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Abstract

In this paper we will look at sums of odd powers of Fibonacci and
Lucas numbers of even indices. Our motivation will be conjectures, now
theorems, which go back to Melham. Using the simple approach of tele-
scoping sums we will be able to give new proofs of those results. Along
the way we will establish inverse relationships for such sums and discover
new integer sequences.

*This work is licensed under the CC BY 4.0, a Creative Commons Attribution License.
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1 Introduction
We define the Fibonacci numbers (Fn)n21 by the initial values of
B =F=1,
and, for n > 2, a general term of
F,_1+F,=F,1.
We define the Lucas numbers (Ln)n21 identically as the Fibonacci numbers,
L1+ Ly = Ly,
where n > 2, but with the different initial values of
L =1, Ly=3.

Ozeki [7] and Prodinger [8] might be the first places where we find explicit
expressions for the sums of odd powers of Fibonacci and Lucas numbers of even
indices. The result for Fibonacci numbers is

Theorem 1. (Ozeki) form >0 and n > 1,

n m m—1

, ' S5 2m =241 (2m+ 1\ m—j+i+]
m-+1
St = S Yy D B (B (e
k=1 i—=0 =0 2m+1-—2j ] ]
S (cpyittgom ., Pomiioay (27”.* 1).
= Lom+1-2; J

The result for Lucas numbers is

Theorem 2. (Prodinger) for m >0 and n > 0,
n m m—I . .
2m4+1\/m—-j+0\2m+1-2j 1

L2m+l — L2l+1 . _47?’7..

kZ:O 2k ; 2n+1 Jz::() j m—7j—1 20+1 L2m+1—2j

(We have stated the results in their original notation. We changed the ” +4”
to 7 — 4.” The original seems to contain a mistake. In this paper, for the sake
of uniformity we will adopt the notation of Ozeki [7].)

Two conjectures in Melham [5] were the inspiration for these results. (The
results are a bit removed from the original conjectures. That seems to be be-
cause, at the time, the authors were unaware of the exact statements of the
conjectures. Melham [5] contains more information on this.) Since the conjec-
tures have been proved, we state them as theorems. For the Fibonacci numbers
we have



Theorem 3. form >0 andn > 1,

LiL3-- Lopm—1Lom1 ZFQ%TH = (Fopy1 — 1)2 - Pog om1,
k=1

where Pog om11 15 a polynomial in Faopi1, of degree 2m — 1, with integer coeffi-
cients.

For the Lucas numbers we have

Theorem 4. form >0 andn > 1,

n
LiLs- - Lym1Lomyr Yy Lop ™ = (Long1 — 1) - Qakam1,
k=1

where Q2g 2m+1 15 a polynomial in Loy 1, of degree 2m, with integer coefficients.

Unlike Theorems 1 and 2, the result for Fibonacci numbers is considerably
more difficult to obtain.

(Note: we have changed the notation slightly. There is little reason to keep
track of the degrees of the polynomials. By Theorems 1 and 2 we know that
S 3t and S0 Lot are polynomials in Fb, 41 and Loy,1, of degree
2m + 1. If we factor out a term of (Fa,41 — 1)2 or Lo,1+1 — 1, the degree drops
by 2 or 1.)

Sun, Xie, and Yang [9] seems to contain the first complete proof of Theorem
3. A byproduct of their work was another proof of Theorem 4....

...using the simple method of telescoping sums we will show that the original
approach sketched in Melham [5] is sufficient to give a complete proof of Theorem
4. Expanding upon that approach to address the case of Fibonacci numbers,
we will prove the inverse of Theorem 1:

Theorem 5. form >0 andn > 1,
Ny [ /2m+1 1 2j+1 (j+i+1
F2m+1 -1 2 : 2 :F22+1 § Lo —_— .
e Jri:o k=1 2 o Lm )T me i1\ 2i 41

Even though it is unnecessary for a proof of Theorem 4, we will do the same
for Theorem 2:

Theorem 6. form >0 andn > 1,
ULy m (2m+1 2j+1 [j+i+1
L2m+1 — 1 L21+1 _1 m+1i L . e .
o +§ ; ” ; R R A eSS U
The result for Lucas numbers will give us a new integer sequence:
1,1,1,1,-15,4,1,125,—75,11, .... (1)

A full proof of Theorem 3, in line with our approach, requires establishing
the following conjecture:



Conjecture 1. in Theorem 5, the coefficients for  ,_, F22,i+1 are integers only.
In other words, for 0 < i <m, 5™ divides

" [/2m+1 2j+1 (j+i+1
Z ) Loj1——— . .
= m—] J+i+1\ 2141

At present we are unable to do that. We are able to establish a special case,
which actually is a sharper result:

Lemma 1. in Theorem 5, the coefficient for >, _, Fay,
I [/2m+1
— Loji1(25+1
g 32 (o rm s0)]

is equal to 2m + 1.

Looking at the statement of Theorem 3, the difference between the special
case and the general case of the conjecture is that the former gets us everything
except for the coefficients being integers. We must settle for rational numbers.
If we add the latter case, we get that last piece and discover a second integer

sequence as well:
1,1,1,1,3,4,1,5,15,11,. ... (2)

Last, with regard to the overall presentation of the paper, we will place more
emphasis on the inductive aspects of the material than is customary. This will
provide motivation for the proofs and highlight how intermediate results arise
from attempts to give new solutions to the original conjectures of Melham [5].



