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Abstract.

For any real number x > 0, let bxc be the largest integer not exceeding x
and Nb x

p c=
Q

p�b x
p c;p�P p is the product of all primes not exceeding b x

p
c

with P is the set of primes .
let 2n�2 denotes the distance between two primes .
let �2n(x)=card{(p,p+2n)/ p+2n �x , (p,p+2n) �P2 } denotes the
number of couple of primes (p,p+2n) not exceeding x .
in this paper . we will prove that for any n�1 .there is a constant A(n) such that

�2n(x) �
(x− 2n−b x

p c)
2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
- A(n)

this result will help us to prove that , there is infinite couples of primes (p,p+2n),
with 2n is a fixed distance between p and p+2n .

We will also prove the next results :

1. there exist infinite twin primes .
2. there exist infinite cousin primes .
3. The cousin primes are equivalent to twin primes in infinity.

Introduction.
let n > 0 a positive integer , and 2n denotes the distance between the couple

of primes (p,p+2n) .
( just to be obvious we don't talk in this paper, about gabs between primes)
let �2n(x)=card{(p,p+2n)/ p+2n �x , (p,p+2n) �P2 } denotes the
number of couple of primes (p,p+2n) not exceeding x . The aim of this paper
is to prove that for any n�1 , �2n(x)!1 ,when x!1 , which means that
there exists infinitly many couple of primes (p,p+2n) .
Furthermore we would have to special cases .
Case 1 , 2n=2 .
�2(x)=card{(p,p+2)/ p+2�x , (p,p+2) �P2 } will denotes the number of couples
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of twin primes not exceeding x , in fact will prove that �2(x)� 2 x

log(x)2 which
means that the conjecture of twin primes is true .
Case 2 , 2n=4 .
�4(x)=card{(p,p+4)/ p+4�x , (p,p+4) �P2 } will denotes the number of couples
of cousin primes not exceeding x , will prove also that �4(x)� 2 x

log(x)2

In Theorem B , we will prove an extraordinarily powerful discovery is
that j �4(x)-�2(x)j � ln(x) for succiently large x.

Respectively.

Theorem A.
let n � 1 and fix 2n as the distance between two primes, then

there exist infinitely many couples (p, p+2n), where p and p+2n are both prims.

Corollary 1.
1. �2(x)�

2x

log(x)2 for sufficietly large x .

2. �4(x)�
2x

log(x)2 for sufficietly large x .

Theorem B.

j �4(x)-�2(x)j � ln(x) for sufficietly large x .

Lemma 1. For any real number x > 0, let bxc be the largest integer

not exceeding x and Nb x
p c=

Q
p�b x

p c;p�P p is the

product of all primes not exceeding b x
p
c , with P is the set of primes

P = f2; 3; 5; 7: : : : : :g and let gcd(a,b) denotes the greatest

common divisor of the elements (a,b)

then b
p
xc+1�n�x and gcd( n;Nb x

p c )=1 ) n is a prime

Proof of Lemma 1. let Nb x
p c=

Q
p�b x

p c;p�P p
we suppose that gcd( n;Nb x

p c )=1.

let d be a prime divisor of n =) 1<d�b x
p
c

=) d/Nb x
p c

=) gcd(n;Nb x
p c)=/1 Absurd



then n is a prime

LLLLLLLLLeeeeeeeeemmmmmmmmmmmmmmmmmmaaaaaaaaa 222222222 . (see [01] ) let � denotes the Mobius function then .

1 if gcd(n; d)=1P
d0/gcd(n;d) �(d

0)= f
0 if not

Lemma 3 . (see [01] )

let f be a multiplicative function then
P

d/n
f(d) is also

multiplicative .

Lemma 4 .(see[04])Q
p6x;p=/ 2

�
1− 2

p

�
� 1

log(x)2 , for all sufficiently large x

Lemma 5 .(see [05] )
Let a,b and c , any given integers and let ax+by=c

be a diophantine equation, then ax+by=c

has a solution iff gcd(a,b)/c .

