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1 Abstract

The Riemann Zeta function is defined as

((s) =521 1/n", Re(s)>1

The Zeta function is holomorphicin the complex plane except for a pole at

s = 1. The trivial zeros of ((s) are —2,—4, —6, .... [ts non trivial zeros lie in

the critical strip 0 < Re(s) < 1.

The Riemann Hypothesis states that all the non trivial zeros lie on the critical line

Re(s) =1/2.



2 Proof

Riemann Hypothesis is equivalent to the integral

equation (see [3, p.136, Corollary 8.7])

oo log|¢(1/2+4t)|
f—oo ()ng dt=10

Let, I = [, tdeQzriol gy

Substitute, t = %tanﬁ.
dt = Ssec?0 db.

/2 itan sec?
2f 7{'/2 lOg | g(lJr; 9) |1+tan929 de

= 3/70) log | C(H50) | df
Let, f(0) =log | (5 |
f(=0) = log | C(*=5) |
Since, by Schwarz reflection principle, ((5) = ((s)
J(=8) = log | C(Hg2) |
f(=0) = log | ((*3) |

So, fis an even function.

= §J7 0 log | (1m0 | db= [7" log | C(He2) | d

=[5 log | ((:+4) | do (1)
Let, J =[i log | ((¥5*°) | df (2)

let, g(0) = log | ((+5™) |



9(25 = 6) = glr — ) = log | ¢(:=42)

Since, by Schwarz reflection principle, ((3) = ((s)

9(25 = 0) = log | ((*57) |

9(25 = 0) = log | ((*3?) |

925 —0) = 9(0)

Thus, o2 g(0)d0 = 2 g(0)do

= Iy log | G(EE412) | db— 20 log | C(112) | do

=i log | (=52 | b= 2 log | ((+40) | b

From equation (1) and (2),

J=2I. (3)
Let, K =" log | ((+4522) | df (4)
Let, h(0) = log | ((*5) |

h(2m — ) = log | ((*5°) |

Since, by Schwarz reflection principle, ((5) = ((s)

h(2m —0) = log | ((Z522) |

h(2r — 0) = log | ¢(1titent)

h(2m — 6) = h(0)

2T h(0)dO = 2 h(6)db.

0" log | ((FH52) | df= 2] log | C(*+52) | dO



K =2J (from equation (2) and (4))
J =2I (from equation (3))

=K =2J=41I

K =41

Putting value of K from equation (4),
41 =[7" log | ¢(H50) | df

I = 102" log | ((Lten0) | ap
I=3J5" log | C(555) | df

I =135 log | ((zwi=m) | dO

Let., e7 = 2.

—ie”?df = dz.

df = —dz/iz = idz/z.

log|¢(F=7)
4fz| 1 22+1 dz

Thus, Riemann Hypothesis is equivalent to,

logl¢()l

4le 1 dZZO
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