2 Lucas Numbers

We begin with the case for Lucas numbers. One reason is the simple approach
sketched in Melham [5] will be sufficient to prove Theorem 4 completely. An-
other reason is the discussion will prepare us for the more difficult case of the
Fibonacci numbers.

2.1 Telescoping Sums

Our starting point is the following observation:

1

n
L

3 - 3 -

(I)L ZL% + (0) Ls ZL% (3)
k=1

5 5 - 5 -
(2> Ly Z Loy — <1> L3 ;; Ley, + <0> Ls ;; Lok
7 7 - 7 " 7 -
<3> Ly Z Loy + <2) Ls Z Ly — <1> Ls Z Lok + (O> L, Z L.

k=1 k=1 k=1 k=1

This is for n > 1. If we did not know it already,

L2n+1 =1 +

L2n+1 =1-

2n+1 +

L;n—o—l =1-

L, Zsz = Lapi1— 1. (4)
k=1

The significance of these relationships is they allow us to show Lo,y — 1

divides . . .
Ly Lok, L3 Y Lk Ls D Lok, - --- (5)
k=1 k=1 k=1

For example, we can write

n 3 n
LYt = -t (Y L
k=1 =
= (Lant1 — 1) (L3410 + Lont1 + 1) + (L2ng1 — 1) (3)
= (Lans1 — 1) (L3041 + Long1 +4) .

Before we prove the result of (5), we must establish the relationships in (3).
This we will do using telescoping sums.

For the first step, we prove the following lemma:



Lemma 2. form >0 andn > 1,

Loty = 1= (L5 — L) (6)
k=1

Proof. we proceed by mathematical induction. For the base case of n = 1 we
have

1

2m+1 2m—+1 2m—+1 2ma1 mt1
Z(LQij_l _L2kj_1):[12(1;_+1—[/1 =gt -1 (7)
k=1

Assume that (7) is true for some n > 1. Then

n+1 n
2m—+1 2m—+1 o 2m—+1 2m—+1 2m—+1 2m—+1

E : (L2k+1 — Loy ) - E : (L2k+1 — Loy ) + L2(n+l)+1 - L2n+1
k=1 k=1

_ 7r2m+1 _ 2m—+1 _ r2m+1

- L2n+1 L+ L2(n+1)+1 L2n+1

_ 12m+1 _

- L2(n+1)+1 1

O

For the next step, we rewrite the expression inside the parentheses of (6).
In order to do that we will use the Binet forms:

aniﬂn

a—pB8"

where a = % and g = 1*2—‘/5 Other relationships include

F, = L, =a"+ 5", (8)

a+pB=1,a-8=V5a8=-1,1+a=0a> 1+8=p5% (9)
We will use the Binet forms to establish a number of results.
Lemma 3. form >0 andn > 1,
2m+1 2m41\ _ m—j ) )
kzz:l (Lot — Lop™y) = jz:(:) [(1) < m—j )L23+1 ; L2(2]+1)k] :

Proof. the calculation is cumbersome. We illustrate the case of 2m + 1 = 5.
The expression in parentheses we rewrite using the Binet forms:

5 - _1\5
Lo — L3y = (a2FFL4 g2H+1)® _ (o261 4 k1)

5 s o
= <O) (Ql0F+5 _ g10k=5) | <1) (aSFHA g2 _ o Sk=d g2k-1)

5 B B 5 ) )
+(2> (aSkF3gIRT2 _ o 0k—3g1h=2) 4 (3) (ath+2gOktd _ k=2 gok—3)

5 _ B 5 )
+(4) (a2kFL gk _ o2k gsk=1) 4 (5) (B1OR+5 _ g1ok=5)



We rewrite the first three terms as follows:

(g) (al0F+5 _ g10k—5)  _ (g)awk (o® — o)

(o ( ) Qe

(?) (a8k+4ﬂ2k+l _ aSk—452k—1) — (1

I
N\
S Ot
N

s}

'

[e=]

>
N

Q

(o3
%1‘ —_
N~

<5) (a6k+3ﬂ4k+2 _ a6k7354k72) —_ (5> aﬁkﬂélk (04352 o 0473[372)
2

The other three terms we can rewrite in an analogous fashion. In total we have

Lng — L3, = (g) (alok +ﬂ10k) (a5 +,65) _ (?) (a6k +66k) (a3 +,63)

NG

which we rewrite as

5 5 5
L3 — Loy g = (0) LsLior — <1> L3 Lej, + <2) LiLsy.

