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A. Abstract.

If a variable is replace by its square a.nd subsequently enlarged by a consta,nt during a number of iteration-
steps in quaternion-space, anetwork of (3) sets will be built gradually. As long as for the iteration-
constant certain conditions are firlfilled, the network will consist of: an unbounded set (escape-set) with
trajectories escaping to infinity during course of the iteration, a bounded set (prisoner-set) with
trajectories tending to a sink-point and a further bounded one (JULIA-set) with a fixed-point as repeller
having a repulsive effect on all points of both the other sets. The iteration will continue until tho attracting
sink-point of prisoner-set and the repelling fixed-point on JULIA*set have been found. This situation is
reached if predecessor- and suecessor-state of the iteratiou became equal. The fixed-point-condition
provisionally formulated in general terms of quaternions, carr be separated into (3) sub-conditions. When
heeding the HAMILTONian-rules for interactions of the irnaginar5r sub*spaces of the quaternion-space,
each sub-condition will be appropriate for one imaginary sub-spaces and independently debatable.
Knowledge of fixed-points from this funda.mental network will one enable to study the structure of a
connected JULIA*set.

The Iteration will start from (1) on real-axis, this is not a restriction on generality because an
appropriate scaling on real-axis can always be archived this way. It will become obvious, that the fixed-
points in prisoner- and JULIA-set will deperd on the iteration-constant only. Thus (16) different
constants chosen appropriately will enable to arrange (16) fixed-points of JULIA-sets in the square-
points of a h5per-cuhe and thereby together with the J{ILIA-sets to built a related JULIA-network. The
slmmetry-properties of this related JULIA-network can be studied on base of a h5per-cube's symmetry-
group extended by some additional cousiderations.
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1. Introduction.

In the following attention is applied to the results of an iteration, which takes place in quaternion-space (a
space with hyper-cubes with its space-elements) a layout of this is given next:

,ffi:i[@
Each hyper-cube;

r Is surrounded by (8) cubes each one with (6) surfaces. Thus all together, cubes will have (48) surfaces.
r Becamse the cubes will share surfaces, only (24) surfaces will have to be counted effectively.

The quaternion-space is spanoed by a real unit-vector (e) vertical to a tripod of imaginary unit-vectors
{iT^d}. Among these reference-vectors the IIAMILTONian rules must hold:

1^1. e' = (*i'\ = ?i\ - (d2) = L

lij = (-:ii) = dl n [,id = (-di). il n fdi : (ia1 = 11.

Any point in the spa,ce is given by:

. Q = eQo+iQ1+iQz*dQa "+ (Q - quaternioo-va.riable) n ( [Qo^Qr^Qr^Q"] = real components).

A sequence:

L^2. 1q -+ Q2+(N - No+fN1+jN2+dN, )12+lv -* ... E+ (N = constant) n ([N,^N1^N2^N3] =
real components)

iteratively executed is to considered next, where when noteirg the IIAMILTONian rules (1^1.) the
following relations between Q and Q2 must hold:

Derivafion 1^1.

Q = eQo*iQr+iQz+dQ, o
I leads to I +

O' : (eQ"*fQ,+iQ,+dQ,)' o
Q' = e'Qo' + i" Qr" +j" Qr' +dz Qr' +

i 2Q oQ r+j 2Q6 Q2+d2 Q6 Q 3+
ff,iQrQr+dQrQs)+
j(fQ2Ql+dQzQa)+
d(iQ,Q,+iQ,Qr)

o o

leads to ll I with + +
e'= (*i') = ei') =. (-dz) =1

i.j=(-j.i):d
i.d: (-d.i) = i
d,.i=Gi.dl=i

a

Q= = Qo'-Qr'-Qz'-Qo'*
i 2 Q rQo+j 2 Q, Qo+ d2QsQo+
dQrQz-jQrQs-dQzQr+iQ2Qs+jQrQ-iQaQz

o

leads to +
- Qo'+izQrQo*Qr'*

Qoz+j2QrQo-Qr2+ a
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+
leads to I +

Oz = (Q"+r'Q, )'+(Q"+iQ" )'+(Q"+dQ. )z*2Q" o o
leads tolllwithl + +

[Q, - Qo+iQrl A üQ; = Qo*,[Qrl A [Qa= Qo*dQ"1 o
Q = (Qo+iQ, )+(Qn+iQz)+(Qo+dQ*)-2Qn a

Without restriction on generality due to a free choice of an appropriate scaling on the e-axis,
(Qo :1) can be assumed for (1^2.) and thus one may further write:

l^3. [(P = Qr+q+Qa-2) -, (p'= q,2+Q;2+Qd2-2)+N]2+N -' ... .+ No = N;o*N;o*Nao

This iteration will run until its predecessor- and successor-state become equal. When certain
restrictions on (N) are observed, a network of (3) connected sets will be generated:

r An unbounded escape-set with trajectories escaping to infinity in execution-time of the iteration,
e A bounded prisoner-set with trajectories tending to a sink-point while the iteration is going on and
o A bounded .IULIA-set with a fractal structure formed bv points acting as repellers against all points of

both the other sets.

At the moment iteration stops, (2) fixed-point have been generated:

o A repeller-point (H111) on JULIA-set and
o A attractive sink-point (H121) in prisoner-set.

From sequence (1^3.) the following condition for the fixed-points must hold:

r Q;' +q:' +qo'-Qr-Q;*Qr+N6+f Nr+.,i[N2*dN, : g.

This will result in the (2) fixed-point-solutions (Hrrozr) with their components:

. [Hi.- QJ A [H; +- q]A [H, * Qa] .

Thus equation (1^3.) can now be re-written as:

. If;2+I{2+Hr2-H, -Hj -Hd+N0+iiN1+jN2*dN3 = e,

which under (No: Nro+N;s+N7s) c3.n be separated into:

7^4. Hi2-[il,-+N;6*iN, = 6
1^5. Hj2-Hj+Nrs*jN, = g

1^6. Hd2-Hd+Nao*dNs = o.

2. Abqut tke Structure of u_connected Ouaternian-,{UllA-Set.

Searching for the fixed-points of an appropriate network (escape-, prisoner* and JIILIA-set) seems to be
a good way to enter the discussion on the structure of a connected JULIA-set. For further discussions an
invariance of forward* and backward-iterations relative to the repelling fixed-point is of major interest.

Instead trying to find the fixed*points directly their projections in complex planes (te^il n [e^i] n [r^d])
(obtained via solutions of equations (1^4.-1^6.)) are used preliminary in order to specify them indirectly.

2.1. Fixed-Points from Interation (1^3,) of Sequenqe (l^l) .

From e"g. [1 & 2] is known, that a network with complex escape- prisoner- and JULIA-set can be
obtained, when a sequence like:

2.L^1. ([Ir,: eh6+i}.rl--+h2+lt: elo*ilrl)2+E--+((h2+t]2+t)2+t.-*-.. + ([Ir: variable] n [{ - constant]).

