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ABSTRACT

Thewholeofthepostulationsmadeinthispapersimplyaim atdescribing

thepositioningandoccurrenceofthecircumscribingcenterofatriangleso

muchsothatgivenanyspecificationsandorientationforaparticular

triangle,thepositioncouldbesketchedtoexactprecisionandaccurate

dimensionswithoutasingleconstruction.Withthesepostulationsweare

abletotoenvisionclearlyanddescribewherethecircumscribingcenterof

atrianglewillbelocatedwithoutasingleconstructiondetail,allstemming

from thefactthatbythepostulationsweareabletostudythe

circumscribingcenter'sbehaviorwithrespecttotheanglesinthetriangle

givenaparticularorientation.Containedalsointhispaperarethe

mathematicaljustificationsforeachpostulationmade.Aruleanalogousto

thesineruleisalsoobservedbutherepertainstothethree'perpendicular

heights'obtainablerespectivelyfrom thethreeverticesinthetriangle,

whereintheothertwomaybeobtainedwhenonlyoneisgivenalongsideall

theanglesinthetriangle.



THENINEPOSTULATIONSFORPERFECTLYLOCATINGTHE

CIRCUMSCRIBINGCENTEROFATRIANGLE

Foraclearerdepictionletusconsiderchoosingaparticularorientationfor

diagrammaticallydepictingatriangle.Thismayotherwisebereferredtoas

the'conventions'whichshallbeusedtoillustrateandproveallthe

propositionsmade.

Theconventionswillthereforebeto:

1.Takethegreatestangleinthetriangletobethe'verticalangle',or'apex'

orthe'topvertex'ofthetriangle,and

2.Totakethesideoppositethegreatestangleasthebaseofthetriangle.

Sequeltotheabovechosenconventionswemaywanttodescribea

peculiarcaseofisoscelestriangleswherethegreatestangleinthetriangle

occurstwice,thatis,thetwoequalanglesinthetrianglearethegreatest

anglesandthethirdanglehappenstobethesmallestwemaywanttoin

thisdiscussrefertosuchtrianglesasirregularisosceles,whilstwereferto

theotherisosceleswhosegreatestangleoccuronceandhencethetwo

otherequalanglesinthetrianglebecomethesmallestanglesasthe

regularisosceles.

Havingputforththeaforementioned,wemaythengoaheadtoconsider

thefollowingpostulations.

1STPOSTULATION

Thereexistforeveryvertex(angle)inatriangle,threeprojectablelines

namely;

1.Aperpendicularheight(h)relativetothesidedirectlyoppositeit(or

simplyputaheightperpendiculartothesidedirectlyoppositeit)

2.Alineofbisectionwhichdividesitinto2equalhalves(otherwisecalleda

bisectionalheight(B))

3.Thecircumscribingradiusofthetriangle(R).





2NDPOSTULATION

Foreachoftheverticesofatriangle,theanglebetweentheperpendicular

height(h)andthecircumscribingradius(R)isequaltothedifference

betweenthetwootheranglesinthetriangle.

3RDPOSTULATION

Foreachoftheverticesofatriangle,theBisectionalheight(B)also

perfectlybisectstheanglebetweentheperpendicularheight(h)andthe

circumscribingradius(R).Inotherwordstheanglebetweenthe

perpendicularheight(h)andthebisectionalheight(B),isequaltotheangle

Betweencircumscribingradius(R)andthebisectionalheight.

4THPOSTULATION

Asaconsequenceofthe2ndand3rdpostulations,itmaybeobservedthat,

foravertex,thethreeprojectablelinesnamelythecircumscribingradius,

theperpendicularheightandthebisectionalheightmayexistexplicitly

separatefrom oneanotherprovidedthedifferencebetweentheothertwo

anglesinthetriangleisgreaterthanzero(0).Thesethreelinesarehowever

coincidentoneontopanotherwheneverthedifferencebetweentheother



twoanglesinthetriangleisequalto0

5THPOSTULATION

Foravertexinatriangle,thecircumscribingradius(R)isgivenbythe

followingrelationship:

R=h÷(cosk+cosko)

Where:

R=circumscribingradius

h=perpendicularheight

K=thedifferencebetweentheothertwoangles

ko=thevertex(angle)beingconsidered

Inobediencetotheabovelisted5statementsapeculiarphenomenonis

observedtooccurwithrespecttothegreatestanglepresentinthetriangle,

hencethefollowingunderlistedpostulations.