And if (x0,y0) is a particular solution of ax+by=c

then there exist an integer k such that (x0+
kb

gcd (a; b) , y0 -
ka

gcd (a; b) )

is the set of solutions .

Lemma 6.

let Nb x
p c=

Q
p�b x

p c;p�P p and d1/Nb x
p c.

then d2/Nb x
p c; d1^ d2=1 , d2/

Nb x
p c

d1
,

Proof of Lemma 6.

let Nb x
p c=

Q
p�b x

p c;p�P p and d1/Nb x
p c.

1- we suppose that d2/
Nb x
p c

d1
.

we have d2/
Nb x
p c

d1
) d2d1/Nb x

p c ) d2/Nb x
p c



and since Nb x
p c is squarefree and d1d2/Nb x

p c then d1^ d2=1

this means that d2/
Nb x
p c

d1
) d2/Nb x

p c; d1^ d2=1

2- we suppose that d2/Nb x
p c; d1^ d2=1 .

we have d2/Nb x
p c; d1/Nb x

p c; d1^ d2=1 ) d2d1/Nb x
p c

) d2/
Nb x
p c

d1

then from 1 and 2 we obtain the equivalence .

d2/Nb x
p c; d1^ d2=1 , d2/

Nb x
p c

d1

Proof of theorem A.

let x >9 and fix n�1 .

let �2n(x)=card{(p,p+2n)/ p+2n �x , (p,p+2n) �P2 } denotes the

number of couple of primes (p,p+2n) not exceeding x .

and �2n
0
(x)=card{(p,p+2n)/b x

p
c<p�x− 2n ,( p,p+2n) �P2 }

denotes the number of couple of primes (p,p+2n) that are between

b x
p
c and x .

it is evident that �2n(x) � �2n
0
(x) ( �2n(x)= �2n( x

p
)+ �2n

0
(x) ).

Then if we can prove that �2n
0
(x)!+1 when x!+1

this will be sufficient to prove Theorem A .

in fact this will be our aim for the next sections .

Remark 1. let z=b x
p
c

by Lemma 1, if b x
p
c<p �x−2n , gcd( p;Nz )=1 and gcd( p+2n;Nz )=1

then (p, p+2n) is a couple of primes , with distance 2n .

we will exploit Remark 1 to calculate �2n
0
(x).

�2n
0
(x)=card{(p,p+2n)/b x

p
c<p�x− 2n,gcd (p;Nz)=1; gcd (p+2n;Nz)=1 }



=
P

gcd(p;Nz)=1;b x
p c<p�x−2n

P
gcd(p+2n;Nz)=1;b x

p c+2n<p+2n�x 1

=
P

gcd(p;Nz)=1;gcd(p+2n;Nz)=1;b x
p c<p�x−2n 1.

If we apply Lemma 2 ,we obtain .

�2n
0
(x)=

P
d1/p^Nz;d2/(p+2n^Nz);b x

p c�p�x−2n�(d1)�(d2)

=
P

d1/Nz;d1/p;d2/Nz;d2/p+2n;b x
p c�p�x−2n�(d1)�(d2)

=
P

d1/Nz;d2/Nz
�(d1)�(d2)

P
d1/p;d2/p+2n;b x

p c�p�x−2n 1

But we have the equivalence

d1/p; d2/p+2n , 9 j ; k�N ?2such that p=jd1 et p+2n=kd2

Then .

�2n
0
(x) =

P
d1/Nz;d2/Nz

�(d1)�(d2)
P

p=jd1;p+2n=kd2;b x
p c�p�x−2n 1

=
P

d1/Nz;d2/Nz
�(d1)�(d2)

P
jd1+2n=kd2;b x

p c�p=jd1�x−2n
1

Remark 2 .
we remark that the sum

P
jd1+2n=kd2;b x

p c�p=jd1�x−2n
1

depends only on the diophantine equation jd1+2n= kd2

with j and k are the variables ,

Problem 1 .

if we want to give a explicit formula to�2n
0
(x) we would have to

calculate the sum
P

jd1+2n=kd2;b x
p c�p=jd1�x−2n

1.