If we change the order of the terms and sum from 1 to n, we get the desired
result:

n 2 n
i 5
Z (L3piq — L3p_y) = [(—1)2 ! (2 B j) Lajt1 ZLQ(QJ'H)k] :
—0

k=1

k=1 J



Putting together Lemmas 2 and 3, we get the main result of (3):
Proposition 1. form >0 andn > 1,

m—i (2m +1 -
(=n™’ ( _j >L2j+1 ZLz(sz)k] .

m

2m—~+1
L2n+1 =1+ Z m
k=1

=0

Now we are ready to prove Proposition 2, which we mentioned in (5). In
order to do that, we clarify some terminology:

Definition 1. “Ly,1 — 1 divides >, _; Lo(2m1),” means

n

ZL2(2m+1)k = (Lant1 — 1) - Qa@m+1)k
k=1

where Qa2 +1)k is @ polynomial in Ly, y1; that is,

—1
Q2(2m+1)k = T5L§n+1 + TsfngnJr] +...+ T1L2n+1 + To,

where the r; are rational numbers, at least one of which is not equal to zero,
and the s are non-negative integers. Notice that we allow for the possibility of

ZLQk = (L27L+1 - 1) N 1.
k=1

Also, if we write something like

L%nm++1l -1 = (L2pt1—1) (L§g+1 + nglﬁl 4+ 4 Lony1 +1)
= (Lant1 — 1) - Q2n+1,2m+1,
we mean “Lo,+1 — 1 divides Lgnmjll — 1.7 Last, when no confusion will arise, we

will abbreviate Q2n+1,2m+1 by Q2nt1-
Now we state and prove Proposition 2:

Proposition 2. form >0 andn > 1,

Loms1 Y Lomsiyk = (Lang1 — 1) - Qa@msyis
k=1

where Qa(2m+1)k 5 a polynomial in Loy 1, with integer coefficients.

Proof. we proceed by mathematical induction. Previously we showed that
Lopt1 — 1 divides Ly >}, Loy and L3 Y.;_, Lek, and that the adjoining poly-
nomials have integer coefficients. Assume that Lo, 1 — 1 divides

L, Z L2k7 L3 Z Lﬁk; BERE) L2m+1 Z L2(2m+1)k
k=1 k=1 k=1



for all 1,3,...,2m + 1, and that the adjoining polynomials have integer coeffi-
cients. By Proposition 1 we have

m+1 n
m mti—j ( 2m+3
Lgn-ljlg =1 —+ Z l(_l) +1—j < )L2j+1 Z L2(2j+1)k] .

= m+1—7 —

We rewrite it as follows:

n " “ mai—i [ 2m+3 -
L2m+3 Z L2(2m+3)k = L%njlg —-1- Z l(_l) e (m +1— j) L2j+1 Z L2(2j+1)k]
k=1 j=0 k=1

= (Laps1 — 1) (Lo + Lo + - 4 Lapsa + 1)

m
—if 2m+3
— Z {(—1)erl / ( >L2j+1 (Lon+1 — 1) Q2(2j+1)k]
=0

m+1—j
= (Lan41 — 1)
i mal—i [ 2m+3
XS Qa1 — Y [(1) i <m+ ! _j>L2j+1 : Q2(2j+1)k}
=0

On the right-hand side we have Lg,, 1 — 1 times a sum of polynomials in Lo, 1.
That means Loy, +1—1 divides Loy, 13> p_; Lo2m+3)k- Also, the final polynomial
has integer coefficients. O

2.2 Proof of Theorem 4

Now we are ready to prove Theorem 4. We follow the approach sketched in
Melham [5]. In order to set up our previous work we need the following result:

Proposition 3. form >0 andn > 1,

- = o (2m+1
Li = Z (*1)] ( . >L(2m+1—2j)n-
— 7
J
Proof. we use the Binet forms:
2m—+1
2m+1 : ,
Lim—i—l _ o+ Bn 2m+1 ( ‘ )Ot<2m+1_])nﬁjn

D W

=0

.

<2m.+ 1) (a(2m+1—j)"ﬁj" + aj”B(Qm"‘l_j)")

0 J

J

.

<2mj—i— 1) (aB)™ (a(2m+1—2j)n +ﬁ(2m+1—2j)n)

in (2m+1
(_1)]" ( j )L(2m+12j)n-

0

J

3
S

L

(=)

j=

10



We begin the proof of Theorem 4:
Proof. in Proposition 3 we replace the n by 2k and sum from 1 to n:

. 2m + 1 2m+1
ZL2 1 < 0 > ZLQ(QM-H)/C + ( > ZLQ(Qm 1)k (10)

n

2m + 1 2m + 1
L L
+ ( )z o6 + ( - )z
m om+1
- )szmM)k
j=0 J k=1

Previously, in Proposition 2 we established that, for m > 0, Lo,4+1 — 1 divides
Lomt1 Y pey Ly@m+1)r and the adjoining polynomial has integer coefficients.
That allows us to rewrite (10) as

N “ 2m+1
LiLs-Lym-1Lomir Y Lop™ = LiLs-- Lom- 1L2m+12[< ZLQ(MH w}
k=1 7j=0

+1
=IL1Ls- "L2m1< 0 >L2m+1 ZLz @m+1)k

2m +
+...+L3~~~L2m_1L2m+1 >L12L2k
m

2m +1
=LiL3--- L2m1< > (Lant1 — 1) - Q22m+1)k

2m+1
+~~'+L3"'L2m—1L2m+1< > (Lang1 — 1) - Qax
= (Lant1 — 1) - Qak,2m+1,

where Q2(2m+1)k> - - - » @2k and Qag 2m1 are polynomials in Loy, 11, with integer
coefficients. O

We have proved Theorem 4, the original conjecture of Melham [5] for Lucas
numbers. For convenience, we state it again:

Theorem. form >0 andn > 1,
LiLg - Lom—1Lam+1 Z Lyt = (Lang1 — 1) - Qak2m1,
k=1

where Q2k 2m+1 15 a polynomial in Loy 1, of degree 2m, with integer coefficients.

