2) dx,

+...

D/ - (~xe0) (+00) (5-1)
e)r = —Xoo dxo,
Joscre @ (%) ]

b
— lim [J‘ /(1)(e)(—x1)(1)(_xl)(5—1)dX1

—2isinms{(s)[[(s—1) b—>+oo Jb/(1)

/@) (%)@ (g Y(5-1)
+fb/(2) (€)= (=x2) dx,

+...

b/(+) o .
fb/(+oo) (e)( Xeo)C¥ )(_Xoo)( 1)dXoo]

veo/(1), )
= [f+oo/(1) (e)( X1)(1)(_X1)(S 1)dX1

+00/(2)
(=x%2)(2) (—x ) (s-1)
+f+°°/(2) ()" (=x2) " Vdx,

+...
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+00/+(0)
(=Xo0)(+0) (_ (s-1)
f+oo/+(oo) &) (=%e)" " VX |
Multiply by i both sides
- ey .
2sinms{(s)[[(s—1) = l[f+oo/(1) (e) DM (—x, ) -Ddx,
voo/(2), )
L ooy @@ (=x)C Vdix,
+...
+00/+(c0)
(—Xe0) (+0) (_ (s-1)
f+oo/+(oo) (e) (—%e)" X, |
oo (FR/M) S_
=1 +00/(n) (&) (—x)¢Vdx,

=0 (by Cauchy’s Integral Formula and the method
which was used to derive the equation above)

['(s+k)
s(s+1)(s+2)...(s+k-1)

Consider [](s—1) =T(s) =

k=0,1,2,3,.. and s+k>0,ors-k, s#0,—-1,-2,..,—(k—1)

[1(s—1) =T(s) has poles ats =0, —1, —2, —3, ... (or undefined)
and [](s—1) =T'(s) never becomes zero for any values of s.

Sinmts = 0 all the time by the method that was used to derive
2sin s {(s)[](s—1) as mentioned above or s must be +m, +3m, +5, ...
while sin s must be 0, cos ts must be — 1, and s mustbe + 1,+3,+ 5, ...
s# 0,—1,—2, ... (negative integers) which will cause [J(s—1) to has poles.

Note that 0xa =0, ais not 0, but can be any numbers and/or

a= % (undefined).In this case a = {(s)[](s — 1) while sin 7s must = 0,

MG~ 1D #0and {6~ 1) = (s~ D! 535 (5)

n

So 2sinms (S)[[(s=1) =i 52 /™ (@)™ (—x )6-Ddx, = 0

+oo/(n)

or 0x ISMG-D=i%% [ (@) mm(—x,)6Ddx, =0

+oo/(n)
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That means {(s)[](s—1) can be any numbers and/or = % (undefined).
In this case, nothing supports that {(s) = 0 and sints =0,s = -2, —4, —6,
... (which are called trivial zeroes, and cause {(s) = 0 as Riemann
misunderstood). On the contrary s must not be negative integers which will
cause [][(s—1) to has poles and make conflict to the above derivation of the

(cosm+isinm)(S) __ (cosms+isinTts)

f t h h h _1 (5_1) =
unction which we have (—1) =) (-1)

where costts must=—1 and sins must=0.

The above derivation gives out that there are no trivial zeroes of
Riemann Zeta Function 2 sin s {(s)[](s—1) = 0 for x = negative integers
(or for x on the whole real line).

3. Proof that Z(s)n(_g)]"[ (2—1) +— +f1+°° q;(x)[(x)(g‘l) +

s(s—1)

1+s

(X)_(T )] dx

From [](s-1)

I'(s)

= f0+oo(e)(_x) (x)®Vdx ,s=0+it,Resoro >0,

x = zero and positive real numbers, or in limit form

Ms-1) = lim [P0 dx

a—0,b—->+

(o+it)

Riemann tried to start from denoted s = % or and X = nnmx to

the above equation and then

1'[(%—1) = _Jlim fab(e)(_nnnx) (nn7x) @Y dnnmx

a—0,b—o+o0o

But he forgot (again) to change the boundaries (upper and lower) of
the integral after separating the variable from nnmx to nn, 7, and x, as
shown below

NE-1) = tim P me m@®eE dx

a—0,b—+o0o

Multiplied by ﬁ (m)(=2) both sides.

