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Junwasa /f’amamyan (1887-1920)

https://mobygeek.com/features/indian-mathematician-srinivasa-ramanujan-quotes-
11012

We want to highlight that the development of the various equations was carried out
according an our possible logical and original interpretation

From:

AUTOMORPHISM OF SOLUTIONS TO RAMANUJAN’S DIFFERENTIAL
EQUATIONS AND OTHER RESULTS
MATTHEW RANDALL - arXiv:1806.07544v1 [math.CA] 20 Jun 2018

We have the following Ramanujan’s differential equations:

We say that the triple of functions (p(z), g(x),r(z)) of the variable x satisfies
Ramanujan’s differential equations if the following set of equations are satisfied
for the functions p(z), g(x) and r(z) in the triple:

dp Les .5
dz 6 (p" ).
s deg 2
(1.1) T i(m —f,
z—; — pr — ¢>.
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Theorem 1.1. Suppose (P(xz), Q(x), R(z)) satisfies Ramanujan’s differential equa-
tions, i.e. we have

d 1
=P = [P,
=" =50
(1.2) —QZ:(PQ—R)-.
iR PR— Q°.
dx
Let T = R+ /R? — * and consider the guantities
b3, 39 R 24
v=3T3+ 51 _iﬁ(T% + Q4 T=)a.
Then the following holds. The triples
(P2, q2,72)
:(P u;bg -..]—I—%(_-r:—ujg 14 ) (16 {n+ ) —(U_ng)}
(ps,q3,73)
= {2 | v_.u.S-u{u v) | s (v | u)?, ,1 (v 3u){16ulu ) u—l-'u )%) \'
\ 2 79 36 /7 540 - L

also satisfy Ramanujan’s differential equations (1.1), and furthermore so does the
triple

(pu,qo. r0) — (
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We now assume

that we know a solution of (1.2) given by

P=1-24) o1(n)q" = By,
n=1

Q=1+240) o3(n)q" = Ey,

n=1
R=1-504) o5(n)q" = Es.
n=1

Here E5 1s a quasi-modular form given by the Eisenstein series of weight 2, while
FE, and Eg are modular forms given by the Eisenstein series of weight 4 and 6
respectively. The functions here involve oy(n) the sum of divisor function, o3(n)
the sum of cube of divisor function and ox(n) the sum of fifth powers of divisor
function. Also ¢ = €™ is the nome, and with dg = 27idz, this gives

d _ 9 d
dr quq
as a change of variable, so that the Ramanujan system (1.2) can be rewritten as
d |
mig—P = —(P* —
ML e 9
d e 1 PQ— )
rig 3.0 = 5(PQ -
. d 1 9
?r?.qd—}? = E(PE’— Q)
Now given (p1,q1.7r1) — (£, Q, K), we compute and find that
pp=4 96g 288¢° 384¢'% 672¢'° ... =4P(¢"),
py =1+ 24q — T2¢% + 96¢° — 168¢* + 144¢° — ... = P(—q),

with g = %P(q) + %P(qd) + %P(—q: = 2P(q?). Tn the case for po, we see that
identifying ¢ — ¢* gives back the solution [/, (), R) to the differential equations
(1.2) with an appropriatc constant rescaling and likewise for the casc ps, the vari-
able to be identified is ¢ — —¢. Similarly, in the case of py, identifying § — g2 gives
us back a constant rescaling of (P, Q. R). Taking the triple

(po. q0.70) = (2P (¢%),4Q(q"), 8 R(q%))
satisfying (1.1). we can apply Theorem 1.1 to iterate the process and get the triples
(pa. a4, 74) = (8P(¢%), 64Q(¢°), 512R(¢")),
(ps. a5, 15) = (2P(—q").4Q(—¢"), BR(~q")),

Now, we want to analyze



py = 4 — 96¢% — 288¢% — 384¢™ — 67246 — ... = 4P(gY),

ps = 1+ 24q — 72¢° + 96¢° — 168¢"* + 144¢° — ... = P(—q),
From
py =4 — 96" — 288¢° — 384¢" — 672¢'° — ... = 4P(g"),

For g = exp(2P1) and ix > 0; ix =1, we obtain:
4-96(exp(2P1))"4-288(exp(2P1))"8-384(exp(2P1))*12-672(exp(2P1))*16

Input:
4-96 exp*(2 m)— 288 exp®(2 m) - 384 exp'2(2m) - 672 exp 2 1)

Exact result:
405" - 288 ¢ T _ 304 24T 572 2T

Decimal approximation:
-3.071939059472546249872465816978889345928093931818818... x 10

-3.07193905947...%10%

Property:

4_06¢8" _288¢'% _384°*" 6727 is a transcendental number

Alternate forms:
494 [d?s;r G g R AT TEBE’T}

-4[-1 + 24 1+ 72157 1 066277 4 168 ")

Series representations:
4-96exp*2m - 288 exp®(2m - 384 exp2(2m - 672 exp P2 m) =

496 3zgf=nf,-13k:,-'l:1+zk:. 288 Mgfﬂq_hk:,-'l:“zk}

—O6 e | = & | =

384 wsgfﬂe.-hkl,-';lukj 672 1283&,:,1_1]&:.-'.:1;,2&:3
f ¥ —_ P ¥

4-96exp*(2m - 288 exp®(2m) - 384 exp2 (27 - 672 exp' B2 m) =

® q a8 @ q 16 ® q 4 @ 9 32w
_l+24LZ'E] +?2LLE] *95[}45]2 +158L E] ]
=0 =0 =0 =0
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4 -96 exp*(2m) - 288 exp®(2 m) - 384 exp P (2 m) - 672 explﬁ'[z m =

LR ¢ 167
1 1
copleypgal — — o gepgle 4
Mol = g
k=0 k! k=0 k!
4 ! 32
1 1
96 | —— +168 | ——
oo =1 o =1
k=0 k! k=0 k!

Integral representations:
4 -96 exp*(2m) - 288 exp® (2 m) - 384 exp' (2 m) - 672 expm[ﬁ m =

_4 Y 1 + 243165\*‘:’ ]_II|'|:1+|’_'E:||:‘H ¥ ?2 fgz h\’r’\-" ]-I.'I':].'HTE:I:H g

96 %2 6" 1/{1402 ) L1682 6" ll,-'-:1+r2:|:!r]

496 exp*(2m) - 288 exp®(2m) - 384 exp'?(2m - 672 exp'®2m) =

1 2 1o 142 i P Lo 142
4_96f32|0\l'1—r :!r_288r64_|n\1—r :!r_384{u96b\1r :!r_ﬁ?EPIZSJD'-.l—r dt

4-96 exp*(2m) - 288 exp”(2 1) - 384 exp (2 m) - 672 expm[ﬁ m =

16 _|'Dl 1/ 9 142 ar 32 .E.l 14142 ae

—41-1+24¢ +72¢ -

o Il 1 - II
48 |D1 1/ 142 o Bt ||:|1 1y 102 dr
e £ !

06 + 168

From

p3 =1+ 24q — 72¢% + 96¢° — 168¢* + 144¢° — ... = P(—q),
We obtain:
1+24(exp(2Pi))-72(exp(2Pi))*2+96(exp(2Pi))*3-168(exp(2Pi) ) *4+144(exp(2Pi))"5

Input:
1+24exp(2m - 72 exp (2 m) +96 exp™(2m) - 168 exp* (2 m) + 144 exp” (2 m)

Exact result:
142462 72 + 965" — 168" + 144 £1°7

Decimal approximation:
6.3267375433611884352116573214139903457434872875754344... x 10"

6.32673754336...*%10"°



Property:

1+24627 — 7264 +066°™ — 168%™ + 144 ¢'°7 is a transcendental number

Alternate form:
1424627 [1 B o ?{“E‘ﬂ +6 fSH}

Series representations:
1+24 exp(2m - 72 expz[E )+ 96 exp3[2 m)— 168 exp4[2 )+ 144 exp5[2 )=

S BE -1 f(142K) 79 16 122 o -1 f(142k)
+24¢ / -72¢ / -
2472 -1 142 k) 32 72 (-1 f{142k) 4072 -1 (142 k)
95 =) TR , 158 =071 y ! 1 o= | !
e - - e - +144 ¢ /

l+24 exp(2m-72 expz[ﬂ m) + 096 exp3[2 m) — 168 exp4[2 mh+ 144 exp5[2 )=

Nl:r Wl4:r wlﬁﬂ “:,18;1 NllD:r
1+24LZ;;]2 —?ELZE] +96[4<Z’;] —168[&2;] +144[;:3]

=0 =0 =0 =0 =0

1+24exp2m-72 expz[E T +96 exp3[2 - 168 exp4[2 m+ 144 exp5[2 m) =
m 4

1 1
1+24| —— -7 — -
o 1K e (1
k=0 k! k=0 k!
G B 107
1 1 1
05| —— - 168 —— + 144
oo 1 o 1 o 1
k=0 k! k=0 k! k=0 k!

Integral representations:
1+ 24 exp(2m)— 72 exp>(2m) + 96 exp’ (21 — 168 exp* (2 m) + 144 exp’ (2 1) =
s ¥ 2 i q [ 2
1+74 6 (1) 79 o8 fo Y145 )dt

9612 k" 1/{14¢2) 168 165" 1/{14¢2 ) dr

20 (%1142 )t
+144 0 I

l+24 exp(2m - 72 expz[E )+ 96 exp3[2 m)— 168 exp4[2 )+ 144 exp5[2 )=
14+24 1[“4 _B’”sinf.r]_-‘r:!r _79 PE _B‘-'sinm_-'r At .

96 Il“12 B“sinf.r),-‘r ot 168 ¢ 16 B”sin-;r]_-‘n!r +144 le:l E"”sinf.r]_-‘r ot

l+24 expi2m-72 expz[E )+ 96 exp3[2 m) — 168 exp4[2 )+ 144 exp5[2 m) =
14724 fsjul V12 dr 79 16 [V 12 dr A

96 24 J;'jl V142 a4 168 ¢*2 Ll V142 ar +144 £ Ll V112 a4

From the ratio of the two expressions, we obtain:
-(((4-96(exp(2P1))"4-288(exp(2P1))"8-384(exp(2Pi))"12-

672(exp(2Pi))*16)))/(((1+24(exp(2Pi))-72(exp(2Pi))2+96(exp(2Pi))*3-
168(exp(2Pi)) 4+144(exp(2Pi))*3)))



Input:
496 exp*(2m) - 288 exp® (2 7m) - 384 exp'?(2 m - 672 exp’®(2 m)

) 1+24exp2m-72exp?(2m)+96exp?(2m) - 168 exp*(2m) + 144 exp’(2 m)

Exact result:
4406657 4+ 288 2167 4 384 #2474 672 27

142462 726%™ + 0665 — 168%™ + 144 6107

Decimal approximation:
4.8554867946055584972746530643858724287361861476141402... x 10°°

4.8554867946...%10°

Property:
4496657 £ 288 2167 4 384 627 4§72 £327

1424627 _726% 106657 _ 16887 + 144 297

is a transcendental number

Alternate forms:
96 (7 + e BT 4 4207 4 72T} =4

1+24¢27 (1- 327 + 4647 — 7 57 +l5¢=S’T}

4
= +
1424627 _ 7264 106657 _ 16887 + 14407
95{:8”
i
142462 — 726 + 06657 — 168 %7 + 144 £107
288 o167
+
142462 — 726%™ + 0657 — 168 87 + 144 £107
384 247
+
1424627 _ 72647 10657 — 16887 + 144 2197
672 327

1424627 _ 726 10657 _ 168%™ + 144 2107

Series representations:
4-96 exp”(2 m) - 288 exp®(2 ) - 384 exp' (2 m) - 672 exp'® (2 m)

1424 expi2m-72 Exp?:[E m) + 96 exp?(2 1) - 168 exp*(2m + 144 exp®2m)
[4 [_ 1194 % Ty -1 f{142k) + 79 5 I o (-1 f(142K) i

96 &% o (-1 f{142k) L 168 128 E -1 {142 k;.]] /
/

L I .'|I i [ R 'lk .'|I X o 'Ill ;

[1 L4t Do g1 f1a2k) ?Eflﬁ'Zk:D‘ 2k e 24 Yoo -1k f(1azk)

(] L 'Ill ] = 'Ik III' i
168 ¢ Zkﬂ:" 1/ /(142 k) L1440 Zkﬂ:" 1) ..a,1+2k.|]



4-96 exp*(2 ) - 288 exp® (2 m) - 384 exp' (2 m) - 672 exp (2 )
1+ 24 exp(2 7 - 72 exp’(2 m) + 96 exp’(2 1) - 168 exp*(2m) + 144 exp®(2m)

frenSa] (S a) o Sa] e[S 2]
(G ] (2] (Bl (Bl

4 - 96 exp*(2 m) - 288 exp®(2 ) - 384 exp'2(2 ) - 672 exp'®(2 m)
1+ 24 exp2n) - 72 exp?(2 1) + 96 exp?(2 1) — 168 exp*(2 m) + 144 exp’ (2 1)

g 16
1 1
41-1+24 —Jk +72 —Jk +
-1 =1
Lo & Zio &
4 32nm
1 1
06| ——— +168| —— /
Fo =1 y =1 !
k=0 i k=0 i
b § 47 G
1 1 1
1+24| —— -7 | — +06| —— -
w 1 =1 w =1
k=0 k! k=0 k! k=0 k!
B 10
1 1
168| ——— + 144 | —
w 1 e =1
k=0 k! k=0 k!

Integral representations:
4 - 96 exp*(2m) - 288 exp®(2m) - 384 exp'?(2m) - 672 exp'®2 m)
1+24exp@m—-72exp?2m)+96exp?(2m - 168 exp*(2 1) + 144 exp®(2 m) B
{4 [_ 1494 016 B"’sinm,-‘r dr + 792 1:“3:2 B’"sinn:n,-'r dt + 06 f48 L“sin-:r;_-‘r dr +168 f64 J'Dwsinqr],-'r dt ]]IIIII."
[1 +94 .r'4 H" sin{f)tdi 79 EE Ja*-‘sinf.n,-'r dt "

12 [™sgin{r)'c dr 16 (™ sinir )t 4t 20 [™sinir)c dr
06 ¢ 168 ¢ + 144 ¢

4-96 exp*(2 m) - 288 exp®(2 ) - 384 exp' (2 m) - 672 exp &2 m)
1+24exp2m) - 72exp’(2m + 96 exp(2m - 168 exp*(2m) + 144 exp®(2m)
o i 24 . I} 21
[4[_1 +24¢=16JDN (1)t | oq 32 g7 (1= "

06 ¢*® 01/ (1442 ) e + 168 54 6 ll.l'n:1+r2:|dr]] /

/

o | 2 roaf 21 roaqf 2
4 [P /(1) dr 79 2 b 1/{140= ) dt " gﬁ.flzb 1/(140% )t

[1+24¢=

168 o166 1/{14¢2) dr 4144 208" 1..I'|:1+r3:|dr]



4-96 exp*(2 ) - 288 exp®(2 1) - 384 exp?(2m) - 672 exp'®2 m
1+24 exp(2m) - 72 exp*(2 m) + 96 exp(2 1) — 168 exp™® (2 m) + 144 exp® (2 m) -
(90 g2 oy /2 (00 i 2 0 ]
[4 [_ 1+ 94 G167 sn 02 dt o 32 [Msin )2 de "

06 ¢*® e sin?eye? dr + 168 ¢ [ sin?iry/e? :!r)] !
/

4 [(®ainin/e? de 8 [“aind )2 dr 12 [@=in? r/e? de
[1+24f b L, Lk I L 962k e

i 2 §.2
16 |D‘“sm'-f.r].-r'-:£r
o |

168

20 (st dr
+144 .2k i ]

From which:

1/3 * 1/107°30 [-(((4-96(exp(2P1))"4-288(exp(2P1))"8-384(exp(2P1))"12-
672(exp(2Pi1))*16)))/(((1+24(exp(2P1))-72(exp(2P1))*2+96(exp(2P1))"3-
168(exp(2Pi))"4+144(exp(2Pi))"5)))]
Input:
G
3 1|:|3|:|
_ 4-96exp*2m 288 exp®2m - 384 exp?(2m) - 672 exp’®2m)
1+24 exp(2m - 72 exp”(2m + 96 exp’(2 1) — 168 exp*(2 m) + 144 exp” (2 m)

Exact result:
(-4 +96 "7 +288¢'%7 + 38477 + 67277)

(3000000 000000 000 000 000 000 000 000
[1 + 22T T2 0657 _ 16857 4 144 ¢1°7))

Decimal approximation:
1.618495598201852832424884354795290809578728715871380076005...

1.6184955982...