11



3 Fibonacci Numbers - First Attempt

Now we turn to Fibonacci numbers. We mention from the start that the ap-
proach of Melham [5], which we just applied to Lucas numbers, will be insuffi-
cient to give a complete proof of Theorem 3. There are two reasons for this:

1. the approach tells us Fy, 11 — 1 divides such sums, not (Fay, 1 — 1)2;

2. the appearance of a divisor of 5™ makes it difficult to determine whether
or not the adjoining polynomials have integer coefficients.

Nevertheless, we will state the analogous results for Fibonacci numbers because
they will serve as the foundation for a new approach in the next section. (Note:
we will state the results without proofs. The proofs are analogous to those given
for Lucas numbers.)

Our starting point is

Proposition 4. form >0 andn > 1,

2m+1
( >L21+1 ZF2(2]+1)1€] .

k=1

m

1
Foift =1+ 23
7=0

Some special cases include

1=1

1 n

Foppr =1+ <0> L1 Fa
k=1

1(3 - 1(3
F23n+1:1+5(1>LIZFQI€+5(O>L3
5 1 - 1 (5 =
5., = leF%-ﬁ-j LBZF6k+57 0 LsZka

1 /7 1 /7 1 /7
Fl o =1+— =3 <3)L1 ZF2k+ 53 <2>L32F6k+ 53( >L52F10k+ ( >L7ZF14k-

k=1

(Strictly speaking, 1 = 1 is not a special case. Like before, we include it
merely for the purpose of symmetry.) Once again,

L1 Fop = Fany1 — 1. (12)
k=1

We establish Proposition 4 with two lemmas. The first is

Lemma 4. form >0 andn > 1,

n

2m—+1 _ 2m—+1 2m—+1
F2n+1 —1= (F2k+1 sz 1 )
k=1

12



The second is

Lemma 5. form >0 andn > 1,
n m n
1 2m+1
2m+1 2m+1
Z (Fot = Foi ) = Em Z K i )L2j+1 ZF2(2j+1)k‘| .
k=1 j=0 J k=1
With Proposition 4 we are able to prove the following result:
Proposition 5. form >0 andn > 1,
n
Lomi1 Y Faemine = (Fant1 = 1) - Pamiiye,
k=1

where Pyam 1)k 18 a polynomial in Fay 1, with integer coefficients.

Unfortunately, this is as strong as we are able to make the result. For
example, by (11) we have

1 /3 " 1 /3 -
3 _
Foppa =142~ <1>L12F2k te <0>L32F6k,
k=1 k=1
which we can rewrite as

Ls ZFGk = (Fon+1 — 1) (5F5, 11 + 5F241 +2).
k=1

For the special case of n = 4 we have

4
Ls Z Fer = 4(8+ 144 4 2584 + 46368) = 196416
k=1

=(34-1)(5-34>+5-34+2)
= (33) (5952)

where Fy = 34. (34 — 1) does not divide 5942 another time.

Now we turn to the approach of Melham [5]. Once again we need a starting
point:

Proposition 6. form >0 andn > 1,

7=0

13



Like last time, we replace n by 2k and sum from 1 to k:

n

ZFQQIC o= 5m ( > ZF2(277L+1)k ( ) ZF2(2m 1k

k=1 k=1 1
n

k=
1 M2m+1 2m+1
i-~~ﬁ:5m< >ZF6ki ( ) Fop,

=1

1 <& Co2m+ 1
= 5712 [<—1)J ( j ) ZF2(2m+12j)k] .
j=0

k=1

(We changed (—1)j(2k+l) to (—=1)7.) Then we rewrite the expression:

LiL3-- Lom—1Lomy1 Z F;"Y = LiLg-+ Loym_1Lomia
k=1

1 & 2m+ 1) —
X5Tn l(_l)'j( j )ZFQ(Qerle)k

=0 k=1

1 (2m+1 =
=LiLs- Lom-1- ( >L2m+1 Z Fyemi1)k

1 /2m+
t--+ Ly Lom—1Lom+1 - m( )qu Foy,
m

5
1 M2m+1
=LiL3-- Lopm_1 - 5m( ) (Font1 — 1) - Pa2mg1yi
1 /2m+1
+--- £ Ly Lom—1L2m+1 5m< ) (Fong1 — 1) - Poy
1
= tm (Fong1 — 1) Po 2ma1,
where P24 1)ks - - - > Por and Pag 2,41 are polynomials in Fyy, 11, with integer

coefficients. Unfortunately, we do not know whether or not 5™ divides those
coefficients evenly.

In conclusion, due to the reasons mentioned previously, we can state only a
weak result:

Theorem 7. (Fibonacci, weak) for m >0 and n > 1,
n
LiL3-- Lopm—_1Lopmy1 ZFQQ;TH = (Font1 — 1) - Pogom+1,
k=1
where Paoj, om+1 15 @ polynomial in Fop 1, of degree 2m, with rational coefficients.

The aim of the next section is to improve upon this.