1
(n)s

(n)(—%)n(§—1)= im  [7(e)™™ ()G dx

a—0,b—-+co
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L @ONE-1)=_lim [P O0@® ()6 dx

a—-0,b—o+c0 @

L @DNE-1)=_lim [ @O®® (961 dx

a—-0,bo+c0 @

(M) D] ( ) —  lim fab(e)(—bbﬂX) )G dx

a—0,b—>+c0

()S

Then Riemann took summation of the above equations from
(%) (n)(_g) I1 G —1) to (é) (n)(_g) I1 G —1) and he thought that term
(e)(=9(®) of all the right hand sides could be sum to infinite or
=y, (&),

() + @) -+ @GN @ nG-1)

= lim fa [(e)~MWDME) 4 (¢)-@@ME) 4

a—0,b—+co

+ ()PP (e dx

= lim fab[ b_ (&) () dx

a—0,b—+co

Or Z;;-g_‘)[ %) (TC)_(%)H (%—1): lim b[ 221 (e)(—nnnx)] (X)(%—l)dx

a—0,b—-+co0 Ya

or @ OMNE-1)=_ lim [°[Sh, (™) (oG dx

a—0,b—o+o0 Ya
= [77I3s (@] (G Ydx

Then Riemanndenoted Y12 (e)™P™) = i(x)

So (&@I(G-1)=_lim [0 @6 dx

a—0,b—>+o0

From  QU()+1) = 0D y()+1) (Jacobi, Fund S.184)

c(s)(n)(-%>n(§—1) = lim [PyeEGE Y dx+ [Lue)e0G Y dx

a—0,b-+o00
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= lim fal 1} (i) (x) (3% dx

a—0,b—>+oco
FLT0C) = G dx +[7 w006 ) dx

b0l 1w
i £ 10002 = G Ve =lim [G) Ty ~6Q) g T

(1-0) [(1_0)]

=+ 936G

. 1
"~ (s)(s-1)

. .1 (1 s=3
Considered gl_r}g fa Y (;) )7 dx

Riemann might let u =§ then du = (-1) (x)"*)dx (or something
liked this)

And dx=(-1) (0)“?)du
Then llmf L|J( )(x)( ) dx = 11m fl/lw(u)( )( )( 1) (W) du
= Slim )@ du
=m0 du
Then Riemann set back bl_i)rjpoo flb P(u) (u)_(¥) du :]31_i>r:1oo ) 1b P(x) (x)‘(¥) dx

(which was wrong because he had let u=§ , S0 u should not go back to =x

again that would make confusion between the value of x of all the integrals
involved.)

So (OMA(E-1)=__lim 2[00 - (06 -)] dx

+ P0G D dx + [ w007 dx
+ lim f UE[)E D+~ ]dx

(s)(s 1)
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P PEIEE D+ dx ... (F)

(s)(s 1)

The above equation (integration)... (F) was wrong because of
his trick to change lim [ ' 1) (i) (x) (3% dx to blirp ) 1b P(x) (x)_(¥) dx

a—>0b->+o ¥
which would make confusion about the value of x of all the integrals
involved, and was wrong because the boundaries of the integral were still
from a=0 to b=+o0. Actually, the boundaries had to be changed after
separating variable of the integrands from nnnx to nn, 7, and x, as below

b
From T[] G—l) = lim j (e)mmxn) (nnrx )G Ddnnmx, , s= (o + it),

a—-0,b—-+o a
Res or o > 0, x = zero and positive real numbers

Then [1(3-1)=_ lim [0 (&)™ )@ @)@ o) EVax,

a—0,b—+0c0 “a/NN7T
Term (n)(® is separated out from the integral and moved to the left
hand side of the equation and then n is increased in value from 1 to +oo in
each equation and finally combined to become Y} (%) or {(s) at the left

hand side. The values of x,, at each n of each integral at the right hand side
are changed too (the lower boundaries vary from a/(1)(1)m to a/(c0)(o0)m
and the upper boundaries vary from b/(1)(1)m to b/ (c0) (o).
(Remember that nnmx,, had boundaries from 0 to +oo in the original
integral).