Property:
(-4 +96¢"7 +288¢'°7 + 384677 + 67277 /
(3000000000000 000 000 000 000 000 000
(1+246°7-726%7 +96°7 ~168.¢°7 + 144 ¢'°7))

is a transcendental number

Alternate forms:
[—1 + 24" £ 72 157 4. 06 277 41 168 fgzn}l,-"'

[?50 000000 000000 000 000 000 000 000
[1 + 22T T2 065 _ 16857 4 144 ¢'°7))
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(24(e"7 + 367 + 467+ 7.727) - 1) /(750 000 000 000 000 000 000 000 000 000
(1+246°7 (1-3°7 +42* - 765 +6 ")

-[13’{?5(3 000 000000 000 000 000 000 000 000
(1424677 -726%" + 9657 - 168.°7 + 144 £'°7))) +
P I;’ 31250000 000000 000 000 000 000 000
(1+2467 -726%7 +966°7 ~ 168" + 144017 +
(3¢'°7) /(31250000 000000 000 000000 000 000
(1+246%7 -726%7 496657 ~168¢°7 +144.1°7)) +
«**" /(7812500 000000000 000 000 000 000
(1+2467 -726%7 +96657 - 168" + 14407 +
(7*7) /(31250 000 000 000 000 000 000 000 000

{1+ 04627 = 72 M 4. 065" — 158" + 144#””}}

Series representations:
~((4 - 96 exp* (2w - 288 exp®(2.m) - 384 exp'? (2 m) - 672 exp'*(2 m) /
((10%° (1 +24 exp(2 m - 72 exp?(2 ) + 96 exp® (2 m) -
168 exp* (2 m) + 144 exp® (2 m)) 3)) =

32 7 (-1F 142 k) 64 T2 (=11 /(142 k) o6 7% (-1 /(142 k)
[—1+24¢= A L PR = A A e S T B Y = L

/
[TECI 000000000000000000 000000000

[l 94 szk“djq-nkf-:nzk] 79 1E-.Zf=ﬂq—1r","'n:1+2k:| 06 24Zkﬂ_n-:-1;k..'"-:1+zk:|
+24¢ / -72¢ / +96 ¢ - - -

168 &2 y vk f(1e2k) o a0 >k fnez k]]]

168 o2 o (-1 (12 k]] /

-[[4 _ 96 exp*(27m) - 288 exp®(2 m) - 384 exp (2 m) - 672 exp'®i2 m) /
((10°° {1+ 24 exp(2 m) - 72 exp®(2 m) + 96 exp (2 ) -
168 exp4[2 m+ 144 exp5[2 sl 3}} =

@ q gm @ q 16 @ q 4 ® q 32m )
142413 —| +72|% =] +96|Y. —| +168]|% —
20 I F B R IR oF

= 1.5
1+24[}‘E -
~ k!

(] ol algaf (g

['P"ED 000000000000 0DD000 000000000
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-[[4 _ 96 exp*(27) - 288 exp®(2 m) — 384 exp 2 (2 m - 672 exp'®i2 n}};’
((10%" {1 + 24 exp(2 m) - 72 exp® (2 m) + 96 exp” (2 ) -
168 exp*(2m) + 144 exp’ 2 m)) 3)) =

g 167 4
1 1 1
~1+24 = = +72 — +96 — | *
-1 (-1 -1
Tew Teo Tew G
32nm
1
168 —— /
0 (=1 /
Lo

750000000000000000000 000000000

T 47 G
1 1 1
1+24| —— -2 — + 06| —— -
Seo (-1 o (-1f oo (-1f
k=0 k! k=0 k! k=0 k!
8 10T
1 1
168| ——— + 144 | ——
Seo (-1f w  -1f
k=0 k! k=0

Integral representations:
~((4 - 96 exp*2m - 288 exp®(2m) - 384 exp'*(2 m) - 672 exp (2 m) /

((10°° (1 + 24 exp(2 m) - 72 exp?(2 m) + 96 exp* (2 m) -
168 exp4[2 o)+ 144 expS[E m) 3}} =

[_1 i 24‘{“16 E”sinf.n,-‘r At + 792 032 J'D‘”simn,-'r ot L 06 648 J'D‘”sin-:n,-'r ot +168 f64 B"’simry‘r dr]f."
[?51:1 000 000 000 000 000 000 000 000 000 [1 p I AN o B o ke

06 12 B*‘-"sin-:ﬂ_-'i dr 168 ¢ 16 B"-" sinil 7 df +144 le:l J-DN simil ) di ]]

~((4 - 96 exp®* (2 m) - 288 exp®(2 m) - 384 exp'* (2 1) - 672 exp *(2 m) /
((10°° {1+ 24 exp(2 m) — 72 exp®(2 m) + 96 exp> (2 ) -
168 exp* (2 m) + 144 exp’(2 m)) 3)) =
16 [0 1/(14¢2 )t g 9

32 [® 1142}t 48 [® 1142} dr
EfJU"'+EIfJU"'+

[—1 124, 7
168 54 b ll.l'l:1+r2:|dr] /
/
[?51:1 000000 000 000 000 000 000 000 000
[1 +24 ¢4 YN _ oy B LYY | g 12 o1/t )dr

16 (%1142 )d 20 [ 1/(142)d
168 ¢! NI | 144 .20 114 r]]

12



-[[4 _ 96 exp*(2m) — 288 exp®(2m) - 384 exp' P (2 m - 672 exp B2 m)/

(10 (1 + 24 exp2m - 72 exp®(2 m) + 96 exp (2 7m) -

168 exp* (2 m) + 144 exp® (2 m)) 3)) =
[_ 1+ 241{,15 ];j“‘Jsirchrjul.-'rE ot 479 PEZ E“Jsinz-:rjll."ra dr L 06 I“4S B”sinz-:rjll."rz dr E:
168 Ilu15.4 J;j“‘-'sinzcrjul:'rE dry /
/
{?50 000000000000000000 000000000

[1 Loa0t _B”sinz-:nl.-'rz dt _ o 8 _|"D‘“‘3‘siﬂEn:rJnl.-'rE L g o2 _B“sinz-:ﬁl."fz dt

16 f sin2ir)/r2 dr
L .

168

20 (*einin)/t2 dr
+144¢%h e ]]

Multiplying the two expressions, we obtain:

[-(((4-96(exp(2Pi))4-288(exp(2Pi))"8-384(exp(2Pi) ) 12-

672(exp(2P1))*16)))*(((1+24(exp(2Pi))-72(exp(2Pi) )" 2+96(exp(2Pi))3-

168(exp(2Pi)) 4+144(exp(2Pi))*5)))]

Input:
—[4 ~96 exp*(2m) - 288 exp®(2 1) - 384 exp'2(2 ) - 672 exp'®(2 ;ﬂ}

(1+24exp(2m)-72 exp (2 ) + 96 exp” (2 ) — 168 exp™ (2 7) + 144 exp’ (2 )

Exact result:
-[1 AT T T L 06 P 168" 1 144#””}

(4-966°7 -288¢'°7 —384 77 - 67277)

Decimal approximation:
1.9435352178482616998828447744596032866982152813185806... x 1052

1.9435352178...*%10%

Property:
-[1 AT T T L 065 168" 1 1449””}

[4 — 065" — 288607 — 3844747 _672 {“32”} is a transcendental number

Alternate forms:
4[1 +24 627 [l B Pl o TEB’T +6 PS’T” [24 [rS’T +3 Elﬁn +462 L7 52T

13
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A G5 T 1 2BB et 384 5T 4 768 5T 1 1728 07
15840 57 + 20736 &7
— 27648 > + 36864777 -
112896 %" + 96768 ;‘2”

P [ s
48000 &**™ +50688 20"
71424 47

= AB3BA 0T L 6451277

12n

6912 ¢

2073607 + 27648 ¢ 227 2

63840 &2 4+

4[-1 T T T 06 T 4100 T 1 A2 T 17T

2304 "7 3060 57
120006 "+ 1267257

+5184 87

_5184 07 +5912¢=22” s
6912 " + 921677 -

15960 27 +

17856 %" — 12096 %% +16128™7" — 28224 ™7 1+ 24192 f“z”}

Series representations:

~(4-96 exp*(2m) - 288 exp® (2 - 384 exp? (2 m) - 672 exp'®2 m)

(1+24 exp(2m - 72 exp”(2 1) + 96 exp” (2 7m) -

1 m @ 4 7 ® & &
_72 gord 6 —| -—168|%
] 7Sa) (L) e
g 167
1] [:“ 1] [:‘*
o T [N +952
[ =Dk! o

4

[14)
1+24[;E

=0

[-1+24[§“

=0

1 4 o
E]z +168Lz
g =0

168 exp”(2 1) + 144 exp (2 1)) =

Ty
35

~(4 - 96 exp®(2m) - 288 exp®(2 m) - 384 exp (2 1) - 672 exp'®i2 )
(1+24 expi2m)-72 exp (2m) + 96 exp” (2 m) — 168 exp™ (2 m) + 144 exp” (2 m) =

" 4 r G
1 1
411+24| ——— | -72|————| +96[———| -
@ @ @
k=0 k! k=0 ki k=0 k!
B 107y B
1 1 1
1068| —— | +14|———— -1+24|———| +
@ 1K @ 1K @ (1
k=0 k! k=0 ki k=0 k!
167 4 32w
1 1
72 +96 | —— + 168
o LU 3 (-1f o (-1f
k=0 k! k=0 k! k=0 k!

~(4- 96 exp*(2m) - 288 exp®(2.1) - 384 exp* 2 m) - 672 exp'*(2 1)

(1+24 EXP[Z -

72 expz[z m + 96 exp3[2 -

168 exp (2m) + 144 exp”(2 m)) =

_4_096¢" R o -1 f(142k) . 288 o L0t 1:";.'1+2k1_384 24§20 (- 1:";.'1+2k1
768 32 Lita - 1 f{142k) L 1728 o0 Litot 1 f{142k) 6912 4B ER (- 11"‘.'-'1+2k|+
= [+s]
9216 e 568 (- 1Far1+zm_15840 £ (-1 f(1e2k) 4 20736 72 Lo 1 fl1ezk)

90736 ¢ 80 T (- 1;"‘.u'1+2k;|

48000 ¢
27648 ¢
63840 ¢
48384 ¢
112896 ¢

96 ¥ (- 1;"‘.-n'1+2k|
112 £ -1 f{142)
128 T30 (- 1J"‘H1+zk1
144 T (- 1J"‘H1+zk1

160 T2 (- 1:*‘H1+2.H

+27648 ¢
+50688 ¢
+ 36864 ¢
+71424 ¢
+64512¢

+96768 ¢

14

88 Ef (- 1;"".-.'1+2k;|

104 F (- 1;"‘.-n'1+2k|
120 T3 o (- 1:".u:1+2k1
136 £ (-1 f{142k)
152 I 0 (-1 f(142k)

168 T (- 1:ku;1+2k|



Integral representations:
~(4 - 96 exp*(2 m) - 288 exp®(2 m) - 384 exp*(2 m) - 672 exp'*(2 )
(1+24 exp@m) - 72 exp’ (2 1) + 96 exp’(2m) - 168 exp*(2m) + 144 exp’ (2 m) =
—4_09f 28 [y simfeye +288 ¢ [y sminyede _ 384 ¢ 12 [ sinicyje dt %
768 o105 NI | 590 20 [Ouniytdr  pnqo 24 fRsmiyrde
0216 &2° fprsintiede e g 32 st | o0 oae 36 [Usinijede
20736 ° |y sinieye de + 27648 X | sinteye d _ 48000 ¢ [ siniey/e de 7
SN688 ¢ - |y sinieyede 97648 fSIS [y sinieye de +36 854‘“60 |y sinieyede
63840 5 b VA | 79 294 S8 SN A _ 45 3ga T2 mnENEA
64512 .{‘?6 stin-:fil,-'r dr 112896 ‘ng ENEiﬂlifl"l' At + 96 768 ¢u84 EMEiﬂlifJ,-'f o

~(4- 96 exp*(2 m) - 288 exp®(2 ) - 384 exp* (2 m) - 672 exp'*(2 1)

(1+24 exp(2m) - 72 exp”(2 7 + 96 exp (2 7) - 168 exp” (2 m) + 144 exp’ (2 m)) =

_4_06 f4 J&“sin‘?qn‘;‘r‘? ot + 9788 S E’*’sinzn:ﬁ.frzcir 384 ¢ 12 JEI‘*"'sinEn:r;u.frE dr
?58f165“5in3¢n;‘r2¢!r 1798 ¢ 20 [ sin{0)e? dt _6912¢ 24 [sin qrwrzdr
9216 1[“:28 B”sinz-:nl.fr dt 15 84Df32JU sin ml.ur dr +90 ?3503“0 &in -;nl.lr dr
20736 ¢ %L“sinﬂ-;n-'rz dt + 97648 f44 B’"sinﬂqr],l'r‘? dr _ 48000 f48 JB”‘sirr'z-:r:ul.frE ot e
50688 ¢ SEJD sin m.ui df _ 927648 ¢ SEL‘”sin‘?ﬁrn‘rzdr + 36864 ¢ EDJ.':I""'sinE»:r:I.u'rzdr_
63840 ¢ 64JD sin m.ur dr +71424 ¢ 68JD == -:rm At _48384 ¢ ?ZL“sinE-:r:ul.frzdr_'_
64512 {u?E'JU il ml.ur dt 112895¢=SDJU =in (r]l.-r‘- ot £ 06768 084 Emsinz-:rjll.l'rz At

~(4- 96 exp*(2 m) - 288 exp®(2 ) - 384 exp* (2 m) - 672 exp'*(2 1)
(1+24exp(2m - 72 exp’(2m +96 exp (27— 168 exp*(2m + 144 exp’ (2 m)) =
_4_06¢ o142 )de L0885 h° 1/{142)dr 384 012 k" 1/{14¢%) e 4
768 105" 1/{14c2 )t 4+ 1798 26 1f{142)dr 6912 24 1/ (14e2 e i
9216 ¢2° B/ (142 )ae _ 15840 2 b° 1/{14¢2) dt 20736 25 k" 1/{142)dr
o 2 Foa 4 2
20736 ¢ p° /(14 e + 97648 ¢ a4 [ 1/{14¢2 )t _48000 & Iy /(1= e +
50688 2 6 /{1462 )dr 27648 >0 b 1/{14c2 ) + 36864 20" 1/{142)de
63840 &5 b7 V)t | 59 4og B8 571147 )t _ 40 gy 72 71/ (10t
64512 751" 1/{14e2)dr 112896 ¢ {1 e + 96768 ¢** o142 de

From which:

In[-(((4-96(exp(2Pi))"4-288(exp(2Pi))"8-384(exp(2Pi))*12-
672(exp(2P1))*16)))*(((1+24(exp(2Pi))-72(exp(2Pi))*2+96(exp(2Pi))*3-
168(exp(2Pi)) 4+144(exp(2Pi))*5)))]-4

Input:
lng[— [4 ~96 exp*(2 ) - 288 exp® (2 m) - 384 exp'* (2 m) - 672 explﬁ'[E ;r}}

(1+24 exp(2 m) - 72 exp”(2 m) + 96 exp’ (2 m) - 168 exp® (2 ) + 144 exp” (2 m)]| - 4

logixi is the natural logarithm

15



Exact result:
log(~(1+246™™ - 727 + 96 ¢°7 ~ 168 ¢° " + 144 %7

(4-96°7 - 288 ¢'°7 384077 - 67277)) -4

Decimal approximation:
139.4247843576145914748302687134820253257201197086829325614...

139.4247843576...

Alternate forms:
log((-1-24¢" +72*7 - 96.¢°7 + 168 ¢° " ~ 144 ¢'°7)

(4-96°7 - 288 ¢'°7 384077 - 67277)) -4

~4+log(1+246°7 - 726%7 + 96657~ 168.°7 + 144177} +
log(-4+96¢°™ + 288 ¢'°7 +3846™*7 + 67277)

log(4(1+24¢°™ (1-3°" +4¢* - 7657 +6 7))
[24 [fgn 1307 44247 +?032”}— 1”—4

Alternative representations:
lag[— [4 ~ 96 exp” (2 m) — 288 exp”(2 1) — 384 exp'(2m) - 672 exp16[2 ;ﬂ}
(1+24 exp(2m) - 72 exp”(2 m) + 96 exp” (2 m)
168 exp* (2 m + 144 exp® (2 m)| -4 = —4 +

log,.[—[l + 24 exp(2 m) - 72 exp” (2 m) + 96 exp” (2 m) — 168 exp™ (2 m) + 144 exp™(2 )
[4 ~ 96 exp* (2 m) - 288 exp®(2 m) — 384 exp 2 (2 m) - 672 exp (2 fr}}}

lng[— [4 - 96 exp”®(2m) - 288 exp®(2 1) - 384 exp'(2m) - 672 expm[E ;r}}
(1+24exp(2 7 - 72 exp?(2m) + 96 exp’(2m) - 168 exp* (2 1) + 144 exp” (2 m)) -
4 = -4 +logia) lugﬂ[

—(1+24exp2m - 72 exp”(2m) + 96 exp (2 m) — 168 exp® (2 1) + 144 exp” (2 )
[4 - 96 exp®(27) - 288 exp”(2 1) - 384 exp (2 m) - 672 expm[E ;r}”

Series representations:
lag[— [4 - 96 exp” (2 m) - 288 exp”(2 m) - 384 exp'(2m) - 672 explﬁ'[E ;ﬂ}

(1+24 exp2m) - 72 exp”(2m) + 96 exp”(2m) — 168 exp*(2 m) + 144 exp” (2 m))| -
- arg[i ] —argizg)

2

4=-4+2irx

+logizg) -

12

Al

<

o [-[1 TR DL, | S T LA 11 144 ¢'°7)

k=1

(4-96 %" - 288 157 384 027 5?2¢=32”}-zu}"‘ 5
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lag[— [4 - 96 exp” (2 m) - 288 exp”(2 m) - 384 exp Z(2 1) - 672 Exp16[2 ;r}}
(1+24 exp(2m) - 72 exp(2m) + 96 exp” (2 m) -
168 EXP4[2 )+ 144 expS[E ;r}}} -4 =

1
o zmb— arg(—(1+24 %" — 7267 + 96657~ 168" + 144.'°7)
Fi8

[4- 96 ¢ -~ 98B £'°7 — 30427 672 e””}—x}

+ log(x) -

-
I E3

1
E[—l}k [—[1 PR P D, I AL | PP 144{-1””}

k=1

([4-96 %7 - 288 167 — 384 0247 5?252"}-;[}*‘ ¥ for

lng[— [4 ~ 06 exp*i2m - 288 exp®(2m - 384 exp'?(2m - 672 exp B2 :r}}
(1+24 exp(2m) - 72 exp”(2m) + 96 exp”(2m) - 168 exp*(2 m) + 144 exp” (2 m)) -
4=-4+log-1-(1+24°7-72%7 + 9657~ 168¢°7 + 14477
(4-96 %7 -288.¢'°7 - 384 747 - 67277} -

1 T
i [ 11424 #2772 s T 0B AT _168 2874144 ,107) (406,87 _288 #1067 _384 £24 7T _g72 .32 7)

k=1 k

Integral representations:

lng[— [4 - 96 Exp4[2 m)— 288 EXPE[E m) - 384 Exp12[2 m-672 exp”’@ ;,-}}
(1+24 exp(27) - 72 exp*(2 ) + 96 exp” (2 7) -
168 exp4[2 m+ 144 expS[E ;r}}} -4 =
"4 (1424 277264 T 406571688 74144 £107) (1424 8 7472 /197 406 24 T 1168 £327) ]
-+ jl - qt

lag[— [4 -96 exp4[2 m) - 288 expS[E - 384 exp 22 m-672 Explﬁ'[z ;r}}
(1+24 exp(Zm-72 exp” (2 ) + 96 exp” (2 1) -
168 exp” (2 ) + 144 exp’ (2 ;r}}} -4 =

4 )
e J‘M (F1-(1+2467 - 7267 +96£57 — 168 ¢°7 + 144..1°7)
2r Jiwn Tl -35)
(4-96¢° - 288 ¢'®7 - 384 077 - 6727

r[—S}2 Ml+s5yds tor -1 0

In[-(((4-96(exp(2Pi))4-288(exp(2Pi))"8-384(exp(2Pi))* 1 2-
672(exp(2P1))*16)))*(((1+24(exp(2Pi))-72(exp(2Pi) )" 2+96(exp(2Pi))3-
168(exp(2Pi)) 4+144(exp(2Pi))*5)))]-18

Input:
lag[— [4 - 96 exp” (2 m) - 288 exp”(2 1} - 384 exp (2 m) - 672 expm[z n}}
(1+24 exp(2m) - 72 exp”(2m) + 96 exp” (2 ) — 168 exp*(2 m) + 144 exp” (2 m)) - 18
17



Exact result:
log(~(1+246™™ -72*7 +96¢°7 - 168" + 1447

(4-96%" - 288'°7 384 ¢™*7 - 67277)| - 18

Decimal approximation:

logix is the natural logarithm

125.4247843576145914748302687134820253257201197086829325614...