2
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is executed recursively and the iteration fiaally stops due to equality of its predecessor* and successor-
state. This complex network will have properties comparable with the network specified from (1^3.) with
the exception, it only exists in complex plane. For this complex network it ihas become obvious, there is a
structural dichotomy. Depending on the sequence-constant (l) both prisoner- and JULIA-set may
behave differently:

r For a specific l-set, the complex prisoner- and JULIA-set are connected (each on consists of one piece
only) and the prisoner-set Ix)ssesses a fixed-point as sink, while the JULIA-set has a fixed-
point as a repeller for the poirt*sets of the prisoner-set and escape-set as well.

o In case of an alternate f-set prisoner- and JULIA-set will become CANTOR-setsn which 6sans, they
appear completely discon nected.

B. B. MANDELBROT [3] had the idea of picturing this dichotomy in a set of parameters (4) var5ring in the
complex plane. This leads directly to the MANDELBROT-set:

He coloured each point in the plane of I *values black or white depending on whether the associated
JULIA-sets respectively turned out to be one piece or dust.

What now a question about the characters of the complex solutions from equations (1^4.-1^6.) is
concerned, it must be identified, that they are subjected to the sa,me dichotomy a^s those in case of (2.1^1.).
Solutions of (f^4.-1^6.) only will become fixed-points, if the complex components (Nr6+iNr) n (N;o+.iNz)
A (Ndo+dN3) within (1^3.) are extracted from the black part of the MAI|IDELBROT-set.

2.1.1. Conditions to find Components of Fixed-Points.

Under these conditions (1^4.) leads to the preliminary solutions:

r Hitrcar =1/z*thLL-4Nro-i4Nil)1ä-

This can be further evaluated by settings:

r 1*4N;6-i4Nr = (u-ix)2 = u2*i2ux+xz

and leads via a fourth-degree-equation for (u) to the following solutions of (u) and (x):

. u = +(Yz-2N;6*((%*2Nro)2*4Nr2)')'

. x = *2N L/ «y2-zNr0+((%-2N,"0)2*4N r'»*»n

and finally to:

2.1.t^L. Hrr*a =Yz*ff/e-t/zNr6+((%*7rNro)2-YaNrr)*p"+iNr7(%-2Nro+((%-2Nro)2-4N.2)r)*.

The attracting or repelling property of the fixed-points is in essetrce the derivation of the sequence for
(P) at the locations of H;1621. This derivation can be calculated in the s{une way as for the real case. A
fixed-point is attractive, if the absolute value of the derivation at fixed-point location is (<L), it is
repelling if (>1). Therefore one obtains:

o l2H;1111 ) 1 ---r H;111 is repelling and thus a point on corresponding JULIA-set.
r l2H;1211 { 1 -+ Hx21 is attracting point and thus a sink in the corresponding prisoner-set.

More details about the derivations can be found in the deviation-scheme (2.1.1^L.):
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Derivation 2.1,"L^1.

Hr2-H,+N;n*iNr = 0 o
leads to +

H r,, or, : Yz*Yz(L*4N;o- f 4Nr »% o o
I leads to I I I with I + +

1-4Nro-i4Nr - (u-ix)z = uz - i?rtx+xz o
fI r,, or, = Yz *YzttT iYzx o o

where I +
leads to I

l2H,,r,l - [(l+u)z+xzl'q o

1218,,,, l(1-u) +xol" o o
1-4Nro: u'+x'

(4N, = 2ux) --* (2N,/u: x)
1-4Nro = az+4Nrz /ttz

u4-(l-4N;o)uz+4Nrz = o o
leads ta I + +

uz = 1/z 
-2N, "* 

( (Yz -2N r. ) z-4N, zlx a
I leads to I +

u : *(Yz -2N, "+{(Yz -2N,. )'-4N,'}*}o o o
leads to

x = *2Nr / (Yz-ZN,"1((72-2N,n ), -4N r,\n»n o
teads to I +

Hlin*21 : Yz

+
(%- 7z N ;6 + ( (%- 7z N ; s )' -'/oN rz Dnbn

T
iN, / (Yz-2N, n*((Yz-2N,n )2-4N, 2)*)*

a

u > ol -* [0 < l2Hrrrrl : (l+lul)[r+4Nr2/u2(t+lul)2J% > rl
u > 0l -* [0 < l2E1p1l = 1-lul)[1+4N12/u2(1-lul ]'1" < 1l a

[u < 0l ---+ [0 > (-l2H;nrl = *(lul-r)IL+4N,2 /a2(1+lul)zl%] < -11
[u < 0I -* [0 > (-12H,,,,1 : -(lul+r)[1+4N,2/uz(1-lul)'?lu] > -11 o

leads lo I +
O < l2H"r,l> 1

o<l2Hr,r,l <1 o
leads to I +

H,.'r, : Component associated with repeller-point on quaternion-JULlA-set

ß[,121 : Component associated with sink-point in quaternion-prisoner-set o

Similarly (1^5.) srill lead to the preliminary solutions:

1 Hisuzt = Yr*1/z{L-4Njo*j4Nz}'6.

This can be further evaluated by settings:

r 1-4N;s-j4N2 = (r--jy)' =vz-lZw+f
and leads via a fourthrdegree*equation for (v) to the following mlutions for (v) and (y):

. v = *(%-2Njo+((%*2Njo)2-4lt22b"Y

. y = *2N2/ (y2-2Njo+((rr*2Njo)2-4N r'bnbo

and finally to;

2.1-L^2. H;rrczl =1h*ff/e*YzNr0+((%-%r*o)'*7nNr'\"b"+iNz/(%*2Nro+((%-2l\o)'*aNr'boh".
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The attracting or repelling property of the fixed-points is in essence the derivation of the sequence for
(F) at the loeations of H4rrz;. This derivation can be calculated in the same way as for the real case. A fixed
point is attractive, if the absolute value of the derivation at fixed-point location is (<1), it is repelling, if it
is (>L). This leads in the actual cases tn:

r 12ff;111f ) 1 -+ H;p1 is repelling and thus a point on correslxlnding JULIA-set.
r l2H;1211 ( 1 --+ E;p1 is attracting point and thus a sink in the corresponding prisoner-set.

