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Abstract

In this paper, we look further into one of the relativistic wave equations we have introduced recently. Our
relativistic wav equation is a PDE that is rooted in the relativistic energy Compton momentum relation rather
than the standard energy momentum relation. They are two sides of the same coin, but the standard momentum
is just a derivative of the Compton momentum, so this simplifies things considerably. Here the main focus is to
rewrite our relativistic PDE wave equation in polar coordinates, then by some separation of variables we end up
with three ordinary differential equations (ODE’s) for which we present solutions, and we also provide a table
where we compare our ODE’s with the ODE’s one gets from the Schrodinger equation [1]. This approach is used
to describe hydrogen-like atoms.
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1 Solving for Hydrogen-like Atoms
The Haug-1 wave-equation [2] is given by
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where V is the potential energy, and —iiV is the Compton momentum operator. The potential energy between
two charges can easily be described by the Coulomb force
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where k. is Coulomb’s constant. Further, our wave equation rewritten in polar coordinates is given by
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where 6 is the polar angle and ¢ for the azimuthal angle, and ¢ = ¥(r, 0, ¢).
The hydrogen atom’s Hamiltonian is
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where —ihV is a Compton momentum operator.
The Haug equation for the hydrogen atom in polar coordinates is given by
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This we can rearrange as
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Next we rely on separation of variables
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Further, since Y does not depend on r, we can move it in front of the radial derivative, which gives
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and we therefore have
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Next we multiply by r and divide by RY to separate the radial and angular terms:
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The first and the last term only depend on r, while the two middle terms depend on the angle. We can therefore
separate the equation into two ordinary ODEs. We get a radial equation that is a first order ODE:
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and we get a first order PDE linked to the angles:
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where A is a separation constant.
Still, the angle equation still contains term containing both ¢ and 6, so we need to do one more separation of
variables:
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Replacing Y in the differential equation we get
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Next we isolate variables and separate terms
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Next we multiply by r and divide by ©® to separate the radial and angular terms:
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This we can separate into two new equations, the polar equation
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and the azimuthal equation
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gives solution
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Schrodinger supposedly has a solution of ®(¢) = ¢; VB 4 CQG’i\/E¢. Further, our polar equation is given by
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and solving directly, using Mathematica gives
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However, we can alternatively rewrite the polar equation somewhat before we solve it. Substituting P(cos ) :=
O(0) and = := cos b, we get
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since sin? @ + cos? @ = 1, we have that, sin@ = /1 — cos2 0, and we can therefore rewrite the equation above as
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The coefficient in the ODE is not constant, but depends on z. One possible solution seems to be
P(.’l?) — A arcsin[z]— B arctanh[z] (11>
For comparison for the Schrodinger equation, based on the same principles we get the following ODE
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The coefficients in the ODE we get from the Schrédinger are not constant, but depends on x. This is a differential
equation known as a Legendre-type DE, with known solutions.

2 Our PDE Leads to 3 ODEs

The radial equation



Further, we have the azimuth equation
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And the polar equation we get is
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compared to Schrédinger’s polar equation for hydrogen-like atoms, which is given by & 5 ;9 (sm ) +A— m = 0.
Table 1 summarizes our findings and also makes it easy to compare to Schrodinger.

Equations: Schrodinger : Solution :
Radial equation dir (7"2%) 2’” (E ke ze ) — AR =0 Roo = c3ei\/@r + cqe”t 2By
Azimuthal equation é Z; +B=0 D(p) = clei‘/gqﬁ + cze_i‘/g‘b
Polar equation 3189 d% (sm d0) + A— bm2 7 =20
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Equations: From our new equation : Solution :
Radial equation rdk _ ir (E — ke Zf2) —AR=0 R(r) — Tl;h (W) ° -
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Rewritten solution: R(r) » —= ( - )@ =
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Azimuthal equation + di +B=0 O(p) = cre B¢
Polar equation %79 + A smG =0 @(0) — ClefAﬂfBlog[cos(G 2)]+ B log[sin(0/2)]
Re-written 1— 2 (A + ) P=0 eA arcsin[z]— B arctanh[z]

Table 1: The table shows three ODE’s one get from the Schrédinger when written on polar coordinates, and also three
ODE’s we get from our new relativistic wave equation.
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