14



4 Fibonacci Numbers - Second Attempt

4.1 Discovery

If we have experience solving problems of this kind (Edwards [2], Zielinski [11]),

upon being given explicit expressions for 2221 FQQ;""H, our first impulse might

be to look for recursive relationships among all such sums. For example, Melham
[5] tells us

n
4 Z F23k = (F2n+1 - 1)2 (F2n+1 — 2) (13)
k=1
= F23n+1 —3Fan41 +2.

If we substitute Fp,11 =1+ > ,_, Fo then we get

n n
Fipy =143 Fo+4> F3.
k=1 k=1
For the next case we have
n
UDFS = (Fansr —1)° (4F5, ) +8F3, 1 — 3Fann — 14)  (14)
k=1

=4F) = 15F5 | + 25Fh, 41 — 14.
If we substitute the previous expressions for Fy, 1 and FJ, 11 then we get

Fo1 =145 Py +15) Fj +11) Fj.
k=1 k=1 k=1

For a fuller picture, we introduce matrix notation:

1 1 0 1
ZFQBk —11 13 X F23n+1
o0 1 Il IS T el o
E F29k _ &7 8088 B 1083 5695 189 1 F29

12122 24244 12122 24244 2204 76 n+1

We abbreviate Y7, F2m+l | F2m*1 ) This is a special case of Theorem
k=1 12k y 2k p
1. Since the matrix is lower triangular, it has an inverse:

1 1 0 1
F23n+1 11 %F%k
F3.. | |13 4 F3
anil 15 15 11 “ S E | (16)
Fi . 1 7 35 56 29 S Fl
F9 0 1 9 66 171 189 76 S FD,

15



This is a reason to get excited! Starting with complicated fractions, we have
arrived at simple, whole numbers. Also, it is an improvement upon the old
approach. Immediately we have

4ZF23k = F23n+1_1_3ZF2k
k=1 k=1
= (Fony1 — 1) (F5p 1 + Fong1 — 2).

Now, there is something important to notice. Unlike the previous relationships
for Fibonacci numbers in (11), we can factor out another term of Fy, 11 — 1:

42 Fiy = (Fang1 —1)* (Fang1 — 2),
k=1

which was what we had for (13). In fact, we can do this for all higher powers.
For example,

WY Fh, = F,,—1-5Y Fu—15) Fj
k=1 k=1 k=1
= (Fang1 = 1) (Fop1 + Foppr + Fopyy + Fanga +1) =5 (Fangr — 1) — 15 Fj
k=1
n
= (Fany1 = 1) (Foppy + Fipyy + Fopyy + Fang1 —4) — 15> F3,
k=1
_ 2 (3 2 o (Fopy1 2
— (F27l+1 - 1) (F2n+1 + 2F2'IL+1 + 3F2n+1 +4) - 15 (F27L+1 - 1) 4 - 1 .

If we multiply both sides by 4 and simplify the right side, we get
442 Fj = (Fonyr — 1) (4F5, 1 +8F3, 1 — 3Fop1 — 14),
k=1

which was (14). What allowed us to factor out another term of Fy, 11 — 1 was
that the coefficient for 22:1 F5; was the next odd integer.

How do we prove this rigorously in the general case? That is the purpose of
the next section. Unfortunately, rewriting

n
2m—+1 2m—+1
Z (F2k+1 - F2k71 )
k=1

of Lemma 5 directly into the expressions of (16) might be asking too much.
Instead, we will try something else.

16



4.2 Proof
We borrow an idea from Ozeki |7]. Theorem 1 of Jennings [4] is the following:!

Theorem 8. for j >0 andn > 0,

j . o
itiyn 20 +1 _,(j+i+1 ;

F . — _1 (]+Z)n 51 F2Z+1.
(25+1)n ;O (=1) ji+1 2%i+1 )™

If we replace n by 2k and sum from 1 to n, we get

N S R o A
5 F
j+i+1(2i+1)k§_:1 2k

J

> Fogjir =Y
k=1

=0

Next, we insert this expression into the previous result of Proposition 4:

” I &K /2m+1 ”
Faml 1+5—m ( ‘>L2j+IZF2(2j+1)k‘|
: m—7
7=0 k=1
1 [ /om+1 I 241 (it
=14 — Lo; L F2H1 0

If we change the order of summation and take notice of the divisor of 5, we get
Theorem 5:

Theorem. form >0 andn > 1,
N Ny N [/2m+1 1 2j+1 [j+i+1
F2m+1 -1 F21+1 Lo L .
e +; ;; * ; m—j ) E e T\ 2t 1

Now we are going to give a rigorous proof of some of our observations in the
previous section. For that, we need two lemmas. The first is

Lemma 6. for real numbers x and positive integers m, x — 1 divides ™ +
x4 —m.

Proof. notice that

™ e -m = (z-1)
X(xm—l+2xm—2+...+(m—1)l‘+m).

O
The second is Lemma 1. We state it succinctly:

Lemma. in Theorem 5, the coefficient for 22:1 Fop is 2m + 1.