More details about the derivati«rns can be found in the following deviation*scheme (2.1.1^2.):

Derivatian 2"1.L^2.
Hr'*Hr+N;o*,flN2 : 0 o

leads to I +
N,n o r, : Yz *1/z Kf-4N ro-ji4N2)x a o

leadstolllwithl + +
l-4Nro*ji4N, : (v-jvl' = v' -jZW +y' a

Hrt,or, :'/z+YzvTiYzY o o
where I +

leads to I
12H,",,, = [(1+v)z+v'lä o

l2E[,,,,1 : [(1-v)'+y'lh a a
1-4Nro =Yz*yz

(4N" = 2vy) --+ (2N"/v = v) a
1-4Nr^ :v'+4Nrt lv'

va-(1-4N;n)v'+4Nr'- 0 o
I leads to I + +

v2 : Yz-2N, 
"-l(,(Yz -ZNr. )',-4Nr',)'* o

leads to +
v : *(Yz -2N, "+ 

((Yz -2N,^ )'-4N,'»*)* o o o
le ads to +

y = *2N z / (Yz-2N;o +(( Yz -2N ; n\2 -4Nrr)*)u' o o
leads to I +

W;1P21 =Yz
+

(Ya -TzN ; s + ((l/a-YzN ; s)z -'/rN zzh*D*
+

iN 
" 

/ (Yz-ZN,n+((%-2N,n )2-4N,2)%)v',

o

v > 0l *+ [0 < l2ll,n,l = (1+lvl)[t+4Nzz /vz(L+lvl)'1" > I
v > 0l --' [0 < l2wuul: (l-lvl)[1+4N22 /v2(L-lvl)']" < 1 o

[v < 0I -* [0 > (-12H,,,,1 : -(lvl-r)It+4N,21v2(1+lvl)21%] < -1I
[., < 0l --* [0 > (-l2ur,r,[ = -(lvl+1)11+4Nrz /v2(1-["[)']"] > -11 o

leads to I +
0<12H",'l>1
0<l2tr{,rl<1 o

le ads to +
I!111 : Component associated with repeller-point on quaternion-JULlA-set

M.n21 : Component associated with sink-point in quatemion-prisoner-set o

And last not least fixed-point-condition (1^6.) will lead to the prelimina,ry solutions:

. Hatrs,zr =1/t*'A{L-4Ndo-d4NB)16.

This can be further evaluated by settings:

r l-4Nas-d4Na - (w-dz)z =v?-d2wz+22

and leads via a fourth-degree*equation for (w) to the following solutions for (w) and (z):

Udo E. Steinenann, About Structure of a connechd Quaternion-Julia-Set and Symnetries of a related JULIA-Networ*, il1A/2020.
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. z = *2N s/ {y2*2Ndo+((%-2Ndo)2-4N s'»n»n

and finally to:

2.1.1^3. Hanrzr =t/z*W-'hNor+((%-%Nno)2-7aN"'»*)*+dN, /{yz-zNdn+((%-2Ndo)'-4r{r'b*bn.

The attracting or repelling property of the fixed-points is in essence the derivation of the sequence for
(F) at the locations of Ha11s.21. This derivation can be calculated in the sarne way as for the real case. A
fixed- point is attractive, if the absolute value of the derivation at fixed-point location is (<1), it is
repellingo if it is (>1-). This leads iu the actual cases to:

r l2Ha111l ) 1 --» H0111 is repelling and thus a point or correslx)nding JULIA-set.
c lZfr.a4l ( L ---+ Ha121 is attracting point and thus a sink in the corresponding prisoner-set.

More details about the derivation can be fcrund in the following deviation-scheme (2.1.1^3.):

Derivation 2.1. 1^3.
Hr'-Hr+Nan*dNr : 0 o

leads to +
E[. a1 p21 = Yz Llz KL -4Nrn*d4N3»14 o o

leads to ll lwith + +
1-4Ndo-d4Ns - (w-dz)z =wz-d2wz+zz a

Hr,ror, = Yz*r/zw*dYzz o o
w here l

leads to
l2H,'r,l : [(1+w *z"l a

12H.,,,, - l(l-w)'+z'l" o o
1*4Nro =wz+zz

(4N": 2wzl ---» (2N"/w = z) a
1-4N,^ = w'+4N.'/w'

wa-(1-4Nro)w'+4N*'= 0 O
leads to + +

wz = Yz-21{,"i( ( Yz-2N,^ )'-4N.'}* a
leads to + I

w +(%-2Ndo*((Yz-2Nrn)'-4N.r')o)* o o o
leads to +

z : t2Ns/(%-2N,n+( (yz-ZN 
^o)2-4N.r)*)* o o

leeds to +
H.afl3;zt:ll

+
(%*]|lNdo +( (1Ä-YrNas ) 

2 

-,/nN tzlnh*
+

dN 
" 

/ &Yz-zN,n*(( %*2N,,,)?-4N*2)%)%

o

w > 0l ---, [0 < l2H,'r,l - 1+lwl ) [1+4N "' / 
w" (l+lwl )'1" > 1I

w > OI --' [0 < l2Hnrrl - 1*lwl ) [1+ N.*z/w2( 1-lwl )'1" < 1l o

[w < 0l -' [0 > (-12H"",1 = -(lwl-l) +4N*2/w2(1+lwl)21*) < -11
[w < 0l --* [0 > (-l2X{orrrl = -(lwl+1) +4N32/w2( 1-1",1 )'1") > -11 a

teads to +
o<l2E[,,,,1 >l
o<l2Hr,r,l <1 O

leads to +
IEar, : Component associated with repeller-point on quaternion-JULlA-set

Harzr : Component assocrafed with sink-point in quatemion-prisoner-set o
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2. 1.2. Fixed-Points as Ouaternion-Points.

(H) *" a quaternioo can generally be given in a form like:

r H = [(ao2+ar?+a22 +a])\.exp{o( ia1+ja2 +das) / (ay? +aoz +auz)o)I

= T.exp{40}

= T.Exp{lü1+jü2+dür}

= (tr.exp{iür}). (tr.expüüz}).(ts'exp{dür})

= tr(cos{t[1]+isin{ür}).tr(cos{!Fr}+jEin{ür}).te(cos{!t,s}+dsin{iF*}).

Becanrse (Hrtruzl A Eylr3,z1A Hetrrzl ) may be expressed due to (2.1.f ^1 . * 2.1.1^3.), this will further lead to:

. tr(cos{ür}+isin{ür}) +
Hrrrorr = {y2*#/8-%Nro+((%-%Nro)2-%Nr',b"l"}+i{N1l(%*2Nro+((%-2Nro)',-4Nr'}o}*}

o tr(cos{![r]+jsin{!trr}) .+
E;yrr,ä = {Yz*ff/e*%Nro+((%-YzNrr)2-%Nr'b"b"}+i{Nz/(}6-2Nro+((%*zrqo)'*aNr'}*}*}

. t:(cos{!I,3}+dsin{ür})"+
Hrrrozr = {91*ffA-%Nor+((%-YrNos)2-Y+N"2}#}*}+d{Ns/(%-zNdo+((%*2Ndo)'-aNr,},}*}.

Thus the fixed*points for JULIA- and prisoner-set will appeax as follows:

2.1.2^L. Hnl = H4q.H,p1.Eay11-2

= {W+f/b-%Nro+((1Ä-%Nro)2-%Nr'h"h"l*i{N/(%-2N;6*((Yz-2Nro)2-4Nr2}r}t6}.
{1/z+ {th-YzN ;o+W/E-\/zN i o)2 *vaN rz}"}"}-j{N, / {yz-zN i a+((%-zNjo)'-g§r'}"}"}.
{1/z+ff/a-1/zNoo+{(%-%Nd6)2-YcNr2}"}"}-d{N"/(Yz-ZNas+((%-2Ndo)2-4N32}ä}%}-2

2.L.2^2. Htzl = Hrrzt-Ejt2r.How-Z

= {1h-(/a*%Nro+((%-%Nro)2-YaNr'b*b"l+i{N/(%-2Nro+((1&-2Nro)2-4N12}%}1&}.
{rh-f/b-uNro+((%-l4Njs)2*yaN22}"1"}+i{Nr/(%-2Njo+((16-2Njo)z-4Nrr}o}"}.
{yz*#/r-yzNdn*{{t/e-rhN66)2-Y+Nr2}x}e}+d{lu, /(y2-2Ndo+((%-zNdo)2-4T{r?bnbtt}*z.