125.4247843576...

Alternate forms:
log((-1-24¢"" + 726%™ - 9657 + 168.°" - 144 £'°7)

(4-96%" - 288¢'°7 384 ¢™*7 - 67277)| - 18

18 +log(1+24¢*7 ~726*7 +96 ¢ - 168 "7 + 144017 +
log(~4 +96 £®™ +288 ¢'°7 + 384 ¢™*7 + 672 £77)
log(4(1+246”™ (1-3¢™" +4¢*7 -757 +6°7))
(24 (7 + 367 44677 +7.77) 1)) - 18

Alternative representations:
lag[— [4 ~ 96 exp” (2 m) — 288 exp”(2 1) — 384 exp'(2m) - 672 exp16[2 ;ﬂ}
(1+24 exp(2m) - 72 exp”(2 m) + 96 exp” (2 m)
168 exp®(2 m) + 144 exp’ (2 m)) - 18 = 18 +

log,.[—[l + 24 exp(2 m) - 72 exp” (2 m) + 96 exp” (2 m) — 168 exp™ (2 m) + 144 exp™(2 )

[4 ~ 96 exp*(2m - 288 exp®(2 m) - 384 exp (2 m) - 672 exp B2 fr}}}

lng[— [4 - 96 exp”®(2m) - 288 exp®(2 1) - 384 exp'(2m) - 672 expm[E ;r}}

(1+24exp(2 7 - 72 exp?(2m) + 96 exp’(2m) - 168 exp* (2 1) + 144 exp” (2 m)) -

18 = -18 + log(a) logy|

—(1+24exp2m - 72 exp?(2m) + 96 exp (2 m) — 168 exp® (2 1) + 144 exp” (2 m))
[4 - 96 exp®(27) - 288 exp”(2 1) - 384 exp (2 m) - 672 expm[E ;r}”

Series representations:
lag[— [4 ~ 96 exp” (2 m) — 288 exp”(2 1) — 384 exp'(2m) - 672 explﬁ'[E ;ﬂ}

(1+24 exp2m) - 72 exp”(2m) + 96 exp” (2 m) — 168 exp™*(2 m) + 144 exp” (2 m)| -

m- arg[i ] - arg(zg)

18 =-18+2ir +logizg) -
2

12

Al

<

o [-[1 TR DL, | S T LA 11 144 ¢'°7)

k=1

(4-96 %" - 288 157 384 027 5?2¢=32”}-zu}"‘ 5

18



1Dg{—{4 - 96 exp” (2 m) - 288 exp”(2 m) - 384 exp Z(2 1) - 672 explﬁ'[E ;r}}
(1 +24 exp(2 m) — 72 exp>(2 m} + 96 exp” (2 1) -
168 exp*(2 ) + 144 exp® (2 ;r}}} -18 =

1
18 +2mb— arg(—(1+24¢*" — 7267 + 96657~ 168" + 144.¢'°7)
Fi8

(4-966"" —288 ¢'57 — 384 £**" - 672 c””}—x}J +log(x) -

fi]
1
ZE[_I}k [—[1+24¢=2”-?2e4”+95f6"—15&8”+144¢-1°”}
k=1
{4—95;«8"—288016”—384¢=24”—5?2¢=32"}—x}kx'k For x <0

10g{—{4 ~ 06 exp*i2m - 288 exp®(2m - 384 exp'?(2m - 672 exp B2 :r}}
(1+24 exp(2m) - 72 exp”(2m) + 96 exp”(2m) - 168 exp*(2 m) + 144 exp” (2 m)) -
18 = -18 +log(-1-(1+24 ¢*" - 72¢*" +96e5T -~ 16867 + 144.¢1°7)
(4-96"" -288¢'°7 - 384677 - 672677 -

1 T
i [ 11424 &2 772 64 T 106 BT 168871144 #107) (4 06,87 _288 #1087 _384 247 _g72 32 7)
Ik

k=1

Integral representations:
1Dg{—{4 ~ 96 exp™(2 m) — 288 exp® (2 m) — 384 exp (2 m) - 672 exp16[2 n}}
(1+24 expi2m)-72 exp (2 m) + 96 exp” (2 ;) —
168 exp® (2 m) + 144 exp” (2 ;r}}} -18 =
e j~4f,1+24 e 72 e T 1060 T 168 ¢8 T1144 £107)( 1424 £8 T 472 10T 106 23T 4168 £327) 1 o
1 £
1Dg{—{4 - 96 exp*(27) - 288 exp”(2 1) - 384 exp (2 m) - 672 explﬁ'[E ;r}}
(1+24 exp(2m - 72 exp>(2 ) + 96 exp” (2 1) -
168 exp*(2 m) + 144 exp® (2 m)| - 18 =

w 1
SH jm” (F1-(1+2462 - 726%™ + 9657 — 168 6" + 144 01°7)
—i w4y Il -s)

(4-96¢° -288.¢'°7 38477 672677
r[_s}z r[1+5}d.5 fo1 I ] 0

19



12In[-(((4-96(exp(2Pi))4-288(exp(2Pi))"8-384(exp(2Pi))* 1 2-
672(exp(2Pi)) 16)))*(((1+24(exp(2Pi))-72(exp(2Pi) )" 2+96(exp(2Pi))3-
168(exp(2Pi) ) 4-+144(exp(2Pi))*5)))]+8

Input:
12 lug[— [4 - 96 exp®(27) - 288 exp®(2 1) - 384 exp 2 (2 m) - 672 expm[ﬂ fr}}

(1+24expi2m-72 exp2[2 m) +96 expg[E mh—
168 exp*(2m) + 144 exp” (2 m)) + 8

logixi is the natural logarithm

Exact result:
B+12log(-(1+24¢*" - 72" + 96 ®" 168" +144¢'°7)

(4-96¢°7 -~ 288 ¢'°7 384 ™7 67277

Decimal approximation:
1729.097412291375097697963224561795103908641436504195190736...

1729.0974122913...

Alternate forms:
B+12log((-1-24¢*" +72¢*" - 96 ®” +168 "7 ~144¢'°7)

(4-96¢°7 -~ 288 ¢'°7 384 ™7 67277

8+12(log(1+246™™ -72*7 +966°7 168 ¢° 7 +144.1°7) +
log(-4 +96 ¢*" +288 ¢'°7 + 384 ¢™*7 + 672 ¢¥7)

4(2+3log(—(1+246*" -72*" +96 5" —168¢°" + 144 ¢°7)
(4-966°7 -288.'°7 384077 - 67277

Alternative representations:
12 log[— [4 - 96 exp* (2 7) - 288 exp”(2 m) - 384 exp (2 1) - 672 explﬁ'[E ;r}}

(1+24 exp(2m-72 expz[z m +96 exp3[2 -
168 exp™(2 7} + 144 exp’ (2 ;ﬂn]} +8=8+12 lng,.[

—(1+24exp(2m - 72 exp” (2 1) + 96 exp (2 m) — 168 exp*(2 ) + 144 exp” (2 m))
(4 - 96 exp™ (2 m) - 288 exp®(2m) - 384 exp ¥ (2 m) - 672 exp'®(2 m))

12 lng[— [4 ~96 exp™(2 m) - 288 exp®(2 m) - 384 exp'2(2 1) - 672 exp (2 rr}}

(1+24 exp(2m)-72 expz[E m +96 exp3[2 m -
168 exp™(2 7} + 144 exp’ (2 rﬂ-]} +8 =8 +12log(a) lagﬂ[

—(1+24exp2m-72 exp (2 m) + 96 exp (2 1) - 168 exp™t (2 m) + 144 exp” (2 )}
[4 - 96 exp” (2 m) - 288 exp”(2 m) - 384 exp *(2 1) - 672 expm[z ;r}”

20



Series representations:
12 log{~(4 - 96 exp* (2 m) - 288 exp®(2 m) - 384 exp'*(2 1) - 672 exp'®2 m)
(1+24 exp(2m - 72 exp”(2 ) + 96 exp° (2 1) -
168 exp4[2 m+ 144 expS[E ;r}}} +8=

- Elrg[zic| ] - argizg)

B+24inr +12 log(zg) -
2

18

=

12
k

s [—[1 26T T T 06 5T 168" 4 144¢=1°"}

I
—

(4-96¢"" ~288 157 ~ 384627 _ 672 fz”}-zﬂ}k 75

12 log{~(4 - 96 exp* (2 m) - 288 exp®(2 m) - 384 exp'*(2 1) - 672 exp'®(2 m)
(1 +24 exp(2 m) — 72 exp>(2 m) + 96 exp” (2 ) -
168 exp*(2 ) + 144 exp® (2 ;r}}} +8=

1
a+24mb—arg{-{1 +24677 _726% 496657 ~168¢°7 +144 0177
FiB

(4-966°" —288 ¢'57 - 384 24" 672 fgz”}—x}J +12 log(o) -

fis
1
12Z—[—l}k{—[1+24a2”—?204"+9l5a6”—15808”+144am”}[4—9l5a8”—
k=1k
zaaflﬁ'"-3s4f2‘”-5?2«32"}-1:}%* for x < 0

12 log(-(4 - 96 exp™(2 x) - 288 exp"(2 m) - 384 exp'?(2 ) - 672 exp'®i2 m)
(1+24 exp(2 m — 72 exp*(2 ) + 96 exp” (2 ) -
168 EXIJ4[2 m+ 144 exp5[2 ;r}}}+ 8=
B+12log-1-(1+24¢°" -72*" +96€5T — 1687 + 144 ¢'°7)
(4-96 %7~ 288 ¢'°7 - 384 ™7 67277 -

E

N

12
k

(—(1/(-1-(1+24€® - 726" +96.£°" - 168" + 144.£1°7)

1]
—

(4-96°" - 288 157 — 384 £247 _ 672 6727 ))

Integral representations:
12 log(~(4 - 96 exp* (2 m) - 288 exp®(2 m) - 384 exp'*(2 m) - 672 exp'®2 m)
(1+24 exp(2m — 72 exp®(2 m) + 96 exp” (2 ) -

168 exp*(2m) + 144 exp® (2 m)| + 8 = 8 +

41424 27724 T 40657168 £8 74144 107 (21424 BT 172 £16 T 106 2 T 1168 £327) |
12 J = at
1 t

21



12 10g[—[4 - 96 exp*(27) - 288 exp”(2 1) - 384 exp (2 m) - 672 explﬁ'[E rﬂ}

(1+24 exp(2m - 72 exp”(2 1) + 96 exp” (2 ) -
168 exp” (2 m) + 144 exp”(2 fr}}} +8=

6 i oo 1 .
R J A (F1-(1+246%" -726*" + 9657 - 168 ¢*" + 144 ¢1°7)
T —f sa4y F[l—.ﬂ

(4-96¢"" -288¢'°7 - 38477 - 67257
[(-5)? [(l +s)ds for -1 0

and:

Input:
[12 lng[— [4 - 96 exp®(27) - 288 exp®(2 1) - 384 exp 2 (2 m) - 672 expm[E :ﬂ'}

(1+24 expi2m-72 exp‘?[E m) +96 expg[E ) -
168 exp*(2 m) + 144 exp’ (2 m)) + 8) ~ (1/15)

logix is the natural logarithm
Exact result:
(8+12log(~(1+24*7 - 726%7 + 9657 ~ 1687 + 144 £'°7)

(4-96" - 288 ¢'°7 384,747 —67277))) ~ (1/15)

Decimal approximation:
1.643821402783741956534674412152921362427171943366526058309...

1.64382140278...

Alternate forms:
(8+12log((-1-24¢"" +726*" ~96 ¢ + 168 °" — 144.¢'°7)

(4-96%" -288.'°7 3846747~ 67277))) ~ (1/15)

[8 +12 {103[1 +24627 —726% 106657 — 168657 +144 le’T}+
log(-4+96 "™ +288 ¢'°7 + 384677 + 67277}~ (1/15)

(8+12log(4(1+24¢°7 (1-3° +46*" - 757 +6°7))
(24(e*7 +32'7 + 457 1 7,77 1))~ (1/15)

All 15th roots of 8 + 12 log(-(1 +24 e*"(2 ) - 72 e"(4 ) + 96 e”(6 ) - 168 e”(8
m) + 144 e (10 7)) (4 - 96 e”(8 ) - 288 (16 7) - 384 e (24 @) - 672 e"(32 m))):

e (8+121log(-(1+24° -726*" +96¢°7 - 168 °7 + 14477
[4 ~96¢"" -288 ¢'°7 — 384 ¢7*7 - 672 fgznm ™(1/15)=1.64382 (real, principal root)

22



{2im)15
&
(8 +12log(-(1+24 €™ - 72" +96°7 - 16857 + 144 ¢1°7) (4 - 96 "7 - 288
gt T gpa e ~672¢*7))) ~ (1/15)= 1.50171 +0.6686 i
P':-4f.l'l':l_l'15
(8 +12log(—(1+24¢*" -72¢*" +9657 - 1687 + 144¢°7)(4-96°" - 288
PR B —5?252”}}}“ (1/15)=1.0999+1.2216;
f-:z:':r:l_-'S
(8+12log(-(1+24¢*" - 72" +96%7 — 1687 4 144 ¢'°7)(4-96 £°" - 288
2157 384 2T - 572 7))~ (1/15)~0.5080 + 1.5634
(Bim)ls
&
(8 +12log(-(1+24 " - 72" +96%7 - 16857 + 144¢'°7)(4- 96 "7 - 288
g g AtE —5?252”}}}" (1/15)=~-0.17183+1.63482 ;

Alternative representations:
[12 lag[— [4 ~ 96 exp”*(2m) — 288 exp”(2 1) — 384 exp'*(2m) - 672 exp16[2 ;ﬂ}
(1+24 exp(2m)-72 exp(2m) + 96 exp” (2 7} -
168 exp* (2 m + 144 exp® (2 m)) + 8) ~ (1/15) =
{8 +12 lng,,[—[l +24 exp(2m - 72exp (2m) + 96 exp (2 m) - 168 exp™ (2 m) +
144 exp®(2 ) [4 ~96 exp*(2m - 288 exp®(2m) -
384 exp™? (2 m - 672 exp'®2 m))) ~ (1/15)

[12 lcg[— [4 ~ 96 exp*(2 1) - 288 exp®(2 ) - 384 exp (2 m) - 672 exp 02 fr}}
(1+24 exp(2m - 72 exp”(2 ) + 96 exp” (2 ) -
168 exp™(2 m) + 144 exp”(2 7)) + 8) ™ (1/15) =
[8 +12 log(a) lagﬂ{—[l +24 exp(2 m) - 72 exp (2 m) + 96 exp” (2 m) -
168 exp”(2 ) + 144 exp’ (2 1)) [4 — 96 exp (2 m) -
288 exp®(2 x) - 384 exp'* 2 m) - 672 exp'®2m))) ~ (1/15)

Series representations:
(12 log(—(4 - 96 exp®(2 m) - 288 exp®(2 m) - 384 exp (2 m) - 672 exp'?(2 m)

(1+24exp(2m - 72 exp*(2 m) + 96 exp” (2 1) -
168 exp* (2 m) + 144 exp® (2 m)) + 8) ~ (1/15) =

- arg[zin] —argizy) LIS | L
8+12]|2 +logizgyi—- 3 —i-1)
o 2n 8(Zo) E;k

(-(1+246°7 - 724 + 06 &7 - 168" +14461°7)(4-96 &°7 -

288 1" — 384 62" 672 ¢¥") o 5" |[~ 1/ 15)
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(12 log(~(4 - 96 exp*(2 m) - 288 exp” (2 m) - 384 exp'*(2 1) - 672 exp'*(2 m)
(1+24exp(2m - 72 exp>(2 ) + 96 exp” (2 1) -
168 exp*(2 m) + 144 exp’ (2 m))) + 8) ™~ (1/15) =

[s 12 [lag{-l —(1+246*" -72¢*" +06e5" — 168" + 144.¢1°7)

[4- 067" — 280 & 157 - 9Ba 2T 5?232”}}—

E

Eall

(~(1/(-1-(1+2477 - 72%7 + 96 %7~ 168 ¢°7 + 144.£'°7)

k=1

[4- Ghe"™ — 280 9" 38 27

672 ﬁz"}}}}k]] ~(1/15)

(12 log(~(4 - 96 exp*(2m) - 288 exp® (2 x) - 384 exp'*(2.m) - 672 exp'*(2 )
(1+24 exp(2m - 72 exp~(2 1) + 96 exp’ (2 m) —
168 Exp4[2 )+ 144 expS[E ;r]-}} + 8} ™i1,15) =

1
[8 +12 [Ernlz—arg[—{l + 24T T2 T 06T — 168 7 _'_144‘“1:.”}
m
(4-96¢®" - 288 17 ~ 384 6247 _ 672 ﬁz”}-x}J g
[
1
logee - 3~ (-1 (-1 +246%7 -72%7 +96 %7 ~ 168" +
k:lk
144.¢1°7) (4 - 96 " opp L6F. qpy atT.