Multiply by()~@ (=) both sides

@O (H)NE-1)=__lim [T (@) ™) ()6 Vdx,

as0,b+co Ja/nn

(o+it)

Substitute s = (o + it) and (x, )(z 1) — (e)( -1)L0g(xn)

(n)_@) (ni) i (__1) B (T[)_(aﬂt) <(e)(a+lt)L — )> ((a+lt) 1)

b/nnn

= lim (&) Xn)(nnn)(e)( 2-1)Log(xn) dx,

a—0,b—o>+

a/nnm
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b/nnm
— lim j (e)( xn)(nnn)+( )Log(xn) an
a

a—0,b—o+o /nn7m

(o+it)
_ . 1 [(=xn) (nnm)+ —1)Log(xp)]7 1b/nnm
=, dim, @ (5T roman) poron
' —(nnm)+
(xn)
o it
— (Xn)(__l) (Xn)<7) b/nnr
= dim el o) (@) Haymnn
[— (nm't)+( 5 @]
— l' (Xn)(g_l)(xn)<i2_t) ] ]b/nnT[
_a—>0,1brg+oo (o‘ 1) (Lz_t) a/nnm
()OO~ (nnm)+-2 24 2]

($) )
— lim (b/nnm)\ 2 “/(b/nnm)\2

a—0,b—o+o o, it ]
~(e)(®/mnmnnm—(nnm)+ (l()inm)r) : (bgrfr)m)]

(2)
(a/nnﬂ)(z D (a/nnm)\2

_[ (it) ] )

(e)(a/nnn)(nnn)[ (nnm)+ (__1). 2 ]

(a/nnm) ' (a/nnm)

O ‘1)(b)(g> (nnn)(_ 2)

- a—>01,ibr2+oo( [ < % - (g) it
(O [- (@4 220 2 a2) o0 2 ()
—[ (a)(%_l)(a)(i_t)(nnn)(_%) _
(©@[~(nm) @+ (““”)((a))(“1)+(““”)(:)-(%t)]
= lim ([ (b)( )(e)(ltngb)(nnn)(_%) _
am0bo+eo 5 ) (2-1) nm@ (1)

@®[-(nnm) @+

(b) + (b)

itLoga

@5l 2 nm (" 2)

) (nnn)( )( 1) (1'11’171,')( )(lt)
@ @ ]

al

(&)@ [ (nnm) 24

o it
(b)(f _1) [cos(tLogb)+isin(tLogb)] (nnn)(_ 5)

g, ,.

a—0,b—+00 & (nnn)(f)(ﬁ)
(b) @, onm2 (Z 1)T 2

(e)'®)[—(nnm)*2 ) ) ]




[a

= (I

= (I
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o it
(a)( 5_1) [cos(tLoga)+isin(tLoga)](nnm) (_ z

)

al

(© @[~ (mnm) P+
(a) (a)

lir% Log (a) =z, or Log (= 0) = z,

But (e)® =~ 0, or (e)=®) = ~ 0,

ce)(°°>

So lirr%)Log (@) orLog (= 0) = —oo |
a—

o it
z(+oo)(7 _1) [cosz(+00)+iSin~(+00)](nn7T)<_ E>

(nnm) @ )(— 1) (nnm) @ )(lt)

~(Feo) T (o)

()= [~(nnm) @+

a it
z(o)(i‘l) [cosz(—OO)+isin~(—oo)](nnn)(_ 7)] )

g. .
o (nnm)Z )( 1) (nnn)(f)-(;—t)
~(0) o

al

(&)~ [~ (nnm) 2+

o it
~(+o0)(Z ‘1)[z<1)+i~(0)](nnn)<'7)
(nnm)Z )(——1) (nnn)(g)-(%)

~(+00) + ~(+00)

(&) (nnm) 2+

o it
<@ =@y i@ anm"2)

g G D[ 1) (nmt)( )(Lt)
~(0)[— G nnm2 3 N
(e)¥9[-(nnm)*2 ~0) ~0)

al

~(+ oo).z(l)(nnn)(_ %t)

_(+

And

dx

(e)~(+0) [—(nnﬂ)(%)+z( 0)+=~(0)]

z(O).z(l)(nnT[)(_ lz_t)

(O [~(anm) ()4 (+e0) 2 (+00)]

+—: — 0) (indeterminate form)

from —— (Xn)(__l) Xy, )(lt)

(e)(“i)Log(Xn)(e)( )Log(xn)

(nnrr)( )( —1) (nnn)( )( )]
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= (o) (T L () (G)romn) 4. ) (oo L (-1 )romten

(B (7 )rogeen)