IThis is the inverse of our Proposition 6.
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Proof. see Section A. O
Let us start the proof of the main result:

Proof. we proceed by mathematical induction. Previously we showed that

4ZF23k = (Fant1—1)" Paps,
k=1

n
443" F = (Fans1 — 1) Pas,
k=1
where Psy, 3, Paj 5 were polynomials in Fb,,41, with integer coefficients. Assume
that (Fopi1 — 1)2 divides

LiL3» Fy, LiLsLs Y F5y, Ly Lomi1 »_ Fopt
k=1 k=1 k=1

for all 1,3,...,2m + 1, and that the adjoining polynomials have integer coeffi-
cients.
Theorem 5 tells us

m+1 n m—+1 . . .
, 2m + 3 1 2j4+1 (5+i+1
FimAs — 1 F2itt Loji1 - o, .
e (2 ; (m+1) =) B0 T 2t
(17)
Lemma 1 tells us the coefficient for ZZ=1 F5 is 2m + 3. We remove that term
from the right side of (17), bring it and the 1 to the left side, and write

n
Fort®—1—2m+3)> Py = (Fanar — 1) (F2 + Falit 4+ Fopgg +1) (18)
k=1

— (2m =+ 3) (F2n+1 — 1)

= (Fan1 = 1) (B + Bt o+ Fop — (2m + 2))

= (Fap41 — 1)

x (Bt + 2F30 4+ (2m + 1) Fopgq + 2m +2)
where we have used Lemma 6 to pull out the second factor of Fo, 41 — 1.

For the next step, in (17), the coefficient for Y ;_, F22,:”+3 is Lomas. If we
pull that sum out of the right-hand side of (17) as well, we get

WA N - 2m + 3 1 2j+1 (j+i+1 -
F22+1 Lo . . Lm F2m+3.
Z<Z E DY (m41)—j) @ 5 Triri\ 2041 )T +3k§ 2k

i=1 \k=1 j=i

Needless to say, the first sum is too difficult to work with. Let us rewrite the
entire expression as

m n

2i+1
E Cok,2i41 E Fy,
i=1 k=1

+ Lomys Z Fms, (19)
k=1

18



where Cyp, 241 is some constant which depends on ZZ:1 F22,i+1. (There is one
catch: we are not sure if Coy 2,11 is an integer.) If we put together (18) and

(19), we get

m

(Fong1 — 1)2 “Poppq = Z
i=1

n
2i4+1
Cok 2i41 g Fyy
k=1

+ Lom43 Z F e (20)
k=1

where P, 41 is a polynomial in Fs, 11, with integer coeflicients.
Now we are ready to make use of the inductive hypothesis. We multiply
both sides of (20) by L1L3 -+ Loy—1Lam+1 and rewrite it as

Ly Lomy1 (Fangr = 1)* Panyr- = Ls-- Lamy1CaralLs > OF,
k=1

k=1

n
2m+1
+ -+ Copamy1Li1 - - Lomy1 Z Fg;:rH_
k=1

n
2m+3
+L1-- Lomy1Lomys Z E5mt
k=1

=L5--- L2m+102k,3 (F2n+1 - 1)2 P2’f,3
+L7- - Lomy1Cok,5 (Fang1 — 1)2 Pors
+- 4 Copamr (Fansr = 1)” Pagamst
+Ly--- L2m+1L2m+3 Z F2212n+37

k=1

where Pap.3, Pag s, .., Pak.2m+1 are polynomials in Fy, 1, with integer coeffi-
cients. If we keep the term of >_7_, Fg,?”g on the right side, move everything

else to the left side, pull out the factor of (Fy,4+1 — 1)2, and collect the resulting
polynomial in Fy, 11, we are finished. O

We state our main result:
Theorem 9. (Fibonacci, incomplete) form >0 andn > 1,
n
2
LiLg- - Lom-1Lamyr Y o™ = (Fant1 — 1)% - Pog amy1,
k=1

where Pog om41 18 @ polynomial in Fapy1, of degree 2m — 1, with rational coef-
ficients.

In the next section we will have more to say about the constants Caf 2i11.
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5 Integer Sequences

When we say “integer sequence,” what we have in mind is the prototypical
expression concerning sums of powers, ZZ:1 k™, where m is a positive integer
(Edwards [1]). If we start with the telescoping sum

(n+1)"—1=> [(k+1)" - k"], (21)
k=1
we can rewrite it directly as
(n+1)™ = 1+Z[<"7>ij]. (22)
J
k=1

This expresses »_,_; k™ in n. In matrix notation, the first several cases are

mtl 1 0 n+1

(n+1) 1 2 Sk

n+1)° |1 3 3 L2k (23)
m+D* |1 4 6 4 SEC

(n—+1)° 1 5 10 10 5 Sk4

(n+1)° 1 6 15 20 15 6 &

(Again, we abbreviate Y ;_, k™ by > k™.) The associated integer sequence is
1,1,2,1,3,3,1,4,6,4, ..., (24)

which is A074909 in the OEIS.

5.1 Lucas Numbers

We expand upon our work in Section 2 and derive Theorem 6. Doing so, we
will discover a new integer sequence.

Theorem 6 of Swamy [10] is the following:?
Theorem 10. for j > 0 and n > 0,

J . . .

241 [(i+i+1 ,
L 1)ty L2
AR Z JHit1\ 2041 )m

1=
If we replace n by 2k and sum from 1 to n, we get

n 7 .