In fact we will find that if gcd (d1; d2)/2n then .P
jd1+2n=kd2;b x

p c�p=jd1�x−2n
1= x− 2n−b x

p c
d1

� gcd (d1; d2)
d2

+1+O(1)

Proof of Problem 1 .

1 if the equation jd1+2n=kd2 has a solution
we set �(j ; k)=f



0 if not
1 if gcd(d1,d2)/2n

based on Lemma 5 we have �(j ; k)=f
0 if not

then L =
P

jd1+2n=kd2;b x
p c�p=jd1�x−2n

1

=
P
b x
p c�p=jd1�x−2n

�(j ; k)

=
P

b x
p c
d1

�j�x−2n
d1

;j�N�
�(j ; k)

=
P

b x
p c
d1

�j�x−2n
d1

;gcd(d1;d2)/2n;j�N�
1

If we have gcd (d1; d2)/2n , by Lemma 5 , we will have also

j=j0+
td2

gcd (d1; d2)
et k =k0+

td1
gcd (d1; d2)

with t is an integer

and (j0,k0) is a particular solution of jd1+2n=kd2

then L =
P

b x
p c
d1

�j=j0+
td2

gcd(d1;d2)
�x−2n

d1
;j�N�

1

=
P

b x
p c
d1

�j0+
td2

gcd(d1;d2)
�x−2n

d1
;t�N�

1

=
P

b x
p c
d1

−j0�
td2

gcd(d1;d2)
�x−2n

d1
−j0;t�N�

1

=
P�

b x
p c
d1

−j0
�
� gcd(d1;d2)

d2
�t�

�
x−2n
d1

−j0
�
� gcd(d1;d2)

d2
;t�N�

1

=
j�

x− 2n
d1

− j0
�
� gcd (d1; d2)

d2

k
-
j�

b x
p c
d1

− j0
�
� gcd (d1; d2)

d2

k
+1

Result 1 .

if gcd (d1; d2)/2n then the sum
P

jd1+2n=kd2;b x
p c�p=jd1�x−2n

1 is

equal to L=
j�

x− 2n
d1

− j0

�
� gcd (d1; d2)

d2

k
-
j�

b x
p c
d1

− j0

�
� gcd (d1; d2)

d2

k
+1

by Result 1 we have

L=
j�

x− 2n
d1

− j0

�
� gcd (d1; d2)

d2

k
-
j�

b x
p c
d1

− j0

�
� gcd (d1; d2)

d2

k
+1

then L=
�
x− 2n
d1

− j0
�
gcd (d1; d2)

d2
-
�
b x
p c
d1

− j0
�
gcd (d1; d2)

d2
+1+O(1)

= x− 2n
d1

� gcd (d1; d2)
d2

- b x
p c
d1

� gcd (d1; d2)
d2

+1+O(1)



=(x− 2n
d1

- b x
p c
d1

)gcd (d1; d2)
d2

+1+O(1)

=
x− 2n−b x

p c
d1

� gcd (d1; d2)
d2

+1+O(1)

=x− 2n−b x
p c

d1d2
gcd(d1; d2)+1+O(1)

then if gcd (d1; d2)/2n we will have .P
jd1+2n=kd2;b x

p c�p=jd1�x−2n
1=x− 2n−b x

p c
d1d2

gcd(d1; d2)+1+O(1)

Let us now return to calculate �2n
0
(x) .

we have .

�2n
0
(x)=

P
d1/Nz;d2/Nz

�(d1)�(d2)
P

jd1+2n=kd2;b x
p c�p=jd1�x−2n

1

By Problem 1 ,we will obtain .