672 fgz’T} - x}k x ¥

]"[1,*15} forx <0

Integral representations:
(12 log({4 - 96 exp*(2 m) - 288 exp® (2 m) - 384 exp'*(2 ) - 672 exp'°(2 m)
(1+24 exp(2m — 72 exp*(2 m) + 96 exp” (2 7m) -
168 exp*(2m) + 144 exp’ (2 m)) + 8) ~ (1/15) =
[8 2 f4|:1+24 2772 6710657168 6B 71144 £107) (21424 68T 472 6187106 £24 T 1168 £327) 1

1 £
a't]"[l,flS}

(12 log(~(4 - 96 exp* (2 m) - 288 exp® (2 x) - 384 exp'*(2 ) - 672 exp'*(2 m)
(1+24exp(2m - 72 exp~(2m) + 96 exp’ (2 m) —
168 Exp4[2 o+ 144 expS[E ;r]-}} + 8} ™i1,15) =
(E ~ E i gty 1

(-1-(1+24°7 - 7267 +96°7 - 168.°" +144'°7)
o ity rl-s)
(4-96¢°7 - 288.¢'%7 - 384 77 - 67277

ri—s)® F[1+5}J5J"‘[1,-'15} for -1 0
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From:

for
py = 4 — 964" — 288¢° — 384¢'2 — 672¢'° — ... = 4P(q"),

~3.071939059472546249872465816978889345928093931818818... x 104

and:

py — 1+ 24 — 2% + 96¢° — 168¢* + 144° — ... — P(—q),
6.3267375433611884352116573214139903457434872875754344... x 10%°
we obtain:
po — 3P(a) + 3P(g") + 1P(—q) — 2P(¢).
1/3(-6.3267375e+15)+4/3*%1/4(-3.071939e+46)+1/3(6.3267375¢e+15)

Input interpretation:
1
5 (-6:3267375 10%%) +

|

1
[-3.(3?1939 1n::n“"f‘}+5 6.3267375 - 107

1=

Result:
~1.023979666666666666666666666666666666666666666666666... x 1046

-1.023979666...*%10* = p, = 2P(¢?)

From

y = po = 5(p1 + P2+ p3)
we obtain:

-1.023979666e+46 = 1/3(x-(3.071939e+46)+(6.3267375e+15))
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Input interpretation:
1 :
~1.023979666 - 10* = = [x-3.071939 10% + 6.3267375 10%)

Result:

1102308 104 — X 3:07194x 1046

3
Plot:
. 45 |
50x10%5 | -
[ #,r"f
. | - I e
—-an10%8  _2y1p"8 ; 2 x m;,"jf/ 4x10%8
—5o =104 | -_____f""f
|
i !r1'|'-"-'ﬂ._-;.-"f
e
= 6 |
AT x10% |
7 |
/;’f 2.0x10% | — _1.02398x10%®
| | T
. _2.5x10% | — b

3

Alternate forms:
~1.02398 x10*® = 0.333333 [x ~3.07194 x m‘*ﬁ'}

6.66667x10%6 — X

o
3

Expanded form:
~10239 796659 999999 687 048 012579 044 993 181646 061568 =
g — 10239 796 666 666 665464491 487434033063 101 349 232 640

Solution:
x = 199099007 332330424 564964200 750100513 216

Integer solution:
x = 19999097 332 330424 564 964 209 759 109513 216

Scientific notation:

1.9999997332330424564964209759109513216 x 10%7
1.999999733233..%10° = p1
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Thence, from:

From

1
Yy = po = 3(p1 + P2 + p3)
We obtain:

1/3(1.999999733233¢+37-(3.071939e+46)+(6.3267375¢+15))

Input interpretation:
1 , .
5[1_999999?33233 10%” - 3.071939 - 10*° +6.3267375 - 10"

Result:
~1.023979666000000088922333333333122442083333333333333... x 104

-1.023979666...%10* result equal to the previous obtained with the following
expression:

ro = 1P(q) — 1P(q") + 1 P(—q) = 2P(4%).
Now, we have:

In(((-1/3(1.999999733233e+37-(3.071939¢+46)+(6.3267375e+15)))))+21-golden
ratio

Input interpretation:
1 - .
log(- - (1.999999733233 - 10°7 - 3.071939 - 10* + 6.3267375 - 10%*) |+ 21 -

log(x) is the natural logarithm

# iz the golden ratio

Result:
125.324577...

125.324577...

In(((-1/3(1.999999733233e+37-(3.071939¢+46)+(6.3267375e+15)))))+34-1/golden
ratio

Input interpretation:

1 - . 1
ogl-— (1.999999733233 - 107" -3.071939 107 +6.3267375 10 +34 - -
1 = 3 46 6 396 15 -

logix is the natural logarithm
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# iz the golden ratio

Result:
139.324577. ..

139.324577...

27%1/2[In(((-1/3(1.999999733233¢+37-
(3.071939e+46)+(6.3267375e+15)))))+21+1/golden ratio]+7

Input interpretation:
1 i . .
27 5[1ag[-§[1.999999?33233 107 -3.071939 - 10% +6.3267375 - 10+

1
21 + - ] +7
P
logix is the natural logarithm
# iz the golden ratio
Result:
1729.06871...
1729.06871...

(((@27*1/72[In(((-1/3(1.999999733233e+37-
(3.071939e+46)+(6.3267375e+15)))))+21+1/golden ratio]+7))))*1/15
Input interpretation:

1 1 . |
[2? : [lug[— (1999999733283 - 107 - 3.071939 - 10* + 6.3267375 ml'-‘ﬂ i
1
21 + —]+?]A (1/15)
"

logix) is the natural logarithm

# iz the golden ratio

Result:
1.643819583...

1.643819583...
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(((7*1/2[In(((-1/3(1.999999733233e-+37-
(3.071939e+46)+(6.3267375e+15)))))+21+1/golden ratio]+7))))*1/15-26/10"3

Input interpretation:
1 1 i |
[2? 5[1ag(-§[1.999999?33233 107 ~3.071939 - 10* 4+ 6.3267375 1|:|15”+

1
21+ -
&

26
+?J"[1;151- —
10°

logix is the natural logarithm

# iz the golden ratio

Result:
1.617819583...

1.617819583...

From

On certain arithmetical functions — Srinivasa Ramanujan
Transactions of the Cambridge Philosophical Society, XXII, No.9, 1916, 159 — 184

We have that:
1"z 2274 3zt i )
Bale) = sV A lg—gl =% g4
1% 96,0 35,3 124)
dy (r) — : — + — L S - i)
' (1—2)2  (1—z2)2 " (1—2z3)?
Further let
" E 2zt 3z 3y
P = —245-:1_24( n 4 IV
. 1—z 1-22 1—2° }l
i / 131. 233?2 333.3
) = 24083 =14 240 ¥ i e ) (25
“ ¢ ‘.\1—:1" 1—z2 1-—2% 2

- 19 2032 3ig? A
R = _540.95:1_504( = _ 4 N
11—z 1-22 1—23 )

Forx= q% q=¢™=¢"; q=(exp(Pi))"2; s=3,we obtain:
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((exp(P1)))"2 / (1-((exp(P1))*2))) + 8*((exp(P1))"2)"2 / (1-((exp(P1))*2)"2)) +
27*((exp(P1))*2)"3 / (1-((exp(P1))*2)"3))

Input:

2 2, .2 2, -1
eXpT i) EXD () EXD ()
: +8 E +27 SERRRRD

1- expz () 1- exp2 () 1- exp2 ()

Exact result:

fz:r g 1‘4;[ a7 1‘6”
+ -

1_{2;1 1_{_4;1 l—fﬁn

Decimal approximation:
-36.0018990112699319283014094215150659797602208823762981729...

-36.00189901126...

Property:

FE.-T g P4ﬂ 27 PE‘JT :
+ + is a transcendental number

1_‘“2.-1 1_{4.-‘[ 1_{“11'

Alternate forms:
10+e2" 437627 + 366

2 (sinh(2 m) + sinhi4 )

i:“:Z.I'I' 8{“4.-1' 2?{16.-1
_ez”—l_f4"—1_f6”—l
7 7 4 Q"™ -2) 92 +¢™)
-36 - - - : i

- +
" -1 1+e™ 14627 2[1—f”+¢=2"] 2[1+Pﬂ+{“2ﬂ]

ainhix) is the hyperbolic sine function

Series representations:
exp” () 8exp’im® 27 expiin)’

+ +
1-exp’im) 1-exp®m® 1-exp’in)®

e 1|
B
MR

-

30



exp-(m) 8 exp’in)® 27 expi(m®

- +
1-exp’im  1-exp’@® 1-expin)®

m 4 G T
1 1 1 1 /
~[{1+10 T +37 — +36 ; ||
-1 i-1 -1 -1
Yo h Yo h Do ) N & %
1 1
4| ——— | 14| ——
w  (-1f =
k=0 k! k=0 k!
i i 2 1T I m
1 1 1
14— 1-|————— | +|————
w0 -1f = w (-1
k=0 k! k=0 k! k=0 ki
il ' T m
1 1
ly|——| +|———
w (-1 @ -1
k=0 k! k=0 k!

exp2(m) 8 exp(m? 27 exp?(m? [[ . Efd;.'i-”k,“"'l“z k)
+ + =~l|€
1-exp?im 1-exp?im® 1-expiin)®
iy
[1 +10 8 Tt (1020) | 5

o0 ¢y g s N
[[_ i 1:*‘;L1+2k]] [1 PR Tl ”‘k,h“zk?] [1 AR 1:*‘Jall+2k]]
o pffi o ok
1 _fzkﬂ;ﬁ ey o2 el lel.-'L1+2k:|]

F : !
[1 H,Zf:.:.“”k.-”-l*z 6, 2 Do g1 ff1e2 k]] [1 e o ez k]]

o0 f o f
L Ea o -1 f{142k) 436 2 Ekd];-lzk’a{nzk]]] /

/

ooy o 16 142 k) o 16 {142 k)
- Zkﬂ:‘ 1 f(142K) 5l de;." 1) ,.h“zk.'] [1 gl Z,..;:.;." 1) .-“*“2"‘-']

k) oo ok
7 P 1:"}.-{1+2k]+fs i3 1;"}.-{1+2k]]]

Integral representations:

exp(m) gexp’iry  27exp’(m)’
+ + =
1-exp’m 1-exp?im® 1-exp’(n)®
i o i 3 ey 2 19 gin 2y S (0 i 3 ey (g 2
glﬁ'gh sin {0}/ dr Efgz-gb s T dt ETflﬁb s T dt
+ +
IR s QU JPoy 13 [ gin e Lo R oy
1_‘“16,-”:I smEOfetde g 32)3 [Fsiniefe do 1_{165 sin® {0} 07 dt
expz[;r} 8 expz () 27 E:!q::lz[;r]l3

- + =
1-exp®m 1-exp®f® 1-expim)®
_[[f&t B’"singr;u,-'rdr [1 +10 f4 B’"singr;u.-'r dt s 3.?.‘“8 ﬁ"sin-;r;u,-‘r ot +36 012 B’"singr;u,-'r dt ]) i

W ginde e ot [ sy di 2 [™einir)t dr
l+e l+e ' l+e '
[(Msinfryrdr 2 [™sinfr)rd [(Msinfryrdr 2 [™sinfr)ed
l-e¢ +e l+e +&

[1 n f4 E’" sinfi )t dr] [1 fz B‘”‘-"sinm,-'r dr " f4 B” sinie )i dt ]]]
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exp2(m) 8exp’(m® 27 expim®

+ +

1-exp®m 1-exp’m® 1-expiin)®
r | 1 ri I X ri if 24 roa | \

_[[;1 i 1/{14¢2) e [1 cigat 11 e +37 b (1= +36 12 A5 1I,u:1+r2||:!r]} /

[[_ 1+el 1..-'|:1+r2:|dr] [1 rek ll.-'|:1+r2:|dr] /

o 1 ;Y 2 a1 i 2
[l_fJU /{14 :'fff_’_fZJD /{14 ]dr]

[1 ] 1..-'f,1«:2;|dr]
(11402 dr 2 (%1142 )
1+é Ik y + & L& !

4 (%142} 2 (@14 2)ar 4 [@1/(142)d
l+e rh ! l-¢ A "+ e / !

((exp(P1)))*2 / (1-((exp(P1))"2))"2 + 8*((exp(P1))"2)"2 / (1-((exp(P1))"2)"2)"2 +
27%((exp(Pi))"2)"3 / (1-((exp(Pi))*2)"3)"2

Input:

exp(m) i exp? (x) e exp? (m)®
P —e T ——r PR ————
(1 - exp®im)? (1 - exp®(m?) (1 - exp®(m)? )

Exact result:
f.E.IT 8{“4"1 2? PlS:r

[1 _fzn}z 23 [1 _f4n}2 L [1_‘“611}2

Decimal approximation:
0.001902511770982413535314427039665099167434985249917553048...

0.0019025117709...

fZ.IT 8{.4.-1’ ETPEI.-T

+ + 1s a transcendental number
[1—1‘.‘2”}2 [1—1“4”}2 [1_‘,611}2

Alternate forms:
2 (2 + cosh(2 m)®

(sinh(2 m) + sinh(4 m)°
f.E.IT 8{.4.-1’ 2?{“6”
+ +
[fzn L 1}2 [f4:r = 1}2 [fﬁ:r s 1}2
e [1 +4 627 +¢°4"}3
e e o (1 +¢='2’T}2 (1-¢" +4="'2"}"2 (1+£" +1t='2"}2
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cosh(x) is the hyperbolic cosine function

sinhix) is the hyperbolic sine function

Series representations:

Expz ()

8 exp? ()

27 exp® [;r]\3

(1 - exp?(mf?

2

+[1

1

i

— exp2(mf

| -4

+
(1 - exp?(r))

1

—]“T]f[[- L;; i LfIT

1
k1

k! k! k! ]z k!
LR i vl e g | = 1 ¥}
=0 -0 =0 -0
exp2(m) 8 exp?(m)* 27 exp (m)®
+ + .
(1-exp®m)f  (1-exp?@®f  (1-exp?im®p
T 43 n
1 1 1 /
1+4 X - i X .-"II
(-1 (=1
T Yok e
72 2 )2
1 1 1
-1+ 1+ 1+
o (-1 oo (-1 oo 1
k=0 k! k=0 k! k=0 k!
T T2 T myd
1 1 1 1
1- - 1+
= e -1 = e -1
k=0 k! k=0 k! k=0 k=0 k!
exp-(m) 8 exp®(m)® 27 exp? (r)°
- - .
(1-exp [;r}} (1- exp(r) } (1-exp [n}3}2
[ 8 P (-1F f(142K) [1+4 g ER -1/ "1+2k'+f1'5Ek‘”ﬂ*-l-‘k,f"i1+2k2']3]f.f

[[_1 . fz:;nq—lf‘;‘f,uz .!;j.]z [ E:‘:':D-:—I;lk:."'-:lﬁ k]]z

o Yo 1 |'1+2k|] [1 ~ I“ZJ.:*"‘;Ut—1::‘“‘::'?,1+z K, 2 > 1k (e k}]z
- fz - 11k.u'1+2k| I Fo 1 (e k;.]z [1 - Fo -1 (e k;.]z
1_& Yo vk 14zk) | 4 Yo 1k fe2 k]]z [1 LB Yo 1 e k:.]z

© (1 00 (L1 f(142 K]\
_;E -1 f[142k) {,Szkﬂj‘ 1) .-’-1"“-']]

[
[
f
¢

We note that:

1+ ((exp(Pi)))*2 / (1-((exp(Pi))*2))"2 + 8*((exp(Pi))"2)"2 / (1-((exp(Pi))2)"2)"2 +
27%((exp(Pi))"2)"3 / (1-((exp(Pi))"2)"3)"2
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Input:
exp2im) exp?(m)* exp? (m)?
+27

1+ —
(1 - exp?(m)f (1 - exp? () (1 - exp? ()

Exact result:
fz.lT 8{'4ﬂ 2?‘“6.-1'

1+ +
[l_fzn}z [l—f‘4’1}2 [1—{6”}2

Decimal approximation:
1.001902511770982413535314427039665099167434985249917553048. ..

1.00190251177..... result that is very near to the value of the following Rogers-
Ramanujan continued fraction:

2z
e 5 e—2ﬂ'
\/—T = 1+ iz = 10018674362
5 — (&
LASESE © 17
' 1+ e
1+...
Property:
{“ZJT 8{“4;[ 2?{'6;[ .
1 + + I1s a transcendental number

+[1_f2:r}2 [l—{“4n}2 [1—{“6:[]-2

Alternate forms:
42 +49 cosh(2 m + 13 cosh(4 m + 3 cosh(b m) + cosh(8 m)

2 (sinh(2 m) + sinh4 )
fz.lT 8{'4ﬂ 2?‘“6.-1'
+ + +
[I“ZJT o 1}2 [P4JT o 1'}2 [fE._.'r _ 1}2
14362 +136% ™ +490 607 4 846%™ +402107 £ 13127 4+ 3147 4 o167

& -1F 1+ |:f|.+4ﬂ"2"}"2 (1-£" +¢"2’T}"E (1+&" +{,2n}2

cosh(x) is the hyperbolic cosine function

sinhix) is the hyperbolic sine function

34



Series representations:
exp? (m) 8 exp?(m)* 27 exp?(m)®

+
(1-exp [;r]-} [l— exp? () } [1 —v?_}q_nz[fr]lg}2
LS I 1 f[142k) Eflﬁzk‘”:ﬂli—lilk:n':lflﬁk:l 97 24 Tt 1 f[142k)

T - +
[1 SZk.ﬂ‘_l’k-"':“zk:'Jz [1 162?43-;-1;","-:1&:.;3]2 [1 24 Ekﬂ.;_nk,n;nzk}]z
—8 = ! - = | - |

1+

exp? () 8 exp?(m?* 27 exp?(m?