6THPOSTULATION

Inatrianglewherethereexistsnoanglegreaterthan90,thecircumscribing

centerwillalwaysberesidentinsideofthetriangle

Theabovestatementcansimplyotherwisebestatedthus:

Whenthegreatestangleinthetriangleislessthan90,thecircumscribing

centerexistsabovethebaseofthetriangle.(Basehereisasdefinedbythe

conventionssuggestedinthebeginning)



7THPOSTULATION

Whenthereexisttheangle90insideofthetriangle,thecircumscribing

centerwilloccurexactlyonthesideoppositeit.

Theabovestatementcansimplyotherwisebestatedthus:

Whenthegreatestangleinthetriangleisequalto90,thecircumscribing

centeroccursdirectlyonthebaseofthetriangle.



8THPOSTULATION

Inatrianglewherethereexistsananglegreaterthan90,thecircumscribing

centerwillalwaysoccuroutsideofthetriangle

Theabovestatementcansimplyotherwisebestatedthus:

Whenthegreatestangleinthetriangleisgreaterthan90,the

circumscribingcenterexistsbelowthebaseofthetriangle.



Afinalpostulationexistsoastodescribethepositioningofthe

circumscribingcentertotheleftortotherightofthetrianglenamelythe:

9THPOSTULATION

Wheneverthethreeprojectablelinesarenotcoincident(thatiskisnot

equalto0),thecircumscribingcenterforanyparticulartriangular

orientationalwaystendstowardsthesideofthesmallerofthetwoother

anglesinthetriangle

Seeproofofsecondandthirdpostulationsforimages



MATHEMATICALPROOFSFOREACHOFTHENINEPOSTULATIONS

AllproofsaremadehereUsingthealreadystatedconventionsatthe

beginningofthediscuss

1STPOSTULATION

Thefirstpostulationreallyhasnomathematicalproof,howevertheycanbe

easilyverifiedbyconstruction(seeoriginalstatementofthefirst

postulationforimages)

2NDand9THPOSTULATIONS

Considerthetrianglebelow

<302=2k1{<satcenterandcircumference}



<032=<023=(180-<302)/2{<sinanisosceles∆}

=><032=(180-2k1)/2=90-k1 ---------------1

But<032=<034+<432,

But<432=90-k2{<sinarightangled∆}

=><032=k+90-k2 ---------------2

Equating1and2;

90-k1 =k+90-k2

=>K=90-90-k1+k2

=>K=k2-k1 thereforek1<k2,forallkelementof+verealnumbers(tryto

usemathsymbolstorepthese)

Forasimilarorientationwherethecircumscribingcenteristotherightof

theperpendicularheightratherthantotheleftoftheperpendicularheight

aswasthecaseoftheabovescenario,theformulawouldbegivenas:

K=k1-k2followingthesamemathematicalargumentsthus;



<301=2k2{<satcenterandcircumference}

<130=<013=(180-<301)/2{<sinanisosceles∆}

=><130=(180-2k2)/2=90-k2 ---------------1

But<130=<134+<430,

But<134=90-k1{<sinarightangled∆}

=><130=k+90-k1 ---------------2

Equating1and2;

90-k1 =k+90-k2

=>K=90-90-k2+k1

=>K=k1-k2

Thisproofshowsthatkalwaysbeingapositivevaluewillalwaysbegiven

bythesubtractionofthesmallervaluefrom thebiggervaluehavingbeing

consistentintheuseofsignsandeveryothermathematicalconventions



duringtheproofs.

Thusprovingthatk2isthebiggervalueandhencethegreaterangleinthe

firsttriangularorientationwhilek1isthesmallervalueandhencethe

smallerangle.Andthat

k2 isthesmallervalueandhencethesmallerangleinthesecond

orientation,whilek1isthegreaterofthetwoangles

Henceshowingandthusprovingtheninthpostulationthatstatesthatthe

circumscribingcenterwouldalwaystendtowardsthesmallerofthetwo

otheranglesnamelyk1andk2

Asonecanclearlyobservethatforthefirstorientationwherek1issmaller

thecircumscribingcenteristowardsitandhencetotheleftofthe

perpendicularheight

Similarly,inthesecondorientation,wherek2 issmallerthecircumscribing

centeristowardsitandhencetotherightoftheperpendicularheight.