�2n
0
(x)=

P
d1/Nz;d2/Nz;gcd(d1;d2)/2n

�(d1)�(d2)(
x− 2n−b x

p c
d1d2

gcd(d1; d2))+P
d1/Nz;d2/Nz;gcd(d1;d2)/2n

�(d1)�(d2)( 1+O(1))

Problem 2 . let �(n)=
P

d/n
1 denotes the number of divisors of n.

then the error term
P

d1/Nz;d2/Nz;gcd(d1;d2)/2n
�(d1)�(d2)( 1+O(1))

is equal to O(2�(rad(2n)))

Proof of Problem 2 .

let K =
P

d1/Nz;d2/Nz;gcd(d1;d2)/2n
�(d1)�(d2)( 1+O(1))

=
P

d1/Nz;
�(d1)

P
d2/Nz;gcd(d1;d2)/2n

�(d2)( 1+O(1))

we set F ={d=d1^ d2/; d1/Nz; d2/Nz; d/2n}

then we will obtain .

K =
P

d1/Nz;
�(d1)

P
d2/Nz;gcd(d1;d2)/2n

�(d2)( 1+O(1))



=
P

d�F

P
d1/Nz;

�(d1)
P

d2/Nz;gcd(d1;d2)=d
�(d2)( 1+O(1))

=
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1
�(d2)( 1+O(1))

By Lemma 6 we have .

=
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)( 1+O(1))

=
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)+
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)O(1)

now we have tow sums to calculate .let us calculate them.

let T=
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)

and R=
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)O(1)

1 if
Nz
d
d1
d

=1

by Lemma 2,we have
P

d2
d
/

Nz
d
d1
d

�(d2)=f

0 if not
1 if Nz

d
=d1

d
then

P
d2
d
/

Nz
d
d1
d

�(d2)=f

0 if not

then we obtain T =
P

d�F�
�
Nz
d

�
=

P
d�F (-1 )

!
�
Nz
d

�

we have also T �
P

d�F j(-1 )
!
�
Nz
d

�
j

�
P

d�F 1

� rad(F)

Remark 3.
since Nz is squarefree then F ={d=d1^ d2/; d1/Nz; d2/Nz; d/rad(2n)}

={d/rad(2n) / d6 b x
p
c}



We have �(rad(2n))=card{ d/rad(2n)g

=cardf{ d/rad(2n)/ d6 b x
p
cg[fd/rad(2n) / d> b x

p
cgg

=card{F[fd/rad(2n) / d> b x
p
cg}

Then F� { d/rad(2n)g .

Which that rad(F) � �(rad(2n)) .

And if we exploit Remark 3. we will have T� rad(F) � �(rad(2n))

then T = O( �(rad(2n)))

we remain to calculate the sum R=
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)O(1).

R =
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)O(1)

=
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)O(1)

we have
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)�j
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)j

�
P

d�F j
P

d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)j

�
P

d�F

P
d1
d
/
Nz;

d

j�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)j

�
P

d�F

P
d1
d
/
Nz;

d

j�(d1)jj
P

d2
d
/

Nz
d
d1
d

�(d2)j

�
P

d�F

P
d1
d
/
Nz;

d

j
P

d2
d
/

Nz
d
d1
d

�(d2)j

we have
P

d2
d
/

Nz
d
d1
d

�(d2)=
P

d2
d
/

Nz
d
d1
d

�
�
d2
d
d
�

since gcd(d2
d
; d)=1 ,then �

�
d2
d
d
�
= �

�
d2
d

�
�(d)

then
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)�
P

d�F

P
d1
d
/
Nz;

d

j
P

d2
d
/

Nz
d
d1
d

�
�
d2
d

�
�(d)j



�
P

d�F

P
d1
d
/
Nz;

d

j
P

d2
d
/

Nz
d
d1
d

�
�
d2
d

�
j

and if we apply again the Lemma 2 . we obtainP
d1
d
/
Nz;

d

j
P

d2
d
/

Nz
d
d1
d

�
�
d2
d

�
j=

��������Nz
d

�
j=1 , then

P
d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)�
P

d�F 1

we already know that
P

d�F 1 � �(rad(2n)) from the above calculations

then
P

d�F

P
d1
d
/
Nz;

d

�(d1)
P

d2
d
/

Nz
d
d1
d

�(d2)� �(rad(2n))

then we obtain R=O(�(rad(2n)))

Result 2 of Problem 2.
we have T = O( �(rad(2n))) and R=O(�(rad(2n)))

then K=T+R =O(�(rad(2n))) +O(�(rad(2n)))