2.3.The fractal Structure of the JALIA-SeI.

A JULIA-set is a complete inva.riant fractal with respect to forward- and backward-iteration. A j*th
pte*image (in a backward-iteration) and a k-th image (in a forward-iteration) starting from the repeller
(Epl grven by equation 2.1-2^1-) a.re to 5s ofof.ained in the following way:

2.3^L. lmages: R(+1) - Ep12+N, E(+2) - 1tr1(+1)12+Nr...., R(+K)* 1B(*K-1)12+Nr.....
2.3^2. Pre-imageS: R.1^2(-1) = *(Hnr-N)*, Rr-rt-') = *(R.-r(-t)-N)*,....., B.r^r(-'r) = *(Rr^r(-'*1)-N)%,..... .

Because (H111) is a point of the JULIA-set, R (+r) 6sfl f(-r) cannot in the trasin of attraetion of infinity
otherwise the initial point (H111) would have to be part of the escape-set too. On the other hand, both kinds
of images cannot be in the interior (the prisoner-set), becamse then (Hrrr) would then have to be from
prisoner*set too, what again is not the case. 11t* p(+x) and f,t-'r) must be from the boundary (the JULIA-
set). The reason for all this can also be found in the continuity of the quadratic transformation, Arbitrarily
close to the images and pre-imeges there are escaping- and prisoner-points and the continuity of
iteration impliesn neighbourhood relation must hold for the whole set of transformation points. This finally
leads to the statement, the JULIA-set is invariant with respect to forward- and backward-transformation
as well.

The total, unlimited set of irnages and pre-images from the repeller-fixed-point on Julia-set
determines the fractal structure of the JULIA-set.

3. Svmmetries of u related JULIA-Network.
It is obvious from equations (2-L.2^L.) and (2.1.2^2.), the fixed-points (Hrpzr) of the network (escape-

prisoner- and JULIA-set) otrtained from iteration (1^3.) depend on selection of (N) only. Thus (16)
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different choices of (N's) chosen appropriately from the black part of the MANDELBROT-set will define
(16) different fixed-points (8111) for JULIA*sets as square-points of a hyper-cubs, This h5per-cube
together with the JUTIA-sets belonging to each of the squäxe-points will represent a related JULIA-
network. The s5rmmetry*properüies of this JULIA-netw«rrk is to be obtained on base of a hyper-cube's
symmetry-group extended by some additional considerations.

The symmetry-group of a cutle can be derived from the symmetry-group of a square. With this
knowledge in mind all hints are provided to further obtain the symmetry-group of a hyper-cube. The
symmetry-group of a hyper-cube with additional considerations will then finally lead to the s5rmmetry*
properties of the related JULIA-network.

3.1.The Svmmetries of a Square.

The s5rmmetry*group of a square can best be described by the group-table below, consisting of (64)
permutations of the sqrnre-points (contained in the entries of the table) obtained when (8) operations act
on the squaxe. The (8) operations consist of:

r The identity-operation (id) to reinstall the sta,rting configuration,
. (3) right-turning rotations (["t = n/21 n [r2 = zr] A lrs * 3rt/21\ around the centre of the square,
. (4) flip-operations (f1^f2^fs^fa) with respect to indicated directions.

The permutations within entries (1 --+ 64) of the group*table have the meaning:

r Positions of square*points after an operation of columr(0) having acted on the squaxe
r Positions of square*points after operation of row(O) being performed on top of operation in column(O).

* id f1 t2 r3 ft f2 f3 f4
id 0123:id

UIZJ I a30L2
3fr

230t
- 

Lt

L4ö1230
- 

ta
32LO
-f1

ILäö
0321
-f,

LZö1032
-f*

LZö2103
-fo

f1 v Lz3012
- 

It

'U LZ2301
=fl

öU LZ1230
- 

la

ölt L t0123
=id

Z'ULZ2lo:J
-f4

-ö tt Lza210
-f,

öttt-2o321
- f».

3U L2tQ32
-f*

l2 zSut2301
=tt

oul1230
- 

la

Z öU L
0123
:id

30L2
=fl

Lto32
-f*

,U I2103
-f^

tul32LO
=f,

äulo?2L
=f,

f3 L230
=fq

I o123
:id

I
3012
-f1

t2öu230L
=t2

I 0321
-f,

tzög1032
-fr

2103
-f4

LZsU I
3210
-f1

f1 3210
-f,

' z lv032L
-f,

zru1032
=f*

nto2to3
-fo

z tuo123
=id

ö Z LU3012
:Ir

öztu230r.
- 

L,

3Z LU
1230
-13

f2 IJöII0321
-f2

oSzL1032
-f3

uSzt2103
-f4

UöZL32LO
-fl

JZL1? 30
;fr

I J4 L
0123
:id

özL3012
-f1

özL2301
1fr

f3 1032
-f*

L2103
-f^

I 32LO
-f,

I o321
-f,

LUöZ2301
=Ir

UöZL230
=fq

0123
=id

IUöZ tuSz
30L2
-f1

f4 äI2LOs
-f4

Z LUö
32LO
-f1

-z1lJ3
0321
-f,

ILUS1032
-f.

I UJ30L2
=fl

n lv a2301
;fe

luo1230
;fe

Iot23
=id

id Ir r fa

<--t>

,il "3
I

I

I
I
Id0

t c
L2 f f

The yellow-marked sub-group is the cyclic group of the square.
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3.2. Svmmetries of a Qube.

From symrnetry-group of a square, (3) symmetry-sub-groups of a cube can tre derived by replacing:

r Rotations aro u-d centre of square by right-turning rotations (Rr^Rz^Ra) around each of the axes
(AB^CD^EF):
> ([AB J. (onruru*,)l A ICD l- (o,r,ruou)J n IEF r (otrrsuot))

o Flip-opera.tions (fff2^f3^f4) with respect to directions (black^red^blue^green) respectively replaeed by
mirror-operations (m1^m2^ma^ma) with respect to appropriate mirror-planes:
> (NKLM)-n1*, (0264)*mz*, (GIIIJ)-n3- and (L573)-ma-plane for rotation ir AB-direction
> (OPQF.)-m1*, (016fl-mz-, (NKLM)*ms- and (2543)-ma-plane for rotation in CD-direction
> (OPqR)-m1-, {05S8)-*r-, {GI{IJ}-ma- ar}d (L27Al-ma-plane for rotation in EF-direction.

Under these conditions one will obtain (3) symmetry-sub-groups of a cube with respect to the dlrections
(AB^CD ^EF), each one is isomorphic with the symmetry-group of asquare.