B (e)( )Log(xn) ( )(e)( )LOg(xn)

Xn Xn

(e)( )Log(xn)

— [(e)( )Log(xn)( )(e)( )Log(xn)(e) Log(xn)
_|_(e)( )Log(xn) ( ) (e)( )Log(Xn) (e)~Logkn)]

= (%) (2~ 1)1 (o) E2ostsn) g -toro ) ()osten)

2

=[(2 +__ 1)][(6)[( 1)- 1]Log(xn)(e)( )Log(xn)]

+ (e) (?)Log(xn) % (e) (E—Z)Log(xn)]
= (% + % — 1) [(e)( )Log(xn) ( ) (e)( )Log(xn)
+(e)( JLog(xn) (572) ( 2) (e)( 2)Log(xn) ]

=+ 51013 @ )L"g("n)( )(3)oE gy -Logcsn)

(_ _ 2) (e)( )Log(xn) (e)(—— )Log(xn) (e) Log(xn)]
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(244 - 1) (24— 2)[ (o) F2)10stmn) o) omtun o) (oo

(% n % _ 1) [(% N % _ 2)][ (e)[( 2)- 1]Log(xn>(e)( )Log(xn>]

(C+E-1) (G + L - 2)l )P

So 2 [ S0P
d(xn)2
= 1G+5-1) G+ 5-2) - G+ O]
=3 -1)! [ @) (3]
And d(d 2)(cr) [(Xn)( )(X )( )]

=(E+5) G451 G @6

—O ) @) )]

o it

And from -— [(e)(xn)(nnn) [( nnn) + (E XE—l) ]]

n

Or E [—(Hnn') (e)(xn)(nnn) + (% + l; — 1) [(e)(—LOan) (e)(xn)(nnn)] ]

=—(1’11’1T[) (2) (e) (xn)(nnm) + (% + l;t — 1) [(e) (—=Logxp) (nnn) (e)(xn)(nnn) +
(xp)(nnm) 1 (-Logxn)
(&) T () () Lo |

:—(nnn-) (2) (e) (xp) (nnm) + (% + l;t — 1) (e) (Xp)(nnm) [(nnﬂ:) (e) (-Logxp) _
(e)(~2Logxn)] .P

And

L [P] =—(nnm)® (&) ) mnm) 4 (% 4 %t _ 1) [ [(nnm) @ (e) (-Logxn)

dxy,
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+(nnm)(e) (xn) (nn7) ( ) (e)( Logxn)] [(e)(—ZLoan) (nnm) (e)(xn)(nnn)

+(e)@n)(mnm) ( ) (e)(Logxn)] ]

=—(nnmn) 3) (e) (xn)(nnm) [(% + %t — 1) (e) (xn)(nnn)] [(nnr) (2 (e)(_Loan)
—(2nnm) (e)(-2Logxn) 4.(2) (e)(3Losxn)] ..Q

%[Q]: —(nnrc)(4) (e)(xn)(nnn) + (% + %t — 1) (e)(Xn)(nnTE) [(nnn)(3)(e)(—L0an)

— 3(nnm) @ (e)(2Logxn) 4 (6nnm) (e)(~3Lo8%n) — (6)(e)("4Losxn)] | R
L [R]= —(nnm)® () En)nm) | (% + l;t _ 1) () G [ ()@ () (-Logxn)

dxp

— 4(nnm)® (e)(-2Logxn) 4 12 (nnm)@ (e)(-3Logxn) —
— (24nnm)(e)(~4Lo8%n) 4 (24) () (~5Logxn)) g

a4 [S] = —(nnm)(© (&) Gm)(n7) 4 [(% 4 %t _ 1) () Gn)(nnm))

dxp

[(nnm)® (e)("Logxn) —5(nnm)™®) (e)~2Lo8%) +20(nnm) ) () (~3L0g¥n)

—60(nnm) (2) (e) (-4Logxn) (120nn7)(e) (-5Logxy) _ (120)(e) (—6Logxn)]

o it

So # (ORI nnn)+@n

— —(nm-[) (%) (e) (xp)(nnm) + [(% + %E _ 1) (e) (xn)(nnn)] [(nnn) (%—1) (e) (-Logxp)

(2 - 1) (nm) G2 (@) 2eemn) 4 (2 1) (2 - 2) (nnm) (E3) (o) Lo

_ (_ _ 1) (_ _ 2) (_ _ 3) (nnn)( )(e)(—4Logxn)+___]