=O(2�(rad(2n)))

now we have obtained the must interesting result in this articleP
d1/Nz;

�(d1)
P

d2/Nz;gcd(d1;d2)/2n
�(d2)( 1+O(1))=O(2�(rad(2n)))

because O(2�(rad(2n))) will be the error term of �2n
0
(x)

in the next sections you will see that this error term is much smaller than

the main term of �2n
0
(x).

by Problem 2. we obtain

�2n
0
(x)=

P
d1/Nz;d2/Nz;gcd(d1;d2)/2n

�(d1)�(d2)(
x− 2n−b x

p c
d1d2

gcd(d1; d2))+

+O(2�(rad(2n)))

=
P

d�F

P
d1/Nz;d2/Nz;gcd(d1;d2)=d

�(d1)�(d2)(
x− 2n−b x

p c
d1d2

d )+

+O(2�(rad(2n)))



=
P

d�F

P
d1/Nz

�(d1)
P

d2/Nz;gcd(d1;d2)=d
�(d2)(

x− 2n−b x
p c

d1d2
d)+O(2�(rad(2n)))

=
P

d�F

P
d1/Nz

�(d1)
P

d2/Nz;gcd
�
d1
d
;
d2
d

�
=1
�(d2)(

x− 2n−b x
p c

d1d2
d)+O(2�(rad(2n)))

=
P

d�F

P
d1
d
/
Nz
d

�
�
d1
d
d
�P

d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1
�
�
d2
d
d
�
x− 2n−b x

p c
d1d2

d+O(2�(rad(2n

=(x− 2n−b x
p
c )

P
d1
d
/
Nz
d

�
�
d1
d
d
�P

d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1

�
�
d2
d
d
�

d1d2
d+

O(2�(rad(2n)))

since gcd (d,d1
d
)=1 and gcd (d,d2

d
)=1 . then �

�
d1
d
d
�
=�

�
d1
d

�
�(d)

and �
�
d1
d
d
�
=�

�
d1
d

�
�(d) , then we obtain.

�2n
0
(x) =(x−2n−b x

p
c)
P

d�F

P
d1
d
/
Nz
d

�
�
d1
d

�
�(d)2

P
d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1

�
�
d2
d

�
d1d2

d+

+O(2�(rad(2n)))

but if d�F , then d is a squarefree then �(d)2=1

we obtain .

�2n
0
(x) =(x− 2n−b x

p
c)
P

d�F

P
d1
d
/
Nz
d

�
�
d1
d

�
d
P

d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1

�
�
d2
d

�
d1d2

+

O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F

P
d1
d
/
Nz
d

�
�
d1
d

�
d1

d
P

d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1

�
�
d2
d

�
d2

+

O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F

P
d1
d
/
Nz
d

�
�
d1
d

�
d1

d
P

d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1

�
�
d2
d

�
d2
d

� 1

d
+

+O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F

1

d

P
d1
d
/
Nz
d

�
�
d1
d

�
d1
d

P
d2
d
/
Nz
d
;gcd

�
d1
d
;
d2
d

�
=1

�
�
d2
d

�
d2
d

+

O(2�(rad(2n)))

If we apply Lemma 6 we obtain.

�2n
0
(x) =(x− 2n−b x

p
c)
P

d�F

1

d

P
d1
d
/
Nz
d

�
�
d1
d

�
d1
d

P
d2
d
/

Nz
d
d1
d

�
�
d2
d

�
d2
d

+O(2�(rad(2n)))



since
�
�
d2
d

�
d2
d

is multiplicative , then by Lemma 3 ,
P

d2
d
/

Nz
d
d1
d

�
�
d2
d

�
d2
d

is also

multiplicative .

then
P

d2
d
/

Nz
d
d1
d

�
�
d2
d

�
d2
d

=
Q

p/

Nz
d
d1
d

(1-1
p
)

=

Q
p/Nz

d

�
1− 1

p

�
Q
p/
d1
d

�
1− 1

p

�
we will obtain .