3RDPOSTULATION

Letusassumeanyoftheorientationsaboveillustrated,saythefirst;



Where:

1.line3-5(35)representsthebisectionalheightsuchthat<135=<532

2.t1+t2=k

Thus:

<532=<534+<432

But<432=(90-k2){<sinarightangled∆}

=><532=t2 +(90-k2)=90+t2-k2

But<130=<013=(180-2k2){<satcenterandcircumferenceand<sin

anisoceles∆}

=><130=90-k2

=><135=t1 +90-k2

But<135=<532



therefore:t1 +90-k2=90+t2-k2

=>t1=t2

4THPOSTULATION

The4thpostulationneednotamathematicalproofsaveoneby

constructionsoastoverifytheclaim asonecaneasilyseethatwhenk=0,

thereisnoanglebetweenRandh,andhencetheyarecoincident.Thisis

mostlythecaseforanisoscelesandparticularlyalwaysthecaseforan

equilateraltrianglewhereitmaybeobservedthus.



5THPOSTULATION [R=h÷(cosk+cosko)]

Considerthefollowingorientation



Whereline04=P

<012=<021=(180-2ko)/2{<satcenterandcircumferenceand<sinan

isosceles∆}

Therefore:<012=<021=90-ko

From ∆104,wemayobservethat

R/sin<041=P/sin<012{sinerule}

But<041=q=<405{alt<s}

Therefore:R/sinq=P/sin(90-ko)---------1

From ∆403:

R/sin<043=P/sink{sinerule}

But<043=90-q{<sonastraightline}

Therefore:R/sin(90-q)=P/sink---------2



From 1;P=Rsin(90-ko)/sinq--------3

From 2;P=Rsink/sin(90-q)--------4

Combining3and4;

P=Rsin(90-ko)/sinq=Rsink/sin(90-q)

DividingthroughbyR;

sin(90-ko)/sinq=sink/sin(90-q)

Butsin(90-ko)=cosko {trigonometricidentities}

sin(90-q)=cosq{trigonometricidentities}

=>cosko/sinq=sink/cosq

=>tanq=cosko/sink-----------5

Reconsidering∆403again:

R/sin<043=h/sin<403

But<403=<405+<503,

<405=q{alt<s},

<503=90-k{<sinarightangled∆}

Recall<043=90-q

=>R/sin(90-q)=h/sin(q+90-k)

Butsin(q+90-k)=sinq•cos(90-k)+cosq•sin(90-k){trigonometric

identities}

=>R/cosq=h/[sinq•cos(90-k)+cosq•sin(90-k)]

Butcos(90-k)=sink,and

Sin(90-k)=cosk

=>R/cosq=h/[sinq•sink+cosq•cosk]



Multiplingthroughbycosq;

R=h•cosq/[sinq•sink+cosq•cosk]=h/[(sinq•sink)/cosq+

(cosq•cosk)/cosq]

=>R=h/[tanq•sink+cosk]

Butfrom 5:tanq=cosko/sink

=>R=h/[(cosko/sink)•sink+cosk]=h/[cosko+cosk]

Therefore;R=h÷(cosk+cosko)QED

From theabove,onecanquicklyseehowinanequilateraltriangle,regular

isosceles,andanirregularisosceleswhosesmallestangleistakentobe

theverticalangle,thecircumscribingradiusRisjustafractionofthe

perpendicularheightbecauseinsuchacasetheformulareducesto

R=h/(cosk+1),sincethetwoothertwoanglesareequalandhencetheir

differenceis0thus;

K=0andcos0=1

Henceforanequilateraltriangle,Risalwaysgivenby;

R=h/(cos60+1)=h/((1/2)+1)=h/(3/2)=2h/3.