The first sub-group based on direction (AB) fotlows immediately with (64) elements, which belouging to
multiplications of operations(colrrmn(0)) and operations(row(O)):

* id R1 R, Rs IIll IIl2 IIl3 m,

AB

id Io1r3
=id

', +o3012
= FL,

o't 4
2301
=R,

to7l2ro
-R*

7 0ös210
= IIlr

4a o0321
= IIlc

ö4'{ |

1032
= IIlc

l,ä.r'l2tag
= IIL

R1
'I 451so12
=Rr

a't 42301
=§L

bb7
1?30
=R*

ltsb 7o1?3
=id

tj.,4'(
2103
= IIlr

-l o:,4
3210

= ffi.r

4I65
o321
:ffie

at4'lö
1032
= IIlr

R2 o'I 4
2:}fJ1

=B-
öo741230
=Ro

rtä o a

0123
=id

74bO3012
_R,,

ä 4'r 6Ir!32
= III*

nb4'r
2103
= IIIa

'töo4
3210
= IIlr

4',tö50321
=ffir

R3 oot
1230
-R*

o123
=id

30t2
_Rr

ar4
2301
=Re

+, q
o321
= lIIc

a*a
1032
= IIIr

2103
= IIlr

/ o)3210
: IIIr

NKLM IIll
'tab4

3210
= IIlr

47tia0321
- IIl2

o<, !

1032
= III:

a2103
= IDa

Io123
:id

t 4aBO12_R,
ot42301
-FL2

DO 
'1230

=R.
0264 fr2 4',lot)o32t

: ü.2

b 4't a1032
=ft*

ltat4'l2L03
= IIla

'ltttt4
32tO
= IIlr

aor,
1Z$O
-A*

oL23
=id

I +O r

3012
*RI

0142301
=R,

G}I]J m3 !t4 t 6LO32
: IIh

ttb4't2to3
=m4

765432rO
=m1

47650321
=m2

ö'I 4b2301
-R,

, ö741230
-R*

0123
=id

4 403012
- R.,

1573 m, oö4 t2103
: fllr

',054
3210
= II}

4 a ttl)0321
= I]}z

ir4'rö
1032
= IIlr

'( 4rö3012
-Rl

230t_R,
oo,

1230
-R"

Ior23
=id

6 6

4 4

') 2

o ü I
I

Ä^
-tt
't|"""rL_ {

a

:3
,4,

s:

a

a

A Y

/*. ."'fiu"""7

7 r."'{""';
'7

6

t]
G

;

/
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A second sub-group based on direction (CD) follows next with (64) elements helonging to multiplications
of operations(column(O ) ) and operations(row( 0 ) ) :

* id R1 R2 R,3 rll1 III2 rrl-q IIla

CD

id tzo
{37 4

=id
,II4fJ37
-R,l

7 403
= ILa

t
*7 40
=R*

I47 30
= IIlr

lboo473
= IIh

ztö
3047

: III*

OZLö1304
= IIL

R1 bLzö40s7
=Rr

lt b Lz7 40s
=R,

zt öl37 40
=Ro

L:ltt 5oa7 4

=id
l,-lLtt

7304
= IIla

otizt47 3A
= IIIr

taözo478
= IIlz

aLaaa47
= Illr

R2 o0l
f 403
-R,

t371fr
-R*

LZO'o37 4

=id
ALÄ4037
=Rr

Äta3017
= IIlc

OZL
7304
= IIla

L47 SO
: ffi.r

tooo47 3
: IIIr

R3
-ult5L

a710
=Rq

tz65o374
=id

5-LZ64037
=Rr

ti5rz
7 403_R,

tSriz
0473
- IIl2

ztäö
"o47- rll3

tiZI5
7304
= IIl4

I4730
= IIII

OPQR IIll a6zL
4730
: IIII

lät 2o473
=m,

zLu0.
3IJ47

= h:t

Itz rb7:,04
-rn4

LZ It bo37 4

=id
uLzö4037
-Rr

ö b L-27 403
-R2

zöat37 40
-R.

0167 IIl2 lnt z
o473
= IIlc

-tLbo
,}047
= IIlt

62tt
7304
= IIIa

bö'2L4730
= IIlr

zt bl3740
-IL3

lzooo37 4

=id
bL-264037
-n,l

ttrL-2
7 403
- 8.2

NKLM IIl3 ZLö3047
= IIIr

7304
= IIlr

I4730
= IIlr

l5bq47A
= IIlr

trbrz
7 4Q3
=Rr

zoSL37 40
:Rq

LZöbo"7 4

=id
5rz§

4037
=R,

2543 III4 oz I7:,44
= IIl.r

irtrzl4?AO
= IIlr

lbozo473
= IIIr

zrto
3047
= IIlq

blzb4037
:R,

tt, L,7 403
-R"

zobl8T 4t
=R"

rzti 5o37 4

=id
6 6

4
/

[:....

F..ri
rP

/

a
/l

D
o , ,

s o

ft

i/
6

M

4

D

d,

o

I
{

.i4

Finally one obtains a sub-group ba,sed on direction (EF) which follows next with (64) elements
belonging to all multiplications of operations(column (0) ) and operations(row( 0) ) :

* id R1 R2 R3 ffi1 IIle rrr3 IIIa

EF

id zo'tot54
=id

4015
-Rr

't ö-n
6401
=Re

E'titt1540
=Rq

ö'a ö iE4510
= IIIr

z 3't 6
o451
= IIll

oaoa1045
= IIlr

,0t5104
= IIla

R1 :t-aö7
4015
= §.,

'l ö'2ö540r
-trLz

or t1540
=R*

zo'I
0154
=id

to35104
= IIla

ö704510
: IIlr

z t't
0451

= IIlc

oz 5'l
1045
= IIlq

R2 I öZ5401
:R,

o't a
1540
=TL,

zo't0154
=id

atz6't
4tt5
=Rr

oz3't1045
= IIlr

'tttaat
5104
=m4

3'töz
45LO
= IIIr

toto45L
= IIIr

R3 ö't öz1540*R. 0154
-id
216't ö 401-5

-Rr
5401
=R,

z4t
0451
= IIla

1045
= IIlc

1025LO4
: IIII

at az45tO
= IIlr

OPQR ffi1 :t'aöi,4510
=ml

ZöTöo451* IIl2
1045

= IIls

a loz5104
= IIIa

ao Io154
=id

4015
=Rr

I 'I A'5401
=R,

d'a öz1540
=Rc

o563 IIl2 Zö'Tö
0451
- III2

ö;z:'71045
= TII:

7öZ'tt5104
: IIIA

oro
45tO
= IIIr

oru1540
-R*

uo-t0154
=id

4015
=Rr

'I 'I A Z5
54{J1
=Rz

GHIJ m3 özö'(
I045
= IIlr

\öza5104
- IIl4

oro
4510
- lIIl

2öto45t
= IIII

I öaa4al
-R,

ol t1540
=R*

ZO'T
0154
=id

4AL5
-Rl
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L274 IIl4 lon
5104
= IIla