+ + +
(1-exp?m)f (1-exp?@?f (1-exp?im®)

BIf - 11k.u'1+2k|
[Eki' k'}

F +
[1 . {Z:;:l k_ll}S Zzinli—lilk:n"-:l&k:l]z

1+

y Y
{Ek_,:, kl}lﬁ‘?ki‘{ -1 .' (1+2 k) {Ek_,:, kl}24 Tk:tl': 1 .'|'1+2k|
-
Siie g N .;_1_1"..-".;1+2k;|]2 w124 3 ¢—1J"..-"-:1+2k]]2
(1- (D £ ° 2= (1~ (g 2
exp’ () 8 exp” () 27exp’m®

- + -
(1-exp?mf (l-exp®@f)f (1-exp?m?)
[ ]S £ -1k f(142k)
1

goo (=1
= b
1+
B -1 (142 k)
=~ [UTER
1— 1
o (=1)
k=0 k!
153k‘”=.3<—11".f"'11+2k3 4Ef=,:,1—1_1"‘;"-;1+zk3
8 27 1
[r\-" 'iit] [TW (=11
=) L k= L

] + ]
16 3 -1 f{142K) 4y 1k f(1ezk)
i L | I ! |
o0 'i—le o0 j—l'l',lc
k=0 k! k=0 k!

From the ratio of the two previous results, performing the square root, we obtain:

(((-36.001899011269931928 / -[((exp(Pi)))*2 / (1-((exp(Pi))"2))"2 +
8*((exp(Pi))"2)"2 / (1-((exp(Pi))*2)"2)"2 + 27*((exp(Pi))*2)"3 / (1-
((exp(P1))*2)"3)"2])))"1/2



Input interpretation:
~36.001899011269931928

2 2. 3 2. 43
exptim) 8 cxXp(my o7 xp (m)
|3 g, T ; g ag T i 3373
[ 1—exp™ () (1-exp=in}®} (l-—exp={m)” |

Result:
137.56217328526607012. ..

137.56217328... result practically equal to the golden angle value 137.5 and very near
to the inverse of fine-structure constant 137.035

(((-36.001899011269931928 / -[((exp(Pi)))*2 / (1-((exp(Pi))*2))*2 +
8*((exp(Pi))"2)"2 / (1-((exp(Pi))*2)"2)"2 + 27*((exp(Pi))*2)"3 / (1-
((exp(Pi))"2)"3)"2])))*1/2 - 13+1/golden ratio

Input interpretation:

-36.001899011269931928 1
-13+ ;

2

2 2 2 2
[ expdim) exps (e 7 exp? )2 ]
i 2 (W) i 2.3 f i
\ | L=exp{m)I~ {l-exp=imy* I* [1-exp=im)® |©

# iz the golden ratio

Result:
125.18020727401506497. .

125.18020727...

27*%172((((((-36.001899011269931928 / -[((exp(P1)))"2 / (1-((exp(P1))"2))"2 +
8*((exp(P1))"2)"2 / (1-((exp(Pi))"2)"2)"2 + 27*((exp(P1))"2)"3 / (1-
((exp(P1))*2)*3)"2])))*1/2 - 11+golden ratio)))-sqrt2

Input interpretation:

1 -36.001899011260031028 "
27 x - - — - ~11+¢|-v2

: ‘[—“pl"”-‘.-, + 8 ST 27 —”‘“2"”"33_7]

‘\ [1-exp=imi= | 1-exp=im= = | L—emep= = 1=
#is the golden ratio

Result:
1720,0185845368424320. ..
1729.0185846...
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Series representations:

27 -36.0018990112699319280000 207 27 ¢
— —11+¢—V!E:——+—+
_[ :xpE-::r:I ¥ S::{'PEl:JT:'E + 2'?::132-:17:13 ] 2 2
(lrexp?m)f  (l-exp?? P (l-exp?im?)P
1
B1.0021363595056367688483 | - -
:xp21m E!:xp4-:n;l _ 2?-:::1:-'5-:11;1

Crep?mP (eptmP (1-epbim)?
o {—1]';c {_é}k (2 —Z|:|]l'l;c Zak

W Zq Z 1 for (not (zgeR and —e = zg = 0)
k=0

27 —36.0018990112699319280000 297 27 ¢
b -11+¢ —\J,_:——+—+

_[ :xpznirr:l ¥ Eh.:x]:vzn:n:l2 ¥ 2?::1:2-:17:13 ] 2 2

{1—:xp2-:nil:l2 I:Ll—i.::q:vznirr;rz:l2 I:l—c:q:vznixr;lg:l2
1
81.0021363595056367688483 | - -
:xpzhr:l _ E:qunin:l _ E?mpﬁdnﬂ

_il—d.::q:vz-:rr;l:l2 {1—::1:|41n3:|2 il—cxp'snin:l:lz

k k o~k 1
arg(2 - x) \1"_ LG e {_E}k (o s
exp[urlT“ X Z X tor R and x
k=0
27 -36.0018990112699319280000 297 27
— -11+¢ —\J’Ez——+—¢|+
_[ :xpzninil + Eh.::q:uzr:n:r2 + Z?Expzli.l'l':lg ] 2 2
{1—:::1:'2-:11;']2 I:Ll—c:q:vz-:n;rz:l2 l:l—cxl:vzlin:lg:l2
1
81.0021363595056367688483 | - =
:xPElin:I E:xp4-:n:| _ 2'?:::1:\'5‘-:17:1

i 2 & 4 5
[ 1-exp ur:l:l2 [ 1-exp n::r:l:l2 [1-exp 1J'r:|:|2

R e
1)241/2 |argiZ-z W2 7)) =1y {_2}.1; (2-z0)" 2
o Z '3

( 1 Juz (A2 -z W2 m)]

%o k=0

Now, we have that:

- 2.,2 3_3
P = —24.91:1—-24( . Ig+...)=

1—;1:'_1—:1:'2 1—m=

13;1,_ 23;1'2 33_1;3
— 24083 =1+ 240 i + .
© 4 ] (1—:1‘ o L )
R 505 —1_soa (L2 T2 B )
- W L1—1‘+1—r9+1—r3+”-)



Forx= q% q=¢™=¢"; q’ =x=(exp(Pi))*2; s=3, we obtain:

1-24[((exp(P1))"2)/(1-(((exp(P1))*2))) + 2(((exp(P1))"2)"2)/(1-(((exp(P1))"2)"2)) +

3(((exp(P1))"2)"3)/(1-(((exp(P1))"2)"3))]
Input:

EXPE () Expz () Expz (m)?

1-24[—+2

"
1 - expZim) 1 - exp®(m)? 1 - expim)®

Exact result:

Pzﬂ 2{‘4;1 3‘?6;1
1-24 - -

l_fzﬂ 1—15’4;[ l_flﬁ;r

Decimal approximation:

145.0450703402783870993952756381669543280224256236297787226...

P =145.04507034.....

Property:

- It“Z:r 2{,4;1 3‘?6.-1'
E 1_f2”+1_¢=4”+1_¢-6"

Alternate forms:
48 sinh(2 m

1+2coshiZm
24627 4B T 7257
fz'ﬂ—1+f4ﬂ—l+f6n—1
24627 4B T 7257

1_{2;‘[ 1_f4rr l_fﬁ;r

73 + 12 tanhim) + 36 coth(m) +

1+

1<

38

15 a transcendental number

cothix) is the hyperbolic cotangent function
coshix) 15 the hyperbolic cosine function
sinh{x) is the hyperbolic sine function

ranhix is the hyperbolic tangent function



Series representations:

expz () 2 Exp2 () 3 expz oy
1-24 i + —
1-exp®m 1-exp’m® 1-exp® [;r}

sl i) il lsaf )
B2 T
el g Bl Al

exp? () 2 exp? (m)* 3 exp(m?
1-24 + - =
1-exp?im)  1-exp?in®  1-expi)®
m 47
1 1
“1+23| ——— | +96|——— | +
g -1f g0 =1
k_l:I ke k:ﬂ ke
G 8
1 1
169/ —— | +145| —— jf
-1k
E’k:ﬂ I E'EJ:EI ke
[ { 2
1 1 1
e P — ) | | R, S— ) ) | T PR —
o (1 w (1 w (1
k=0 k! k=0 k! k=0 k!
m oy r T
1 1 1 1
1- + 1+ +
w1k o g1 o 1t @ -1
k=0 k! k=0 k! k=0 k! k=0 k!
2 2, .3 2. 3
EXpe( 2 expsi 3 expi
i cap[ AR o SERE . SRR A}
1-exp®m 1-exp’m® 1-expin)®
[_1 9368 i o -1 f(142k) LR 16 530 (-1 (142 k) 160 &2 £ ot-1F f(1e2k) "

145 2 IR0t 1J"n‘1+2J-c1]Jf [[ +€Z:"=D<—1Jk:.'"f,1+zk]] [1 +€Z:"=D<—1Jk:.'"f,1+zk]]
[ ZZk_n" 1;".-.'1+2k|][ Z:’ﬂ-;—lf‘ﬂl+zkj e Zfﬂ;—lf‘:."{l+zky]
[ 1 f(142k) szd:l-:—lilk:-"'{l+2k:|] [1 Lt Yo 1 fe2 k]]

[ ZZk_D': -1 f{142K) 4Zf=n"1’k.-“:“+2k3] [1 L Zfﬂﬁ—llk:fllfhzk:l]

[ 1o Pt 1 f{142k) szk“djt—lf‘f'{1+zk]]]

Integral representations:

exp-(m) 2 exp?(m)? 3 exp?(m®
1-24 + + =
1-exp’im  1-exp®@®  1-expiin)®

163 (“sindin/c? dr 32/3 (®sindin)c? d 16 [(*siniye? di
24¢ " o ! 48 ¢ 4% o ! o !

16/3 [@=in /e dt 3203 [*sindi)/r? dr 16 [®sin® )t dr
l-¢ b ' l-¢ b ! 1o '
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exp-(m) 2 exp?(m)? 3 exp?(m)®
1-24 - +
1- f::!cp2 my 1- expz[;ﬂz 1- expz ()
[_ 1+23 1[“4 JD‘”smf,r]_.'r dr 16 1PS jD‘“sm;rl.'r df 168 12 JD‘”‘smf,r]_.'r dt +145 ¢ 16 JU‘”‘ SIiENE dt ] JIII.."

[[ 1+ rb“sin-;r;u,-‘r dr] [1 - B“sinf,r;u,-‘r dr] [1 i fz B“sinf,r],-‘r df]
[l fE“sinm,-'r dt 5 fz |'D‘“’”sinf.r1-'r dr] [1 G J'D“'sin-:n_-'r ot + 62 B“Jsin-:n,-'mr]

4 [™ginir )t dr 2 [™sinir )t dr 4 [ ainirr dr
[1+fJU ‘][I—EJU e ‘]]

exp (m) 2 exp?(n)? 3 exp?(m)®
1-24 - - =
1-exp?im) 1-exp?@®  1-expi)?
e q 1,02 r i 2y,
[_1 +23‘u4 b\” 1f{14< |t 4 gﬁ.fs JDW 1/{14< )t "

12 [ 11402 dr 16 [ 1/(142)dry |
gk KA 15 0 HRATIN

169 /
[[_1 b 1.."':1+rE]:ir] [1 i ll.-'n:1+r2:|:!r] [1 L2k 1I.-'n:1+rﬁlmr]

(112 de 2 (21142 (112 2 [™1){1402)de
[l—PJU b I et U ; ][1+¢=JU L& I et y ]

4 (=142 2@ y1a?)de 4 (@112
[l+¢= Jo” 1) }[l—r Jo” T | g% Jg™ A ) ]]

1+240[((exp(P1))"2)/(1-(((exp(P1))"2))) + 8(((exp(P1))"2)"2)/(1-(((exp(P1))"2)"2)) +
27(((exp(P1))*2)"3)/(1-(((exp(P1))"2)"3))]

Input:

2 pr 2. .3
EXP© i) EXpT( EXP

1+240| =BT g PoAR): i SEBRIE

1 - exp?(m 1 - exp?(m)? 1 - exp®(m?

Exact result:

L+ 240 EEJT 8{’4;[ 2?{,611
+ 1—#2"+1—¢=4”+1—f5”

Decimal approximation:
-8639.45576270478366279233826116361583514245301177031156151...

Q =-8639.4557627....

Property:
2m 8{’4ﬂ 2?051'[

f 1
1+ 240 =i e is a transcendental number
1-¢e*" 1-&"" 1_g°"
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Alternate forms:
24045 + 19 coshi2 m) + 18 coshi4 m))
-4319 -

sinh(2 7 + sinhi4 m)
240 2™ 1920¢*" 6480 57

{“2”—1 04;1_1 {“6”—1

240 &27 (1+ 1027 + 37 €*™ + 36 £57)

T L AL

cosh(x) is the hyperbolic cosine function

sinh{x) is the hyperbolic sine function

Series representations:

1+24D[ exp” () Eexp () 27 exp(m? ]

"
- exp [;r} - Exp [;ﬂn - Exp [fr]I

B e ol i)
(A5
B

[“*’”[V’.

2 9.5 2, .3
EXp-im) B exp”(my 27 exp®(m)
iy EERE o DEEDVAAL o L5
l—EXPE[ﬂ'} l—expz[;r}z l—expz[fﬂ-3
n 47 G
1 1 1
|11 +241 | ——— + 2400 —— + 8879 —,k +
; -1
e ¥ e e
8 T
1 1
B639 / “l4|— 1| ————
5y 1F / e 1 o (1
k=0 k=0 k! k=0 k!
20 T o
1 1 1
14| —— 1- +
o (If e (L @ (1
k=0 kI k=0 k! k=0 k!
JT am
1 1
ly|—— | +|———
w  (1f w  (1f
k=0 kI k=0 k!
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o [ exp(m) 8expiim)® 27 expin)® ]

+ -
1-exp®m 1-exp’m® 1-expiin)®
@ o ] w14 ]

‘[[1 +241 P BV /12K) | 500  16TE VT /(12K) | ggag

8639 7 (-1 142 k]] f,f [[_ i fzk‘”ﬂj-:—lf‘:."{hz k]] [1 A fzk‘”ﬂj-:—lf‘:."{hz k]]
[1 e Yo 1k fez k]] [1 _fz:‘;:l<—1m":.'"{1+z K, 2 Y 1k f(1ez k]]
[1 +EZ:"=D<—1J";"{1+2 K, 2 Yo -1 e k]] [1 . Y 1k ff1ez k:l]
[1 2 Yo 1k fezk) oL > 1k ffiez k]] [1 e S 1k (e k]]
[1-

o kS @k f
A B 1:"‘};L1+2k]+f8 bt ljkaall+2k:l]]]

24 T o t-1F f(142k) "

Integral representations:

2 2 2 2 3
exXpe( 8 expi( 27 expi
oy SR L DERAL L
1-exp’m 1-exp®@® 1-exp?r)®

240 ¢ 163 E""singml.frgdi 1920 323 E”singuznl.frg dt 5480f165”5in3m..fr3di

" 1 _f16.-'3 B""singqnl.:'rE dr 1 _fzz_-'z E“singn:r:ul.:'rg dt 1 _‘:“115.Ja""sirugu:r:ul.u'r3 dt
— exp? () + 8 exp? (n)® : 27 exp®(a® |
1-expm) 1-exp’(n® 1-expinf®
~([1+241 646750, 2400 (PR g7 12 67NN 8630
i 14 B’"sinﬁr:,-‘r dr] ! [ 1+ fLMEi""”-'T dr] [1 . EH"‘ E e dr‘] [1 " fz J'U‘}"‘sin-:n,-'r dr]
/-
[1 E fJax'sinn:r Ve dt : fz LMEiﬂ'i”."f dr ] [1 % fB”sinqu,.'r dt i fz stinm,.'r dt ]
[1 +¢=4 Hﬂsingryr dr]{l _fz Bmsin-;r;u.-'r dr +¢=4 Lmsinqr;,-'rdr]]]
S exp? () g 8 exp?(m)? 2 27 exp®@)’ |
1-expim) 1-exp®ir® 1-expiim)?
£ i 2 i ! 2
_[[1 +241 4" YH)E | aanp S 7 HHT)E

12 [ 1/(14¢2 ) de g 1I.-'-11«:3]dr] /

8879 e +8639¢ /
{[—1 il 1."I':1+f2:|dr] [1 4+ el 1;'f,1+r-"fjd:] [1 LB 1.;'f,1«23dr]
[1 _el’ {1402 )t + 2k l,f":1+r2]dr] [1 +el’ {140 )t 'y ll."{l-n{z:ldr]

[1 5 2 [ ll.l'l:1+r2:|dr]{1 P i 1/{14¢2 )t s = /{142 :“H]]]

1-504[((exp(P1))"2)/(1-(((exp(P1))"2))) + 32(((exp(P1))"2)"2)/(1-(((exp(P1))"2)"2)) +
243(((exp(P1))"2)"3)/(1-(((exp(P1))"2)"3))]
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Input:

2 2, .2 2, .3
EXp~ () EXP~ () EXp~(m)

O P TN | GO 7 A s i

1 —exp?(m 1 - exp?(m)? 1 - exp?(m)?