2

Apply L’ Hospital’s Rule (% — 1) times to

lim :
a—0,b—>+ [ (cr 1) (lzt a/nnmw
(e)(xn)(nn”) [-(nnm)+=—+"%

o it
(Xn)(i_l)(xn)(7> b/nnm
11
>]
(xn)  (Xn)

until (x,)@ Y = (x,)@ =1
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)70 ) ) b/nnr
(a 1) (it) ]]a/nnrt
(&) ()M [— () +-2<+524]

! (47 1)(5422). (S41) o) @ 2)
= 1m [
a—0,b—+o0 (e)xn)(nnm) [ (nnn)( ) (‘74_5_1)][(nnn)(i_l)(e)(—Logxn)_ (;!_1)."]

Then lim |

a—0,b-+o0

b/nnm
] ]a/nnn

= lim (Lrg-1)(sg=2) . (2r1) a2

0 o i e)(—Logb) o g_
a—0,b—+00 (e)<b)[ (nn7) 2)+(2+7t—1)[(nn71') )(;()_Lﬁ— (5—1)(nnn)(z 2)...]]

(42-1) (s 22). (1) @) ammy (- 2)

(e)(a)[—(nnn)(g) ("+5—1)[(nnn)( m1)_eoe (5—1)(nnn)(%"2)---]]]

(e )( Lognnm) 2

L) ()0l D (2)

2

= lim
a-0,b—>+00 (e)(b>[ (nm)(z (%+——1)[(nn7‘r) 2) (e)(~Logb) - (——1)(nnn)( ) (e)(-2LogD). ]]

(o) (ol Donnl D |
(e)(a>[ (nnm)(2 ("+£—1)[(nnn) ) (e)(-1Loga) - (——1)(nnn)(%)(e)(‘21'°ga)...]]

(o) (g () )

(e)(b>(nnn)(2 2>[ 1+(Z+5-1)[(e) (-Logb)— (2-1)(e)(-2Logb)_ ]

= lim
a—0,b-+o0

(i?t+;5—1 i?t+;5—2)...(%t+1)(e)("”“°ga)

)
—[
(e)(a‘)(nnn)(2 2>[ 1+(%+%—1)[(e)(‘LOg(a)—(g—l) (e)(‘ZLOga)...]]

[LetlimLog (a) = z, or Log(~ 0) =z, then (e) @ =~ 0,but () = (e)<oo)

~ 0 Solim Log (a) or lim Log (= 0) = —0 ]
a—0 a—0

(it +£—1)(it +£—2) (it +1)[cos~(+oot)+ isinx(+oot)]

= lim o
a—0,b—+00 (n nn)(2 2)(e)~(+°°)[ 1+(lt+_ 1)[(e)( Log~(+00)) _ (__1)(9)( 2Log~(+00)) ]]

( +_—1)( +——2) ( +1)[cosz(—°0t)+iSinz(—Oot)]

ml

ltU

(nnn)(z 2)(e) (o)[ 1+( +E_1)[(e)(—Log~(0))_(%_1) (e)(—zLogz(O))___]]

_ (5+5-1)(5+5-2)-(5+1) ~(1)+2(0)
B a—>01,1brg+oo [ (‘2t+‘2’) ] [(e)z(+°°)[z(—1)+z(0)—z(0)+~..]]
(nnm)



—2)-{3 1 ~(1)+~(0) ]
(L9) (@~ [~(~1)+~(0) ~~(0)+--]

~ lim | (%t+g—1)(i7t+;5—2)...(ii+1
a—-0,b—-+o

B [(it+a—1)(%+%—2)...(%t+1) m ~(1) |
(nnn)(%+g) ~(-1)

— lim [ (i?t+%_1)(%+%_2)"'(%+1) ]
a—0,b—>+ (nnn)(%+%>

it o
Z4Z% 1)
(2+2 1)'

(nnm) (%-%)

G-
(nnm) (SE)

Forn=1 (11)5 I (5 _1) (m)~G)

2

p/m (—x)(1)(1) G-D
— 1 _Xl T -
A L © Gy

/(DD
_ _G&
(@@
— 1 s _ -3)
Forn=2 B I1 (2 1) (m)~\z

p/@r (—x)(2)(2) G-D
—  lim j (e)(xz m(x,)% Vdx,
220b=% Jay@@n

G-1)!