_ GHiyek+1) 27+1 (j+i+1 72041
2 Laessin =3 | (17 J+i+tI\ 241 Z A
=1 =

2This is the inverse of our Proposition 3.
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If we insert this expression into the result of Proposition 1, we get

m - 2m +
L = 1+ (=)™ (m )L2J+1ZL2(2]+1)]€]
=0 J k=1
u 2m + 1 ! Ginekin 20 4+1 (FHi+1) o o
=1 - L 1)V = Lyt ¢
S (e[S () g

If we adjust the signs® and change the order of summation, we get Theorem 6:

Theorem. form >0 andn > 1,

(2m+1 2+1 (j+i+1
L2m+1 1 L2z+1 -1 m—+1 Lo .
et =1y (Do) o[ (P Yy L (T
=0 \k=1 Jj=1
One tiny detail remains before we can assert this sum produces only integers
for coefficients: the possibly rational term of
2j+1 [(j+i+1
2IEL (), (25)
jHi+1\ 2041
We get around this in the following way.
Theorem 10, which is Theorem 6 of Swamy [10], actually is established in
Filipponi [3]. Also, it is stated a bit differently. In our notation it is

Theorem 11. for j >0 and n > 0,

J

B itnt1) 2J+1 (2741 =0\ 955 o
Lojinn =y (-1) Sy . L2+1=2
i=0

The author points out that

2j4+1 [(254+1—1 2j+1—1 27 —1
S (T — (7T +( : (26)
27+1—1 ) ) i —1

The expressions in Theorems 10 and 11 are the same thing: the first one counts
up, the second one counts down. We can substitute one for the other. That
means (25) always is an integer.

Now that we know the sum produces only integers for coefficients, what does
it look like? Well, it is the same as the one for Fibonacci numbers, (16), but
with changes of sign and without divisors of 5:

1 1 0 1

Lont1 1 1 > Lok

L2n+1 _ [t -1 4 > L3y

LQ,hL1 1 o125 -1 11 “\Sra | @0
2 1 —875 875 —280 29 S LE

L3, 1 5625 —8250 4275 —945 76 S8

3We replace (—1)" I+ IHO2kti+i 1y qymti
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The inverse is

1 1 0 1
A e
i AR T I R <ol e
ZL;k 64 691i25 1155 @ 1 L;n—i—l
Z Lgk- —9256 50]3243675 5%%595 14306925 92495 1 L9

24244 12122 24244 2204 76 2n+1

which appears in Melham [5]. Also, it is a special case of Theorem 2. (Again,
we abbreviate Y p_, L2 by 3" LZHL) Our integer sequence is

1,1,1,1,-15,4,1,125, - 75,11, .. .,
which we stated in (1). It seems to be new. The OEIS does not have an entry
for it.

5.2 Fibonacci Numbers

When we last left the Fibonacci numbers in Section 4.2, we were talking about
constants Ca, 2i4+1. Let us refresh our memory.

The result of Theorem 5 is
LN [ /2m+1 1 2j+1 (j+i+1
F2m+1 -1 F21+1 Lo —_ .
20l +; kz::l 2k ; m—j ) FH e i1\ 2041
For i = m, the sum
o [/2m+1 1 2j+1 [(j+i+1
Z . L2j+1 o T .
= m—j om=t 44441\ 20+1
is simply Lgy,+1. For ¢ = 0, by Lemma 1 the sum
1 = [/2m+1 )
57”2 [( m— >L2j+1 (27 + 1)]
7=0
is equal to 2m + 1. From the previous discussion of Lucas numbers, we know
that
L [/2m+1 2j+1 [(j+i+1
Z ) Lojp1——— .
= m—j JHe+1\ 2i+1

always produces an integer. For 1 < i < m — 1, does 5™ divide such a sum,
thereby still producing an integer?

The experimental data in (16) says it does. Unfortunately, despite the proof
of Lemma 1, we are unable to give a rigorous proof of the full result and must
leave it as Conjecture 1:

22



Conjecture. in Theorem 5, the coefficients for >} _, F22,i+1 are integers only.
In other words, for 0 < i <m, 5™ divides

" [/2m+1 2j+1 (j+i+1
Z ) Loj1——— . .
= m—] J+i+1\ 2141

If we can establish this result then we will have a complete proof of Theorem
3, the original conjecture of Melham [5]. Also, as a byproduct we will have a
second integer sequence,

1,1,1,1,3,4,1,5,15,11, ...,

which we stated in (2). It also seems to be new.
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A  Proof of Lemma 1

Now we will prove Lemma 1. Let us state it again. Theorem 5 tells us
L [ /2m+1 1 2j+1 (j+i+1
F2m+1 -1 F21+1 Lo —_— .
o +; kz::l * ; mo—j ) P B T 204
The coefficient for >, _, Fay is
1 K [/2m+1
— Loiv1(274+1)). 29
> (0 g 24 1) (29)
=0
Our objective is to show this expression is equal to 2m + 1.
We start with Theorem 8 of Swamy [10]:

Theorem 12. for j >0 and n > 0,

m

L(27n+1)n = Z |:(—]_)( +J) ( 2] J)5]LnF37:| .

Jj=0

(We have changed the notation to match that of (29).) The first several
cases are

Ly =Ly
L3, = (=1)" L, + 5L, F?
Lsn = Ly + (=1)*"15L, F2 + 25L,, F* (30)

Lon = (=1)*" L, + 30L, F2 + (=1)""125L,, F'* + 125L,, F%
Lon = Ly + (=1)°" 50L,, F2 + 375L, F* + (—=1)"" 875L, F® + 625L,, F®.