�2n
0
(x) =(x− 2n−b x

p
c)
P

d�F
1

d

P
d1
d
/
Nz
d

�
�
d1
d

�
d1
d

Q
p/Nz

d

�
1-1

p

�
Q

p/
d1
d

�
1-1p

�+O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F
1

d

Q
p/Nzd

�
1- 1p

�P
d1
d
/
Nz
d

�
�
d1
d

�
d1
d

Q
p/
d1
d

�
1− 1

p

�+
O(2�(rad(2n)))

we apply again Lemma 3 on
P

d1
d
/
Nz
d

�
�
d1
d

�
d1
d

Q
p/
d1
d

�
1− 1

p

� we obtain.

P
d1
d
/
Nz
d

�
�
d1
d

�
d1
d

Q
p/
d1
d

�
1− 1

p

� =
Q

p/
Nz
d

(1- 1

p
�
1− 1

p

�)

then .

�2n
0
(x)=(x−2n−b x

p
c)
P

d�F

1

d

Q
p/Nz

d

�
1- 1p

�Q
p/

Nz
d

(1- 1

p
�
1− 1

p

�)+O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F

1

d

Q
p/Nz

d

�
1- 1p

�
(1- 1

p
�
1− 1

p

�)+O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F
1

d

Q
p/

Nz

d

�
p− 1
p

��
1− 1

p− 1

�
+O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F
1

d

Q
p/

Nz
d

�
p− 1
p

��
p− 2
p− 1

�
+O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F

1

d

Q
p/

Nz
d

�
p− 2
p

�
+O(2�(rad(2n)))

=(x− 2n−b x
p
c)
P

d�F

1

d

Q
p/

Nz
d

�
1− 2

p

�
+O(2�(rad(2n)))

We already have F ={d=d1^ d2/; d1/Nz; d2/Nz; d/2n}



from the definition of F , we can deduce that .

F=f1; 2; : : : : : :drg

then �2n
0
(x)=(x− 2n−b x

p
c)
(Q

p/Nz

�
1− 2

p

�
+ 1

2

Q
p/

Nz
2

�
1− 2

p

�
+P

d�F ;d=/1;d=/ 2

1

d

Q
p/

Nz
d

�
1− 2

p

�
) +O(2�(rad(2n)))

sice 2 is prime and 2/Nz then
(Q

p/Nz

�
1− 2

p

�
=0 .

then �2n
0
(x)=(x− 2n−b x

p
c)( 1

2

Q
p/

Nz
2

�
1− 2

p

�
+P

d�F ;d=/1;d=/ 2

1

d

Q
p/

Nz
d

�
1− 2

p

�
) +O(2�(rad(2n)))

Result 3.
�2n
0
(x)=(x− 2n−b x

p
c)( 1

2

Q
p/

Nz
2

�
1− 2

p

�
+P

d�F ;d=/ 1;d=/ 2

1

d

Q
p/

Nz
d

�
1− 2

p

�
)+O(2�(rad(2n)))

This result is very important we will need them to prove Corollary 1

and Theorem B.

from Result 3 we deduce that .

�2n
0
(x) � (x− 2n−b x

p c)
2

Q
p/

Nz
2

�
1− 2

p

�
+O(2�(rad(2n)))

� (x− 2n−b x
p c)

2

Q
p�j x

p j;p=/ 2

�
1− 2

p

�
- 2�(rad(2n))

� (x− 2n−b x
p c)

2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
- 2�(rad(2n))

by Lemma 4 , we have
Q

p� x
p

;p=/ 2

�
1− 2

p

�
� 1

log( x
p

)2

� 4

log(x)2 for sufficiely large x .

We don't have to forget that 2n is fixed then �(rad(2n)) is also will be fix .

then
(x− 2n−b x

p c)
2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
� 2(x− 2n−b x

p c)
log(x)2

� 2x

log(x)2 for sufficiently large x

this means that �2n
0
(x)!+1 , when x !+1 (because 2x

log(x)2!+1 )



we already have �2n(x)� �2n
0
(x) then �2n(x)!+1 when x !+1

this prove Theorem A .