öt0a
4510
= IIlr

zo Io45t
= IIlz

,
1045
= IIlr

a4015
-Rr

'a 3 za5401
:R2

6tö-u1540
-R.

z6'l:5
0154:id

/
4

l,z "

/

a

0

/
a

/

o

s
tr

/

! .t' /

In addition (a) flip-operations (F5^F6^F7^F3) with respect to the späce-diagonals of the cube will have be taken into
consideration. The properties of these operations ilre summa.rized in the next table: *

* id f5 f* f,, f"
id 456'ro123

:id
z30t

07 45
-fs

zöu't6145
-f6

4JUT6725
*f7

zbu I
67 43
=fn

f5 zöttL
0745
_fo

4irö lot23
=id

1t5Ul
6723

A
6143
=id

a6t25
B

f6 6L45
-c- tß

6723
A

I0123
:id

o743
C

ro725
D

f7 I6725
-f,

a

6143
:id

f
o7 43

C

Iot23
:id

t0145
E

f8 zbul6743
-fn

4öU t
6125

B

4361o725
D

zS tt lo145
E

4b 6 I
o1.23
=id

Thus finally (25) symmetry-operatiotrs in total wiil make up the slmmetry-group of a cube.

3.3. Svmmetries of a Hvper-Cube.

If one replaces in a cube:

. Each pair of parallel planes involved in one of the rotations (R, v R* v Rs) by a quadruple of cubes
(from h5rper-cube's structure) with surfaces parallel to a perpendicular common axis of rotation out of
(a0v16ve(),

r Each mirror-pla,ne of a cube by a 3-dimensional object with a pair of parallel pla.nes suitable for a
further more mirror-operation,

(3) symmetry-sub*groups of a hlper-cube are obtained, each isomorphic with the s5rmmetry-group of a
squaxe ä,nd a s5rmmetry-sub-groups of a cube. Each symmetry-sub-group of the h5per-cutre consists of:
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o Right-turning rotations (Br A R,2 A RB), arourd a (ctp V 1ö v e()-axis,
r Mirror-operation (Mr A M2 A M3 A Ma) with respect to the appropriate mirror-objects.

The first sub*group based on direction (40) follows irnmediately with (64) permutations according to all
multiplications of operations(column( 0 ) ) and of operations(row(0 ) ) :

* id Rl R2 R3 M,, M, M M

oB

id
MNOP

IJKL
AB C D

:id

IIEFG
PMNO

LI.IK
D AB C

=R,

GHEts
OPMN

KLIJ
C D AB_R,

FCIIE
NOPM

JKLI
BC DA

=Ro

rlG!.U
P O NM

LKJI
DCBA

_M,

Etl Uf
MPON

ILK.'
AD C B

=M,

I EEI
NMPO

JILK
BADC

-M3

GI E
ONMP

KJIL
C BAD
:Ma

R1
PMNO

LIJK
D AB C

-R,

OPMN
KI,I.I

C D AB
:R,

NOPM
.]KLI

BCDA
:TL.

gIG
MNOP

IJKL
Ats C D

=id

ONMP
K.IIL

C B AD
:M,

rr9fE
PONM

LKJI
DCBÄ

=M,

DHUT
MPON

ILK.'
AD C B

*M2

t ts11
NMPO

JILK
BADC

-M3

R2
OPMN

KLI.]
C D AB

:Ro

NOPM
.]KLI

BCDA
:R*

MNOP
IJKL

AB C D

:id

[t Et i

?MNO
LIJK

D AB C
_R,

NMPO
JILK

B AD C

=Mo

ONMP
KJIL

C BÄD

=M,

fTUI E
PONM

LKJI
DCBA

-M1

EIl U f
MPON
lLKJ

AD C B_M,

R3

T-GH
NOPM

JKLI
BCDA
:R*

MNOP
IJKL

AB C D

=id

PMNO
LIJK

D AB C
_R,

I
OPMN

KLI.]
C D AB

=Ro

I'
MPON

ILK.]
AD C B

:M,
NMPO

JILK
BADC

=M"

ONMP
KJIL

C B AD

-M4

PONM
LKTI

DCBA

-M1

\ pv (
10rn M1

PONM
LK.]I

DCBA

-Ml

t
MPON

ILKJ
AD C B

:M,

! Ed
NMPO

.1 ILK
B AD C

=M"

ONMP
KJIL

C B AB

:M,

MNOP
IJXL

AB C D

=id

ttE!-r
PMNO

LIJK
D AB C

-Rr

OPMN
KLIJ

C D AB

-R2

NOPM
JKLI

BCDA

=Rs
IKOM

AC G E M2

f'
MPON

ItKJ
ADCB_M,

rEE]
NMPO

JILK
B AD C

=M"

G!'E
ONMP

KJIL
C B AD_M,

PONM
LKJi

DCBA

-M1

NOPM
JXLI

BC DA

=R,

MNOP
IJKL

ABC D

:id

ll Ei G
PMNO

LI.IK
D AB C

-Rl

(,l1Df
OPMN

KL]J
C D A.B

-R2
x8c)

x{,oo M3
NMPO

.II L K
B ÄD C

:M,

ONMP
I(J I L

C BAD

=M,

PONM
LKJI

DCBA
_M,

t'
MPON

ILK.I
AD C B

_M,

OPMN
KLIJ

C D AB

=R,

NOPM
JK-LI

BCDÄ

-R3

Ff,G ]
MNOP

IJKL
AB C D

-id

PMNO
LIJK

D AB C

:Rr

JNPL
BFIID M4

ONMP
KJIT

C B AD

=M,

IlGI-
PONM

LKJI
DCBA

-Ml

MPON
ILKJ

AD C B_M,
NMPO

JILK
B AD C

-M.

PMNO
LIJK

D AB C
_R,

OPMN
KLIJ

C D AB
:R,

I Gl{ }.1

NOPM
JKLI

BCDA

=R.

MNOP
I.]KL

AB C D

=id
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A second sub-group based on direction (fö) follows next with (64) permutations according to all
multiplications of operations(olumn( 0 ) ) and of operations(row( 0 ) ) :

And finally a sub*group based on direction (eO with (64) permutations will follow according all
multiplications of operations(column( O) ) and operations(row(O) ) :

* id R1 R,2 R3 M1 M2 M3 M4

1ö

id
JKON

ILPM
AD H E

=id

NJKO
MILP

E AD II

-Rr

ONJK
PMIL

II E AD

-FL2

KONJ
LPMI

DIIE A

=R-*

} GU
NOKJ

MPLI
E IIDA

-MI

JNOK
IMPL

AE II D

-M,

XJNO
LIMP

D AE II

-Ma

OKJN
PLIM

II D AE

=Ma

R1

I'E U I

NJKO
MILP

E AD 11

-R.