The first several cases of the inverse relationship are

L, =Ly,
5L, F2 = (—1)""" L, + Ly
52L,F* =2L, + (=1)"" 3L3, + Ls, (31)

5L, FS = (—1)*"* V5L, 4913, + (=1)" " 5Ls,, + Lo
5L, F® = 14L, + (=1)*"" 28 L3, 4+ 20Ls,, + (=1)" ™ 7Lz, + Loy,

It must be admitted the changes in sign make these examples difficult to
work with. For the inverse, if we set n =1 then we get

5% = 14L, + 28L5 + 20L5 + 7L7 + Lo,

for example. In the proof of Lemma 1 this idea will come up again.

The general case of the inverse is
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Proposition 7. form >0 andn > 1,
2m

) (G B i P

j=1

5L, F2™m =

We will prove it in two steps. The first step is to establish
Lemma 7. form>1 andn > 1,

|:(_1)j(n+l) (2m) LZ(mj)nL’n:| I (_1)m(n+1) <2m) L.
J

m—1

D

=0

5mL F27n —
ndtn m

The second step is to rewrite it using

Lemma 8. form>n>1,

LinLn = Lpin + (=1)" L.

Let us get started by proving Lemma 7:

Proof. we use the Binet forms:

— (a" _ Bn)2m

F2m — <

a—p

a”—ﬁ”)Qm: 1
(

v5)

2m
= 5% (71)]' (2m) a(2mfj)nﬁjn
j J
7=0
m—1 r
1 - (2m —J)n pin in m—in 1 m 2m mn
= o (71)3 ( ; ) (a(2m 7) B 4 o 5(2 7) )} +57m(71) <m> (af)
Jj=0 *
1 m—1 r 9 .
= Em (—l)j ( ;n) (aﬁ)jn (a(2m72j)n +/@(2m2j)n):| + = (_l)m-‘rmn <
j=o0 b
m—1 r
1 . om 1 om,
= — _1 ](’ﬂ+1) L iy L _1 m(n+1) -
s (= i ) Fatmen | + 5 (51) .

If we multiply both sides by 5™ L,,, we get the desired result:

[(UJ( +1) ( ;.n)IQ(m—j)nLn] + (71) (n+1) < m>Ln.

m

m—1

5L, F =Y
§=0

Let us prove Lemma 8:
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Proof. we use the Binet forms as well:
Ln,L, = (am +ﬁm) (an +Bn)
— am+n +anﬂm + amBn +6m+n
— (am+n +Bm+n) + (O[ﬁ)n (amfn +Bm7n)
= Lm+n + (_1)71 Loy

Now we rewrite Lemma 7:

m—1
5anF3m _ |: ( +1) < ;TL) L2(m—j)nLn:| + (71) (n+1) (s) L,
=0

<.

m—1
|: ](n+1) < ] > (L(2m+1 25)n ( l)n L(2m—1—2j)n):|
Jj=

2
(—1)m ( m)Ln
m
2m 2m
= < 0 >L(2m+1)n + (_]—) ( )L(QnL 1)n
n 2m n 2m
+(71) i < 1 >L(27n—1)n+ (71)2 A < 1 >L(2m—3)n
_ 2 _ 2
Foof (=1) MDD ( m )L?m + (=)™ 1)(n+1)+n< m )Ln
m — m—1
+ (_1)m(n+1) (Qm) Ln,
m
which we group as
2m n [2m n 2m
5anF3m = ( 0 )L(2m+1)n + |:(_1) ( 0 ) + (_1> i ( 1 ):| L(mel)n

s (2 ()

m—1

(%”) Lamyn + (-1 [(271”) - (2;”)] Liam—1yn
e[ ()]

which gives us the final result of

(n 2m 2m
S Ly Fm™ = ( 0 >L<2m+1>n+z [ ) (( j ) - (j _ 1)) L(2m+12j)n} :

=1

+

1

This establishes Proposition 7.
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Now we are ready to prove Lemma 1. In the result of Proposition 7 we set
n = 1 and multiply both sides by 2m + 1. This gives us

5™ (2m +1) = (%") Liamsr) (2m +1) (32)

() - (7)) ot s1]

For the expression in brackets, let us concentrate on the product

(2m +1) ((2;n> B <j21n1>) '
()= )

allows us to rewrite it as

The basic identity

2 1 2 (2 1)! 2m)!
(2m+1)<(m,Jr >2<m)> (2m +1) { mE L m) : }
j j—1 7! 2m—|—1—]) G-D'@2m+1-j)!
(2m + 1)! 25 (2m)!
(2 1)
(2m + L Cm+1-j) j1@m+1—j)
_@2m4+1)(2m+1)! 25 (2m +1)!
N Jt@2m+1—j)!
2 1
_(2m+12j)<m,+ )
J
(32) has become
m 2m
5" (2m+1) = 0 Liom+1) 2m +1)
= 2m +1 _
Z K )L(2m+1 2j) (2m+1—23)}
j=1
If we change (26”) to (27"(’)“) then we get
I = [/2m+1 ,
j=0

We have proved Lemma 1.
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