Proof of corollary 1.
By Result 3 we have for any n>1 .

�2n
0
(x)=(x− 2n−b x

p
c)( 1

2

Q
p/

Nz
2

�
1− 2

p

�
+
P

d�F ;d=/ 1;d=/ 2

1

d

Q
p/

Nz
d

�
1− 2

p

�
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+O(2�(rad(2n)))

Case 1. if 2n=2

�2
0
(x)=(x− 2−b x

p
c)( 1

2

Q
p/

Nz
2

�
1− 2

p

�
+0)+O(2�(rad(2)))

= (x− 2−b x
p c)

2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
+O(4) (**)

It is known that if (p ,p+2) is a couple of twin primes then there is no prime

between them. Then, �2
0
(x) denotes the number of twin primes not exceeding x.

We have �2(x)=�2
0
(x)+�2( x

p
) .

then, �2(x)=�2
0
(x)+�2

0
( x
p

)+�2( x
pq

)

=�2
0
(x)+�2

0
( x
p

)+�2
0
( x
pq

)..... . . .

let xbp = 4 ) ln(x) = 4b

) b = ln(x)
4

then we obtain , �2(x) =
P

i=1

ln(x)
4 �2

0
( xi
p

)

= �2
0
(x)

P
i=1

ln(x)
4

�2
0
( xi
p

)

�2
0
( x
p

)

but from (**) we have �2
0
( xip )

�2
0
( x
p

)
=

(
xip − 2− xi+1p �Q

p6 xi+1p ;p=/ 2

�
1− 2

p

�
+O(4)

(x− 2− x
p

)
Q
p6 x
p

;p=/ 2

�
1− 2

p

�
+O(4)

then �2(x)=�2
0
(x)

P
i=1

ln(x)
4

(
xip − 2− xi+1p �Q

p6 x
i+1p

;p=/ 2

�
1− 2

p

�
+O(4)

(x− 2− x
p

)
Q
p6 x
p

;p=/ 2

�
1− 2

p

�
+O(4)

=�2
0
(x)(1+

P
i=2

ln(x)
4

(
xi

p − 2− xi+1p �Q
p6 xi+1p ;p=/ 2

�
1− 2

p

�
+O(4)

(x− 2− x
p

)
Q
p6 x
p

;p=/ 2

�
1− 2

p

�
+O(4)

)



=�2
0
(x)(1+

( x2p − 2− x3p )
Q
p6 x3
p

;p=/ 2

�
1− 2

p

�
+O(4)

(x− 2− x
p

)
Q
p6 x
p

;p=/ 2

�
1− 2

p

�
+O(4)

+: : : : : : : : :)

but by Lemma 4 ,

(
xi

p − 2− xi+1p �Q
p6 xi+1p ;p=/ 2

�
1− 2

p

�
+O(4)

(x− 2− x
p

)
Q
p6 x
p

;p=/ 2

�
1− 2

p

�
+O(4)

�

xi
p

ln
�

xi+1p �2
x

ln( x
p

)2

for sufficiently large x and ln(x)
4 >i >2 .

then,

(
xi

p − 2− xi+1p �Q
p6 xi+1p ;p=/ 2

�
1− 2

p

�
+O(4)

(x− 2− x
p

)
Q
p6 x
p

;p=/ 2

�
1− 2

p

�
+O(4)

� xi
p

x �
ln( x
p

)2

ln
(

xi+1p �2
� xi
p

x �
(i+1)2

4
! 0 when x!1

we can deduce that
P

i=2

ln(x)
4

(
xi

p − 2− xi+1p �Q
p6 xi+1p ;p=/ 2

�
1− 2

p

�
+O(4)

(x− 2− x
p

)
Q
p6 x
p

;p=/ 2

�
1− 2

p

�
+O(4)

! 0 when

x!1

then , �2(x) � �2
0
(x)

� (x− 2−b x
p c)

2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
+O(4)

by Lemma 4 we have , �2(x) �
x

2ln( x
p

)2
for sufficiently large x.

