
The Feit-Thompson conjecture and cyclotomic polynomials
To the memory of professors Kazuo Kishimoto and Yôichi Miyashita

Kaoru Motose

Abstract : We can see that Feit-Thompson conjecture is true using factorizations of cy-
clotomic polynomials on the finite prime fields.

Key Words : cyclotomic polynomials, finite fields, splitting fields.

2000Mathematics Subject Classification : Primary 11R18,11A15; Secondary 20E32, 20D10.

Feit and Thompson conjectured in [2, p.970, last paragraph]

s :=
qp − 1

q − 1
never divides t :=

pq − 1

p− 1
for distinct primes p and q.

The utility and the cause of this conjecture are also stated in [7], [1, p.1] and [3, B25].
Stephens found a useful congruence (see B1). Using this and a computer, he also found

the unique example with 1 < gcd(s, t) < s (see B2). This example is a counter example
to his view (s, t) = 1 but not to Feit Thompson conjecture.

Using the next reviews of classical results, we show this conjecture is true.

Reviews. Let |a|m be the order of a mod m for a and m with gcd(a,m) = 1.
R1 ([7], [5, p.16, Lemma. 3]). r ≡ 1 mod 2pq for any prime r| gcd(t, s) and p < q.

If p = 2 then 2q − 1 ≡ 0 ≡ q + 1 mod r, so q|(r − 1) by Fermat little theorem and
r|(q + 1). This yields a contrary r = q + 1. Hence 2 < p < q. If p ≡ 1 mod r then
0 ≡ t = pq−1+ · · ·+p+1 ≡ q mod r and r = q. We have a contradiction 0 ≡ s ≡ 1 mod r.
Thus p ̸≡ 1 mod r and |p|r = q by pq ≡ 1 mod r. Similarly |q|r = p. Hence we have
r ≡ 1 mod 2pq by Fermat little theorem.

R2 ([7], [6, p.82]). Using the program MPQSX3 attached to the package of language
UBASIC designed by professor Yuji Kida, we have the prime factorization s = r1r2r3 for
p = 17, q = 3313 where r1, r2 and r3 are primes, r1 | t and rk − 1 (k = 1, 2, 3) are as the
next table. We can see gcd(s, t) = r1 by q = 3313 - (r2 − 1)(r3 − 1) in this table.

r1 − 1 = 2× 17× 3313, r2 − 1 = 2× 2× 5× 17× 35081× 2007623,
r3 − 1 = 2× 17× 1609× 763897× 1869248598543746584721506723.

R3 ([5, p.36, Remark]). Since x
log x

(x ≥ 3) is strictly increasing, for 3 ≤ a < b,

a

log a
<

b

log b
, ba < ab and

ba − 1

b− 1
<

ab − 1

b− 1
<

ab − 1

a− 1
. It shows s = t iff p = q.

R4 ([4, p.64, 2.45.Theorem]). We define cyclotomic polynomials over Q by Φm(x) :=∏
k(x − ζkm) where ζm = e

2πi
m and k runs over Em := {k | 1 ≤ k < m with gcd(k,m) =

1}. Φm(x) is irreducible over Q[x] since it is minimal invariant by automorphism group
{σk : ζm → ζkm | k ∈ Em}. We assume ℓ - m for prime ℓ. All roots of xm − 1 are distinct
by its derivation mxm−1. Thus all roots of xm − 1 on Q or Fℓ forms the cyclic group ⟨ζm⟩
of order m and xm − 1 =

∏
d|mΦd(x) on Q or on Fℓ by classifying roots by orders. Φm(x)

is monic and in Z[x] by induction on m.
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R5 ([4, p.65, 2.47.Theorem.(ii)]). We assume ℓ - m for prime ℓ. Φm(x) on Fℓ factorizes

into irreducible polynomials uki(x) =
∏|ℓ|m−1

h=0 (x − ζkiℓ
h

m ) of the same degree |ℓ|m where

ki mod m is representatives of cosets {Hki | i = 1, . . . , φ(m)
|ℓ|m } of subgroup H = ⟨ℓ mod m⟩

in the group Em mod m with order φ(m) := deg Φm(x). uki(x) is irreducible since uki(x)
are minimal invariant by Frobenius automorphism σℓ : ζ

ki
m → ζkiℓm .

Theorem. s never divides t for distinct primes p and q.

Proof. If p = 2, then s = q+1 is even and t = 2q − 1 is odd, so s - t. We shall prove this
theorem by reduction to absurdity. Hence we assume s | t for 2 < p < q, namely, for odd
s, t and s < t by R3. We can see |p|t = q, |p|s = q from pq ≡ 1 mod t and pq ≡ 1 mod s
with s | t and p < s by R1. Both Φt(x) and Φs(x) on Fp have the minimal splitting field
Fp(ζt) ∼= Fpq

∼= Fp(ζs) from |p|t = q = |p|s and R5. The isomorphism ζt → ζs over Fp is
contrary to s < t. �.

Notice. First we show |q|t = p. Φt(x) on Fq factorizes into φ(t)/|q|t irreducible factors by
R5, where φ(t) = degΦt(x). Noting |q|s = p by qp ≡ 1 mod s from q < s by R1, We have
|q|s = p divides |q|t by q|q|t ≡ 1 mod s and the inequality φ(t)/|q|t ≥ φ(t)/|q|s = φ(t)/p by
|q|s = p because Φs(x) on Fq already factorizes into φ(s)/|q|s = φ(s)/p irreducible factors

and hence Φt(x) on Fℓ factorizes at least into φ(t)/|q|s = φ(t)
φ(s)

· φ(s)
p

irreducible factors.

Thus |q|t = p. Of course, as the proof in theorem, by |q|t = p and |q|s = p, we obtain the
isomorphism ζs → ζt over Fq is contrary to s < t.

However the another method exists as follows: If a prime ℓ | gcd(t, (q − 1)), then
q ≡ 1 mod ℓ, that is, we have Φℓ(x) on Fq has the minimal splitting field Fq from |q|ℓ =
1. The minimal splitting fields of Φt(x) on Fq is also Fq, contrary to |q|t = p. Thus
gcd(t, (q − 1)) = 1 and t | s(q − 1), namely, |q|t = p implies s = t, contrary to s < t. �
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