6TH,7THand8THPOSTULATIONS

From thealreadyderivedformulaR=h÷(cosk+cosko),onecaneasily

deducethe6th,7thand9thpostulationsforanequilateral,regularandan

irregularisosceleswhosesmallestangleistakenastheverticalangle,

bearinginmindthatfortheseclassesoftriangles,theaforementioned

formulareducestothis:R=h/(cosk+1)

Hencewemayobservethefollowing

Whenko<90,

Rbecomes;R=h/(c+1)



Wherecisapositivevaluegreaterthanone(i.ec>1)suchthatwhenc+1

dividesh,theresultingvalueisdefinitelylessthanhandthusRbecomes

justaportionofhresidentwithinthetriangle.Hencethe6thpostulation

(Seeoriginalstatementof6th,7thand8thpostulationsforexamples)

Whenko=90,

Rbecomes:R=h/(cos90+1)=h/(0+1)=h

ThereforeR=h,andhterminatesatthebaseofthetriangle,hencethe

circumscribingcenterisfoundtooccuratthebase.

(Seeoriginalstatementof6th,7thand8thpostulationsforexamples)

Whenko>90,

Rbecomes;R=h/((-c)+1)=h/(-c+1)

Where(-c)isanegativevaluelessthanonebecauseforallk>90,cosk=-

cos(180-k).

(-c+1)thengivesusavaluelessthanonesuchthatwhenitdividesh,the

resultantvaluebecomesgreaterthanh,henceRbecomesgreaterthanh

andliesoutsidethetriangleextendingdownwardsbeyondthebaseofthe

triangle,sincehterminatesatthebase

(Seeoriginalstatementof6th,7thand8thpostulationsforexamples)

Soweobserveeasilythatfortriangleswherek=0,Rexistsasjustgreater

fractionsorlesserfractionsofh.Dependingonthevalueofko,whichinthis

caseisthegreatestangle,saveforanirregularisosceles.

Howeveritmaybewelltonotethatforanirregularisoscelesthesmallest

angleinthetrianglesufficestoshowthe6thpostulationverywellbecause

allanglesinanirregularisoscelesmustbelessthan90andthusmust



alwaysexhibitthe6thpostulationnomatterwhichvertexisused.However

usingthepointofsmallestanglemakesitaloteasiertothedescribeit

usingtheaboveanalogywhichisquiteclearandsimple.

Weonlyeasilyseethe6th,7thand8thpostulationmaterializeinthisform

fortheabovementionedcategoryoftriangles(i.ethecategoryforwhichk=

0),howeverthe6th,7thand8thpostulationholdsforalltypesof

orientationandhencewemaygiveageneralproofwhichissuitableforall

orientationsandtypesoftriangles.

THEGENERALPROOF

Considerthefollowingtrianglesexhibitingthe6th,7thand8thpostulations,

stillusingtheinitiallystatedconventions;

fig1:Forko<90(6thpostulation)



fig2:Forko=90(7thpostulation)



fig3:Forko>90(8thpostulation)

Wedefine'H'astheprojectionofRonhortheverticalcomponentofR(the

formerismoreappropriate)

From theabovethreeillustrativetriangles,onecanclearlyseebyreason,by

constructionandbyobviousobservationthat;

1.Whenthecircumscribingradius(R)ofthetriangleIsinsideofthetriangle,

theprojectionofRontheperpendicularheight(h),whichisH,islessthanh

(I.eH<h)fig1

2.WhenRisatthebase,theprojectionofRonhbecomesequaltoh.(i.eH

=h)fig2

3.WhenRisoutsideofthetriangle(i.ebelowthebase),theprojectionofR

onhbecomesgreaterthanh.(I.eH>h)fig3

Henceourproofreducestoshowingthat;

1.WhenH<h,ko<90,(6thpostulation)

2.WhenH=h,ko=90(7thpostulation)

3.WhenH>h,ko>90(8thpostulation)

Thusforthe6thpostulation;

Giventhat:

R=h/[cosko+cosk]{proven}

AndH=Rcosk{sohcantoa}

=>H=Rcosk=h•cosk/[cosko+cosk]

ThereforeifH<h

=>hcosk/[cosko+cosk]<h

Dividingthroughbyh



cosk/[cosko+cosk]<1

Dividingthenumeratoranddenominatorbycosk

1/[1+cosko/cosk]<1

=>1<1•(1+cosko/cosk)

=>1<1+cosko/cosk

=>1-1<1+cosko/cosk-1

=>0<cosko/cosk

=>0<cosko

=>cosko>0

Butif;cosko>0,then,0<ko<90and180<ko<270{intervalforwhich

cosineispositive}

Butkocannotrangefrom 180to270{anglesinatriangle}

Therefore;ko<90

HenceWhenH<h,ko<90QED

Forthe7thpostulation

Bysimilararguments,

H=Rcosk=h•cosk/[cosko+cosk]

IfH=h,

=>hcosk/[cosko+cosk]=h

Dividingthroughbyh

cosk/[cosko+cosk]=1

Crossmultiplying



cosk=cosko+cosk

=>cosk-cosk=cosko

=>0=cosko

=>ko=cos-10=90

=>ko=90

ThereforewhenH=h,ko=90.