ON.'K
PMIL

E E AD

=R,

KONJ
LPMI

DIIE A

:R"

.IKON
ILPM

AD II E

=id

OKJN
PLIM

II D IIE
:M,

NOKJ
MPLI

E IIDA*M,
JNOK

IMPL
AE II D

=M,

Uö T I

KJNO
LI}TP

D AE N

=M*

R,
ONJK

PMIL
1I E AD

-R2

KONJ
LPMI

DIIE A

=R*

5U§I
JKON

ILPM
AD II E

=id

NJKO
MILP

E AD II

-Rl

KJNO
LIMP

D AE II*M"
OKJN

PLIM
II D AE

*Md

! U UU
NOKJ

MPLI
E IIDA

_MI

JNOK
IMPL

AE E D

=Me

R3
KONJ

LPMI
DIIE A

:R*

JKON
ILPM

AD II E

:id

tb u
NJKO

MILP
E AD H

-Rl

ONJK
PMIL

H E AD
:R,

JNOK
IMPL

AE IT T}

= M.,

KJNO
LIMP

D AE II
:M.

OKJN
PLIM

II D AE_M
NOKJ

MPLi
E fIDA

:Mr

o T!9
ofrp< M1

NOKJ
MPLI

E HDA

-Ml

JNOK
IMPL

AE H D

_M?

XJNO
LIMP

D AE II

-M"

OKJN
PLIM

II D AE

-M4

,]KON
ILPM

AD II E

=id

NJKO
MILP

E AD II

-R1

ONJI(
PMIL

H E AD

-R2

KONJ
LPMI

D}IE A

-R3

IJOP
ABG I1 M2

JNOK
IMPL

AE H D

-M2

OB F
N.]NO

LIMP
D AD 11

-M3

GC
OK

PLI]
II D AE

BF
JN
M

:Ma

F G CB
NOKJ

MPLI
E IIDA

-M1

C G FB
KONJ

LPMI
DIIE A

-R3

BCGF
JKON

ILPM
AD 11 E

=id

}.IJ (;
N.IKO

MIl-P
E AD H

-R,r

G !'I' O
ONJK

PMIL
H E AD

-R2

\ pv €q0rn M3
K.INO

LIMP
D ÄE II

-M.

OKJN
PI, IM

II D AE

-M4

NOKJ
MPLI

E IIDA

-Ml

JNOK
IMPt

AE H D

-M"

ONJK
PMIL

H E AD
_R,

KONJ
LPMI

DIIE A

- R_..

.,KON
ILPM

AD II E

:id

NJKO
MILP

E ÄD H

=Rr
I,I(I,M

DCFE M4

F
OKJN

PLIM
II D AE

-}/f4

}'G Uts
NOKJ

MPLI
E IIDA

=Mr

JNOK
IMPL

AE II D_M,

Cts F,
KJNO

LIMP
D AE II

:Mr

Its C I

NJKO
MILP

E AD II
:Rr

ONJK
PMIL

II E AD

-R,

u taf E
KONJ

LPMl
DHE A

-R"

ötiG!
JKON

ILPM
AD H E

:id
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* id R1 R2 R3 Mr M2 M" M,

e(

id
IJNM

LKOP
DCCII

=id

MIJN
PLKO

IIDCC
_R,

FEAB
NM I J

OPLK
CI{DC_R,

B F EA
JNMI

KOPL
CCTlD

-R.

MNJI
POKL

IIGCD
_M,

A E!'
IMN.I

LPOK
DTIGC_M,

BA E F
JIMN

KLPO
CDIIG

=M.

tr.BA E
NJIM

OKLP
G C DE

=Mr

R1

E
MIJN

PLXO
HDCG
:R,

AB F F
NM I

OPL]
GEDC

:Ro

E AB
IJ
K

B F EA
JNMI

KOPL
CGED

=R.

lJNM
tKOP

DCGII

=id

FBA E
NJIM

OKLP
GCDE

=Mr

Eits
MNJI

POKL
IIGCD

-Ml

A-t;ts
IMNJ

LPOK
DHGC_M,

DA D T
JIMN

KI,PO
CDIIG

-Ma

R2
NM I J

OPLK
GIIDC

_R,

JNM I
KOPL

CGIID

-R*

IJNM
LKOP

DCGII

=id

!Aö }
M IJN

PLKO
IIDCG

-R1

JIMN
KLPO

CDHG

-M.

NJIM
OKLI'

G C DH_M,
MNJI

POKL
IIGCD

:Mr

A E I.B
IMNJ

LPOK
DIIGC

:Mr

R3

I] F EA
JNMl

KOPL
CGIID

-R"

IJNM
LKOP

DCGTI

=id

MIJN
PLKO

IIDCG

-Rr

T' EA,
NMIJ

OPLK
GTIDC_R,

A EI'
IMNJ

LPOK
DrIGC

=Mr

B
JIMN

KLPO
CDIIG

:Mr

AEF
NJIM

OT(LP
GCDH

-M4

MNJI
POKL

IIGCD

-Mr
oTU9

0rPs M1
MNJI

POKI,
TIGCD

-M1

A D I-]
IMNJ

LPOK
DEGC

-M2

JIMN
KLPO(--DH(1
*M3

!
NJIM

OKLP
G C DH

-M4

Ab a' l
IJNM

LKOP
DC G II

:id

MIJN
PLKO

IIDCG

-R,

F EA
NMIJ

OPLK
GIIDC

=R,

B
JNMI

KOPL
CGHD

:R*
INQE

AT G D M2
IMNJ

IPOK
DIIGC_M,

JIMN
KLPO

CDIIG

=M"

rBA E
NJIM

OKLP
G C DII_M,

MNJl
POKL

IIGCD
:M,

JNMI
KOPL

CGIID

=R*

IJNM
LNOP

DCGH

=id

D4A I
MIJN

PI"KO
EDCG

-Rl

! EA 5
NMIJ

OPLK
GIIDC

-R2
x8c)

x$uü M3

B
.IIMN

KLPO
CDHG
_M

AEF
NJIM

OKLP
CCDH

-M4

E T'ö
MNJI

POKL
IICCD

_MI

IMNJ
LPOK

DHGC

-M2

F EAB
NMlJ

OPLK
GIIDC

-R2

R F EA
JNMI

KOPL
CGIID

=Rr

{JNM
LXOP

DCGII

:id

MlJN
PLKO

IIDCG

-Rl
JKPM

BCIIE M4

! öA
NJIM

OKLP
G C DE

=Ma

MN.II
POI<t

IIGCI)
:Mr

A E FB
IMNJ

LPOK
DIIGC
:M,

BA E F
JIMN

KLPO
CDIIG

-M3

MIJN
PLKO

IIDCG

-R.r

ÄB F }' EA ]

NMIJ
OPLK

GIIDC_R,
JNMI

KOPt
CGHD

-R"

IJNM
LKOP

DCGII
:id

In addition to these (21) symmetry-operations (8) flip*operatious will have be considered, due to the
(8) quaternion- diagonals of the hSpercube:

* id F Fo F" F Fq Fr^ F,, Fr

id
MNOP

IJKL
AB C D

:id

GIIEL
KFIJ

O B MN

-F5

CDAP
GHEL

KF IJ
O B MN

:F.

MUAI]
IIIEF

KLG.]
OPCN

:Fz

IHEF
KLGJ

OPCN
:F.