(@@mn(2

For n =400 (+;)S I G _1) (m)~G)

= lim
a—0,b->+

fb/(+oo)(+oo)rr
a

(@) Cx)) (x G dx,
/+ () (+0)T
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G-
2

((+o0) (+eym)(2)

Actually the correct method of integration of the above equations
should be.

)+ @) r-r (NG 1) 0

b/(1)(1)m s
= lim [J (e)(_xl)(l)(l)n(xl)(E_1)dX1
a0b=+ Ly yyn

b/(2)@)m ()

+f (e)(—xz)(z)(z)”(xz) 2 dxz
a/(2)(2)m

+...
b/(+00)(+c0)m s

+j (e)(_xoo)(‘l'oo)("'oo)n(xoo)(E_1)dXOO
a/(+00)(+o0)T

+oo (Ayrr(E © - GV

= s _1 (T[) 2/ = S

=t (“)H(Z ) (W@
G-t

[(2)(2)7T](87)
+...

G-

+ s
[(+e0) (+oo)m] (2)

G-1)!

[nnm) (87)

or (S5 -1) M@ =33
) m(s- 1 oo (G-1) -(39)
(@ (G-1) e+, WG E D+ )dx
because the boundaries are not the same as Riemann did before. In

this case the different boundaries tell us that x4, x5, ..., X, are not the same,

b/(1)(1) () s b/(2)(2) () s
sof (xl)(i'l)dx1 qtj (xz)(i'l)dx2
a/(1)(1)(m) a/(2)(2)(m)

F e
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b/(+90)(+0) (1) ]
+ f (xe0) @™V dxo
a

/ (+00) (+00) (1)

, and infinite summation of the integrands , (e)(™™"™) of all the above
integrals cannot be done as Riemann did because infinite summation,
+  (e)7"17X) of one of the integrand can be done only when value of

another integrand (xn)@_l) does not change when n changes.

4, Proof that [] G) (2 —1)(1T)(_§)((s), fors = % + it

(ttz;%) f1+°° P(x) (X)_( %)cos( % tLogx)dx

H
NP
+

# (1)

From Riemann’s equation (suppose that it is correct)

(@IMN(G-1) = 5o+, WEIE ) +60" B dx .. (B)

Multiply ( ) (s-1) both sides and set s == + it

(@D (G-1)(5) -0

>)(s-1)

= (@(s = +(2) -0 [ WL E I +00" )] dx

>(§+1t 1) Wl (X)( )+(x)_< ’ >] dx

) 1 eI 0+ dx

1

) [ W0 ) [ (0G089 4 (e) 2089 | i
>f1 P )3 [COSG tLogx)+isin G tLogx)

cos G tLogx) — isin G tLogx)] dx
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= 14 (tt+_>f lj}(X)(X)(_%)ZCOS(%tLogX)dX

N

= % +(tt + i) f1+°° P(x) (X)(_% )cos(% tLogx)dx

= &1
Consider {(s) (n)(_g) I1 G—l) G) (s-1)
From TI'(s) = F(SH) fors#0
I'(s+k)

AndTI'(s) =

ST+ (Th-D) fork=0,1,2,3,..and s+k> 0,ors > —k

,s#0,—-1,-2, ... —(k—1)
And [(s) = [(s+1) = sI(s) = s[I(s— 1)
Then [I(3) = IG+D =31 = 3M(-1)
Thus &)@ (3)T1(5-1) 6-0 = L@ () -0
S0 (@I () G- = 5 +(tt+3) 7 W@+ eos( tlogx) dx
= £

However, the above equation is not true because it was derived
from the wrong equation... (F) as proof above

(HI(G-1) = ===+ W@IEED +~Edx .. (F)

(s)(s 1)

While the correct one is

(@I (G-1) =225 Jim [ @™ () dx,

a—-0,bo+oco0 4

(%—1)!
[nnn] (Si)

= 2;:01
Multiply by ( ) both sides

Then {(s) (n)(_ 2) G) I1 (% — 1)
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= (%) 2:1:01 lim fb/nnrc(e) (—nnmxpy) (Xn)(g_l) dx,

a—0,b—+0c0 a/NN7T

=(3) %= (%_1);!)