Forthe8thpostulation

Followingtheselfsamearguments;

R=h/[cosko+cosk]{proven}

AndH=Rcosk{sohcantoa}

=>H=Rcosk=h•cosk/[cosko+cosk]

ThereforeifH>h

=>hcosk/[cosko+cosk]>h

Dividingthroughbyh

cosk/[cosko+cosk]>1

Dividingthenumeratoranddenominatorbycosk

1/[1+cosko/cosk]>1

=>1>1•(1+cosko/cosk)

=>1>1+cosko/cosk

=>1-1>1+cosko/cosk-1

=>0>cosko/cosk

=>0>cosko



=>cosko<0

Butif;cosko<0,then,90<ko<180and270<ko<360{intervalforwhich

cosineisnegative}

Butkocannotrangefrom 270to360{anglesinatriangle}

Therefore;90<ko<180

HenceWhenH>h,ko>90QED

Havingachievedtheprimarypurposeofthispaperwemaythengoonto

showforthanextradiscusswhichbyit'sverynatureisbutaconsequence

oftheaboveillustratedpostulations,particularlythefirstandfifth

postulations.

Thereexistsaruleverymuchanalogoustothesinerule,butunlikethesine

rulewhichrelatesthesidesinatriangletotheanglesoppositethem,this

rulerelatestheperpendicularheightsprojectedfrom thethreeverticesina

triangletoeachother,andtotheanglesinthetriangle.Wemayalso

choosetocallitatenthpostulationwhichcanbestatedthus.

10THPOSTULATION

Theproductoftheperpendicularheightprojectedfrom avertexandthe

sineofthevertexangleisaconstantforalltheverticesinaparticular

triangle.



Wherehoistheperpendincularheightfrom vertex3,

h2istheperpendicularheightfrom vertex2and

h1istheperpendicularheightfrom vertex1

Hence

hosinko=h1sink1=h2sink2=constant

PROOF

Werecallthealreadyderivedrelationforthecircumscribingradiusofa

trianglewithrespecttoagivenangle(vertex)as:

R=h/[cosko+cosk]

Butko=180-(k1+k2){anglesinatriangle}

=>cosko=cos180•cos(k1+k2)+sin180•sin(k1+k2){trigonometric

identities}

Butcos180=-1andsin180=0

=>cosko=-1•cos(k1+k2)+0•sin(k1+k2)



=>cosko=-cos(k1+k2)

But-cos(k1+k2)=-(cosk1•cosk2-sink1•sink2)=-cosk1•cosk2+sink1•sink2

Recallalsothatk=k1-k2

=>Cosk=cos(k1-k2)=cosk1•cosk2+sink1•sink2

Therefore:

R=h/[-cosk1•cosk2+sink1•sink2+cosk1•cosk2+sink1•sink2 ]

=>R=h/(2sink1sink2)

Thereforethismaybefurtherexpressedforallthevertices(angles)inthe

triangleas;

Ro=ho/(2sink1sink2)

R1=h1/(2sinkosink2)

R2=h2/(2sinkosink1)

ButforaparticulartrianglesRo=R1=R2

=>ho/(2sink1sink2)=h1/(2sinkosink2)=h2/(2sinkosink1)

Multiplyingthroughby2

ho/sink1sink2=h1/sinkosink2=h2/sinkosink1

Considering:ho/sink1sink2=h1/sinkosink2

=>hosinkosink2=h1sink1sink2

Dividingthroughbysink2

hosinko=h1sink1

Insimilitude;

ho/sink1sink2=h2/sinkosink1

=>hosinkosink1 =h2sink1sink2



Dividingthroughbysink1

hosinko=h2sink2

Therefore

h1sink1=hosinko=h2sink2

Hence;

hosinko=h1sink1=h2sink2=constant