GJE}'
KLIII

O P MD
:Fo

G.'EF
KI, III

O P MD
: F,.

GIIKF
ELI.I

A P MN
: Frr

GIIKF
ELI.I

A P MN
: Frz
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F5
GHEL

KF IJ
O B MN

=F,

MNOP
IJKL

ÄB C D

-id

MNOP
IJKL

AB C D

-id

G.]KT
ELIII

A P MD
A

GJKF
ELIII

A P MD
A

IIIKF
ELGJ

APCN
B

I IIKF
ELGJ

ADCN
B

IJEF
KLGII

OPCD
C

MNAI]
I.]EF

KLGH
OPCD

C

F6

W D AT
GHEL

KFIJ
O B MN

:F^

MNOP
lJKL

AB C D
:id

MNOP
IJKL

AB C I)

-id
A P MD

A

GJI(F
ELIII

ON O]'
GJKF

EL III
A P MD

A

MDO
IIIKF

ELGJ
APCN

B

MDOIJ
IIIKF

ELGJ
ADCN

B

MN A IJ
IJDT

KLGH
OPCD

C

JEF
KLGII

OPCD
C

F7
IIIEF

KLGJ
OPCN

=Fz
A P MD

A

GJKF
ELIE

GJXF
ELIII

A P MD
A

MNOP
IJKL

AB C D
:id

MNOP
IJKL

AB C D
:id

GHKL
EFIJ

A B MN
D

A B MN
D

GIlKL
EFIJ

GJEL
KF III

O B MD
E

GJEL
KFIII

O B MD
E

F8

MDAB
I IIEF

KLG.I
OPCN

=Fn

GJKF
ELIII

A P MD
A

G.IXT
EI, III

A P MD
A

MNOP
IJKL

AB C D

-id

MNOP
IJKL

AB C D
:id

GIIKL
EFI.]

ABMN
D

GIIKL
EFIJ

A B MN
D

G.1 EL
KFII'

O B MD
E

GJEL
KF III

OBMD
E

F's

CNAB
G.IEF

KLIH
O P MD

:Fo

IEI<F
ELGJ

APCN
B

IIlKF
ELGJ

APCN
B

GHKI,
EF IJ

A B MN
D

GIIKL
EFIJ

A I] MN
D

EI'G]
MNOP
IJKL

AB C D
:id

E}'UI
MNOP
IJKL

AB C D
:id

IIIEL
KFG.'

OBCN
F

I IIEL
KTGJ

OBCN
F

Fro

CNAB
GJEF

KL I II
O P MD

: Fr.

MDOB
IIIKF

ELGJ
APCN

B

MDO
IIIKF

ELG.I
APCN

B

CDOP
GHKL

EF I J
A B MN

D

CDOP
GEKL

EEIJ
A B MN

D

EFGH
MNOP
IJI(L

AB C D

-id

EFGH
MNOP

IJKL
AB C D

:id

MDAP
IIIEL

KFCJ
OBCN

F

MDAP
IIlEL

KFGJ
OBCN

F

Ftt Ä P 
'IN=F,

GHKT
ELIJ

mNAt
IJET

KLGH
OPCD

C

IJET
KLGII

OPCD
C

GJEL
KFIr]

O B MD
E

O B MD
E

GJEL
KFIH

MDAT
IHEL

KFGJ
OBCN

F

mu^l
IIIEL

KFGJ
OBCN

F

MNOP
1.'KL

AB C D
:id

MNOP
IJKL

ÄB C D
:id

Frz
GIIKF

ELIJ
A P MN

= F,,

I JI]F
I{LGII

OPCD
C

IJE}.
KLGII

OPCD
C

GJEL
KF I}I

O B MD
E

v
GJEL

KFIII
O B MD

E

IIIEL
KFGJ

OBCN
F

v
IHEL

KFGJ
OBCN

F

E !'G]
MNOP
IJKL

AB C D
:id

ET'GI
MNOP
IJKI,

AB C D

=id
o

Together with (200) symm€try-operations for the (8) inner cubes of a h5rper-cut)e, presumably (232)
different syrnmetry-operation in total have to be counted for a hyper*cube a.nd axe responsible for its
symmetry-group.

3.4. Svmmetrv-Group of the related JULIA-Network

The (16) different fixed-points (H11^re1o,rsr) by definition from above will form a h5per-cube in
quaternion-space. Thus a probe-point moving from (H1r^ u1) to (Ep^ 

^1) 
by execution of a hyper-cube's

symmetry-operatiorrs will change its (N) fluently from (N6) to (Nrru). Becanrse arry image or pro-image of
the probe-point must follow equations (2.3^1. A 2.3^2) in any position of the probe-point, they will always
be adapted in relation to the probe-point's loeation. Therefore the probe-point in essence mediates
between the JULIA-sets with fixed-points (Etr^*r) and (Htr^ry).

In summery one may say, that the related JULIA-network under the action of any symmetry-operation
of a hyper-cube will remain completed in itself, related JULIA-network and the symmetry-operations of
a hJrper-cube will built a symmetry-group.

4. Summarv.

The iteration of sequence (1^3.) in quaternion-space - with restrictions from MANDELBROT-set on the
complex componenüs of its iteration-constant - resulted in a network of (3) sets. An unbounded escape-
set (with trajectories escaping to infiaity) accompanied by a set caught in a limited a.rea (prisoner-set,

Udo E. Steinenann, Abaut Sttucture of a connecbd Quatemion-Julia-Set and Symnetries of a related JULIA-Networ*., 1/10/2020.
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whose trajectories tended to a sink-point) and the boundary-set of the prisoner*set built by points acting
repulsively on points from escape* and prisoner*set as well.

The iteration stopped if the sink*point of the prisoner*set and a fixed repeller*point on JULIA-set had
been obtained, that is, when equality between the iteration's predecessor- and successor-state had tleen
reached. A Quaternion-condition for this stop-event (the fixed-point*condition) could be formulized and
- by taking into account the HAMILTONian rules - could be separated into three sub-conditions
(according to the quaternion-space's complex subspaces). Every one of these sub-conditions could
subsequently be solved independently. On base of these results it became possible to express the
quaternion fixed-points of prisoner- and JULIA-set as well.

With knowledge of the fixed-repeller-point of a JULIA-set it trecarns possible to describe the structure
of the JULIA-set by the set of images and pre-images, which are obtained from forward- or backward-
iteration relative to the fixed-repeller-point.

Fixed-points and JULIA-set of the network, obtained try iterative execution of sequence (1^3.) will only
depended on the choice of the actual iteration-constant. Therefore, (16) constants appropriately chosen
from black part of the MANDELBROT-set will make it possible to arrange the repeller-fixed-points of
the iteratively obtained JULIA-sets in the square-points of a hyper-cube. Fixed*points and their
JULIA-sets positioned this way will then represent a related JULIA-network. The set of quaternion-
points of the related JULIA-network together with the symmetry-operations of a hyper-cube will form
the symmetry-group of the related JULIA-network.

l1l
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