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Abstract

Goldbach’s conjecture is proven using the Chinese Remainder Theorem. It is shown that an even number
2N greater than four cannot exist if it is congruent to every prime p less than N (mod a different prime
number).

1 Introduction

Goldbach’s Conjecture states that every even number greater than two is the sum of two primes. In 2013,
Helfgott showed that Goldbach’s weak conjecture was true. [1] The strong conjecture has been empirically
verified to 4x1018 [2] but remains unproven. The following is a proof of the strong conjecture.

2 Proof

Every even number greater than four can be written as the sum of two odd numbers. Let P be the set of
odd prime numbers. Then for p, q ∈ P, assume an even number exists that is not the sum of two primes.

Theorem 1 There exists an even number 2N ∈ Z, N > 2, such that for all pi where i ≤ π (N)

2N = pi + aiqi

where ai ∈ Z, ai > 1, and π (N) is the prime-counting function.

Theorem 1 requires a solution to the following system of congruences

2N ≡ p1 (mod q1)

2N ≡ p2 (mod q2)

...

2N ≡ pπ(N) (mod qπ(N))

For any prime number m, the modular multiplicative inverse of 2 (mod m) is (m+ 1) /2 since

2

(
m+ 1

2

)
≡ 1 (mod m)

Then the system of congruences becomes

N ≡ p1
(
q1 + 1

2

)
(mod q1)

N ≡ p2
(
q2 + 1

2

)
(mod q2)

...

N ≡ pπ(N)

(
qπ(N) + 1

2

)
(mod qπ(N))
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From the Chinese Remainder Theorem, one solution to this system of congruences is

N =

π(N)∑
i=1

pi

(
qi + 1

2

)
Q

qi
zi

where Q =
∏π(N)
i=1 qi and zi is the modular multiplicative inverse of Q/qi. Q is independent of the sum so it

can be factored out

N = Q

π(N)∑
i=1

pi
(
qi+1
2

)
zi

qi
(1)

qi is at least 3 and appears π (N) times, so Q ≥ 3π(N) ≈ 3
N

ln(N) . 3
N

ln(N) > N for all N , so N < Q. Then the
summation in the right side of (1) must be less than one for a valid solution to exist.

π(N)∑
i=1

pi
(
qi+1
2

)
zi

qi
< 1

π(N)∑
i=1

(
pizi

2
+
pizi
2qi

)
< 1

π(N)∑
i=1

pizi
2

+

π(N)∑
i=1

pizi
2qi

< 1

For the left side to be less than 1,
∑π(N)
i=1 pizi must be less than 2. But pi ≥ 1 and zi ≥ 1, so

∑π(N)
i=1 pizi ≥ 2

since π (N) is at least 2 when 2N ≥ 10. Then a valid solution can only exist when 2N < 10. But 8 = 3 + 5
and 6 = 3 + 3.
Therefore, no valid solution exists and Theorem 1 is false, meaning every even number greater than four can
be written as the sum of two prime numbers. Together with 4 = 2 + 2, every even number greater than two
can be written as the sum of two primes.
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