Exact result:

2" 32647 243657
1-504 - -

1_{211 1_{,4;1 1—-{“6”

Decimal approximation:
139105.9999936875324981309968236586453330169257041446424631 ...

R =139105.9999...

Property:
2m

32%T 243657
+ = is a transcendental number

+
1_{.2” 1_{.4.-1’ 1_‘?_.1

1-504

Alternate forms:
504(17 + 139 cosh(2 m) + 138 coshi4 )

69553 . .
N sinh(2 =) + sinhi4 )
50427 16128 %" 122472657
+ + +
fZ.IT_l f4:r_1 fﬁ'"—l

X 50467 (14346 +277 &*™ + 276 £57)
i

& AT LBy

cosh(x) is the hyperbolic cosine function

ainhix) is the hyperbolic sine function

Series representations:

g 5!2!4[ exp’ () . 32 exp?(ny : 243 exp® (r)® ] _

1-exp’m) 1-exp’m?® 1-exp?im?

m A7 G Bm
A el - 1 o 1 /
[‘1+503LZE]Z +1?135[}‘E] +1395D9[}E] +1391D5L2‘E] ]f-
=|:|

=0 =0 =0

bogaga-gan
BN 5T
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_— exp () ; 32 exp?(m? : 243 exp®(r)® _

1-exp’m 1l-exp’m® 1-exp?in)®
m 4
1 1
-1+503| —— +17136| ——— +
Yio T Yo o J.:'
G B
1 1
139609 | ——— | +139105 | ——— Jf
yoo 1K oo 1K
k=0 L k=0 L
' / 2
1 1 1
cype—— | |hl———— | 1o |e———
@ (1 = @ (1f
k=0 k! k=0 k! k=0 k!
T Ty r T T
1 1 1 1
1- + 1+ +
@ (1K = @ (1f @ (1
k=0 k! k=0 k! k=0 k! k=0 k!
— exp? (m) 32expim® 243 exp’(im®
a2 + + =
1-expim 1-exp’m® 1-expiin)®
[_1 P £ o -1k f(1e2k) 4 17136 6 Ti0t 1:Ik.'|'1+2k'|
139600 ¢2* (-1 f(142k) 4139105 ¢ e 1;"I..-’-11+2k;|] /

[[_1 +fz:"=nﬂ—1nk:.'"{1+zk]] [1 +fE:"=D<—1J":."'{1+2k]] [1 Yo Z:"ﬂjq—l;lk:.':{l+2k]]
[1
[1 +¢=Z -1 f{14zk) il > 1k fjie2 k]] [1 s y 1k e k]]
[1 2y 1 f{142 k), 2 Zz":‘jplﬁ}a’{nz k]] [1 ¥, Zk“djq—nk;"{nz k]]
[ 2 de;." le.'n'1+2k'| stﬂjq-lﬁ’-{nzk]]]

-1 f(1e2 K, 2 > 1k flie2 k]]

Integral representations:

1-554[ expi(m)  32expiin’ 243 expz[n}g]:

+ +
1-exp®im 1l-exp®m® 1-expin)®
504‘“16,-'3 EmEi"S‘”.""E dr 16128 fzz,.'z B"’sinS-:nl.:'rB dr 1224?2‘“16B’C'sin3-:n|.1'r3 dr

16/3 B"‘sirug-:r:ul.fr3 dt

32/3 J|':|‘>"'si1-|3m.u'r3 dt 16 J|':|‘>‘7‘si1-|3-:r3|.u'r3 dt
P g e '

l-e 1- 1=
2 2, .2 2. .3
exXpT( 32 exp=i 243 exp?(
1 _504 P} § P (o) F PCim _
1-expim) 1l-exp?m? 1-exp?in)®
[_ 1+503 f"r J_Dmsinirz,-'r dr +17136 fs J'Umsinm,-'r de £ 139600 ¢ 12 Ja}"sinm,-'r de p

139105 016 B}ﬂsinﬂ'].-'i' dr]fl.-' [[_ 1 +f]a>o5in4n,-'r dr] [1 N .meEinm"T dr] [1 N fz Lﬁﬂsin.:n,-'r dr
[1 ~ ELMEiﬂ-:l'J.-'E dr i ‘uz Lmsiﬂ-:f:l.-'f dr] [1 g fE‘ﬂsin.:n,-'r dr i ‘uz H‘-"sin-:r:l,-'r dr]

4 [™ginir )t dr 2 [™ainir )t dr 4 [™ainiryt dr
[1+¢=JU J"‘][l—a‘.“JU : +¢=JU i ]]
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1-exp®m l-exp’m® 1-expir)®

IR L
$17186 b 51

12 [ 1/(14¢2 ) de

3 b 2, .3
32 243
1—5!34[ eXp-(m) g EXp~(m) 7 EXP~(m) J

139609 ¢ +139105¢ %6 1-”-1““-‘”]};’

reaq ) 2 reaq ) 9 R 3
[[_1“)0 114 Jdr][lﬂb 1/{14¢ ]dr][l_'_fZJD 1/{14¢ ]dr]
rod g f 21 (o | 2 roaq | 2 Fod - | 2
[1_¢,JU fue?)dr | 2 (11 ]dr][l_”b f(1a)de | 2 1/ ]dr]

4 (%1 /(1402 ) dt 2 f1a?)de 4 (211402 )
[1+¢= R Ml—f T i B R : ]]

Thence, we have obtained:

P =145.04507034.....  Q=-8639.4557627.... R=139105.9999...
x = (exp(Pi))*2

We have that:

Suppose now that m and n are any two positive integers including zero, and that m +n is
not zero. Then

QmRn(QE _ RE) s Q{QS - R?}Qm—lﬁﬂ
_ Z O(l“l”)ﬂ?v{z (-)(VB}I!J}?H—I {Z Of].-‘:] }Tv}n
. Z O(IJI()).T!V Z 0(1;41?1—5}Iv Z O{vﬁn—l)ri’

_ Z 0(1}4??1—;—6??4-5)1‘1/

If m is not zero, Similarly we can shew that
Q"RNQ*-F) = R(Q - R)QmR™!
= 20{1}4m+6n+6}$u‘_
if n is not zero. Therefore in any case
(Q* —RH)Q™E" =) _O(y'mtbntb)”. (52)

Thence:
Q=-8639.4557627.... R=139105.9999 m=2 and n= 3, we obtain:

(-8639.4557627"3 - 139105.999972)*(-8639.45576272 - 139105.9999"3)
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Input interpretation:
(-8639.4557627° - 139 105.99997) (-8639.4557627° — 139 105.9999°)

Result:
1.7878752804127357888244265228070068241372514870224397... % 1027

1.7878752894...*%10°
From which:

In[(-8639.4557627"3 - 139105.9999"2)*(-8639.4557627"2 - 139105.9999"3) | +sqrt5-
1

Input interpretation:
log{(-8639.4557627° — 139 105.9999° | {-8639.4557627° — 139 105.9999°) 5 -1

logix is the natural logarithm

Result:
63.0B6803414. .

63.986893414...= 64

Alternative representations:
log{(-8639.45576270000° - 139 106.7}(-8639.45576270000° - 139 106.%)) +

\E—l:—1+10g,.[

(-8639.45576270000% - 139 106.2) (~8639.45576270000% — 139106.%)) + y/5

log((-8639.45576270000° - 139 106. | (-8639.45576270000° - 139 106.%)) +
V5 -1 =-1+loga) log,((-8639.45576270000° - 139 106.2)
(~8639.45576270000% - 139106.%]) + /5

log{(-8639.45576270000° - 139 106.7} (-8639.45576270000° - 139 106.%)) +

V5 -1=-1-

Li1(1 - (-8639.45576270000° - 139 106.%) (-8639.45576270000% — 139 106.%}) +
Vs

Series representations:
log{(-8639.45576270000° - 139 106.7 | (-8639.45576270000° - 139 106.%)) +

r— s 1
V5 -1=-1+log(1.78788x10*7)++/ 4 L:}'k[z ]
k
k=0
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log{(-8639.45576270000° - 139 106.%) {-8639.45576270000° - 139 106.%)) +

k -62.7508 k
a i«ﬁ [
k=0

-1
V5 -1 =-1+log(1.78788 x 10%7) - 2‘ ”

]

log((~8639.45576270000° — 139 106.%} {~8639.455762700002 — 139 106.%)) + 1/ 5 -

ﬁi {_i}k{!_é}k

e ba =

o F: —62 EELETS
1 =-1+log(1.78788 x 10°7) - Z
k=1

Integral representations:
log{(-8639.45576270000° - 139 106.%}(-8639.45576270000° - 139 106.%)) +

1.7a7eax1027 1
\E—l:—1+j Ecﬂ'+ 5
1

log((~8639.45576270000° — 139 106.%) {~8639.455762700002 — 139 106.%)) + 1/ 5 -

1 piosy e 275008 o ¥ 1] 4 5)
1:—1+—J ) d’s+wj€ for -1 0
EI-ET —q'm+]r r[l—s}

and:

27*(((In[(-8639.4557627"3 - 139105.999972)*(-8639.4557627"2 -
139105.999973)+sqrt5-1)))+sqrt2

Input interpretation:
27 [1ag[[_8539.455?52?3 ~139105.99997 ) (-8639.4557627% — 139 105.9999° |} +

V5 -1)+42

log(x) is the natural logarithm

Result:
1729.0603357...

1729.0603357...

With regard 27 (From Wikipedia):

“The fundamental group of the complex form, compact real form, or any algebraic
version of Eg is the cyclic group Z/3Z, and its outer automorphism group is the cyclic
group Z/2Z. Its fundamental representation is 27-dimensional (complex), and a basis
is given by the 27 lines on a cubic surface. The dual representation, which is
inequivalent, is also 27-dimensional. In particle physics, Egplays a role in
some grand unified theories”.
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Alternative representations:
27 [1ag[[-8539.455?52?00003 - 139106.% | (-8639.45576270000° - 139 106.% )} +

‘\IE - l] +E -
\'{E +27 [— 1+ log,.[[—8539.455?52?DDDC|3 -139 105.2}

(-8639.45576270000° - 139 106.%)) + \E]

27 log((-8639.45576270000° - 139 106.%) (~8639.45576270000° - 139 106.%)) +
V5 - 1) 42 =
V2 +27 (-1 +1ogi@) log,(-8639.45576270000° - 139 106.2)

(-8639.45576270000° - 139 106.%)) + \./E]

27 (log((~8639.45576270000° - 139 106.%) (~8639.455762700007 -~ 139 106.)) +
V5 -1)+v2 =
V2 +27(~1-Lir[1 - (-8639.45576270000° - 139 106.7)

(-8639.45576270000° - 139 106.%)) + \./E]

Series representations:
27 [1ag[[-8539.455?52?00003 ~139106.%) (-8639.45576270000° - 139 106.° | +
Vs - 1] V2 =27+ 2710g(1.78788 x 107} +

o (- 1) x* [[2 —x) exp[ur lag‘%_'ﬂjh 27 (5 - x) Exp[zn[ﬂs;i—_mm [—é}k Vx

k=0 Ef

27 [1ag[[-8539.455?52?0ﬂ003 ~139106.%) (-8639.45576270000° - 139 106.° |} +
V5 -1)+y7 -
® (-5.59323x 10728

~27 + 27 log(1.78788 x 10°7) - 27 +
- k
k=1

e 1) x* [[2 ~xf Exp[zﬂ'lsi%_n“+ 27 (5 - x)f EXP[”TlEg;i__IJJ” [‘é}k Y

k!
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27 |log{{-8639.45576270000° — 139 105.2} ~8639.45576270000° - 139 1D6.3H+
og | )

arg(1.78788 x 10°7 — x|
\'E—l]+\/5:—2?+54ur 8l '

2 T
= (—1) T L )
2?102[_1,}_2?2[ 1y [1.?8?88: 1077 e .
k=1
o [— l}k x-k [[2 —x}k Exp[mlas‘%-ﬂ“ﬁt 27(5 _x}k Exp[urlas‘;i___ﬂ“} [_%L 1,‘.";
k!
k=0

Integral representations:
27 [1ag[[-8539.455?52?00003 - 139 106.% ) (-8639.45576270000° - 139 106.%)} +

‘J—_1]+E:_2?+2?f1.?3?3311u”%dt+ 3 +2?£
1

L [1ag[[-8539.455?52?0ﬂ003 ~139106.%) (-8639.45576270000% - 139 106.%}) +

V5 -1)oy7 -
27 pi -62.7508 s Fiis 2 (1l +5)

27+ — e : i JS+E+2T\'E fol
EI.FT —q'\x.+:r r[l—s}

or:

Input interpretation:

f
¢§{ (-8639.4557° — 139 105.9999%) (-8639.4557° — 139 105.9999%) +x

Result:
17290793, .

1729.0793...

Alternative representations:

[
¢§{ (-8639.46° — 139 106.%) (-8639.46% - 139106.%) +rx =

;
-2 cos(216 %) {f (-8639.46° — 139 106.%) (-8639.46% — 139 106.%)
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[
¢{I (-8639.46° — 139 106.%) (-8639.46° — 139 106.%) +x =

T2 cas[g] 2/[—8539.463 ~139106.%) (-8639.46% - 139 106.%)

[
.p{{ (-8639.46% - 139 106.%) (-8639.46° - 139106.%) +x =

.-
180° - 2 cos(2169) y (-8639.46° — 139 106.%) (-8639.46% — 139 106.7)

Series representations:

(-1
1+2k

¢\I (-8639.46% - 139 106.7) (-8639.46” - 139106.°) + = 1066. 59¢+4Z
k=0

[
¢<f (-8639.46° — 139 106.%) (-8639.46% - 139106.%) +r =

25 Z
-2 +1066.69 4+ 2
- [EkkJ

[
¢<f (-8639.46° — 139 106.%) (-8639.46% - 139106.%) +r =

2k _6+50k
1066.69 ¢ +Z¥

=[5

Integral representations:

¢\f (-8639.46° — 139 106.2) (~8639.467 — 139 106.%] + = 1066.69 ¢ + zj dt

1+t"E

f
¢§I (-8639.46% - 139 106.7) (-8639.46% - 139106.7) +x =

1D55.59¢+4J‘1*J 1-12 dt
i

| t
4] (-8639.46° - 139 106.%) (~8639.46 - 139 106.%) + = 1066.69 4+ 2] o }Jt
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For the other expression, we have:

(((R7*(((In[(-8639.4557627"3 - 139105.9999/2)*(-8639.4557627"2 -
139105.9999/3)]+sqrt5-1)))+sqrt2)))) /15

Input interpretation:
[2? [1ug[[-3539.455?52?3 ~ 139 105.9999%) (~8639.4557627° — 139 105.9999° )| +

V5 -1)+y2)~a/1s)

logix is the natural logarithm

Result:
1.64381905289...

1.64381905289...

((R7T*(((In[(-8639.4557627"3 - 139105.9999"2)*(-8639.4557627"2 -
139105.9999/3)]+sqrt5-1)))+sqrt2)) /15 «(21+5)1/1073

Input interpretation:
[2? [1ng[[-3639.455?52?3 ~ 139105.9999° ) (~8639.4557627° — 139 105.9999°%)) +

ps i Y oo 1
45-1]”;2] (1/15)-(21 +5) e

logix is the natural logarithm

Result:
1.61781905289. ..

1.61781905289...

Alternative representations:

27 (log((-8639.45576270000° - 139 106.} (~8639.45576270000” - 139 106.%}) +
[ [ gl I ]

21+5
i

N 1) ﬂE]"[l; iR

26 —
e (V2 +27(-1+log,((-8639.45576270000° ~ 139 106 %)

(-8639.45576270000% - 139106.%)) ++/5 || ~ (1/15)
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(27 (log((-8639.45576270000° - 139 106.%) (~8639.455762700007 - 139 106.%)) +
s
V5 -1)+y2 ) a8 - 1D+3 -
26

S (V2 +27(-1+logi@) log,((-8639.45576270000° - 139 106.%)

(-8639.45576270000° - 139106.%)) + /5 || ~ (1/15)

(27 (10g((-8639.455762700007 - 139 106.%) (~8639.455762700007 - 139 106.%)) +
2165
Vs -1)+y2)~ /18- :m+3 -

+(V2 +27(-1-Lia(1 - (-8639.45576270000° - 139 106.%)

26
10°

(-8639.45576270000° - 139106.%)) + /5 || ~ (1/15)

Series representations:
[2? [1ag[[-8ﬁ39.455?52?00003 ~139106.%)(-8639.45576270000° - 139 106.°)) +

~ 9145
\:’E-l]ﬂE] (1/15) - 1D+3 -

1 arg(2 —-x
i [—13 +500 [-2? +27 log(1.78788 x 10°7) + Exp[j p { g—}” 5

2

1
3 argis -x
z}k +2?exp[mlg—}“1."x

w (—1F (@2 -xfFx* [—

k! 2
k=0
@ [—l]lk [5—34-:}k x* {_El}k
(1415 forixeRandx =0
k!
k=0

27 [log{(-8639.45576270000° - 139 106.%) (-8639.45576270000% — 139 106.%)) +
[271og | )

~ 21+5
\'E—l]+ﬁ] (1/15) - 1n:|+3 _

1 =, (-5.59323x 10728
—— |-13 +500 —2'?+ETIGg[l.?E?EExIDE?}—E?Z‘[ —
500 T k

el [_1}k (2 —x}k x* [——l}k

exrlix [ M52V 3 TR

2
k=0
il [S—x}“x‘k{
argis - xj G
E?ex[ {—” X
Pt 2 ‘(_Z k!

k=0

_El}k -

[1,"15}] for (x and x = 0
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[2? [1ag[[-8539.455?52?00003 ~139106.%) (-8639.45576270000° — 139 106.%)) +
21+5

V5 -1)+2 )~ /15 - >

1 arg(1.78788 x 10°7 — x)
— [-13+500|-27 +54ir " +27 log(x) -
500 T
® (=1)% (1.78788 x 1027 — xJF x* arg(2 - x
2?2‘ [ - +Exp(”r{—g }J]
i k 2m
k k .~k 1
E ek o, FE
k! 2
k=0
k k=& 13
o (1) G-xx [—ZL

B ]"[1,-'15}] forixeRandx <0

k=0

Integral representations:
[2? [1::g[[-8539.455?52?DDDD3 ~139106.%) (-8639.45576270000° - 139 106.°)) +
1+5

N 2
\/E—].]+\G] (1/15)- == =
.l +1;::q|||ﬁ+2?[-1+fl'?8?mmﬂ%Jnﬁ]

200 1

[2? [1ag[[-8539.455?52?mm3 ~139106.%) (-8639.45576270000% — 139 106.%)) +

21+5
5T [ Z ] (1 15 = e
] ] 107
13 1 ity 1.78788x10%7 5 M(—sy° [(1 +5
-—+1s|{1.fz+2? i R 5D iR
5':”:' "ﬂ EI.FT —J'-Q;J+]' r[l—s}

for -1
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Now, we have that:

Finally I find that

oo

e1g(1

L ns

1

for all values of n, and

for an infinity of values of 7.