[nnn](

From [[(9)=T(G+1) = 1) = 1(5-1)

so 1@ () 1(E-1) = (@@I(2)

_s =-1n)!
Hence 2(s)(m)C2ATT (L) =(5) ¥+ -
(&I (G) =() 25—
And if one set s=§+it = o +it
1 (— (%Ht)) it
Then ( (E_Ht) () 2 ]‘[(%)
= &(t)
G+it)
G+it) o . b _ (2—— )
()5 g, B ol T s,

1, it G811

=(=4+= +§° #i

Gy
Hence &(t) # % —|—(tt + i) f1+oo P(x) (X)(_% )COSG tLogx) dx and

¢(t) will not vanish (= 0) for any value of t. So there are no nontrivial

zeroes of {(s) on the critical line, Res = g = % within the critical strip {s € C:

0 <Res<1}.

5. Proof that {(s) = (2)® (m)~1 sin(?)r‘(l —5) ¢(1 — s) only when

s=0+it=l+i0=l.
2 2

Or in the other word, there are no nontrivial zeroes that can be
found from this functional equation because {(s) = ZG) will diverge (=

+00) not vanish (= 0).
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From (n)(_%)]_[(g -1 )Z(S)
or  (@PrE)s)

Let s = (1 — s), and this will be true if and only if

s=(o+it)

or (% + it) = (% — it) which will be true only when t =0, s = %

From (n)(‘%)l“(g )e(s) =(n)_(?)l“($ )Ji(1—5s) ,s=(1-s)=

Multiply by F(% ) both sides

@EIrE)ys)r(xe) = @-Ir(s )1 —s)r(e)
From Duplication Formula
F)T(z+1) = @)V T(22)

If z=2
2

Then FEre) = @)@ SVar(s)

Thus ()2 (2) CVAT()Y(s) = (1)~ CZIT(22 )q(1 — s)r(22)

From Euler’s Reflection Formula

T

[(1-2)T(z) =

sin(mz)

Then (m)(3)(2)4 9V ————1(s) = (@) GIT(352)5(1 - s)r(*e)

sin(mts)I'(1-s)
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Oor U(s)= (2) (m)®sin(ms)[(1 — s)(1 — S)F(1 S )F(“S)

From Euler’s Reflection Formula again,

r(1-2)T(z) = —

sin(mz)
7=(5)
-2=(1-%2)=(3)

Then  T(22)r(%E) = = —

sm(ﬂ(1 S)) sin(’z—t - ”75) cos(%)

And sin(ms) = Zsin(?)cos(%s)

Hence (s) = (2()2) (m)®sin(ms)['(1 — s)q(1 — s)I(2)r(X2)

(2)( s s s _ _
= (n)()Zsm( Jcos(E)T(1 —s)¢(1 —s) COS( 5

=(2)(s) (ﬂ)(s—ﬂsin(%s)r(l —5)({(1—5s),fors=(1-s) =%

So, there are no nontrivial zeroes that can be found from this
functional equation (s)=(2)® ()"~ sin (?) I['(1 —5s)C(1 —s), because
the condition of deriving the equation was s = (1 — s) or (% +it) =
(1— G+ it), or GG+ it) = 5 — it) which will be true only whent =0, s
= % . In this case {(s) # 0 but {(s) = ZG) which will diverge (=+o0).

[Note that G) = Y - (;)

=14+ —r+—A

1 1

+—+..

(5)(1)

1 1 1 1
2 3 1 4 5 T wus

&) & & &
put 1+ @2 4 @2 0P | o

o> 14+ 41424
2 3 4 5
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And because 1 + % + § + i + % +... ++ioo = 400 (harmonic series)

) (2)@ (3)(%) (4)(%) (5)(%)
So ¢(5)=1+2=+E2 1821851 = 4o ]

Summary

[ think it is nonsense to go on proving the rest of Riemann’s paper. |
hope that my paper is clear enough to point out all mistakes and give
disproof of the original Riemann Zeta Function and Riemann Hypothesis. |
feel good if my paper can give warning to people who are trying to apply the
Riemann Hypothesis to explain any phenomena which may be very
dangerous in some cases especially in experimental high energy physics.

In my opinion, mathematics is nature. It is everywhere around us,
flowers, leaves, water flow, wind blow, sunshine, rain, earth and the whole
universe. Humans especially one who called himself mathematician should
not play tricks with mathematics just for honour without ashamedness.
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