� 4x

2ln(x)2

� 2x

ln(x)2

then , �2(x)�
2x

ln(x)2

Case 2 . if 2n=4 F=f1; 2g

then, �4
0
(x) =(x− 4−b x

p
c)( 1

2

Q
p/

Nz
2

�
1− 2

p

�
+0)+O(2�(rad(4)))

= (x− 4−b x
p c)

2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
+O(4)

but it is known that if (p ,p+4) is a couple of cousin primes then

there is no prime between them , except (3, 7).then �4
0
(x) denotes the number of



cousin primes not exceeding x.

By the seem method developped in Case 1 we can prove that �4
0
(x)� 2x

ln(x)2 .

Proof of Theorem B.

by the Result 3 we have .
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0
(x)=(x− 2n−b x

p
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2

Q
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2
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1− 2

p

�
+
P

d�F ;d=/ 1;d=/ 2
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d

Q
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Nz
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1− 2

p

�
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+O(2�(rad(2n)))

Case 1 . if 2n=2 we have F=f1; 2g

then �2
0
(x) = (x− 2−b x

p c)
2

Q
p/

Nz
2

�
1− 2

p

�
+O(2�(rad(2)))

= (x− 2−b x
p c)

2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
+O(4)

Case 2 . if 2n=4 we have F=f1; 2g

then �4
0
(x) = (x− 4−b x

p c)
2

Q
p/

Nz
2

�
1− 2

p

�
+O(2�(rad(4)))

= (x− 4−b x
p c)

2

Q
p� x
p

;p=/ 2

�
1− 2

p

�
+O(4)

From case 1 and case 2 we obtain .

�2
0
(x)- �4

0
(x)= (x− 2−b x

p c)
2

Q
p/

Nz
2

�
1− 2

p

�
+O(4) -

- (x− 4−b x
p c)

2

Q
p/

Nz
2

�
1− 2

p

�
-O(4)

=
Q

p/
Nz
2

�
1− 2

p

�
+O(4)

by Lemma 4 , we have
Q

p� x
p

;p=/ 2

�
1− 2

p

�
� 1

log( x
p

)2
,for sufficiently

large x .

� 4

log(x)2 ,for sufficiently large
x .

then �2
0
(x)- �4

0
(x)=O(4) , for sufficiently large x .

we have �4(x)-�2(x) =�4
0
(x)-�2

0
(x)+�4( x

p
)-�2( x

p
)



=�4
0
(x)-�2

0
(x)+�04( x

p
)-�02( x

p
)+�4( x

pq
)-�2( x

pq
)

=�4
0
(x)-�2

0
(x)+�04( x

p
)-�02( x

p
)+�4

0
( x
pq

)-�02( x
pq

)..

= O(4)+O(4) +O(4) . . .

let xbp = 4 ) ln(x) = 4b

) b = ln(x)
4

then �4(x)-�2(x) =
P

i=1

ln(x)
4 (�4

0
( xi
p

)-�2
0
( xi
p

))

=
P

i=1

ln(x)
4 O(4)

=O(ln(x))

then for sufficiently large x we have j �4(x)-�2(x)j � ln(x)

this means that j �4(x)
�2(x)

- 1j � ln(x)
�2(x)

but �2(x) �
2x

log(x)2 then 2 ln(x)
�2(x)

� ln(x)
2x

log(x)2

� ln(x)3

2x
!0 when x !1

then �4(x)� �2(x) for sufficiently large x.

this means that The cousin primes are equivalent to twin primes in infinity

Acknowledgments .

I would like to thank the referee for his/her detailed comments.

References.

[01] Elementary Methods in Number Theory - Nathanson M.B
- chapter 6.4 multiplicative functions .

[02] H. Davenport. Multiplicative Number Theory, volume 74 of
Graduate Texts in Mathematics. Springer-Verlag, New York,
2nd edition, 1980.

[03] J.-P. Serre. A Course in Arithmetic, volume 7 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 1973.



[04] Les Nombres premiers, entre l'ordre et le chaos .Dunad -Gérald Tenenbaum
-Michel Mendès France (page 41)

[05] Diophantine equations - en.wikipedia.org