3 e16(n) _

4 o« ¥l e
1429°% ==

o
| f —
s
| ek
n
1
|
=]
o, SOy

In the case in which 25 = 24 we have

691

&1 F24

(n) = (=1)""'2507(n) — 5127(4n).

1 have already stated the ressons for suppcsing that

for all values of n, and

for an infinity of values of n.

For n = 3, we obtain from

%§e240ﬁ}::{—Jjn_125gT(n)-—512?{%nj_

(-1)2 * 259%37(11/2) — 512%1/2*37(11/2)

Input:
. 1
(-1)° © 259312 _512 : g2

Result:

72943
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Decimal approximation:
1262.665038717711546981508382957780955501305030027767477852....

1262.665....

From

Modular equations and approximations to @ — Srinivasa Ramanujan - Quarterly
Journal of Mathematics, XLV, 1914, 350 — 372

r!

64g5; = €™

:,_.'-'I
]

=

_ 24 4 2767V _
exp(Pi*sqrt22) — 24 + 276*exp(-Pi*sqrt22)

Input:
exp[;ru"'E] -24+276 EXp[—}TN‘IE]

Exact result:
S T o | e g

Decimal approximation:
2.50892799836743055743417280363072461379337839941915425_ . x 10°

2.50892799836....%10°

Property:

—~+23 ; VTR
A TR T Y is a transcendental number

Alternate form:
P—u‘E T [2?5 _24 P\.-'E . Ez ¥ 22 :r]

Series representations:

—

Exp[;r'u" 22 ] 24 + 276 exp[ xy 22

_1 —
-24+2?5exp[ ry21 2‘21 *| 2 ]]+Exp[;r1u"21 Zzl*[
k

k=0

b

EXP[II’ M"E] -24+276 Exp[—}r \."E] -
i Lk _l. 1 1
‘24+2?6EXP[_’TN{Eiﬂ#]+ﬁxp[nﬁzz [ 21k1[ }k]

k=0 k=0
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exp[;r JE] -24 4+ 276 Exp[—}r JE] -

k 17 k _—k
@ (-1 (-7), 22-20f 75
-24 + 276 exp|-ry = L -

k!
k=0
L 1) .
— w0 (1) [—z}k[EE z20) 55" |
EXp fl'“u'IZ’D 2‘ T foi
k=0 )

(((-(exp(Pi*sqrt22) — 24)+ 2.50892799836743e+6)))/(((exp(-P1*sqrt22))))

Input interpretation:
—(exp(r V22 ) - 24) + 2.50892799836743 - 10°

exp(-nv 22
Result:
275.999...
275.999....=276

For n =8, from the above expression

Bl egs(n) = (—1)""12597(n) — 5127(3n).

bz =

we obtain:
(-7 * 259%8™N(11/2) — 512*1/2*8~(11/2)

Input:

; 1 .
(-1)" ~ 25982 _512 : glli2

Exact result:
337510404/ 2

Decimal approximation:
-4.7731178512196825915907748198350488237728138252722389... x 107

-4.7731178512196....%10’
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from which, changing the sign, we obtain:
-(-DNT * 259*8M(11/2) — 512*1/2*87(11/2)

Input:
iy, 1 |
~(-1) (259 «8?) 512 = « 812
[ )-512

Result:
1966084/ 2

Decimal approximation:
278045.7000710494713548024166894203198314260480741110067711...

278045.7......

and again, by the expression above for to obtain 276:

1/sqrt2 ((((((-1)™7 * 259%87(11/2) — 512%1/2*8(11/2) + (((-(exp(Pi*sqrt22) — 24)+
2.50892799836743¢+6)))/(((exp(-Pi*sqrt22))))sqrt2))))

Input interpretation:

1 5 - 1 .
— |[-(-1)7 (259 8"} -512 — 8112 4

V2 2

—(exp(r V22 ) - 24) + 2.50892799836743 - 10° e
exp|-r V22 )

Result:

196884.0...

196884

196884 is a fundamental number of the following j-invariant

§(1) = ¢ + 744 + 196884q + 214937604> + 864299970 + 202458562564" + - - -

(In mathematics, Felix Klein's j-invariant or j function, regarded as a function of
a complex variable 7, is a modular function of weight zero for SL(2, Z) defined on
the upper half plane of complex numbers. Several remarkable properties of j have to
do with its ¢ expansion (Fourier series expansion), written as a Laurent series in
terms of ¢ = ™" (the square of the nome), which begins:
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§(1) = ¢ + 744 + 196884q + 214937604> + 864299970 + 202458562564" + - - -

Note that j has a simple pole at the cusp, so its g-expansion has no terms below g .

All the Fourier coefficients are integers, which results in several almost integers,
notably Ramanujan's constant:

™18, 640320° + 744,

The asymptotic formula for the coefficient of ¢" is given by
glrv/n
V2nd/t

as can be proved by the Hardy—Littlewood circle method)

From

ON NON-LINEAR DIFFERENTIAL EQUATIONS OF THE SECOND
ORDER: III. THE EQUATION ¥ ~ k(1 ~y®)y+y =buk cos (ut+«)
FOR LARGE k, AND ITS GENERALIZATIONS

BY J. E. LITTLEWOOD in Cambridge

1. We are concerned with equations in real variables of the form

gy tg@=pt),
where -f, g, p are smooth functions of their arguments, and p has period 2 =2/ in
t. About f we suppose that lim />0 as y— + co; that is to say, we suppose the
“damping” to be positive for laEe |7|. About g we suppose that it has a “restoring”
effect, i.e. has the sign of y. The simplest case, and a specially important one, to
be covered in any generalization, is g=ay for positive a. We do in fact assume

always that ¢{0)=0, and that ¢' exists and has a positive lower bound.

Now, from:

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 8, 423-444
(1964) A Study of Second Order Nonlinear Systems —
Y. S. LIM AND L. F. KAZDA
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In the last two decades, a considerable amount of work has been given to
the study of second-order nonlinear differential systems {1-4]. This paper
is to study a class of second-order differential systems of the form

& + f(%) + g(x) = e(?) . (D

We note that the equation (1) is very similar to the above equation of the J. E.
Littlewood paper.

Consider the Duffing equation
& +bx x4 ax® — Esinwt

with 0 < b < 2, a = 0. The solutions are bounded as

|x(t)| <I=E {Hw/—-—lep( W)J (45)

2B
=3

1) | < T = (46)

Since
gx)=1+43a*>1, g"(x)=bax,

then C, = 6al, and

If ¢ ur E is safficiently small such that the inequality

2EC 4 v
3 [ ol —tem| 2«./{4;b=)—1) )

holds, then all solutions will converge to unique periodic solution having
the same period as that of the forcing function. Otherwise it may have
three periodic solutions or subharmonics.

Fora=1.526939, E =b =1, we obtain from (47)

12*(1+0.526939) * [1+sqrt3 * exp(-P1/(2sqrt3))]
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Where 0.526939 is the value of the following Rogers-Ramanujan continued fraction:

o 2
o[ 113 ~ 05269391135
o € sinht 1+ -
I+
23
3+
23
I+ 3
5+ —
I+ >
T+

Input interpretation:

'_ Fig
124+ 5.525939}[1 +v 3 exp[- — ]]
243

Result:
31.1378...

31.1378...

Series representations:

12(1 +0.526030) [1 - *q'llg exp[— II:_ ]] -

— = 1
18.3233 |1 + exp|- ad — V2 2‘2““[2]
2#52::;32*[5] =L

k

12 (1 +0.526939) [1 3 exp[_ ’:_ ]] .

: Ciss
18.3233|1 + exp|- . ‘EZ‘ 2) \ 2k

12(1+ 0.526939}[1 walg Exp[_ m ]] _
2v3

9.16163 [2 Vi + Exp[— LA

-5 L
EoRs _ 1 . 2 n:-E ~s|Tis)

L] =rf_1 _ ¢l
2o Ress=_1;+J;2 r[ = srr[s}

£

Vi
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For a =1.65578, that is the value of the 14th root of the following Ramanujan’s class
invariant Q = (Gss/Gro1/5)° = 1164.2696 , we obtain:

12%(1.65578) * [1+sqrt3 * exp(-Pi/(2sqrt3))]

Input interpretation:

12 . 1.65578 [1 walg exp[— = ]]
2v3

Result:
33.7651...

33.7651...

Series representations:

12 1.555?3[1”5 exp[- d ]]—
2y

I

— _1
19.8694 |1 + exp|- — (V2 Zz-k[z]
— _ = R k
2\"'22‘;::02"[2] k=0
k

12 1.555?8[1“5 exp[_ ”_]]z

243
k
i — = (-3 (-1),
19.8694 |1 + exp|- EUTEY v 2 L k'
o 175) 175 k=0 '
2¥2 )

a =5 ik o]
0 RESS=—1;+}2 r[ = s}r[s}
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Multiplying by 4, we obtain:

48*(1.65578) * [1+sqrt3 * exp(-Pi/(2sqrt3))]

Input interpretation:

I = m
48 - 1.65578 [1 +v 3 exp[- — ]]
243

Result:
135.061...

135.061...

Series representations:

48 1.555?3[1”@ exp[_ il ]]-
2

o ‘}'1 £
79.4774 |1 + exp| - \ 2 Lz"‘[z]
k

1
m @ ak| o k=0
2T 3z, 2+ 2]

48 1.555?8[1+ﬁexp[- T ]]—

2+v3
k 3
C et
79.4774|1 + exp|- U 2 2‘ e
2V2 Z:::DI Elk! - -

48 - 1.65578 [1+v’§ Exp[— i ]]-
2v3

myn
= 1
L+_.:2 a Fl:—E—s:lF-:s:l

ERoRes 1 .27 r{—il 3 s}r[s}

b =

39.7387 [2 Vi +exp

[ o,

Vo
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48%(1.65578) * [1+sqrt3 * exp(-Pi/(2sqrt3))]+3

Input interpretation:

48 . 1.65578 [1 +y3 Exp[— . ]]+ 3
243

Result:
138.061...

138.061...

Series representations:
48 1.65578 [1 cnfd exp[- e ]]+ 3=
2v3

— _1
79.4774 [1.03775 + exp|- ad V2 Zz-k [ 2 ]
k

48 1.555?8[1+\E exp[— ”_]]+3:

243
T = [_i}k [_i}k
79.4774|1.03775 + exp|- TS JE P ——
2vT Y | ;Tk“. 2k k=0
48  1.65578 [1+«J 3 exp[- — ]+3 = — 39.7387|2.07549y n +
2v 3 Vo
mvr = L1
exp| - . Res _ 1 ,.2 F[———s}r[s}
YR Bes o 2T F[ El—s}r[s} i 5 2

(((48*(1.65578) * [1+sqrt3 * exp(-Pi/(2sqrt3))] - 11+sqrt2)))

Input interpretation:
48 - 1.65578 [1 ) exp[- z ]]- 11442
2v3

63



Result:
125.475. ..

125.475...

Series representations:
48  1.65578 [1 3 exp[- e ]]— 11442 =
23

o [—l]l‘Ic {_51};: (2 —z.;.}k zak

68.4774 +4 2o Z = +79.4774
k=0 :
k( 1 ok _k
exp| - . %o 1
Va, ¥ (g @mf 5" k=0 K
2 ) Zk:ﬂ ket
for (not (zpeR and —= < zg s 0)

48  1.65578 [1+\G exp[-L]]-11+E:
2v3

o (-1F @2 -xfx* [-%}k

@-
68.4774 +exp[;ﬂMJJ\.’x T +79.4774
2 k!
k=0
( arg(3 —x) T
exXp ur{—”exp =
1k @ k(1)

2 EXP[’ ] lm zi_ﬂ“ Vx Zsin k!
2 [_l}k 3 —x}k x* {_El}k

ﬂ Z 7 forixeRandx <0

k=0

48 1.65578 [1+J§ exp[-L]]—llJr\E:
243

o [—1]'ch [_é}k (2 —2.'|:|]'ch Zak

1 V2 lagi2-2pW2m) 050973 |argiz-zg )
/ zn 2 )
68.4774 +(z—] Zn = +
0 s !
1 NI B W2 m|  -12-12 |arg|3-=g W2 1))
i | == ZD

794774 exp|- T e
(5] Bor

z Zf:n k!
&

i BN e sk
[1 ]1-'213‘5‘3'3'3’-"2”” 1241)2 |argi3-zg 2 m)] (- 1) {_z}k{B Zo) Zg

by
k1
k=0

Ep
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48  1.65578 [1”5 Exp[—L_]]—11+\E:
2v3

a0 [_1}.!.; [_é}k (2 —Zn}k Zak

1 W2 |22 W2 m] 19,19 jargiz-sp iz m) o
58.4??4+(—] o RO = 4
o !
a k=0
1 ]—1.-'2 laugiE3-mp 2] 1/2(-1-(arg{3-zq W2 m))
)= ety

79.4774 exp| -
¥ 1—1]*‘1:—1;]ke3—z.;..1"‘z.;,"‘

Z Z::D k!

ki 1 i
[ 1 ]1-"2 largB3-20 )2 M 1124112 jargiE-zg iz M) oo 1) [_E}k (3 -%0)" 20
pi %
k!

&

%o k=0

27*1/72(((48*(1.65578) * [1+sqrt3 * exp(-P1/(2sqrt3))] - 7)))+1/(2P1)
Input interpretation:

1 |
27 5[48 1.65578 [hﬁexp{-L]]-?]
2

Result:
1728.98. ..

1728.98... = 1729

Series representations:

27 1
= [43 1.65578 [1+~Eexp[- il ]]-?]+ g
2

V3 2
1
1072.95 |0.000466007 +0.911925 7 + 1 exp| - - |Jgy= o [ 2 ]
2VE 3P 3% |2 ke
il

27 — " 1
— |48  1.65578 1+w,"3 exp|l-—— [|-7 |+ = Z1072.95
2 2v3 27 n
1% 1
Fea) —_—— e
0.000466007 +0.911925 7 +rexp| - o ™ -.[ 2}kE z}k
o l:_; l:_;ll k=0
Eﬁzkd:l k1 RS
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27 ™ 1
—[48 1555'.?8[1+~«.,"3 Exp[ ]] ?]+——
2 2T 2

__ 536.473 [0.DDG932G14 Jr +1.82385 17 +

TV

Ty =

ST

1
5t

TeXp

[ial
EJ;=,:, Ress_

El —s)T(s) |z

Now, we have that:

X < x,_—[le\/f—l (-ZV/(%;;’)*I)]'

ForE=b=1 and ¢=0.4, we obtain:

1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))]

Ir}put: o
— [1++J4 0.4-1 exr:[-ﬁ]]
Result:

2.754867514964326226814762812300744783092640383903000245604. ..

2.75486751496...

Series representations:

1+v4 04-1 exp[-ﬁ]

0.4
" @ (-1F -0.45 (- 2),

(-1F (0.4 |- i]k = k!
Elk_n k!

251 +exp|-
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1+V4.04-1 Exp[—+]

2y 3 0.4-1 1
=-—1.25|-2
0.4 e [ Vs
Vi o 1
EXpP T : Z‘Resg__,: —0.4"" r(— - - sJ [(s)
E:?LD Res,-—; (—0.4)°° F[—El = s}F[s} i-n 2
v A L emE
el EXP[ 242 0.4-1]_
0.4
251 +exp|- s v Zn
P —— *.—13"':1:—1;1 *.D.G—ZDJ"':ZD"":
2 "I'IZD Z‘ 2k
k=0 k!
o (-1F(-2) 0.6 -z z*
k=0 ki

(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4- 1)) /2

Input:

|

{aal o T oot )
Result:

1.659779357313593723565156314006164949731007559929984208905_ .
1.659779357313.... result very near to the 14th root of the following Ramanujan’s

class invariant Q = (Gsos/G101 /5)3 =1164,2696 i.e. 1,65578...

48(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))])))+e

Inpult:
48 [ﬂ [1“!4 0.4-1 Exp[—ﬁ]n+f
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Result:
134.952. ..

134.952...

Series representations:

43[1+~*4 0.4- Exp[ — 1]}
+ €& =
0.4
k k 1
- @ (-1* (0.4 (-2),
120 + ¢ + 120 exp| - ;
e DE0aR(-L) (S k!
22‘.’{—0 k!

4 04-1 exp g
S 5

2v3 D41]}+{“=v’i'_[12|:|\':+{“\':—
m

VT
25 Resej (-0.4)7F r[-E1 -s)T(s) )i

0.4

[

.

60 exp

Res,_; (-0.4)7° r[-

_s]r[ﬂ]

=R

(10T el )

2% 4 -0.4-1

+e=120+¢+

0.4
o (-1 (-1), (0.6 —z0)* 5*
120 exp|- i Y Zo Z‘ [ ZL
(- 1'||l|c - l| 0. 6—2.'|:|'Ik k=0 k!

Vg 2‘
2Nz ) g k!

48(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))])))+e+Pi

Inpult:

48 [a [1 - m EXP[—ﬁ]ﬂﬂ-f +
Result:

138.094...

138.094...
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Series representations:
48(1+V4 04-1 exp(- ——||

2v4.04-1
+E&+ T =
0.4
ke 3 1
i o (-1 0.4 (-1)
120 + ¢ + 7+ 120 exp|- 1
Y O | A 0 o Y e k!

ELJ:_D k!

{ +Va.04-1 exp[ e

- zxﬂm]]+{u+ﬂ=fi_[120\/;+ﬂ\.{;+nv{;_

Vi o ;
60 exp Ty Z‘ ReSeej (-0.4) r[_ 1 5]”5}
Yo Resy—j (-0.47 r[—El & s} I'(s) | ;= 2
48(1+ V2 04-T exp- = )
+e+rx=120+e+nm+
0.4
k(_1l ok ok
120 exp|- . \/"Z_DS -1 (-1) 0.6 -z0) 7
= 1# i ] {0, 6—2.'|:|'Ik ke

=g k=0
Vo L
2¥2Z0 ) g k!

48(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))])))+7

Inpult:

48 [ﬂ [1 +ya-04-1 Exp[—ﬁ ]]]+ 7
Result:

139.234...

139.234...

Series representations:
48(1+V4 04-1 exp(- —=—|

24 4 0.4-1 -
0.4
x o (-1 (0.4 (-2},
120{1.05833 + exp| -
2F oaf |k k!

Z 2l | k=0
k=0 k!
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43[1“*4 04-1 Exp[—+n

244 04-1

+7 =-

60 [-2.1155? -
0.4

-

e =

v

I e S o
i Ress—j (-0.4) F[ - s}F[s}

EXp

L

4

1
Res;—_; —0.4"" F(— 5 - 5] F[.S}]

43[1+~.f4 04-1 Exp[—+n

24 -04-1 . -
0.4
1201.05833 + exp| - ad V 20
- t—lel,[—i-]kf.D.ﬁ—zmkzak
2V 7 Zk:ﬂ T
o (-1F(-2) 0.6 -z z*

£ . { T R
k1 L] PIRAL 1 £ I' = L B
k=0 ’

48(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))])))-7

Inpult:

48 [ﬂ [1 +ya.04-1 exp[—ﬁ ]]]— 7
Result:

125.234...

125.234...

Series representations:
48(1+V4 04-1 exp(- —=——||

2¥ 4-04-1

. .
0.4
k ke 1
- o -1y (-0.4y {_E}k
120|0.941667 + exp|- : =
5 :,Lm “rReoak (o) o !
k=0 k!
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48 [1 +Va 04-1 EXP["ﬁ” 7oL ogn [-1.88333 Y+

0.4 i
e
£ Resees (047 T —5) T

EXp

& 2 1
2‘ Resg=—; (-0.4) F(— - - 5] [(s)
j=0 4

48 [1 +V4 04-1 Exp[—+]]

24 041

.,
0.4
T —
120(0.941667 + exp|- e P
— l:—l:l'l':ll[—;—]k-:ﬂ.ﬁ—znjlkzak
2 ¥ Zo Zk:ﬂ L1
o (-1 - 51 J, (06 70  zg*

for (Rot |

k!
k=0

27*%1/2[48(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))])))-5+2%0.4]+1/2

Input:
(o8 (g [+ === )3
27 - (48| — |1+ 4-04-1 exp|- ————||[-5+2-0.4|+ -
4% g 2v& 04-1 2
Result:
1728.95...
1728.95... = 1729
Series representations:
W R P - S
27 48[1+ e =xp 24 04-1 ]] 1
o ~5+2.04[+ = =
2 0.4 7
o (-1F (-0.49° (-1
1620 [0.9653009 + exp| - al : 1 -2k
yye P K
k=0 k!
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48 [1 +Va 04-1 exp[- +}]

27 0T 1
= e B Tl e
2 0.4 2
1
_—810(-1.93062 yx +
v
Vi = 1
exp[ T . . LRE&:__,: (-0.4)7° F[— - - s} I(s)
o Rese=j (<04 (-2 -5)T(s) )i 2
V4. 04_ o R
27 (48(1+ V3 04T expl- ;=2 ) 1
= 5 IO =i
2 0.4 2
1620 |0.965309 + exp|- il V 2o

ﬁ—lfﬁl:—lg]kﬁﬂ.ﬁ—znj#zak
k!

Vi 3

2 (- 1) [— 51 }k (0.6 — 25 z,gk

k!

k=0

(((27*1/2[48(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))])))-
5+2%0.41+1/2))))"1/15

Input:

|
1‘-_:! 27 % [48[& [1+«,f4 0.4-1 Exp[—ﬁn]—5+2 D.4]+ %
Result:

1.643812322623444255738268430161892006732962911077374886043...
1.643812322623...
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(((27*1/2[48(((1/(0.4) [1+sqrt(4*0.4-1) * exp(-Pi/(2*sqrt(4*0.4-1)))])))-
54+2%0.4]+1/2) /15-(21+5)1/10"3

Input:
|
1;;’ 27 % [48[& [1+«,f-4 0.4-1 Exp[—ﬁn]—5+2 n::n.4]+ % =
(21 +5) ig
10
Result:

1.617812322623444255738268430161892006732962911077374886043...

1.617812322623...

Series representations:

v A i
| 27 48(1+V4 04-T exp(- ——=—| i g
15 -5+2 04(+- - T =
\ 2 0.4 2 10

1

— [-13 +

500

Fuo

o (-1f -0.4¢ (- 7).

500 | 1563.8 + 1620 exp|-

1 23 S R Ol P k!
.‘i k=0 k!
i i1s
- 48[1+\.’4 0.4-1 Exp[—z—ﬂmn i s
19 — -5+2:04]+- - =
\‘ 2 0.4 2 103
1 1 v
— |-13+500|1563.8 - — 810 exp
500 Vo i Ress=j (-0.4)7° r[—é - 5)T(s)

= 1
3 Res,-_; (-0.4)° r(- - s]rm]" 1/ 15}]
=0
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2 avdoatl o o g4l t

\ 2 0.4 2 10°

48[1+fmexp—+—]] 1 2145

1
—|-13+500[1563.8 + 1620 exp]| - ad
200 ¥ (-1} ©0.6-2F ¢

2Vz o 5

— o (<1f(-2) 0.6 -z0) 55
'u'lzlj L [ 2}.&

k=01

T (1/15)

Now, we have:

2 -
P2=P1+—;‘1‘+ 4V ¢

For: p;=3; q; =5, we obtain:

3+(8*5)/3+4sqrt(5)

Input:

85 —
3+ +445

Result:

49 =
E+4«,f5

Decimal approximation:

25.27760524333249211897002800825843827509580677177943623041...
25.27760524...

Alternate form:
> 49 4+ 12 wf?
3 [ 9+ ]
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Minimal polynomial:
9x° - 294 x + 1681

From
R T [ ox et I
»\,/qz.._ B ‘\/QI 9 (Pg+?1)ﬁ:2\/})lp2_4qj
(36)
We obtain:

sqrt5 [((2(25.277605-3)))/(((25.277605+3)+2sqrt(3*25.277605-4*5)))-1]

Input interpretation:
i 2 (25.277605 - 3)
V5 : -1
(25.277605 + 3) + 2y 3x25.277605 - 4 =5

Result:
0.06897050446006222672587121811389763152145404809052194431655...

0.06897950446...

From which:
((((sqrt5 [((2(25.277605-3)))/(((25.277605+3)+2sqrt(3*25.277605-4*5)))-11))))"2

Input interpretation:

— 2(25.277605 - 3)
V5 : sl
(25.277605 + 3) + 24 3+ 25.277605 -4 5

Result:
0.004758172035555744620020533646711881574760888384057565302. ..

0.00475817203...

and:

sqrt5 [((2(25.277605-3)))/(((25.277605+3)-2sqrt(3*25.277605-4*5)))-1]
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Input interpretation:
i 2 (25.277605 - 3)
V5 : -1
(25.277605 + 3) -2y 3% 25.277605 -4 5

Result:
5.236068...

5.236068...

From which:
(((sqrt5 [((2(25.277605-3)))/(((25.277605+3)-2sqrt(3*25.277605-4*5)))-1])))"2

Input interpretation:

= 2(25.277605 - 3)
V5 : sl
(25.277605 + 3) - 24/ 3 25.277605 -4 5
Result:
27.41641...
27.41641...

From this last expression, we obtain:
5(((sqrt5 [((2(25.277605-3)))/(((25.277605+3)-2sqrt(3*25.277605-4*5)))-1])))"2-2

Input interpretation:

— 2(25.277605 - 3)
55 : -1|| -2
(25.277605 + 3) - 2y 3x25.277605 -4 x5
Result:
135.0820...
135.082...

5(((sqrt5 [((2(25.277605-3))/(((25.277605+3)-2sqrt(3*25.277605-4%5)))-11)))"2+1

Input interpretation:

— 2 (25.277605 - 3)
V5 , ~1f| +1
(25.277605 + 3) - 2 3+ 25.277605 -4+ 5

5
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Result:
138.0820...

138.082...

27*1/2(((5(((sqrt5 [((2(25.277605-3)))/(((25.277605+3)-2sqrt(3*25.277605-4*5)))-
11)))"2+1-2%5)))

Input interpretation:

1 F— 2(25.277605 - 3)
27— |5(v5 . -1j|] +1-2x5
(25.277605 +3) -2 1," 325277605 -4 5
Result:
1729.108...
1729.108...

We have also:

135.08203 + ((((5(((sqrt5 [((2(25.277605-3)))/(((25.277605+3)-2sqrt(3*25.277605-
4*5)))-11)))"2+1))))"3

Input interpretation:

3
; g 2 (25.277605 - 3)
135.0820° + 5[y 5 . ~1]| +1
(25.277605 + 3) -2y 3+ 25.277605 -4+ 5

Result:
5.097623.. % 10°

5.097623...*%10°

((((135.082073 + ((((5(((sqrt5 [((2(25.277605-3)))/(((25.277605+3)-
2sqrt(3*25.277605-4%5)))-11)))2+1)))) 3))))"1/3

Input interpretation:

2(25.277605 - 3) 7
-1 +1

3 135.0820° +[5 [u'? .
(25.277605 + 3) - 2 3 25.277605 - 4 5
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Result:
172.1033...

172.1033...

We have:

Input interpretation:
135.0820° + 138.0820°

Result:
5.097620682058736 x 108

5.0967620682058736*10°

and:

Input interpretation:
172.1033" -1

Result:
5.097620588881542037 x 10°

5.097620588881542937*10°

135.0820° + 138.0820° ~ 172.1033> -1; 5097620.68 ~ 5097620.58

very similar to the Ramanujan expression:

[3s" L dan L ety
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Observations

From:

https://www.scientificamerican.com/article/mathematics-
ramanujan/?fbclid=IwAR2caRXrn_RpOSvJIOxWsVLBcJ6KVgd Af hrmDYBNyUSm
pSjRs1BDeremA

Ramanujan's statement concerned the deceptively simple concept of partitions—the
different ways in which a whole number can be subdivided into smaller numbers.
Ramanujan's original statement, in fact, stemmed from the observation of patterns,
such as the fact that p(9) = 30, p(9 + 5) = 135, p(9 + 10) = 490, p(9 + 15) = 1,575
and so on are all divisible by 5. Note that here the n's come at intervals of five units.

Ramanujan posited that this pattern should go on forever, and that similar patterns
exist when 5 is replaced by 7 or 11—there are infinite sequences of p(n) that are all
divisible by 7 or 11, or, as mathematicians say, in which the "moduli" are 7 or 11.

Then, in nearly oracular tone Ramanujan went on: "There appear to be
corresponding properties,” he wrote in his 1919 paper, "in which the moduli are
powers of 5, 7 or 11...and no simple properties for any moduli involving primes other
than these three." (Primes are whole numbers that are only divisible by themselves or
by 1.) Thus, for instance, there should be formulas for an infinity of n's separated by
573 = 125 units, saying that the corresponding p(n)'s should all be divisible by 125.

In the past methods developed to understand partitions have later been applied to

physics problems such as the theory of the strong nuclear force or the entropy of
black holes.

From Wikipedia

In particle physics, Yukawa's interaction or Yukawa coupling, named after Hideki
Yukawa, is an interaction between a scalar field ¢ and a Dirac field w. The Yukawa
interaction can be used to describe the nuclear force between nucleons (which
are fermions), mediated by pions (which are pseudoscalar mesons). The Yukawa
interaction is also used in the Standard Model to describe the coupling between
the Higgs field and massless quark and lepton fields (i.e., the fundamental fermion
particles). Through spontaneous symmetry breaking, these fermions acquire a mass
proportional to the vacuum expectation value of the Higgs field.

Can be this the motivation that from the development of the Ramanujan’s equations
we obtain results very near to the dilaton mass calculated as a type of Higgs boson:

79



125 GeV for T = 0 and to the Higgs boson mass 125.18 GeV and practically equal to
the rest mass of Pion meson 139.57 MeV

Note that:
922 = m )
Hence
64g33 = €™ —244276e V2 —
6492_9:34 = 40966.—Tr\/ﬁ i s,
so that

6428 + got) = VP - 24 + 43 VE L o = BA{(1 + V)2 + (1 —=v32) 2},

Hence .
e™V2% = 2508051.9982. .. .
Thence:
Gdg2t = 4096 ™V 4 ...
And
64(gas + g52t) = ™2 _ 24 4 4372 V2 ... = 64{(1 +V2)2 + (1 — v2)12}

That are connected with 64, 128, 256, 512, 1024 and 4096 = 64°

(Modular equations and approximations to « - S. Ramanujan - Quarterly Journal of
Mathematics, XLV, 1914, 350 —372)

All the results of the most important connections are signed in blue throughout the
drafting of the paper. We highlight as in the development of the various equations we
use always the constants =, ¢, 1/¢9, the Fibonacci and Lucas numbers, linked to the
golden ratio, that play a fundamental role in the development, and therefore, in the
final results of the analyzed expressions.
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In mathematics, the Fibonacci numbers, commonly denoted F,, form a sequence,
called the Fibonacci sequence, such that each number is the sum of the two preceding
ones, starting from 0 and 1. Fibonacci numbers are strongly related to the golden
ratio: Binet's formula expresses the nth Fibonacci number in terms of n and the
golden ratio, and implies that the ratio of two consecutive Fibonacci numbers tends
to the golden ratio as n increases.

Fibonacci numbers are also closely related to Lucas numbers ,in that the Fibonacci

and Lucas numbers form a complementary pair of Lucas sequences

The beginning of the sequence is thus:

0,1,1, 2 3,5, 8 13,21, 34,55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6763,
10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811, 514229, 832040,
1346269, 2178309, 3524578, 5702887, 9227465, 14930352, 24157817, 39088169,
63245986, 102334155...

The Lucas numbers or Lucas series are an integer sequence named after the
mathematician Francois Edouard Anatole Lucas (1842-91), who studied both that
sequence and the closely related Fibonacci numbers. Lucas numbers and Fibonacci
numbers form complementary instances of Lucas sequences.

The Lucas sequence has the same recursive relationship as the Fibonacci sequence,
where each term is the sum of the two previous terms, but with different starting
values. This produces a sequence where the ratios of successive terms approach
the golden ratio, and in fact the terms themselves are roundings of integer powers of
the golden ratio.”" The sequence also has a variety of relationships with the
Fibonacci numbers, like the fact that adding any two Fibonacci numbers two terms
apart in the Fibonacci sequence results in the Lucas number in between.

The sequence of Lucas numbers is:

2, 1,3, 4,7 11, 18 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778,
9349, 15127, 24476, 39603, 64079, 103682, 167761, 271443, 439204, 710647,
1149851, 1860498, 3010349, 4870847, 7881196, 12752043, 20633239, 33385282,
54018521, 87403803 ......

All Fibonacci-like integer sequences appear in shifted form as a row of the Wythoff
array; the Fibonacci sequence itself is the first row and the Lucas sequence is the
second row. Also like all Fibonacci-like integer sequences, the ratio between two
consecutive Lucas numbers converges to the golden ratio.

A Lucas prime is a Lucas number that is prime. The first few Lucas primes are:
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2, 3,7, 11, 29, 47, 199, 521, 2207, 3571, 9349, 3010349, 54018521, 370248451,
6643838879, ... (sequence A005479 in the OEIS).

In geometry, a golden spiralis a logarithmic spiral whose growth factor is @,
the golden ratio.”" That is, a golden spiral gets wider (or further from its origin) by a
factor of ¢ for every quarter turn it makes. Approximate logarithmic spirals can
occur in nature, for example the arms of spiral galaxies™ - golden spirals are one

special case of these logarithmic spirals

We observe that 1728 and 1729 are results very near to the mass of candidate glueball
fo(1710) scalar meson. Furthermore, 1728 occurs in the algebraic formula for the j-
invariant of an elliptic curve. As a consequence, it is sometimes called a Zagier as a
pun on the Gross—Zagier theorem. The number 1728 is one less than the Hardy—
Ramanujan number 1729 (taxicab number).

Furthermore, we obtain as results of our computations, always values very near to the
Higgs boson mass 125.18 GeV and practically equals to the rest mass of Pion meson
139.57 MeV. In conclusion we obtain also many results that are very good
approximations to the value of the golden ratio 1.618033988749... and to {(2) =

2
’% = 1.644934 ...

We note how the following three values: 137.508 (golden angle), 139.57 (mass of
the Pion - meson Pi) and 125.18 (mass of the Higgs boson), are connected to each
other. In fact, just add 2 to 137.508 to obtain a result very close to the mass of
the Pion and subtract 12 to 137.508 to obtain a result that is also very close to
the mass of the Higgs boson. We can therefore hypothesize that it is the golden
angle (and the related golden ratio inherent in it) to be a fundamental ingredient
both in the structures of the microcosm and in those of the macrocosm.
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